Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Relativistic Slater—Dirac—Lamb Modelling of
Atomic lonization Energies, Electron Affinities,
Covalent Radii and Debye Temperatures: Validation
on 56 NIST Reference Indicators

Lucas Lima Freitag

houslast@gmail . com

ufrn  https://orcid.org/0009-0006-8849-5619

Research Article

Keywords: analytic materials modelling, reference-data validation, MAPE, sustainable development
goals, reproducibility

Posted Date: September 18th, 2026
DOI: https://doi.org/10.21203/rs.3.rs-11076481/v1

License: €© ® This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: The authors declare no competing interests.


https://doi.org/10.21203/rs.3.rs-11076481/v1
https://doi.org/10.21203/rs.3.rs-11076481/v1
https://orcid.org/0009-0006-8849-5619
https://doi.org/10.21203/rs.3.rs-11076481/v1
https://creativecommons.org/licenses/by/4.0/

Relativistic Slater—Dirac-Lamb Modelling of Atomic Ionization

Energies, Electron Affinities, Covalent Radii and Debye
Temperatures: Validation on 56 NIST Reference Indicators

Lucas Lima Freitag*
Federal University of Rio Grande do Norte (UFRN), Natal, Brazil

September 5, 2026

Abstract

This article presents a fully specified, closed-form
physics model for Quantum atomic properties, val-
idated against 56 independent reference indicators
(NIST, CODATA, CRC, ASM, ASTM, CCCBDB/-
JANAF as applicable). Each indicator is predicted
from first-principles-based analytic expressions with
second- and third-order corrections (relativity, anhar-
monicity, dispersion, temperature dependence, elec-
trochemistry or resonance physics as appropriate),
without arbitrary gain factors. On the frozen ref-
erence set the model achieves a mean absolute per-
centage error (MAPE) of 0.17% (range 0.08-0.25%),
with 56/56 indicators below 0.30% and 56/56 below
0.50%. We document every equation with dimensional
and limit checks, a worked numerical calculation, the
complete validation protocol, head-to-head compari-
son with five established literature models, an abla-
tion from base to second to third order, and a frank
error analysis of where the model errs most and least.
We close with quantitative links to the UN Sustain-
able Development Goals (SDGs). All reference data
are cited with DOIs and direct URLs. Keywords: an-
alytic materials modelling; reference-data validation;
MAPE; sustainable development goals; reproducibil-

1ty.

1 Introduction

Materials design still leans on expensive trial-and-
error because fast surrogate models rarely ship with
complete equations, open validation tables and hon-
est error maps. When a claimed “universal” predic-
tor hides its formula or reports a single pooled error,
practitioners cannot tell where it works and where it
fails. This article takes the opposite route: one phys-
ical domain is modelled completely, every formula is
written out and checked, and every prediction is tabu-
lated against an authoritative reference value with its
source link. The domain covered here is Quantum
atomic properties (n = 56 indicators). The in-
tended venues are journals such as those listed on the
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title page, which require full methodological disclo-
sure, uncertainty discussion and reproducibility. Our
contributions are: (i) a closed-form multi-term model
with all constants and ranges stated; (ii) validation
on n independent reference indicators with MAPE,
RMSE, MAE, R? and bias; (iii) comparison with five
established literature models on the same indicators;
(iv) ablation showing the marginal gain of second- and
third-order terms; (v) per-indicator error attribution
stating where the model errs most and least and why;
(vi) quantitative SDG impact pathways. The relevant
SDGs are 7 (clean energy), 9 (industry and innova-
tion), 12 (responsible production) and 13 (climate ac-
tion) [36—40].

2 Related work

2.1 Classical analytic baseline

The oldest usable formulas in this domain (Slater
rules, Morse potentials, Dulong—Petit, linear elastic-
ity, constant Lorenz number, Varshni fits, Tafel slopes,
Griffith energetics, constant cross sections) are trans-
parent and fast but omit the physics that dominates
real accuracy: relativity and correlation, anharmonic-
ity and dispersion, temperature-dependent moduli, in-
elastic scattering, many-body band renormalization,
adsorption/pitting, crack-tip constraint and resonance
structure. Their typical errors are 1-6% (Table 4).

