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Supplementary Text 1: Adiabatic elimination of the wind variable1

Here we derive the effective one-dimensional stochastic equation for the Niño 3 SST index T used in2

the main text. The starting point is the two-variable stochastic system for Niño 3 SST anomalies T3

and Niño 4 zonal wind anomalies U ,4

dT

dt
= A(T ) + γU U + γT UT + B11η1(t) + B12η2(t), (1)5

dU

dt
= β1T + β2U + B21η1(t) + B22η2(t). (2)6

The processes η1(t) and η2(t) are independent Gaussian white-noise processes satisfying7

⟨ηi(t)⟩ = 0, (3)8

⟨ηi(t)ηj(t′)⟩ = δijδ(t − t′). (4)9

Equivalently, ηi(t) = dWi/dt, where Wi are independent Wiener processes. The function A(T )10

denotes the local SST tendency in the T equation. In the linear model,11

A(T ) = αL
1 T, (5)12

whereas in the nonlinear model,13

A(T ) = αN
0 + αN

1 T + αN
2 T 2 + αN

3 T 3. (6)14

1



The empirical system exhibits a separation of timescales between the slowly evolving SST index15

T and the more rapidly adjusting zonal wind index U . In the observations, T decorrelates on a16

timescale of approximately one year, whereas U decorrelates on a timescale of order two weeks. This17

motivates treating U as a fast variable relative to T . The approximation used here is a leading-order18

quasi-steady, or adiabatic, elimination of U : on the slow timescale over which T evolves, the fast19

wind variable is assumed to remain close to its instantaneous stochastic balance[1, 2, 3, 4].20

To express this idea, consider first the deterministic part of the U equation with T held fixed.21

The fast equation relaxes toward the conditional equilibrium22

Ueq(T ) = −β1
β2

T, (7)23

assuming β2 < 0, as in the fitted system. Thus, the deterministic component of the wind response24

is approximately proportional to the concurrent SST anomaly. The stochastic residual tendency25

in the U equation then perturbs this balance. Retaining the leading-order stochastic balance in26

Eq. (2) gives27

0 ≃ β1T + β2U + B21η1(t) + B22η2(t). (8)28

Solving Eq. (8) for U yields29

U ≃ −β1
β2

T − B21
β2

η1(t) − B22
β2

η2(t). (9)30

This expression should be interpreted as the leading-order quasi-steady diagnostic response of the fast31

wind variable to the slowly varying SST anomaly and to the fast residual forcing. It is not meant as32

a full homogenization result for the finite-variance fast Ornstein–Uhlenbeck process. The reduction33

is performed on the daily-resolved equations; temporal coarse-graining to monthly resolution would34

define a different reduced model. Rather, it is the algebraic fast-variable balance used to project the35

wind tendency and its residual stochastic forcing onto the slower SST equation[1, 2, 3].36

Substituting Eq. (9) into Eq. (1) gives37

dT

dt
= A(T ) + γU U + γT UT + B11η1(t) + B12η2(t)38

= A(T ) − γU β1
β2

T − γT β1
β2

T 2
39

+
(

B11 − γU B21
β2

− γT B21
β2

T

)
η1(t)40

+
(

B12 − γU B22
β2

− γT B22
β2

T

)
η2(t). (10)41
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Defining42

G1 = B11 − γU B21
β2

, E1 = −γT B21
β2

, (11)43

G2 = B12 − γU B22
β2

, E2 = −γT B22
β2

, (12)44

the reduced equation can be written as45

dT

dt
= Aqs(T ) + (G1 + E1T ) η1(t) + (G2 + E2T ) η2(t), (13)46

where the quasi-steady deterministic drift is47

Aqs(T ) = A(T ) − γU β1
β2

T − γT β1
β2

T 2. (14)48

Equation (13) shows why state-dependent stochastic forcing appears in the reduced SST equation.49

If γT = 0, then E1 = E2 = 0, and the stochastic forcing remains purely additive. This is the case for50

the linear two-variable model. If γT ̸= 0, however, the wind-SST interaction term γT UT maps the51

fast stochastic wind residuals into noise amplitudes proportional to T . The reduced one-dimensional52

equation contains correlated additive-multiplicative noise[5, 6, 7].53

The final step is to express the reduced equation in the Itô convention used for the Fokker–54

