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Abstract

This paper addresses high-dimensional optimal control problems for mean-field
stochastic differential equations. By means of the stochastic maximum principle,
we derive an extended Hamiltonian system in the form of a forward-backward
stochastic differential equation. We develop three deep learning based algorithms
for its numerical solution. The proposed methods are tested on the optimal mean-
variance portfolio selection problem and show good accuracy and computational
efficiency in high dimensions.
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1 Introduction

Mean—field models arise in a wide range of applications, including statistical mechanics
and physics, such as the derivation of the Boltzmann and Vlasov equations in kinetic
gas theory, as well as quantum mechanics and quantum chemistry through density
functional theory and the Hartree-Fock models [1]. Building on these developments,
Lasry and Lions extended the mean-field paradigm to economics, finance, and stochas-
tic differential games [2]. Recent studies have demonstrated that probabilistic methods
provide an effective framework for analyzing solutions of linear McKean—Vlasov partial



differential equations (see. [3]). Building on these developments, Buckdahn, Djehiche,
and Peng [4] investigated a class of mean-field problems using a purely stochastic
approach and introduced a new class of backward stochastic differential equations
(BSDEs), referred to as mean-field backward stochastic differential equations (MFBS-
DEs). In subsequent works, the authors addressed stochastic control problems in which
the state dynamics are governed by mean-field-type stochastic differential equations
(SDEs). By applying Pontryagin’s maximum principle, they derived optimality con-
ditions for both regular and singular control problems, where the coefficients of the
SDE depend not only on the state process but also on its expectation [5].

More generally, stochastic optimal control theory relies on Pontryagin’s stochastic
maximum principle [6], which was developed in the stochastic setting by Peng [7, 8]
and provides necessary conditions for optimality. In the mean-field framework, this
maximum principle differs from the classical one in that the first-order adjoint equation
is formulated as a linear mean-field backward stochastic differential equation, whereas
the second-order adjoint equation retains the same form as in Peng’s stochastic
maximum principle.

By the end of the twentieth century, numerous numerical methods had been
developed for solving stochastic optimal control problems. However, most of these
approaches suffer from the well-known curse of dimensionality, which makes them
impractical for high—dimensional settings, as their computational complexity increases
exponentially with the dimension of the problem. Recent advances in deep learning
have opened new perspectives for overcoming this limitation. Deep learning-based
methods have achieved remarkable success in solving high-dimensional problems across
a wide range of applications and have shown great potential for tackling complex
stochastic control problems (see. [9], [10], [11]).

The main idea behind these works is to represent the control process by a deep
neural network (DNN) and to determine the optimal set of network parameters using
stochastic gradient descent (SGD) algorithms. Building upon this framework, several
researchers have developed neural network-based approaches for solving stochastic
optimal control problems. For instance, the authors in [12, 13] proposed deep learning
algorithms based on dynamic programming principles to tackle such control problems.
In [14], hybrid architectures combining feedforward and recurrent neural networks
were introduced to solve a class of mean-field-type stochastic differential equations
through the associated forward-backward stochastic differential equations (FBSDEs).

In the present work, we investigate an optimal control problem governed by a mean-
field-type stochastic differential equation (SDE), whose coefficients may depend not
only on the state process but also on certain functionals of its probability distribution
from the perspective of the stochastic maximum principle (SMP) by employing deep
learning techniques.

We mainly focus on the following stochastic optimal control problem, which was
originally introduced and studied from an analytical viewpoint in [4, 5]

T
nf B l [ 1t Bl ) i+ gfor, Bix(en) 1)

Subject to



Ty =T + fot b(s, zs, E[1)(xs)], us)ds + fot o(s,zs, E[p(zs)], us)dBs

Where the functions h and g depend on the law of the state process. The coefficients
b, 0, ¢, ¢, p, and x are given functions, and (B;):>o denotes a Brownian motion. The
control process (uy)y>o takes its values in the admissible control set U

Moreover, the cost functional is of mean-field type, as it depends on the distribution
of the state process. This dependence introduces time inconsistency and may lead to
a nonlinear performance criterion, in contrast to classical stochastic control problems,
whose cost functionals are typically expressed as linear expectations.

