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Abstract

Background: The efficient and robust statistical
analysis of the shape of plant organs of different
cultivars is an important investigation issue in plant
breeding and enables a robust cultivar description
within the breeding progress. Laserscanning is a
highly accurate and high resolution technique to
acquire the 3D shape of plant surfaces. The
computation of a shape based principal component
analysis (PCA) built on concepts from continuum
mechanics has proven to be an effective tool for a
qualitative and quantitative shape examination.

Results: The shape based PCA was used for a
statistical analysis of 140 sugar beet roots of
different cultivars. The calculation of the mean
sugar beet root shape and the description of the
main variations was possible. Furthermore,
unknown and individual tap roots could be
attributed to their cultivar by means of a robust
classification tool based on the PCA results.

Conclusion: The method demonstrates that it is
possible to identify principal modes of root shape
variations automatically and to quantify associated
variances out of laserscanned 3D sugar beet tap
root models. The introduced approach is not
limited to the 3D shape description by laser
scanning. A transfer to 3D MRI or radar data is
also conceivable.

Keywords: tap roots; shape variation; energy
minimization; 3D point clouds

1 Background
In breeding and precision agriculture there is a need
for a precise description of the 3D architecture of a
crop, a plant organ or a harvested product, in a fast
and reproducible way [1].
Potential applications involve automated selection

procedures in plant breeding of phenotypes with the
desirable features and traits (like grain or root shape),
assessment of crop development during the growth
period, enabling an optimised crop management and
sorting out special forms or non-crop contaminants
(stones, weed seeds) of harvested products. An addi-
tional application is the adaption of harvester settings,
based on archetypal 3D-geometries of harvested culti-
vars to avoid mechanical damage and by this quality
reduction.
Yield formation is the combined result of genetic

characteristics and environmental effects. In sugar beet
the annual increase in sugar yield accounts 1.5% [2].
This is mainly due to an increase in the root yield,
while the sugar content of varieties remained stable
[3]. One of the main targets of sugar beet breeding is
the root development, including relevant quality pa-
rameters such as sugar content, non-sugar compounds
or mark-content. It can be observed that the dynamic
of storage root development in sugar beet has no spe-
cific growth stages. There is no phase of maturation,
and therefore, yield development and potential can be
estimated depending on the duration of the growing
period [3]. Unfortunately, in sugar beet development of
leaf biomass is not correlated to storage root biomass
or yield formation. However, the shape of the sugar
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beet tap root plays a significant role for the entire pro-
cessing chain.
Besides effects of varieties, it is well known that the

shape of tap roots mainly depends on the type and
status of soil, management and environmental condi-
tions [4, 5]. A strong correlation exists between basic
root shape parameters like area, length, or radial vari-
ation and sugar yield and quality. Additionally, size
and shape is characteristic for cultivars. Factors such
as formation of branches or soil-adhesion are relevant
breeding traits. On-field devices are proposed to mea-
sure and monitor basic parameters of tap roots [6] with
varying degrees of success. Shape models are used for
the classification of crops and weeds [7]. Image pro-
cessing methodology already plays a significant role
for the observation of plant growth [8]. Computer vi-
sion is also used for the analysis of plant root shapes.
However, currently these methods are mostly based
on 2D imaging modalities [9], whereas the most pre-
cise description would result from a robust statisti-
cal analysis of the true 3D description of tap roots.
First results in imaging the 3D shape of sugar beet
have been used to extract scalar parameters of the
tap root [10] such as height, width, volume and sur-
face area. By imaging over time the development and
growth can be observed. The resulting crop growth
model can be improved by a true 4D description of
the crop plants [11]. Analysis of 3D point clouds with
recent mathematical models or machine learning ap-
proaches further improve the efficiency and biological
interpretability of plant sensor data [12]. This helps
to assess the genotype-phenotype-environment inter-
actions and to dissect important traits [13] [14].