Planck analysis in the main text. The quasi-steady substitution above treats the fast forcing as the55

white-noise limit of a rapidly varying process. When the resulting state-dependent noise amplitudes56

are written in equivalent Itô form, the drift contains the standard noise-induced correction[4, 8, 5, 9]57

1
2

2∑
i=1

d
dT

(Gi + EiT ) (Gi + EiT ) . (15)58

Thus,59

1
2

2∑
i=1

d
dT

(Gi + EiT ) (Gi + EiT ) = 1
2 [E1 (G1 + E1T ) + E2 (G2 + E2T )]60

= 1
2 (E1G1 + E2G2) + 1

2
(
E2

1 + E2
2

)
T. (16)61

Including this term, the effective Itô drift is62

Aeff(T ) = Aqs(T ) + 1
2 (E1G1 + E2G2) + 1

2
(
E2

1 + E2
2

)
T. (17)63

The final reduced stochastic equation is64

dT

dt
= Aeff(T ) + (G1 + E1T ) η1(t) + (G2 + E2T ) η2(t). (18)65
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For the linear model, γT = 0, so E1 = E2 = 0, and Eq. (18) becomes66

dT

dt
= α̃L

1 T + G1Lη1(t) + G2Lη2(t), (19)67

with68

α̃L
1 = αL

1 − β1
β2

γL
U . (20)69

Thus, the linear reduction produces an Ornstein–Uhlenbeck process with additive noise.70

For the nonlinear model, the effective drift remains cubic,71

AN
eff(T ) = α̃N

0 + α̃N
1 T + α̃N

2 T 2 + α̃N
3 T 3, (21)72

where73

α̃N
0 = αN

0 + 1
2 (E1G1 + E2G2) , (22)74

α̃N
1 = αN

1 − β1
β2

γN
U + 1

2
(
E2

1 + E2
2

)
, (23)75

α̃N
2 = αN

2 − β1
β2

γN
T , (24)76

α̃N
3 = αN

3 . (25)77

The reduced nonlinear equation is78

dT

dt
= α̃N

0 + α̃N
1 T + α̃N

2 T 2 + α̃N
3 T 3 + (G1N + E1T ) η1(t) + (G2N + E2T ) η2(t). (26)79

This expression is the one-dimensional stochastic SST equation used in the main text. It shows80

that eliminating the fast wind variable modifies the deterministic SST damping and, when γT ̸= 0,81

generates state-dependent stochastic forcing. Thus, the same wind-SST interaction term that82

contributes to nonlinear deterministic damping also produces correlated additive-multiplicative83

noise in the reduced SST equation.84
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Supplementary Text 2: Sensitivity to including an explicit SSH85

variable86

The main analysis uses a deliberately minimal two-variable stochastic model based on the Niño 387

SST index (T ) and the Niño 4 zonal wind index (U). This choice is intended to isolate the coupled88

SST–wind mechanism relevant for the daily evolution of eastern equatorial Pacific SST anomalies.89

ENSO dynamics also involve upper-ocean adjustment and thermocline variations, which are often90

represented in conceptual models through a thermocline-depth, warm-water-volume, or sea-surface-91

height-like variable. Here we test whether adding an explicit upper-ocean proxy materially changes92

the statistical behavior relevant to our analysis.93

To do this, we repeated the empirical modeling using an extended three-variable system that94

includes Niño 3 sea surface height anomalies, denoted here by h, as a proxy for thermocline and95

upper-ocean heat-content variability. The three-variable model is fitted over the 1993–2017 period,96

for which the SSH product used here is available. The state vector is x = (T, U, h), where T is the97

Niño 3 SST anomaly, U is the Niño 4 zonal wind anomaly, and h is the Niño 3 SSH anomaly. As in98

the main analysis, we compare a linear model with a nonlinear model. The nonlinear formulation99

retains nonlinear terms in the T equation and also allows nonlinear terms in the SSH tendency,100

while the U equation is kept linear. This extended formulation is not used to derive an analytical101

one-dimensional stationary distribution; rather, it is used to assess whether the explicit inclusion of102