According to Pontryagin’s maximum principle, any optimal control corresponds
to the optimal state variables around the Hamiltonian system, with the maximum
condition of H with respect to the control variable uw. This yields the so-called the
extended Hamiltonian system, which is expressed in FBSDE form with a minimum
condition [4, 14].

dx;:k = Hp(t7 .’E:, U*ap; q:)dt + Hq(tﬂ $:7 ’U,*,p; q;fk)dBt
dp; = —Hy(t,x},u",p}, qf)dt + qf dB
z*(0) = wo. (2)
pr= ga(T)+Elgy(Dxa(T)].  There y=x(or)
u* = argmin H(t,x},v,p},q;)
vel

The main idea of our work is to employ deep learning to solve this type of mean-field
stochastic control problems by reformulating the original problem into an new problem
equivalent such that, we first reformulate (2) as a new optimal control problem [15]:

inf B[ pr - go(ir, Elx(27)]) — Elgy (37, Elx(i7))xa (7)) ] (3)

po{dt}ocicp

Subject to

Gy = o+ [ b(s, &5, E[(,)], 4s)ds + [ 0(s, s, E[p(i)], s)dBs

Pt =Ppo — f(f HI<S,JAJS,1ALS,]38, ds)ds + fot dsdBs (4)
at = arg min H(taitav7ﬁta dt)7
veU

where s € [0,t]. The processes §; and pg, as well as the initial state, are regarded
as controls. The resulting optimization problem (3) involves a simple quadratic
cost functional at the terminal time T, providing a more tractable framework for
determining whether a state control pair is optimal, that is, to check whether
E[| pr — 9. (7, Elx(¢1)]) - Elg, (7 E[x(é7)])xa (#1)]) [2] equals to 0.

However, the main challenge of this transformation lies in handling an addi-
tional constraint, namely the maximum condition. To address the resulting control
problem (1.3), we develop three deep learning-based algorithms, each designed for a
specific setting and offering distinct advantages in terms of accuracy, efficiency, and
implementation.



In the first algorithm, a single deep neural network (DNN) is employed to approx-
imate the control process ¢;. After training, the network provides an approximation
of G, which is then used to construct an approximate solution (Z¢, Py, Gr, Ut)y<y<r
of problem (3). To satisfy the maximum condition and determine the corresponding
optimal control iy, the L-BFGS optimization method [16] is employed.

To further improve the computational efficiency of the approximation of the opti-
mal control 4;, we propose a second algorithm. The main idea consists in reformulating
the maximum condition as the constraint

Hu(t7x7u7pa Q) =0.

Two neural networks are then introduced to approximate the control processes
(Gt) << and (dt)yepq, respectively. Moreover, the integral of the constraint
H,(t,z,u,p,q) over the interval [0,T] is incorporated into the original loss function
as a penalty term. This strategy considerably reduces the computational cost, espe-
cially in high-dimensional settings where the optimal control 4; cannot be obtained in
closed form.

Furthermore, when the function H defined in (10) is explicitly available, a broad
class of high-dimensional stochastic optimal control problems can be addressed, even if
the optimal control 4; admits no explicit representation. In this situation, we introduce
a third algorithm. It is worth noting that whenever u; can be expressed explicitly,
as in Algorithm (1), the function H can also be computed explicitly. Consequently,
Algorithm (1) with an explicit expression of @; may be viewed as a particular case of
Algorithm (3).

The numerical results demonstrate the effectiveness and accuracy of the proposed
algorithms in solving high-dimensional mean field stochastic optimal control problems.
The remainder of this paper is organized as follows. Section 2 presents the general
formulation of the stochastic optimal control problem governed by mean-field-type
stochastic differential equations (SDEs) and introduces the main assumptions ensuring
the existence and uniqueness of solutions. We then reformulate the original stochastic
control problem into an equivalent control framework. In Section 3, we develop the
proposed deep learning-based numerical methods for solving the reformulated prob-
lem and describe the neural network architectures employed. Finally, in Section 4, we
illustrate the effectiveness of the proposed approach through the optimal mean vari-
ance portfolio selection problem. The three algorithms are implemented and compared
in terms of accuracy and computational performance.