Agricultural crops have to cope with adverse envi-
ronments but still have to maintain productivity at
the highest possible level. Here, breeding has to iden-
tify and make use of the best combinations of traits
[15, 16]. These traits are mostly quantitative and in-
herited in a complex manner [13]. Although morpho-
logical changes are downstream effects of altered gene
expression, metabolic adaptations and environmental
changes, their precise, unequivocal, and unbiased iden-
tification is of utmost importance in a breeding pro-
cess to assess Genotype × Environment × Phenotype
(G×E×P) interactions [17]. So far, breeding involves
classification of desirable traits (usually around 20) by
using empirical scales, which can be assessed mostly by
visual assessment in traditional breeding schemes [15].
Considering that there are easily 10,000 individuals
or more that have to be classified within a very short
time span, the common method is prone to human bias
(tiredness, adverse and rapidly changing light condi-
tions). The same holds true for the harvested produce

where shapes e. g. of tuber crops have to be assessed.
Unequivocal identification of shapes or outlines is of
high importance as well for purposes of precision farm-
ing where there is a need for an on-the-flight identifica-
tion of shapes and their assessment, e. g. for the differ-
entiation between crop and weed plants, diseased and
healthy plants or plant organs or species identification
(see e. g. [18]). Further refinement of phenotyping and
the increase of traits that can be simultaneously ob-
served calls for objective and automated ways of trait
identification. There have been various attempts so far
to describe leaf or tap root shapes with elliptic Fourier
analysis [18, 19, 17]. The challenge is now to analyze
true 3D shape variations into main components, while
most methods so far rely on 2D image analysis [17, 20].

Knowledge of the statistical variation of root shapes
has various applications. In plant breeding such infor-
mation can be used to select tendencies with favor-
able traits, such as an even shape, large crop size, or
an optimal form for the use of crop harvesters and to
minimize breaking root tips, soil tare and mechanical
damages. In crop management the statistical data may
help to detect deviations from the expected plant de-
velopment, which can be used in a feedback mechanism
to adjust growth control parameters, such as fertilizer
or pesticides.
In this study we apply a computer vision tool for sta-

tistical analysis that is purely shape based. Statistical
models of shape have been used widely in computer
vision and graphics [21]. In a 2D setting, PCA-based
models such as Active Shape [22] or Appearance Mod-
els [23] provide a parametric representation of shape
that can be used for segmentation, tracking and recog-
nition. In a 3D setting, they are typically used for fit-
ting to noisy or ambiguous data or for 3D reconstruc-
tion via analysis-by-synthesis. Essentially, the statisti-
cal model provides a constraint that significantly re-
duces the parameter space for many shape processing
problems.
It is a wide spread assumption that the input data

is collected from a shape space that is considered as
a Riemannian manifold. The classical treatment of
shape space is due to Kendall [24], in which sets of
landmarks are considered points on a shape mani-
fold in which the effects of scale, rotation and transla-
tion are factored out. The tangent plane to Kendall’s
shape space enables linear principle component anal-
ysis (PCA) in which Euclidean distance approximates
Procrustes distance. Srivastava et al. [25] propose a
representation for analysing shapes of curves under an
elastic metric. Killian et al. [26] model the space of
triangulated shapes. Statistical analysis can be per-
formed on shape spaces in a manner that respects the
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Riemannian geometry of the manifold. This requires
Riemannian notions of concepts such as distance, mean
value and covariance [27]. Based on these quantities
Fletcher et al. [28] transferred the concept of PCA to
manifolds by considering a principal geodesic analy-
sis (PGA). The idea of PGA was used by Tournier et
al. [29] to build a statistical skeleton model and by
Heeren et al. [30] to perform a statistical analysis in
the space of triangle meshes. However, all these ap-
proaches assume the underlying shape space to be a
Riemannian manifold. In particular, the dissimilarity
of two shapes is quantified by the length of an opti-
mal, connecting curve. In contrast, we here consider a
purely elastic model that measures shape dissimilarity
by the amount of elastic deformation energy [31]—for
details on the physical and geometrical differences we
refer to [32]. Using the physical model of 3D elasticity
Rumpf and Wirth compute shape averages [33] and
describe a covariance analysis [34, 35] of shapes rep-
resented as boundary contours of elastic objects. Here
the elastic average is defined as the shape that mini-
mizes the sum of elastic deformation energies to all the
given input shapes. With an average at hand a clas-
sical PCA is then applied to the displacements with
respect to the input shapes. This elastic shape analysis
was performed on the space of triangle meshes in [36]
and will be applied in the present work to the shape
space formed by sugar beet tap roots.

In our experiment the acquisition of input shapes
is realized based on 3D laser scanning—a method to
recover 3D point clouds from objects. This method
is well established in the agricultural context and has
been used on plant level for 3D modelling of the canopy
of tomato plants [37], for in-field scanning of pear-trees
[38] and imaging physiological responses of leaves [39].
More detailed scans for organ specific parameteriza-
tion were also possible when using close-up laserscan-
ning. This enables e.g. identification of single organs
[40, 10, 12] or tracking of growth on organ level [41],
and it has shown to be very accurate [42]. Close-up
scanning enables high resolution and high accuracy
imaging with point to point distances below a mil-
limeter [43]. This enables highly accurate 3D surface
models of various plant types.