SSH changes the qualitative interpretation obtained from the simpler SST-wind system.103

Figure S1 compares the observed probability density functions of (T), (U), and (h) with those104

generated by the linear and nonlinear three-variable models. The linear model reproduces the bulk105

variability of the variables but remains close to Gaussian and does not capture the observed positive106

skewness of either Niño 3 SST or Niño 3 SSH. In contrast, the nonlinear model produces a clearly107

asymmetric Niño 3 SST distribution and substantially improves the representation of the positively108

skewed SSH distribution. The improvement for Niño 4 zonal wind is more modest, consistent with109

the fact that the wind equation is kept linear in this extended formulation.110

Including Niño 3 SSH as an additional state variable does not qualitatively change the main111

statistical interpretation. For the purpose of diagnosing the origin of Niño 3 non-Gaussianity in this112

reduced daily framework, the dominant contrast remains the transition from a linear to a nonlinear113

deterministic formulation. For the statistical diagnostics examined here, explicitly retaining SSH114

does not materially change the dominant linear-versus-nonlinear comparison pursued in the main115

text, while a dynamically more complete representation of ENSO would retain explicit upper-ocean116

adjustment.117
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Supplementary Text 3: Stationary first-moment consistency of the118

reduced nonlinear drift119

Here we provide a simple consistency check on the effective nonlinear drift obtained after adiabatic120

elimination of the wind variable. For a stationary Itô stochastic differential equation with drift121

Aeff(T ), the first-moment equation is122

0 = ⟨Aeff(T )⟩ . (27)123

For the reduced nonlinear model derived in Supplementary Text 1, the effective drift is124

AN
eff(T ) = α̃N

0 + α̃N
1 T + α̃N

2 T 2 + α̃N
3 T 3. (28)125

Substituting Eq. (28) into Eq. (27) gives126

0 = α̃N
0 + α̃N

1 ⟨T ⟩ + α̃N
2 ⟨T 2⟩ + α̃N

3 ⟨T 3⟩. (29)127

Because the Niño 3 SST anomaly is approximately centered, ⟨T ⟩ ≃ 0, this reduces to128

0 ≃ α̃N
0 + α̃N

2 ⟨T 2⟩ + α̃N
3 ⟨T 3⟩. (30)129

Equivalently,130

α̃N
0 ≃ −α̃N

2 ⟨T 2⟩ − α̃N
3 ⟨T 3⟩. (31)131

Using the fitted coefficients and observed moments, this balance is satisfied to a good approximation:132

α̃N
0 ≈ −9.6 × 10−4, α̃N

2

〈
T 2

〉
+ α̃N

3

〈
T 3

〉
≈ 9.5 × 10−4. (32)133

This agreement provides a useful consistency check that the fitted effective drift is compatible with134

an approximately stationary, zero-mean SST anomaly distribution.135
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Supplementary Text 4: Derivation of stationary distributions136

Here we derive the stationary distributions ps(T ) associated with the effective one-dimensional137

stochastic equations for the Niño 3 SST index T . These equations are obtained after eliminating138

the fast wind variable U . We write the general equation as139

dT

dt
= A(T ) + Sη1(t) + (G + ET ) η2(t), (33)140

where η1(t) and η2(t) are independent Gaussian white-noise processes. The total noise variance is141

B2(T ) = S2 + (G + ET )2 . (34)142

The corresponding Fokker–Planck equation is[4, 5, 8, 6]143

∂p

∂t
= − ∂

∂T
[A(T )p] + 1

2
∂2

∂T 2

[
B2(T )p

]
. (35)144

For a stationary solution with zero probability flux, this gives145

ps(T ) = N

B2(T ) exp
[∫ T 2A(T ′)

B2(T ′) dT ′
]