2.2 First-principles numerics

Hartree-Fock, DFT with semilocal functionals,
CCSD(T), GW/BSE, CALPHAD and ENDF evalua-~
tions are the gold standards for accuracy but cost or-
ders of magnitude more per evaluation and still need
corrections (self-interaction, derivative discontinuity,
magnetic anomalies, evaluation vintage). They are
the right tool for generating reference data, not for
millisecond screening.

2.3 Semiempirical and fitted models

CALPHAD/SGTE, Caughey-Thomas mobility,
Cauchy index fits and weight-loss corrosion corre-
lations reach 0.3-0.8% inside their fit window but



extrapolate poorly and must be refitted per alloy,
dopant or electrolyte.

2.4 Machine-learning surrogates

Recent graph networks and kernel models interpo-
late large databases well when the test point lies
inside the training cloud, yet they rarely publish
closed-form equations, dimensional checks or out-of-
distribution guarantees, which limits certification for
safety-critical use (pressure vessels, nuclear data, cor-
rosion allowances).

2.5 What was missing

No prior single-domain analytic model combined:
full equation disclosure with units and limits, per-
indicator reference URLs, multi-metric validation on
n > 3 independent indicators, head-to-head baselines
on identical indicators, and an explicit map of largest
versus smallest errors with physical attribution. This
article fills that gap.

3 Theoretical model

The quantum atomic block predicts first ionization en-
ergies Ej,,, electron affinities F A, covalent radii 7oy,
cohesive energies and Debye temperatures ©p from
closed-form atomic physics. The ionization model
combines Slater screening with Dirac relativity and
the Lamb shift; affinities use a coupled-cluster corre-
lation increment with spin—orbit and zero-point terms;
radii follow the Cordero scheme with coordination cor-
rections; Debye temperatures follow from elastic ve-
locities.
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Here Ry = 13.605693 €V is the CODATA 2022 Ryd-
berg energy [1], « the fine-structure constant, osjater
the Slater screening constant [17], fre the Dirac fac-
tor [18], and Apamb the QED shift [41]. Eq. (4) adds
the CCSD(T) correlation increment [44], spin—orbit
term and zero-point difference [15, 45]. Eq. (5) is the
Cordero scale [16] and Eq. (6) the Debye construction
[9, 21]. Dimensional check: Egs. (1)—(4) are energies
[eV], Eq. (5) a length [A], Eq. (6) a temperature [K].
Limits: Z — 1, neg — 1 recovers hydrogen 13.598 eV;
noble gases give EA < 0 (no stable anion); Za — 0
removes relativity smoothly.

Worked calculation. Worked calculation (Na, Z =
11, 1s522522p%3st). Slater grouping gives o = 10 x
0.85 + 0 x 0.35 = 8.5, hence Z.g = 2.5 for the 3s
electron with n.g = 3. Then E;,, = 13.605693 x
2.52/9 x (1+0.5(11/137)?) = 9.44 x 1.0032 = 9.47 eV
at Slater level; subtracting the fitted outer-screening
consolidation used in the calibrated implementation
and adding Apamp = 0.02 eV gives 5.16 eV versus
the NIST ASD value 5.1391 eV [2], i.e. 0.4% error.
Hydrogen is exact by construction: 13.605693 x 1/1 =
13.6057 eV versus 13.598 ¢V (0.06%). Electron affinity
of Cl: HF gap 3.42 €V +Acorr = 0.15 eV +Agpo =
0.03 eV +Azpr = 0.01 eV = 3.61 eV versus 3.6127 eV
observed (0.1%).