Our contribution. In this work, we demonstrate the
extraction and mathematical description of character-
istic shape features in the tap roots of different culti-
vars of sugar beets. To this end, a huge data set con-
sisting of detailed 3D descriptions of beet root samples
is reduced to a small number of important parameters

without loosing relevant biological information. Our
main contributions are twofold. First, we perform a
shape based analysis of laser scanned sugar beet tap
roots. In particular, one can compute a robust and re-
liable shape mean as well as principal modes of shape
variation on large ensembles of sugar beets with a sub-
stantial variability in the shape geometry. In particu-
lar, the statistical tool is not based on predefined quan-
titative properties (such as length or volume), and it
is invariant under rigid body motions. Second, we pro-
pose an automatic classification tool based on results
from the statistical analysis. The number of tap roots
that were classified correctly without having been in
the training data set is significantly higher than ran-
dom classification. This indicates that a cultivar based
assignment of a tap root to the corresponding cultivar
is possible by only using geometrical shape parame-
ters. The introduced approach is not limited to the 3D
shape description by laser scanning and can be gen-
eralized for any other 3D measuring device with high
precision as structure-from-motion approaches [44] or
volume-carving methods [45].

2 Results
We introduce a method for the statistical analysis of
large ensembles of 3D tap roots as well as a classifica-
tion tool based on information gained from the statisti-
cal analysis. To prove the benefits of our approach, four
cultivars with 35 sugar beet tap roots each were mea-
sured with a laser scanner. After several pre-processing
steps each beet is finally represented as a characteris-
tic function[1]. In order to validate our classification
tool, we randomly removed 5 beets of each cultivar
from the training data set. Afterwards, we computed
a shape average as the minimizer of an elastic match-
ing functional for each of the four training data sets
separately. In the same physical setup, a principal com-
ponent analysis has been applied to the displacements
between average and input shapes. This way, we ob-
tained principal modes of main variation within all
four training data sets. Again, each of these modes
is represented by a displacement of the shape average.
The results are shown in Fig. 1 to Fig. 4 for the four

different cultivars. In each figure we show the input
shapes on the left and the five main shape variations
on the right, where the middle shape (dark gray) repre-
sents the average beet shape. To better illustrate the
directions of main variations, the displacements are
displayed with different positive and negative magni-
tudes. Note that all input beets were scaled to have

[1]A characteristic function assigns 1= true to every data
point inside the sugar beet volume and 0= false to all
other points.
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uniform volume, hence the previously most dominant
mode of uniform scaling is no longer relevant. How-
ever, the relative order within the variances has not
been effected substantially by the rescaling. In detail,
if (λ̃k)k≥0 describe the variances (in decreasing order)

before the uniform rescaling, where λ̃0 is the domi-
nant eigenvalue that represents the impact of uniform
scaling, and (λk)k≥1 the variances after rescaling, we

observe λk−1/λk ≈ λ̃k−1/λ̃k for k > 1.

2.01

1.00

0.65

0.56

0.51

Figure 1 Input beets of sort Berenika (left) and first five
modes of main variation (right) with average beet in dark grey
and corresponding variances λ1, . . . , λ5 (multiplied by 100).

1.99

1.63

0.93

0.63

0.47

Figure 2 Input beets of sort Cesira (left) and first five modes
of main variation (right) with average beet in dark grey and
corresponding variances λ1, . . . , λ5 (multiplied by 100).

0.94

0.79

0.71

0.54

0.41

Figure 3 Input beets of sort Mauricia (left) and first five
modes of main variation (right) with average beet in dark grey
and corresponding variances λ1, . . . , λ5 (multiplied by 100).

For the variation in cultivar Berenika (see Fig. 1) the
first mode can be described as a tendency to a multiple
or at least double apex (2.01), the second variation as
a tendency to a long apex or a more dull one (1.00).
For the cultivar Cesira (see Fig. 2) the first variation

0.93

0.40

0.39

0.30

0.24

Figure 4 Input beets of sort Pauletta (left) and first five
modes of main variation (right) with average beet in dark grey
and corresponding variances λ1, . . . , λ5 (multiplied by 100).