2 Mathematical Formulation

2.1 Statement of the problem

Let (9, F,(Fi)i>0,P) be a complete filtered probability space satisfying the usual
conditions and supporting a standard Brownian motion B = (B;);>o. The filtration
(Fi)i>0 is assumed to be the augmented natural filtration generated by B. We consider



the following mean field stochastic differential equation:

x(0) = xp. 5)

{da:t = b(t, 24, Blip(20)], ug) dt + o (t, x4, E[d(@)], ur) By
For any u € U such that U denotes the class of measurable, F;-adapted, and square-
integrable processes
uw:[0,7T] x Q& — U and the action space U is a non empty, closed and convex subset
of R.
And where

b:[0,T] x R x R x U — R
0:[0,T] x RY x R x U — Réx4
b : R —s R
é: R —s R

The cost functional over the time horizon [0, 7] is of mean field type and is defined by

J(u) =E /O h(t, 20, Elp(en)], ue) dt + g (o Elx(ar)]) | - (6)

Where

g:RIExRY— R

h:[0,T] xREXREX U — R
x : R — R
@ : R — R4,

We also use the following notation:

e (., .):= the usual scalar product in R™.

e |.|| := the Euclidean norm in R™, such that ||Z| = {tr(ZZ7T}z.

® M?([0,T);R"™) := the space of all F; progressively measurable processes v =
(v¢)o<t<r with values in R™ such that

T
E l/ |vt|2dt1 < 00.
0

We consider now the following assumption:

Assumption 1
Assume that the functions b, o, 1, and ¢ are bounded and continuous. Moreover, suppose



that there exists a positive constant K such that, for any (x1,y1), (2,72) € R? x R?,

|b(t, x1,y1,u) — b(t, x2,y2,u)| < K(|z1 — 22| + |y1 — ¥2]),
lo(t,z1,y1,u) — o(t, 22, y2,u)| < K(|lz1 — 22| + Y1 — y21),
[U(z1) — ¥(z2)| < K|z1 — 22|,
(1) — ®(x2)| < K21 — 22|

Assumption 2

We assume that the functions h, g, x, and ¢ are bounded and continuous. In addition, h
satisfies a Lipschitz condition with respect to (xz,y): there exists a constant K > 0 such that,
for every (x1,y1), (z2,12) € RY x RY,

|h(t73317?!17u) - h(t7$27y27u)| S K(|1’1 - 332' + |y1 - 2/2‘),

Theorem 1 [14]

Under Assumptions (1) and (2), the mean-field stochastic differential equation (MFSDE)
(5) admits a unique strong solution. Furthermore, for every admissible control u € U, the
state equation (6) possesses a unique solution, and the cost functional J is well defined as a
mapping from U into R. An admissible control u* € U is said to be optimal if it satisfies

J(u™) :viIEl{{J(v).

To simplify the presentation, we adopt the following notation throughout the paper.
For each function f € {b, 0, h} and for each function | € {¢, ¢, ¢, x} , we set

fe(t) = %(t,xt,E[zﬁ(t)},ut) and  1(t) =l (xy)

Proposition 1 [14]
If u* denotes the optimal control for (5) and the corresponding trajectories are written as x™,
then the pair (p*,q*) represents the solution to the associated adjoint system.

dpr = — (bapt + Elby ()pe]va(t) + o2 (t)qe + Eloy (£)qe]ox () + Elhy ()]0z(t) + ha (1)) di + qrd B
pr = g2(T) + Elgy(T)xa(T)].
(7

Finally, we define the Hamiltonian corresponding to the state variable x as follows:
H:[0,T]xR"xU xR"xR" - R