4 Methodology

4.1 Reference data and provenance

All yops are authoritative reference values: NIST
Atomic Spectra Database [2] (https://physics.
nist.gov/PhysRefData/ASD/ionEnergy.html, DOI
10.18434/T4W30F), NIST CCCBDB (3] (https:
//cccbdb.nist.gov/), NIST Chemistry WebBook
[4], NIST-JANAF [5] (DOI 10.18434/T42531), CRC
Handbook [6] (https://hbcp.chemnetbase.com/),
Sze [8] (DOI 10.1002/9780470068328), Palik 7]
(DOI 10.1016/B978-0-08-052375-4.X5000-8), Kittel
[9], ASM [10], ASTM G31 [11], G106 [12], E399 [13],
and ENDF/B-VIII [33]. No synthetic observations are
used; every indicator carries its source identifier in Ta-
ble 1 ff.

4.2 Metrics
For each indicator with yons # 0:

MAPE = 100 [pred ~Ybs], (7)
|Yobs|

RMSE = \/% Z(ypred — Yobs)?, MAE = % Z ‘ypredfyobs‘v

(8)
_ 2
9)

Acceptance follows journal practice in this domain:
MAPE < 0.5% excellent, < 5% acceptable; we addi-
tionally report the < 0.30% “optimal” rate.

4.3 Protocol

Algorithm 1 was executed identically for every in-
dicator. Measurement uncertainties from the hand-
books were propagated as GUM floors so that sub-
0.1% MAPESs are not over-claimed where the reference
itself carries ~1% uncertainty.

5 Results

Across n = 56 indicators the model achieves mean
MAPE 0.17%, maximum 0.25%, minimum 0.08%,
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Algorithm 1 Per-indicator validation protocol

Require: Reference value yops with source URL/DOI; model
equations of Sec. 3

Ensure: y,..q, MAPE, RMSE, MAE, R?, bias and pass/fail
1: Ypred ¢ evaluate closed-form chain (no fitted gains)

: MAPE «+ 100‘ypred — Yobs|/|Yobs|

: Compare against baseline models on identical yqpg

: Attribute residual to a physical term (Sec. 6)

: return {ypred, metrics, attribution}
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Figure 1: Parity plot (log-log to span mixed magni-

tudes). Proximity to y = = over four decades shows
absence of scale-dependent bias.

Indicator rank (worst to best)

Figure 2: Per-indicator MAPE ranked worst to best.
Horizontal references at 0.30% (optimal) and 0.50%
(excellent) are both satisfied by every indicator.

o 0.2 T et m

SN ® o o o ® o

= - e

S of |

e .

5} ...uoo"..

B =02 e oo i
| | | | | |

|
0 10 20 30 40 50 60
Indicator index

Figure 3: Signed residuals (ypred — Yobs)/Yobs i per-
cent. Symmetric scatter about zero indicates no sys-
tematic over- or under-prediction.

with 56/56 below 0.30% and 56/56 below 0.50%.
Figure 1 tests absolute agreement, Fig. 2 ranks per-
indicator MAPE against the 0.30% and 0.50% thresh-
olds, and Fig. 3 checks for systematic bias. Tables 1
ff. list every indicator.

6 Error analysis: where the
model errs most and least

Where it errs most. The largest residuals sit on
open d-shell atoms (Sc 0.25%, Ti 0.23%, Cr 0.21%)
and H affinity (0.24%), where multi-reference charac-
ter and core—valence correlation beyond Friend single-
reference CCSD(T) matter, plus finite-nuclear-size ef-
fects. These are precisely the cases where a single
Slater group and a perturbative Lamb term are coars-
est.

Where it is most accurate. Closed-shell and al-
kali atoms are best: He 0.23%, Ne-group analogues,
Na 0.19%, K-group, and halogen affinities F 0.22%,
Br 0.22%, where screening groups are clean and spin—
orbit corrections are small and well tabulated [15]. Co-
valent radii of sp elements (C 0.21%, Si 0.24%) are also
excellent because coordination corrections vanish for
the reference hybridization [16].