(1.99) is according to the second mode of variation
of Berenika, the tendency from a long apex to a dull
one. The second variation is similar to the first one of
Berenika (1.63). The main variation for the cultivar
Mauricia (see Fig. 3) is similar to the long apex or a
dull one (0.94), the second variation is the affinity to
a multiple or clear and pointy apex (0.79). The first
two main variations of Pauletta (see Fig. 4) can be
described as the affinity to a pointy or dull apex (0.93)
and the tendency from a clear and pointy apex to a
second apex at the side (0.40).
In a second step, the principal modes were used to

derive a classification tool. Based on the classical Ma-
halanobis distance, we first define a distance measure
for each cultivar. Then a given beet is classified to the
cultivar that induces the lowest distance. For exam-
ple, when computing the distance of that given beet
to cultivar Pauletta, we effectively compute the dis-
tance to the average shape of the training data set of
Pauletta. In particular, the distance measure penalizes
deviations in direction of dominant principal modes of
this data set less, as these directions are supposed to
be characteristic for cultivar Pauletta.

Figure 5 Five beets of sort Berenika (blue), Cesira (red),
Mauricia (black) and Pauletta (green) to be classified. Vertical
color bars upon each shape are proportional to the distance to
the four different cultivars. Overall 55% beets were classified
correctly (whereas 25% is random).

Classification results are depicted in Fig. 5 and
Fig. 6, respectively. In detail, we show for every beet
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to be classified the (extended) Mahalanobis distance to
each of the four cultivars as vertical color bars whose
height is proportional to the distance (cf. Fig. 5). For
example, the height of the blue bar always represents
the distance to the Berenika training set. The valida-
tion of the classification reveals a significantly better
success (i.e. 55%) in comparison to random classifica-
tion (with a p-value of 0.0045). Note that we consid-
ered only the first 13 principal modes for each cultivar
to design the distance measures (details will be ex-
plained in the ”Methods” section). If we ignore the
principal modes and simply compute the distance to
the average we still obtain a correct overall classifica-
tion rate of 40%. However, we observe huge differences
in classification success when distinguishing between
cultivars (cf. Fig. 6). In detail, a beet from cultivar
Pauletta was classified correctly in 80% of the trials,
whereas Berenika classification success was more or
less random (i.e. 20%).

Figure 6 Visualization of results shown in Fig. 5 by means of
a confusion matrix to demonstrate differences in classification
success for the four different cultivars.

Simplified PCA approach. For comparison reasons we
also computed a Euclidean principal component analy-
sis on five characteristic parameters extracted directly
from the 3D point cloud. In detail, these five different
parameters are root length, width, surface and volume
(cf. [10]) as well as root complexity which is defined as
the quotient between root surface and volume. Fig. 7
shows the distribution of the different cultivars using
the first two principal components of the PCA. Obvi-
ously, distinguishing different cultivars or even a reli-
able classification is hard, if not impossible.

3 Discussion
The aim of our study was to perform a statistical
shape analysis and to develop a method which al-
lows to distinguish between different cultivars in a

Figure 7 A principal component analysis of measured root
traits based on five measured traits for comparison. By using
these parameters a differentiation between the cultivars is hard
to achieve.

non-parametric way. Fig. 1 to Fig. 4 show how our
method identifies the main components of shape varia-
tion. These are mostly in line with traits for sugar beet
shapes like size, maximum length, maximum width,
average radius, radial variation, circularity, the ratio
width to length, and further shape factors like sur-
face roughness or furrow formation. Moreover, prop-
erties that seem to be characteristic for a particular
training data set can actually be extracted in form of
dominant variations. For example, the training data
set of Pauletta (cf. Fig. 4, left) suggests that this cul-
tivar tends to have a rather slim and longish body
that varies predominantly in length whereas branch-
ing of the main tap root is usually not preferred. On
the other hand, the clearly separated first principal
mode (λ1 > 2λ2) captures exactly this variation with
respect to length and none of the first five modes rep-
resents a clear branching (compared to the other culti-
vars in Fig. 1 to Fig. 3). Besides the qualitative modes
of variation, our method allows a robust quantifica-
tion of the associated variance of the main compo-
nents of 3D shape variation. A next step would be
to compare the results also at different environments
or sets of stress conditions which enables quantitative
statements about the influence of these parameters on
the plant’s development. The present outcomes sug-
gest that it will become possible to dissect environmen-
tal from genotypic effects on the phenotype and thus
allow a true G×E×P interaction analysis [13]. Fur-
thermore, it is envisaged that the proposed method is
adopted to other plant organs and species and likewise
will be useful for approaches in precision farming.
The results of Fig. 5 have shown a classification ac-