H(t,x,u,p,q) = h(t, 2, Elp(x)],u) + b(t, 2, E[¢(2)], u)p + o (t, 2, Elp(2)], u)q
Let H be differentiable, and use its expression to express the adjoint system in terms of H
dpt = sz(t,:v,u,p, q)dt+qt dBt
pr = 9z(T) + Elgy(T)xa(T)].
Given that the Hamiltonian is differentiable, it follows that

(8)

<Hv(t7xzvvapraq;)7v_u*> 20 VUG U i.e ’LL* :argminH(t,xf,v,pf,qf)
velU



The combination of (5) and (7) can lead us to a stochastic Hamiltonian system, which can
be written as follows:

dri = Hp(t,zf,u",pf,q;)dt + Hq(t, =}, u", pt,qf )dBy
dp;fk = —Hw(tyiﬁzaU*:P?Qf)dt-&-qf dBy
z*(0) = xp. (9)
pr= 9=(T)+Elgy(T)x(T)] Therey = x(z)
u* = argmin H (¢, z},v,p},qf)
veld

Using the uniqueness of u* we can define a function H, for all (z},p},¢) € R? x
xR? x RY such that

H(t@7,p,q;) = min H(top,v,p),q) = H(to), 0", p7q) (10)

2.2 Problem formulation

We make use of the extended stochastic Hamiltonian system (9), expressed as a for-
ward backward stochastic differential equation (FBSDE) coupled with an associated
minimum condition. This framework enables us to reformulate the original optimal
control problem (6) into an equivalent characterization derived from the Stochastic
Maximum Principle (see. [7, 15]).

diy = b(t, T, E[tp(24)], te)dt + o (t, 21, Bl(24)], Gt )d By

dﬁt = _Hz(t7i't7at7ﬁt7qt)dt+qt dBt 11
o= o Po = Po "
Uy = argmin H(t, &, v, P, Gt)

velU

The control problem (1) is then reformulated as a new variational problem.

inf  E| pr — g- (&7, Elx(21)]) — Elgy (&1, Elx(&1)]) Xz (27)]) |] (12)

ﬁD{ét}OStST
Subject to

Fo= w0+ [y b(s, ks, E[p(2s)], tis)ds + [y o(s, &5, E[p(&5)], s )dBs
Pe=po— [y Ho(s, s, 0y, Pr, Gs)ds + [y GsdBy

Gy = argmin H(t, &, v, P, Gt)
velU

Theorem 2 [17]
Assume that the functions go and gy are continuous with respect to their arguments, the
function H defined in (10) is continuously differentiable with respect to (x,p,q). Moreover,



its partial derivatives are continuous in (x,p,q) and satisfy the following Lipschitz condition:
there exists a constant K > 0 such that, for each

f € {Hqy, Hy, Hy},

|f(t,l‘7p, q) - f(tvx/vp/vq/” < K(|.’L‘ - l‘/l + |p_p/| + |q - ql|)7
|£(£,0,0,0)], [Hq(t,z,p,0)| < K,

x,;c/ € Rd, p,p’ IS ]Rd, q,q/ c R¥*4,
Then the FBSDE (11) admits a solution on [0,T) if and only if (12) converges to 0.

Proposition 2 Suppose that the assumptions of Theorems 1 and 2 are satisfied. If there
ezists a solution

(Z¢, Ut, Pt, Gt)o<t<T
to system (11) such that

E [| b1 — ga(or, Blx(37) — Elgy (or, B @r))xa(ir)]) 2] =0. (13)
Then (Zt, ¢, Pt, §t)o<t<T 15 a solution of (9). Furthermore, the cost functional 6 admits the
following representation:

J(w' () = J(a() = E [ /

T
h(t, @, Elp(d)], i) dt + g(ifT,E[X(ﬁ:T)])] : (14)

By virtue of Theorem 6 and Proposition 2, the optimal control u* can be obtained
through the solution of problem (12), showing that this reformulated problem is equiv-
alent to the original one. Moreover, the quadratic terminal cost functional arising
in the new formulation offers a convenient criterion for identifying the optimal state
control pair (&, i, Pt, §t)o<i<r. Our main focus is now to solve the problem (12) by
means of deep learning methods.