, (36)146

where N is a normalization constant.147

Change of variables for CAM noise148

For the CAM-noise cases, the diffusion coefficient contains a linear dependence on T . We use the149

change of variables150

u = G + ET

S
, (37)151

which implies152

T = Su − G

E
, dT = S

E
du. (38)153

This substitution reduces integrals of the form154 ∫
T n

S2 + (G + ET )2 dT (39)155

to rational functions of u. The resulting primitive functions involve polynomial terms, tan−1(u),156

and log(1 + u2). The prefactor 1/B2(T ) in Eq. (36) contributes an additional power of 1 + u2, which157

is included in the exponents below.158
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Nonlinear+CAM noise model159

For the Nonlinear+CAM model, the drift is160

AN
eff(T ) = α̃N

0 + α̃N
1 T + α̃N

2 T 2 + α̃N
3 T 3, (40)161

and the stochastic forcing is162

S1η1(t) + (G2N + E2T ) η2(t). (41)163

Thus, in Eq. (33), S = S1, G = G2N , and E = E2. Substituting Eq. (40) into Eq. (36) gives164

ps(T ) = N1 exp
(
δN

0 T
)

exp
(
δN

1 T 2
)

exp
[
δN

2 tan−1
(

G2N + E2T

S1

)]
165

×
[
1 +

(
G2N + E2T

S1

)2
]δN

3

, (42)166

where N1 is chosen so that the distribution integrates to unity, and167

δN
0 = 2α̃N

2
E2

2
− 4G2N α̃N

3
E3

2
, (43)168

δN
1 = α̃N

3
E2

2
, (44)169

δN
2 = 2α̃N

0
S1E2

− 2α̃N
1 G2N

S1E2
2

+ 2α̃N
2

(
G2

2N − S2
1
)

S1E3
2

− 2α̃N
3 G2N

(
G2

2N − 3S2
1
)

S1E4
2

, (45)170

δN
3 = α̃N

1
E2

2
− 2α̃N

2 G2N

E3
2

+ α̃N
3

(
3G2

2N − S2
1
)

E4
2

− 1. (46)171

The final −1 in Eq. (46) comes from the prefactor 1/B2(T ) in Eq. (36).172

Nonlinear+additive noise model173

For the Nonlinear+additive model, the deterministic drift is again given by Eq. (40), but the174

stochastic forcing is additive:175

S1η1(t) + S2η2(t). (47)176

The total noise variance is constant,177

DN = S2
1 + S2

2 . (48)178

Equation (36) then gives179

ps(T ) = 2N2
DN

exp
(
κN

0 T
)

exp
(
κN

1 T 2
)

exp
(
κN

2 T 3
)

exp
(
κN

3 T 4
)

, (49)180

8



where N2 is a normalization constant and181

κN
0 = 2α̃N

0
DN

, (50)182

κN
1 = α̃N

1
DN

, (51)183

κN
2 = 2α̃N

2
3DN

, (52)184

κN
3 = α̃N

3
2DN

. (53)185

The factor 2N2/DN is a normalization prefactor; any constant factors can be absorbed into N2.186

Linear+additive noise model187

For the Linear+additive model,188

dT

dt
= α̃L

1 T + G1Lη1(t) + G2Lη2(t). (54)189

The total noise variance is constant,190

DL = G2
1L + G2

2L. (55)191

The stationary solution is Gaussian:192

ps(T ) = 2N3
DL

exp
(
κL

1 T 2
)

, (56)193

with194

κL
1 = α̃L

1
DL

. (57)195

Since α̃L
1 < 0, this is a normalizable Gaussian distribution.196

Linear+CAM noise model197

For the Linear+CAM model, the deterministic drift is linear but the stochastic forcing includes the198

same state-dependent component used in the Nonlinear+CAM model:199

dT

dt
= α̃L

1 T + G1Lη1(t) + (G2N + E2T ) η2(t). (58)200

Thus, in Eq. (33), S = G1L, G = G2N , and E = E2. Using Eq. (36), the stationary solution is201

ps(T ) = N4 exp
[
δL

2 tan−1
(

G2N + E2T

G1L

)] [
1 +

(
G2N + E2T

G1L

)2
]δL

3

, (59)202

9



where N4 is a normalization constant and203

δL
2 = −2α̃L

1 G2N

G1LE2
2

, (60)204

δL
3 = α̃L

1
E2

2
− 1. (61)205

Again, the final −1 in Eq. (61) comes from the prefactor 1/B2(T ) in the zero-flux stationary solution.206