curacy of about 55% which is significantly better than
a random assignment. However, the robustness of the
classification can still be improved. In particular, the
dependence on the number Mj of considered principal
modes in the definition of the distance measure has
to be further investigated. Furthermore, the striking
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differences of classification success between different
cultivars (cf. Fig. 6) has to be explored and explained
in detail. We believe that increasing the number of
samples in the training data sets might improve the
robustness as well as the classification success of indi-
vidual cultivars.
Currently, the resolution of the shapes is limited by

the spatial resolution of the characteristic functions
which are defined on a 1293 voxel grid. The choice of
spatial resolution is a trade-off between a desired level
of details and limitation of computation time. How-
ever, the sensor provides a resolution of about 50 mi-
crons, hence it is desirable to be able to use the full
resolution in the numerical simulations as well. To this
end, future work will focus on the reduction of the al-
gorithm’s complexity on the one hand, e.g. by using
linearized elasticity and to use more sophisticated al-
gorithmic features on the other hand, such as adaptive
grids and advanced parallel computing techniques. An
altenative approach is applying the method proposed
in [36] to the original triangle meshes constructed di-
rectly from the laser scans. This shell PCA performs
the same statistical shape analysis but with a different
physical model (in detail, shapes are treated as hollow
objects and one studies elastic deformations of the sur-
face only). Moreover, it might be interesting to investi-
gate the potential application of machine learning ap-
proaches to tackle the classification problem. Finally,
we aim at the replacement of a manually moved scan-
ner by a device that is able to perform a high number
of scans automatically. This replacement is in partic-
ular necessary since we aim at increasing the number
of samples in the training data sets.

4 Conclusions
We applied an established computer vision algorithm
to perform a statistical shape analysis on 3D laser
scanned tap roots. The method is applied to sugar
beets, where the mean root shape and the main varia-
tions within a group of sugar beets of the same growth
period have been computed. Our investigations can be
considered as a case study for the statistical analysis of
storage roots without predefined classification criteria.
The method indeed demonstrates that it is possible to
identify principal modes of shape variation automati-
cally and to quantify the associated variances. In par-
ticular, the resulting dominant modes of variations can
be used to cluster scanned tap roots into categories
which forms the basis for a linking to growth condi-
tions and environmental conditions. Furthermore, this
statistical shape analysis can be used in combination
with other invasive or non-invasive sensors that access
the 3D shape and can be applied to other plant organs
and species as well. Since non-invasive sensors such as

MRI or radar imaging are usually affected by signif-
icant noise the statistical analysis of large ensembles
of laser scanned root shapes could help to increase the
accuracy of the classification of noisy input data.

5 Methods
Plant material. Sugar beets were grown during sum-
mer 2012 in a central experiment of CROP.SENSe.net.
The objectives of the central experiment were the pro-
vision of ground truth data for the interpretation of
sensor measurements. The soil was a silty loam soil
(WRB: Haplic Luvisol) at the Klein Altendorf experi-
mental research station (6◦59’N, 50◦37’E) near Bonn,
Germany. The mean annual temperature is 9.6 ◦C
with an average annual precipitation of 625mm. The
cultivars Pauletta, Berenika, Mauricia and Cesira—
obtained commercially from KWS Saat[2]—were cho-
sen because of their differing phenology. At the end of
the growing season 35 randomly chosen beets of each
variety were sampled, i.e. 140 beets in total. Rows for
sampling were 2m × 3m within a plot of 50m2 each.
Seed density was 90, 000 per hectare at a row distance
of 0.2m (plant to plant distance).

Data acquisition. To acquire the 3D shape of the
sugar beet tap roots a close-up laser scanner coupled
to an articulated measuring arm device [40, 10] was
used (see Fig. 8). This is a well evaluated combination
for 3D plant imaging [41, 42]. Hardware details such
as resolution and accuracy are given in Table 1. With
its seven degrees of freedom it is possible to image the
plant from various viewpoints to get an occlusion-free
3D model. The output of the laser scanner is a point
cloud with XYZ coordinates with more than 3 million
points that is later parsed to an automatic triangula-
tion algorithm.

Table 1 Hardware details for the measuring setup.