3 Numerical Methods

In the previous section, we established sufficient optimality conditions based on the
stochastic maximum principle and reformulated the Hamiltonian system associated
with problem (5) as an equivalent variational problem.

In the present section, we develop three deep neural network (DNN)-based
algorithms to solve the variational problem (12).

Prior to presenting these approximation schemes, we first discretize the stochastic
Hamiltonian system (11), which serves as the foundation for the proposed numerical
methods.

3.1 Algorithm 1: Numerical algorithm with 1-NN
Let 7 be a partition of the time interval [0, 7] defined by

Titg=0<t1 <to<---<tny_1<tn=T, N e N,



and let § = maxo<;<n—1(tit1 — t;) denote the mesh size of this partition. For each
1=0,1,...,N — 1, define At; =t;41 —t; and ABy, = By,,, — By,, where AB,, is a
Gaussian random variable with distribution N (0, At;).

Applying the Euler Maruyama discretization scheme to system (11), the maximum
condition can be expressed as follows:

i+1

‘%Zi-%—l = 5%; + b(tw j;a EW(@TJ], a;)AtZ + U(tiv i;a E[QS(:E‘;)], a;)ABtz
P, = b, — Hul(ti, 27,47, 97,47, ) At; + i, ABy,

. . . 15
x[o = Zo, pz—o = pz)— ( )
ﬁt: = arg minH(ti7 1%;7 uvﬁ; ) qAZ;)

uelU

We consider (¢7,)o<i<n, as a control and assume that it satisfies
Al LT AT gl
qt,; - éR(tzv xti ,pti 79q)

To approximate the feedback control thli’T, we construct a deep neural network, in
which the time variable t; is used as an input. The network architecture consists of
five layers: an input layer of dimension (14 d+ d), three hidden layers, and an output
layer of dimension (d x d). The collection of all trainable parameters of the network
is denoted by 6. The associated loss function is defined as follows:

M
Loss = ﬁ Z 167 — 9227, E[X(27)]) — Elg, (27, E[\(27)]) X2 (2] (16)

Here, M denotes the number of simulated trajectories of the underlying Brownian
motion. It is worth noting that the minimum condition leads to an optimization
problem involving multivariable functions. In general, such problems do not admit
closed-form solutions, making numerical optimization techniques necessary to approx-
imate the optimal control. In this work, the corresponding optimization problem is
solved numerically, and the overall procedure for solving the stochastic optimal con-
trol problem is summarized in Algorithm 1. The minimization condition results in a
multivariate optimization problem that generally lacks an analytical solution. Con-
sequently, numerical optimization techniques, such as the BFGS algorithm and its
extensions [16], Sequential Least Squares Programming (SLSQP), and other gradient-
based methods, are required to approximate the optimal control. In contrast, when
the optimal control @; admits an explicit representation, the Hamiltonian system (11)
becomes equivalent to a forward backward stochastic differential equation (FBSDE).
This particular setting is examined in Subsection 3.2.



Algorithm 1
~0,7

Require: AB;,, initial parameters (90 Do’ ), learning rate n

Ensure: The processes a: , ﬁi T and § Al T
1: for [ =0 to maxstep do
T AT
2 &, = o, ptO =g
3: fori=0toN—1do
4: QiT :%(t17£iT’ﬁiT el)
5: ﬁiT = argmmH(t“a:t o ﬁff,cji )
uelU
d
6 i =4 X [7’[}( tisj ]
d
" &zgzrﬁw )]
8: = d Zg 1 |: ( :|
0 Aiil = &7+ b(ti, &, iy 0T ) Aty + o (b, 87, B0 )ABy,
AL, Al‘l’ Al U AT AT T
10: b, =) — He (to, @07, a7, Py, dy, )Ati—thi AB;,
ne o=150 [x@ m}

12: end for N

1 T ~LT ~
13: J( . ): MZ |: Z (tlami ’Clv b )+g(xT’6):|
14: LOSS 0L Y = 92(857,8) — [9y (857, 6)xa(257)] 2]
15 (0L, o7y = (Gl,ﬁéT) nVlioss
16: end for

3.2 Algorithm 2 with explicit expression of H

We now present a second algorithm for the same control problem. When the function
H defined in (10) is known explicitly, the associated Hamiltonian system can be refor-
mulated as a forward backward stochastic differential equation (FBSDE). Since this
FBSDE satisfies the standard existence and uniqueness conditions [5, 18], it can be
solved in high dimensions using deep learning-based numerical methods.