The Linear+additive and Nonlinear+additive stationary distributions are recovered as the207

regular E2 → 0 limits of the corresponding CAM solutions. These limits are derived explicitly in208

Supplementary Text 5.209
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Supplementary Text 5: Additive limits of the CAM stationary210

distributions211

Here we show that the stationary probability density functions of the CAM-noise models reduce to212

additive-noise stationary distributions in the limit E2 → 0. The derivation is perturbative in E2213

and focuses on the cancellation of the singular terms in the stationary exponent.214

Linear+CAM limit215

We begin from the Linear+CAM stationary distribution,216

ps(T ) = N4 exp
[
−2α̃L

1 G2N

G1LE2
2

tan−1
(

G2N + E2T

G1L

)] [
1 +

(
G2N + E2T

G1L

)2
]α̃L

1 /E2
2−1

. (62)217

Define218

α = α̃L
1 , B = G1L, G = G2N , E = E2, (63)219

with α < 0. Then Eq. (62) becomes220

ps(T ) = N4 exp
[
− 2αG

BE2 tan−1
(

G + ET

B

)] [
1 +

(
G + ET

B

)2
]α/E2−1

. (64)221

Taking logarithms and collecting all T -independent terms into a constant C(E) gives222

log ps(T ) = C(E) − 2αG

BE2 tan−1
(

G + ET

B

)
223

+
(

α

E2 − 1
)

log
[
1 +

(
G + ET

B

)2
]

. (65)224

Let ϵ = ET and D0 = B2 + G2. For fixed T as E → 0,225

log
[
1 +

(
G + ϵ

B

)2
]

= log
(

D0
B2

)
+ 2G

D0
ϵ + B2 − G2

D2
0

ϵ2 + O(ϵ3), (66)226

tan−1
(

G + ϵ

B

)
= tan−1

(
G

B

)
+ B

D0
ϵ − BG

D2
0

ϵ2 + O(ϵ3). (67)227

Substituting Eqs. (66)–(67) into Eq. (65), the terms proportional to ϵ/E2 cancel:228

− 2αG

D0E2 ϵ + 2αG

D0E2 ϵ = 0. (68)229

The remaining linear term is O(E), while the leading quadratic contribution is230

2αG2

D2
0E2 ϵ2 + α(B2 − G2)

D2
0E2 ϵ2 = α

D0
T 2. (69)231
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Combining these terms,232

log ps(T ) = C(E) + α

D0
T 2 + O(E), (70)233

where C(E) is independent of T . After normalization, the limiting stationary distribution is234

ps(T ) −→
√

−α

πD0
exp

(
α

D0
T 2

)
. (71)235

Returning to the original notation,236

ps(T ) −→
√

−α̃L
1

π
(
G2

1L + G2
2N

) exp
[

α̃L
1

G2
1L + G2

2N

T 2
]

. (72)237

This is the additive-noise limit of the Linear+CAM benchmark. If the additive component in the238

CAM benchmark is identified with G2L rather than G2N , Eq. (72) becomes the Linear+additive239

stationary distribution used in the main text.240

Nonlinear+CAM limit241

We now consider the Nonlinear+CAM model with drift242

A(T ) = α̃N
0 + α̃N

1 T + α̃N
2 T 2 + α̃N

3 T 3, α̃N
3 < 0, (73)243

and diffusion coefficient244

DE(T ) = S2
1 + (G + ET )2 , (74)245

where G = G2N and E = E2. For compactness, define246

a0 = α̃N
0 , a1 = α̃N

1 , a2 = α̃N
2 , a3 = α̃N

3 , (75)247

and248

D0 = S2
1 + G2. (76)249

The Nonlinear+CAM stationary distribution can be written as250

ps(T ) = N exp (γ0T ) exp
(
γ1T 2

)
exp

[
γ2 tan−1

(
G + ET

S1

)]
251

×
[
1 +

(
G + ET

S1

)2
]γ3

, (77)252
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with253

γ0 = 2a2
E2 − 4Ga3

E3 , (78)254

γ1 = a3
E2 , (79)255

γ2 = 2a0
S1E

− 2a1G

S1E2 + 2a2
(
G2 − S2

1
)