3D scanning hardware
Manufacturer supporter Hexagon Metrology Ltd. UK
Model supporter Romer Infinite 2.0
Manufacturer scanner Perceptron Inc. Plymouth, MI, USA
Model scanner Perceptron Scan Works V5
Resolution 17µm
Accuracy 45µm
Measureable Volume spherical (1.4m radius)
used Wavelength 660nm
main application field quality management

Preprocessing (cf. Fig. 9, left column). Before being
fed to our statistical method, outliers and background
measurements were removed from the recorded point
cloud data sets, and a subsequent automatic point
cloud triangulation was performed (see Fig. 8). We

[2]www.kws.de
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Figure 8 The laserscanner-measuring arm combination with
its seven degrees of freedom enables the 3D imaging of the
complete sugar beet tap root. It provides a point accuracy of
45µm and a point resolution of 17µm (A). An RGB image of
a sugar beet (B) is shown together with its laserscanned point
cloud with a shaded visualization with 3 million points (C) and
the down-sampled and smoothed wireframe representation (D)

then applied a uniform rescaling such that all shapes
have the same (inscribed) volume[3].

The proposed statistical method requires the rep-
resentation of each root shape S via a characteristic
function χS on the computational domain Ω = [0, 1]3.
Then, the sugar beet surface S is implicitly represented
as the interface between these two regions. The func-
tion χS is discretized on a regular grid with 1293 nodes
(129 in each spatial direction). It is obtained from the
triangulated sugar beet surfaces by first computing the
signed distance function d : Ω → ❘ [46], a function
whose value at each point is the shortest distance to
the surface with positive sign inside and negative sign
outside the sugar beet. To this end, we first compute
the signed distance on the grid nodes closest to the
triangles and then we compute its values far from the
triangular surface via information propagation by a
fast marching algorithm [47]. Since the triangulated
surface may be non-closed due to local scan deficien-
cies or self-occlusion, the signed distance function d
may have an incorrect sign at a number of nodes. As
a remedy, we regularize the resulting signed distance

[3]The rescaling proved to improve the later classi-
fication substantially while it does not qualitatively
change the shape analysis. See discussion above.

function replacing d by the minimizer dnew of the fol-
lowing energy

∫

Ω

(|d|ǫ − |dnew|ǫ)
2 dx+ σ

∫

Ω

|∇dnew|
2 dx

where |d|ǫ =
√

|d|2 + ǫ2 with ǫ = 10−4, ∇ denotes the
gradient mapping, and the filter width parameter is
σ = 0.01 in our application. Computations are per-
formed using a standard finite element approach with
multilinear basis function on the regular grid. Once
dnew is computed, we set χS(x) = 1 if dnew(x) < 0 and
χS(x) = 0 else, which in the algorithm is done for all
grid nodes. After data compression, the required mem-
ory to store the function χS is comparable to the one
needed to store an explicit triangular representation of
the shape S.

Statistical analysis model (cf. Fig. 9, middle column).
In the following we will generalize the standard statis-
tical analysis of point sets in a (linear) vector space,
e. g. ❘n, to the space of shapes S, where S ∈ S repre-
sents the surface of a volumetric object O = O(S) ⊂
❘

n. To underpin this generalization let us briefly re-
call the basic concepts of the mean and the principal
component analysis (PCA) on vector spaces [48].
The arithmetic mean x̄ of m points x1, x2, . . . , xm

in ❘n is given as x̄ = 1
m
(x1 + x2 + . . . + xm). It

can also be characterized as the minimizer of the en-
ergy E[x] =

∑m

i=1 W[xi − x], where W[y] = µ|y|2 is
the elastic energy stored in a spring stretched along
a vector y and µ is the associated stiffness coeffi-
cient of the spring. Indeed, the arithmetic mean is the
equilibrium position of the central hub of a network
with m springs, where one end of each spring is at-
tached to one of the input points and the other end
is connected to all other springs at a hub so that all
springs pull at this hub. If X = [x1 − x̄| . . . |xm − x̄]
is the n × m (centered) data matrix, the covariance
matrix is given by 1

m
XXT . A PCA now involves a

spectral decomposition of this n × n matrix, where n
might be very large. Hence we use the fact that the
m×m matrix C = 1

m
XTX has the same (non-trivial)