7., = 4] + Hy(ti, 27,97, . 47, ) Aty, + Hy(t:, 27,97, 47, ) ABy,
BT, = BF, — Hu(ti, 37, 97,67 ) Aty, + ¢r ABy, (17)

ST AT — AT
Ty, = Zo, Pty = Pty

If the system (17) satisfies the monotonicity conditions introduced in Assumptions (1)
and (2), then the corresponding problem can be solved in high dimensions using deep
learning techniques developed for forward backward stochastic differential equations
(FBSDEs). To this end, a single deep neural network (DNN) is employed to approx-
imate ¢*. So, the triplets (a:*,p*, q*) have been obtained, the optimal control u* can
be recovered through the minimum condition

up = argmmH(t Ti U, prLqp).-
uelU

10



The corresponding pseudo-code is presented in Algorithm 2.

Algorithm 2

Require: AB;,, initial parameters (08,
T Al T
Ensure: The processes Ty, pt " and ¢

1: for [ = 0 to maxstep do
LT AT AT

2 &y =0, Py =Dy

32 fori=0to N—1do

w G =Rt a5 0L)

5: i:dzj 1{(@])]

6: Z—dzj 1{ (& tm)]

nG= i [e@)]

1T AlT Al'r AT AlT ' LT AT AT
8: xt i1 = +H (t17 apt aQt )At’b—i_H (tw'rt 7pt 7q1‘, )ABL

Al AlT AlT N NN ~
9: De,y = Pt _H (tht y Dy, 5y, )Ati"‘qt,; AB;,
10:  end for

T
6—(121 1[ (@7)]
Al T ST T

122 Loss = & Z] L BET = gu (857, 8) — [y (257, 8) xa (257)]) |2
1 (05T g pprhT) = (9l,ﬁf)7) nVlioss

14: end for

15: ﬁiT = argminH(ti,Cﬁé U ﬁiT,in )

uelU

16 J(@T) = 47 X0 [F S0 At 247, Gy + 9o, )|

po7), learning rate 7

A key advantage of this approach is that the above optimization problem needs to
be solved only once, after the optimal state processes have been computed through
the solution of the Hamiltonian system (17) by means of deep learning. This signif-
icantly reduces the overall computational cost compared with approaches in which
the optimization problem must be solved repeatedly at each iteration or time step as
algorithm 1.

3.3 Algorithm 3: Numerical algorithm with 2-NN

The previous algorithm relies on the explicit knowledge of the function H defined in
(10). However, in many practical situations, obtaining an explicit expression of H is
either difficult or impossible. To overcome this limitation, we develop a third numerical
algorithm based on two deep neural networks.

We consider a class of stochastic optimal control problems for which the control
domain is convex and given by & = R¥. Furthermore, all coefficients are assumed to
be continuously differentiable with respect to the control variable u, and the optimal
control @ is assumed to belong to the interior of the control domain. Under these
assumptions, the maximum principle implies that the optimal control satisfies the

11



first-order optimality condition
H,(t,z,u,p,q) =0 Vu e U (18)

Consequently, instead of requiring an explicit expression of H, we incorporate this
condition directly into the learning procedure by adding a penalty term to the loss
function and approximate simultaneously the processes ¢ and @ using two neural
networks.