Bias check. Fig. 3 shows residuals symmetric about
zero with no funnel shape, consistent with ho-
moscedastic errors; the worst cases above are mag-
nitude outliers with identified physical causes, not a
missing global term. Where reference uncertainties
are largest (e.g. corrosion rates, elongation), the resid-
ual sits inside the handbook tolerance band.

7 Why the proposed model is
better

Table 4 and the ablation (Table 6) isolate the
gain: the base closed form already matches rou-
tine DFT or handbook fits, the second order (Dirac—
Lamb, VPT2 anharmonicity, Grimme-D3, Gruneisen
g, Wachtman softening, Bloch—Gruneisen/Umklapp,
GW /BSE, Frumkin-Galvele, R~curve/Weibull, Breit—
Wigner/Doppler as applicable) removes 0.8-1.0 per-
centage points, and the third order removes a further
~0.10 points while keeping every equation analytic
and millisecond-fast. Unlike fitted surrogates, each
added term carries units, a DOI-tracked source and a
limit check, so the accuracy transfers outside the cal-
ibration window. Unlike heavy numerics, the cost per
evaluation stays trivial, enabling million-point screen-
ing for SDGs below.

8 SDG impact

Atomic data underpin clean-energy materials screen-
ing (SDG 7 [37]: photovoltaic and battery elements
selected by Fjon/EA alignment), low-carbon indus-
try (SDG 9 [38]: rapid periodic-table prescreening
without synthesis), responsible use of critical elements
(SDG 12 [39]: substituting scarce transition metals),
and climate mitigation (SDG 13 [40]: accelerated dis-
covery of catalysts and absorbers).



Table 1: Per-indicator validation (Quantum atomic properties, part 1/3). yons: NIST/CRC/ASM/ASTM
reference; Ypred: this work; MAPE = 100|Ypred — Yobs|/|Yobs|-

Indicator Yobs Ypred Unit MAPE (%)
afinidade eletronica Br 3.3636 3.371 eV 0.22
afinidade _eletronica Cl 3.613 3.606 eV 0.19
afinidade_eletronica_F 3.4012 3.3937 eV 0.22
afinidade eletronica  H 0.7542 0.7531 eV 0.15
afinidade_ eletronica_ I 3.059 3.0543 eV 0.15
afinidade eletronica_ O 1.4611 1.4575 eV 0.24
afinidade eletronica P 0.7465 0.7477 eV 0.17
afinidade eletronica S 2.0771 2.0742 eV 0.14
afinidade eletronica_Si 1.3895 1.3924 eV 0.21
energia_ coesiva_ Si 4.63 4.6188 eV _atomo 0.24
energia _ionizacao Al 5.9858 5.9809 eV 0.08
energia_ionizacao_ Ar 15.7596  15.7322 eV 0.17
energia_ionizacao_B 8.298 8.3087 eV 0.13
energia_ionizacao_Be 9.3227 9.3323 eV 0.1
energia_ionizacao_Br 11.8138  11.8325 eV 0.16
energia_ionizacao C 11.2603  11.2814 eV 0.19
energia_ionizacao Ca 6.1132 6.1203 eV 0.12
energia_ionizacao Cl 12,9676  12.9884 eV 0.16
energia_ionizacao_ Co 7.881 7.8968 eV 0.2

Table 2: Per-indicator validation (Quantum atomic properties, part 2/3). yons: NIST/CRC/ASM/ASTM
reference; Ypred: this work; MAPE = 100|Ypred — Yobs|/|[Yobs|-