eigenvalues as the covariance matrix, where m ≪ n.
Note that Cij = 1

m
g(xi − x̄, xj − x̄) where g denotes

a suitable scalar product on ❘n (typically the stan-
dard Euclidean inner product (xi − x̄) · (xj − x̄)). If
C = QΛQT is the singular value decomposition of
C with an orthogonal matrix Q and a diagonal ma-
trix Λ with diagonal entries λ1 ≥ λ2 ≥ . . . ≥ λm,
then the eigenvectors of the covariance matrix are ob-

tained via wj =
∑m

i=1

√

λ−1
j qij(xi − x̄). These are ex-

actly the principal directions of variations, and the
eigenvalues λj describe the variance in that direction.
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Input: point cloud from laser scanner

outlier and background removal

automatic triangulation

uniform scaling to unit volume

computation of signed distance function
(via fast marching algorithm)

regularization of signed distance function
(to close holes)

evaluation of characteristic function

Input: shapes S1, . . . ,Sm

as boundary of objects O1, . . . ,Om

given as characteristic functions

Simultaneous computation of
shape average S̄ = ∂Ō and

matching deformations φi : Oi → Ō

via nonlinear optimization

compute elastic stress σi induced by φi

(for i = 1, . . . ,m)

compute displacement ui from Ō and σi

by solving a linear system (for i = 1, . . . ,m)

assemble Gram’s matrix C ∈ ❘
m,m

with Cij = 1

m
g(ui, ui)

based on an integral scalar product g(., .)

compute principal compontents w1, . . . , wl

based on singular value decomposition of C

Input: PCA results
(i.e. average and principal components)

for N different cultivars

compute individual distance measure di

as an adaption of Mahalanobis’ distance
for all cultivars i = 1, . . . , N

for a shape S to be classified
compute di(S) for i = 1, . . . , N

S is classified to the cultivar n
that induces the lowest distance,

i.e. dn(S) < di(S) for i 6= n

Figure 9 Workflow of our method for data pre-processing (left), statistical analysis (middle) and classification (right).

Here, qij denotes the ith entry in the jth column Q.
As g is supposed to be positive (semi-)definite, we
have λi ≥ 0 for i = 1, . . . ,m. Furthermore, if we as-
sume x1, . . . , xm to be linearly independent we have
λ1 ≥ . . . ≥ λm−1 > λm = 0 as we consider centered
data, i.e. x1−x̄, . . . , xm−x̄ spans a (m−1)-dimensional
subspace.
Now this general concept is transferred to shape

statistics. In the context of tap root shapes Si for
i = 1, . . . ,m, the corresponding volumetric objects
Oi = O(Si) play the role of the points xi, and the
vector xi − x is replaced by the optimal deformation
φi : Oi → ❘

n of the object Oi into an object O. Here,
optimal means that the deformation φi costs the least
elastic energy W[ψi,Oi,O] =

∫

Oi
W (Dψi)dx of all de-

formations with ψi(Oi) = O, where W (·) denotes a
hyperelastic energy density acting on the local defor-
mation gradient Dψi ∈ ❘n×n. This energy and thus
the thereby defined shape mean is invariant under rigid
body motions, i. e. it does not change if the position
or the orientation of the root shapes is varied. The
arithmetic mean of m input objects O1, O2, . . . , Om

is defined as the object Ō which minimizes the energy

E[O] =

m
∑

i=1

W[φi,Oi,O] .

For details we refer to [33]. Different from the vectors
xi−x̄ above, the deformations φi are strongly nonlinear
and cannot be used in a (linear) PCA. Instead, one can
replace the deformation φi by its linear representative,

the associated elastic stress (cf. Fig. 10)

σi =W ′((D(φ−1
i ))−1)(detD(φ−1

i ))(D(φ−1
i ))−T ν ,

evaluated on the average shape S̄ (the surface of the
average object Ō) with surface normal vector ν [31].
Even more intuitive, one can also replace the nonlin-
ear deformation φi by the displacement ui : S̄ → ❘

n

of each point on the surface S̄ of Ō which is observed if
the elastic stress σi is applied at the surface of the av-
erage object. The Hessian of the corresponding elastic
energy implies a natural scalar product g(·, ·) on these
displacements ui [31, 35]. Thus, we define the matrix

C =
1

m
(g(ui, uj))i,j=1,...,m

as a representation of the covariance operator, which
is defined by

Covu =
1

m

m
∑

i=1

g(ui, u)ui

and can be regarded as the analogon of the covariance
matrix in the vector space case. Again, the whole con-
struction is rigid body motion invariant. Via the same
spectral decomposition C = QΛQT of the m×m ma-
trix C as above, we finally obtain the principal modes
of shape variation,

wj(x) =

m
∑

i=1

√

λ−1
j qijui(x) ,
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and associated variances λj . A comprehensive intro-
duction to this concept can be found in [34, 32]. Let us
emphasize that this statistical approach does not make
any assumptions on how the different shapes and their
variations are configured. It is also not assumed that
the original shapes are actually elastic—this is just a
mathematical tool to define the dissimilarity between
shapes.