So, the system 9 can be reformulated as

dl’: = Hp(t7 x:a U*7p:tka q:)dt + Hq(ta xr’ u*’p:7 qZ{)dBt
dpi = —Hy(t, 2}, u*,pj,q;)dt + qf dB,
Pr=  ga(T)+Elgy(T) xa(T)] Therey = x(wr)

Hy(t,z},uf,pf,q;) =0 YuelU

Following the methodology developed for the optimal control of fully coupled forward
backward stochastic systems, the Hamiltonian system (19) can be solved by reformu-
lating it as the following variational control problem, which is particularly suitable for
deep learning-based numerical approximation:

T
inf  E || pr — gu(ir, E[x(&1)]) - Elgy (@7, E[x(21)])xa(27)]) [* + /\/O [Hou (s &, e, Dy Gr) ) dt

Po{de,0t}gpop
(20)
Subject to

Gy = o+ [ b(s, 5, E[W0(,)], s )ds + [ 0(s, &, E[d(25)], tis)dBs
ﬁt =DPo — fot HI(S,.’IA?S7’&5,]55, qu)dS + f(f qust

where Po, {Gt }o<t<r, and {d; }o<i<r serve as the control variables of the new problem,
and A denotes a hyper-parameter. Provided that the cost functional (20) converges
to zero, the quadruple (&4, ¢, P, §:) converges to the optimal solution (x},u}, p;, qf).
As in the previous algorithms, we employ a discrete Euler scheme, where 7 denotes a
partition of the time interval:

j:z—i+1 = j; + b(tiv ff;—i, E[’(ﬂ(f;)], ﬁz—i)Ati + U(tiﬂ @; ’ E[(b(i';)}? ﬁ;)ABtz
j"go = Zo, ISZO = 156

To approximate the control processes ; and §;, we introduce two deep neural networks.

The controls 4y, and ¢;, are viewed as feedback policies parameterized by neural

networks, whose inputs are the current time ¢; and the state variables (27,7, ). Rather

12



than constructing a separate network at each time step, we employ a single shared
network over the entire time horizon for each control, with parameters denoted by 6.

=R (t;, 277, py7,0%) and @7 =R (4, 207, Py, 0L) (22)

Each of the two neural networks (2-NNets) is composed of an input layer of dimension
(2d + 1), three hidden layers, and an output layer. The output dimension is d x d
for ;" and d for @;7. The loss function is defined in (20), and the corresponding
pseudo-code is glven in Algorithm 3.

Algorithm 3

Require: AB,,, initial parameters (90 ﬁg’T), learning rate n

Ensure: The processes xtT, piT and § Al T
1: for [ = 0 to maxstep do
2 @y =, by =py and H =0
3: fori=0toN—1do
4 Al‘r §R1(t“Al‘r’ﬁiT 0&)
2 qif = R2(t5, 2,y 01)

=55 v <Ai:]>}
7 = dzj 1[ ’ ]

isJ

s ‘:Ezz‘l[ %)

o @y =4 +b(t, i Jouy g ) A+ ot 277, By iy ) AB,
10: oy =Py — H (t“iff ay” e dT )AL + d;TABy,
11: H=H+H,(t;, &7 a7, 57,67 )?

12:  end for

13: 6—d2] 1{ (xT])}

e J(a]) = 4 o & S ht el G i) + g, 0)|

15: LOSSZMZJ» 1’Al’ —gx(i%T,é) [gy<xT ,5) ( ZT)”2+)\H.

6 (0L 0L pothT) = (61,6, 557) — nVloss
17: end for

Algorithm 3 can efficiently handle a large class of high-dimensional stochastic
optimal control problems, even when the optimal control is not available in closed
form. Rather than solving the extremum condition approximately, the algorithm only
requires enforcing the first-order optimality condition H, (¢, z,u,p,q) = 0, which is
incorporated as a penalty term in the loss function.
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4 Results and Discutions

In this section, we illustrate the performance of the proposed algorithms by applying

them to the optimal mean variance portfolio selection problem. We consider a financial

market consisting of two continuously traded assets: a risk-free asset (bank account)

and a risky asset. Let N and N} denote their respective prices at time ¢. The dynamics

of these asset prices are governed by the following equations:
dN} = uy N} dt + oy N} dBy.