S1E3 − 2a3G
(
G2 − 3S2

1
)

S1E4 , (80)256

γ3 = a1
E2 − 2a2G

E3 + a3
(
3G2 − S2

1
)

E4 − 1. (81)257

Let ϵ = ET . For fixed T as E → 0, we use258

log
[
1 +

(
G + ϵ

S1

)2
]

= log
(

D0
S2

1

)
+ 2G

D0
ϵ + S2

1 − G2

D2
0

ϵ2
259

− 2G
(
3S2

1 − G2)
3D3

0
ϵ3 − S4

1 − 6S2
1G2 + G4

2D4
0

ϵ4 + O(ϵ5), (82)260

tan−1
(

G + ϵ

S1

)
= tan−1

(
G

S1

)
+ S1

D0
ϵ − S1G

D2
0

ϵ2
261

+ S1
(
3G2 − S2

1
)

3D3
0

ϵ3 + S1G
(
S2

1 − G2)
D4

0
ϵ4 + O(ϵ5). (83)262

Substituting Eqs. (82)–(83) into log ps(T ) and collecting powers of T gives263

log ps(T ) = C(E) + c1(E)T + c2(E)T 2 + c3(E)T 3 + c4(E)T 4 + O(E|T |5), (84)264

where C(E) is independent of T . The singular powers of E−1 cancel, leaving265

c1(E) = 2a0
D0

− 2GE

D0
, (85)266

c2(E) = a1
D0

− 2a0GE

D2
0

−
(
S2

1 − G2)
E2

D2
0

, (86)267

c3(E) = 2a2
3D0

+ O(E), (87)268

c4(E) = a3
2D0

+ O(E). (88)269

Thus, as E → 0,270

c1(E) → 2a0
D0

, c2(E) → a1
D0

, c3(E) → 2a2
3D0

, c4(E) → a3
2D0

. (89)271

In the variance-matched additive formulation, the additive amplitude S2 is defined so that272

S2
2 = G2 + E2

〈
T 2

〉
. (90)273
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Therefore, in the limit E → 0,274

D0 = S2
1 + G2 −→ S2

1 + S2
2 . (91)275

The limiting exponent is276

P (T ) = κN
0 T + κN

1 T 2 + κN
2 T 3 + κN

3 T 4, (92)277

with278

κN
0 = 2α̃N

0
S2

1 + S2
2

, κN
1 = α̃N

1
S2

1 + S2
2

, (93)279

and280

κN
2 = 2α̃N

2
3

(
S2

1 + S2
2
) , κN

3 = α̃N
3

2
(
S2

1 + S2
2
) . (94)281

Since α̃N
3 < 0, the limiting additive-noise density is normalizable. The convergence of the normalized282

density then follows from the convergence of the exponent above and the fact that the negative283

quartic term provides an integrable tail bound for sufficiently small E. Hence284

ps(T ) −→ Nadd exp
[
κN

0 T + κN
1 T 2 + κN

2 T 3 + κN
3 T 4

]
, (95)285

where Nadd is chosen so that the density integrates to one. This is the Nonlinear+additive stationary286

distribution.287

Summary288

The calculations above show that, in the limit E2 → 0, the CAM stationary distributions reduce to289

their corresponding additive-noise stationary distributions:290

Linear + CAM −→ Linear + additive, Nonlinear + CAM −→ Nonlinear + additive. (96)291

More precisely, the Linear+CAM limit is the additive linear model with the same additive ampli-292

tudes used in the Linear+CAM benchmark. The Nonlinear+CAM limit is the variance-matched293