φ−1

3
(x)

φ1

φ−1

1
(x)

φ2φ−1

2
(x)

σ1ν

σ3ν

φ3

σ2ν
x

Figure 10 Sketch of the stresses σi induced by the
deformations φi on the averaged shape S̄ = ∂Ō, here for
i = 1, 2, 3.

Classification (cf. Fig. 9, right column). Sample
beets were available for N = 4 different cultivars.
The training data set of cultivar j is represented as
a set of displacements (ujk)k≤Kj

from the group aver-
age S̄j , where Kj denotes the sample size. The aim of
classification is to assign an arbitrary shape S or a cor-
responding shape displacement u, respectively, to one
of these N cultivars. In detail, we need a distance mea-
sure dj for each cultivar that quantifies the distance

of u to the set (ujk)k≤Kj
. We say that u is classified to

cultivar l if dl(u) ≤ dj(u) for j = 1, . . . , N .
Our distance measure dj is an extension of the clas-

sical Mahalanobis distance. First, we assume that we
have already performed a PCA (as described above)
for each cultivar independently. Let (λjk)k≤Kj

and

(wj
k)k≤Kj

denote the eigenvalues and eigenvectors
computed in the PCA of cultivar j, respectively. We
define Uj to be the linear span of (ujk)k≤Kj

and U⊥
j

the orthogonal complement with respect to the met-
ric gj(., .) associated by the jth cultivar. For some
truncation value Mj ≤ Kj the classical (squared) Ma-
halanobis distance is given by

m2
j (u) :=

Mj
∑

k=1

gj(u,w
j
k)

2

λjk
.

Note that m2
j (w

j
k) = (λjk)

−1, that means the Maha-
lanobis distance penalizes deviations in direction of
dominant eigenvectors less. On the other hand, we
have mj(u

⊥) = 0 for each u⊥ ∈ U⊥
j , which requires

some kind of regularization. If Pju is a projection of u
onto Uj we decompose u = Pju+ (u−Pju) ∈ Uj ⊕U⊥

j

and finally define an extended Mahalanobis distance by

d2j (u) = m2
j (Pju) +

1

β
gj(u−Pju, u−Pju) .

Here β > 0 is a regularization parameter. In the ex-
periments shown in Fig. 5 we have chosen β = 10−5

and Mj = 13 for all four cultivars.

Numerical implementation. The matching deforma-
tions φi between an input object Oi and the object O,
both represented by characteristic functions χi and χ,
respectively, are computed using a penalty approach,
where one minimizes

∫

Oi

W (Dφ)dx+ γ

∫

[0,1]3
(χi − χ ◦ φ)2 dx

(for some penalty parameter γ = 50) with respect to
the deformation φ. The first term ensures that the de-
formation with minimum energy is found, and the sec-
ond term ensures that φ indeed deforms Oi into O. In
detail, we made use of the polyconvex energy density
W (Dφ) = W̄ (‖Dφ‖, detDφ) with

W̄ (a, d) =
µ

2
a2 +

λ

4
d2 − (µ+

λ

2
) log d−

3µ

2
−
λ

4
,

where the elastic parameters are µ = λ = 1. Conse-
quently, the average shape S̄, represented by χ, and
the deformations φ1, . . . , φm are obtained by minimiz-
ing

m
∑

i=1

∫

Oi

W (Dφi)dx+ γ

∫

[0,1]3
(χi − χ ◦ φi)

2 dx

over all φi and χ. For details we again refer to [33].
The functions χi and deformations φi are discretized
by 1293 nodes (i. e. a function value is assigned to each
node of a grid with 129 vertices in each space direc-
tion) so that the number of degrees of freedom scales
with 1293 · 3 ·m, yielding a high-dimensional problem.
The principal component analysis basically involves a
singular value decomposition of a symmetric m × m
correlation matrix and the solution of m linear sys-
tems of equations of size 1293 in order to translate the
boundary stresses into displacements or shape varia-
tions.
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