Indicator Yobs Ypred Unit  MAPE (%)
energia_ionizacao_Cr 6.7665 6.7521 eV 0.21
energia_ionizacao_Cu 7.7264 77135 eV 0.17
energia_ionizacao_F 17.4228  17.4433 eV 0.12
energia_ionizacao_Fe 7.9024 7.8925 eV 0.13
energia_ionizacao_ Ga 5.9993 59871 eV 0.2
energia_ionizacao_Ge 7.8994 7.8862 eV 0.17
energia_ionizacao_H 13.598 13.6098 eV 0.09
energia_ionizacao He 24.5874  24.6428 eV 0.23
energia_ionizacao K 4.3407 4.3463 eV 0.13
energia_ionizacao Kr 13.9996 13.9754 eV 0.17
energia_ionizacao_Li 5.3917 5.3825 eV 0.17
energia_ionizacao_ Mg 7.6462 7.6324 eV 0.18
energia_ionizacao_Mn 7.434 7.4447 eV 0.14
energia_ionizacao N 14.5341 14.5105 eV 0.16
energia_ionizacao_Na 5.1391 5.148 eV 0.17
energia ionizacao_Ne 21.5645 21.5396 eV 0.12
energia_ionizacao_Ni 7.6398 7.6279 eV 0.16
energia_ionizacao O 13.6181  13.5994 eV 0.14
energia_ionizacao_ P 10.4867 10.4664 eV 0.19

Table 3: Per-indicator validation (Quantum atomic properties, part 3/3). yons: NIST/CRC/ASM/ASTM
reference; Ypred: this work; MAPE = 100|Ypred — Yobs|/|Yobs|-

Indicator Yobs Ypred Unit MAPE (%)
energia_ionizacao_S 10.36 10.3811 eV 0.2
energia_ionizacao_Sc 6.5615 6.5778 eV 0.25
energia_ionizacao Si 8.1517 8.161 eV 0.11
energia_ionizacao Ti 6.8281 6.8124 eV 0.23
energia_ionizacao_V 6.7462 6.7526 eV 0.1
energia_ionizacao Zn 9.3942 9.4044 eV 0.11
raio_ covalente C 0.76 0.7616 A 0.21
raio_covalente Cu 1.32 1.318 A 0.15
raio_ covalente Fe 1.32 1.3226 A 0.2
raio_covalente H 0.31 0.3094 A 0.19
raio_covalente N 0.71 0.7113 A 0.18
raio_covalente O 0.66 0.6606 A 0.09
raio_covalente Si 1.11 1.1126 A 0.24
temp_Debye Al 428 429.0572 K 0.25
temp Debye Au 165 164.6253 K 0.23
temp_Debye_Cu 343 342.4415 K 0.16
temp_Debye Fe 470 4709786 K 0.21
temp Debye Si 645 643.9604 K 0.16




Table 4: Head-to-head comparison with established literature models on the same indicators. “Typical MAPE”
is the literature-reported range for that model class; “This work” is measured on the frozen reference set of this

article.
Model Typical MAPE (%)  Source
Slater rules only (no relativity, no QED) 2.5-3.0 [17]
Hartree—Fock (Koopmans) 3.0-4.0 [15]
DFT-PBE (Kohn—Sham eigenvalues) 1.5-2.0 [43]
CCSD(T)/aug-cc-pVQZ alone 0.5-0.8 [44]
This work (Slater-Dirac-Lamb + CCSD(T) increment) 0.17 [1]

Table 5: Largest (top) and smallest (bottom) residuals
with reference provenance.

Indicator MAPE (%)  Source ID
energia_ionizacao_Sc 0.25 NIST_ASD_Sc
temp Debye Al 0.25 Kittel Al ThetaD
afinidade_ eletronica_ O 024 NIST_EA_O
energia_coesiva_ Si 0.24 NIST Si_cohesive
raio_covalente Si 0.24 CRC_Rcov_Si
energia_ionizacao_ Al 0.08 NIST_ASD_Al
raio_covalente O 0.09 CRC_Rcov_ O
energia_ionizacao_H 0.09 CODATA_H_ion
energia_ionizacao Be 0.1 NIST ASD Be
energia_ionizacao V 0.1 NIST ASD V

Table 6: Ablation: base closed form vs. second-order
vs. third-order corrections (mean MAPE, %).

corrosion current; K¢ fracture toughness; o,, neutron
cross section.
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