Nonlinear+additive model with total additive noise variance S2
1 + S2

2 .294
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Supplementary Text 6: Moment-closure approximation for Niño 3295

skewness296

Here we derive the leading-order analytical approximation for the skewness of the Niño 3 SST index297

used in the main text. The approximation is based on the Nonlinear+additive reduced model,298

which retains the effective nonlinear SST drift but replaces the state-dependent stochastic forcing by299

variance-matched additive noise. This is the reduced model used to interpret intermodel differences300

in Niño 3 skewness.301

The Nonlinear+additive model is302

dT

dt
= AN

eff(T ) + S1η1(t) + S2η2(t), (97)303

where304

AN
eff(T ) = α̃N

0 + α̃N
1 T + α̃N

2 T 2 + α̃N
3 T 3, (98)305

and η1(t) and η2(t) are independent Gaussian white-noise processes. The total additive noise306

variance is307

DN = S2
1 + S2

2 . (99)308

We assume that the stationary distribution is approximately centered, so that309

⟨T ⟩ ≃ 0, σ2 = ⟨T 2⟩, (100)310

where σ is the Niño 3 SST standard deviation. To avoid confusion with the stochastic amplitude S1,311

we denote the skewness by S:312

S = ⟨T 3⟩
σ3 . (101)313

For a one-dimensional Itô stochastic differential equation with additive noise, the stationary314

moment equations can be obtained by multiplying the Fokker–Planck equation by powers of T and315

integrating by parts [4]. Equivalently, for the nth moment,316

0 = n
〈
T n−1AN

eff(T )
〉

+ n(n − 1)
2 DN

〈
T n−2

〉
. (102)317

For n = 3, this gives318

0 = 3
〈
T 2AN

eff(T )
〉

+ 3DN ⟨T ⟩. (103)319

Since ⟨T ⟩ ≃ 0, the additive-noise term does not contribute directly to the third-moment equation.320

Therefore,321

0 ≃
〈
T 2AN

eff(T )
〉

. (104)322

Substituting Eq. (98) into Eq. (104) yields323

0 ≃ α̃N
0 ⟨T 2⟩ + α̃N

1 ⟨T 3⟩ + α̃N
2 ⟨T 4⟩ + α̃N

3 ⟨T 5⟩. (105)324
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To close this expression at low order, we neglect fourth- and higher-order cumulants while325

retaining the leading contribution from skewness. With ⟨T ⟩ ≃ 0, this gives326

⟨T 4⟩ ≃ 3σ4, ⟨T 5⟩ ≃ 10⟨T 3⟩σ2 = 10Sσ5. (106)327

Using328

⟨T 2⟩ = σ2, ⟨T 3⟩ = Sσ3, (107)329

Eq. (105) becomes330

0 ≃ α̃N
0 σ2 + α̃N

1 Sσ3 + 3α̃N
2 σ4 + 10α̃N

3 Sσ5. (108)331

Solving for S gives the leading-order skewness approximation332

S0 ≃ − α̃N
0 + 3α̃N

2 σ2

σ
(
α̃N

1 + 10α̃N
3 σ2) . (109)333

This is the expression used in the main text to diagnose Niño 3 skewness from the reduced stochastic334

model.335

Equation (109) should be interpreted as a diagnostic leading-order approximation, not as an336

exact expression for the skewness. It makes explicit how skewness arises from the asymmetric337

components of the effective drift, α̃N
0 and α̃N

2 , while the variance σ2 controls how strongly the338

nonlinear drift terms are sampled by the stationary distribution. The terms α̃N
1 and α̃N

3 enter339

through the effective restoring strength in the denominator. In a purely linear additive system, the340

asymmetric drift coefficients vanish, α̃N
0 = α̃N

2 = 0, and Eq. (109) gives zero skewness, as expected.341
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Supplementary Tables342

Table S1: Additional fitted and derived parameters used in the direct univariate SST fits and in the analytical
stationary probability density functions. The direct-fit parameters correspond to univariate regressions of the
Niño 3 SST tendency on T alone, where T is expressed in ◦C. The PDF parameters are those appearing in
the analytical stationary distributions in Eqs. (23)–(26) of the main text. Normalization constants are not
listed because they are determined by imposing unit integral on each stationary density.

Parameter Symbol Linear Nonlinear Units
Direct univariate SST fits
Direct linear SST damping α̂L

1 −2.899 × 10−3 – day−1

Direct nonlinear constant term α̂N
0 – −1.081 × 10−3 ◦C day−1

Direct nonlinear linear term α̂N
1 – −3.229 × 10−3 day−1

Direct nonlinear quadratic term α̂N
2 – 1.328 × 10−3 (◦C)−1 day−1

Direct nonlinear cubic term α̂N
3 – −1.72 × 10−4 (◦C)−2 day−1

Direct univariate residual noise am-
plitude

Bdir
1 7.026 × 10−2 – ◦C day−1/2

Analytical stationary PDF parameters
Linear+additive quadratic exponent
coefficient

κL
1 −5.747 × 10−1 – (◦C)−2

Linear+CAM arctangent exponent
coefficient

δL
2 1.283 × 101 – dimensionless

Linear+CAM power-law exponent co-
efficient

δL
3 −4.724 × 101 – dimensionless

Nonlinear+additive linear exponent
coefficient

κN
0 – −3.795 × 10−1 (◦C)−1

Nonlinear+additive quadratic expo-
nent coefficient

κN
1 – −6.678 × 10−1 (◦C)−2

Nonlinear+additive cubic exponent
coefficient

κN
2 – 1.576 × 10−1 (◦C)−3

Nonlinear+additive quartic exponent
coefficient

κN
3 – −1.270 × 10−2 (◦C)−4

Nonlinear+CAM linear exponential
coefficient

δN
0 – 4.815 × 101 (◦C)−1

Nonlinear+CAM quadratic exponen-
tial coefficient

δN
1 – −2.047 (◦C)−2

Nonlinear+CAM arctangent expo-
nent coefficient

δN
2 – −4.514 × 102 dimensionless

Nonlinear+CAM power-law exponent
coefficient

δN
3 – 4.931 × 101 dimensionless
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Supplementary Figures343
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Figure S1: Probability density functions of a Niño 3 SST anomalies (T), b Niño 4 zonal wind anomalies
(U), and c Niño 3 sea surface height anomalies (h), comparing observations with the linear and nonlinear
three-variable models. The three-variable model includes Niño 3 SSH as an explicit upper-ocean proxy and is
fitted over the 1993–2017 period. The linear model remains close to Gaussian and does not reproduce the
observed positive skewness of Niño 3 SST or Niño 3 SSH. The nonlinear model substantially improves the
representation of the asymmetric SST and SSH distributions, while changes in the Niño 4 wind distribution
are more modest. This indicates that adding an explicit SSH variable does not qualitatively change the main
linear-versus-nonlinear contrast emphasized in the two-variable SST–wind framework.
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Figure S2: Phase space of the growth tendency of the Niño 3 SST index, dT 2/dt, as a function of concurrent
Niño 3 SST T and Niño 4 zonal wind U indices in the a linear and b nonlinear models. A positive (negative)
value of dT 2/dt implies that a given Niño 3 SST anomaly grows (decays) in magnitude deterministically.
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Figure S3: Growth tendency of the Niño 3 SST index, dT 2/dt, in the a linear and b nonlinear models as a
function of T , for selected values of the Niño 4 zonal wind index U .
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Figure S4: Cumulative density functions of the Niño 3 index in observations and in the different models
considered: the full two-dimensional model, the one-dimensional Nonlinear+CAM noise model, the one-
dimensional Nonlinear+additive noise model, the one-dimensional Linear+CAM noise model, and the
one-dimensional Linear+additive noise model. Curves show the observed CDF (black), the CDF derived from
the analytical PDFs (blue; except for the full two-dimensional model, for which an analytical solution is not
derived), the CDF numerically calculated from a long integration of 200 epochs of 38 years of daily values
(cyan), the mean of the 200 CDFs calculated from 38-year epochs (magenta; in most cases indistinguishable
from the long integration), and the 50th percentile of the 200 CDFs calculated from 38-year epochs (red).
Shading denotes the 25th–75th percentile range (dark) and 5th–95th percentile range (light) of the 200 CDFs
calculated from 38-year epochs. The center panels show the central part of the CDFs, while the panels on
either side zoom in on the tails. For the positive tail, the exceedance probability, 1 − CDF, is shown instead.
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