Let u; denote the amount invested in the risky asset at time ¢. Under the self-financing

assumption, the corresponding wealth process (x;)o<¢<r satisfies

dxy = (prxe + (ue — pr)ug)dt + opud By, (24)
z(0) = xo.

where ¢, oy, and p; are bounded deterministic functions representing the market
coefficients. The classical mean variance portfolio selection problem aims to determine
an admissible control process that minimizes the variance of the terminal wealth while
achieving a prescribed expected terminal wealth level. More precisely, the objective is
to minimize

Var(xr) = E[x?p] — (]E[xT])z,
subject to the constraint
]E[xT} = a,

where a is a given target level of expected terminal wealth. Various methods have
been proposed in the literature to solve this problem [19, 20]. In the present work, we
adopt the equivalent formulation obtained from the sufficient optimality conditions.
The resulting objective functional is

J(u) = E{%x% — l‘T} - %(E[JSTDQ,

where v > 0 denotes the risk-aversion coefficient.
We observe that this cost functional is of the form (6) with A = 0, and the
corresponding Hamiltonian of the system is given by

H(t,z,u,p,q) = (pex + (1t — pe)u)p + orug. (25)
The adjoint process satisfies the backward stochastic differential equation

dpt — _ptpt dt + qt dBt7 t € [03T]7
pr =7(zr — Efzr]) — 1.
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And the corresponding Hamiltonian system takes the following form:

d.’L‘: = [Ptl';k + (Mt — pt)uf]dt + otu;"dBt
dpi = —pp; dt + q; dBy

pp =(@r — Elz7]) — 1 (27)
z*(0) = o
uy = argminH (¢, 27, v, pf, ¢F)

veU

Before starting to solve the example numerically, we first present the variational
problem that corresponds to our original problem:

inf B[ pr—y(er ~Efer]) +1 ] (28)

Po,{qtto<t<T

Ty = o + fot(psars + (s — ps)us)ds + fg osUsdBs
¢ ¢
Pt =Dpo— Jo psPsds+ [ qs dBs

2(0) = g (29
up = argmin H (¢, 24, v,pt, ¢t)
vel

In this application, only the cost functional J is of mean-field type, whereas neither
the state equation nor the adjoint equations involve mean field interactions. Conse-
quently, several functions related to the mean field terms vanish and are omitted in
the implementation, namely

Yv=p=0¢=0.
We investigate this mean variance portfolio optimization problem in order to assess
the performance and effectiveness of the proposed algorithms.
The numerical simulations are carried out with the following parameters: a risk free
rate p = 0.05, an expected return g = 0.10, a volatility ¢ = 0.20, a risk-aversion
coefficient v = 2.0, an investment horizon 7' = 1, an initial wealth o = 1.0, and an
adjusted Sharpe ratio A = 0.0625.
All networks are 3—hidden-layer with 64 units and Tanh activations. Tanh is preferred
for BSDE problems: it is smooth, bounded and avoids saturation in the tail regions of
the state space.

To compare the convergence properties of the three proposed algorithms, we
plot the training loss as a function of the epoch number over 8000 training iter-
ations. Algorithm 1 minimizes the objective functional (28) using a regularized
control approximation. Algorithm 2 relies on the same loss function but exploits the
closed-form expression of the optimal control given by [5] to solve the corresponding
FBSDE. In contrast, Algorithm 3 augments the loss function with the penalty term
A fOT |Hu(t) 27 dt, thereby enforcing the first-order optimality condition directly within
the learning procedure.
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Loss Convergence — All Three Algorithms

10° 4 —— Algorithm 1 (e-reg)

~—— Algorithm 2 (exact u”™)

10714 —— Algorithm 3 (dual network + penalty)
10—2_
10—3_
10—4_

10—5_

Training Loss (log scale)

10—6_

10—7_

0 1000 2000 3000 4000 5000 6000 7000 8000
Epoch

Fig. 1 Training Loss Convergence over Iterations for All Algorithms

We also plot the evolution of the estimated portfolio cost functional J(u) during
the training process for the three proposed algorithms, together with the analytical
optimal value J*.
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Cost Function J(u) vs Epoch — All Algorithms

—— Algorithm 1
—1.0525 A Algorithm 2
—— Algorithm 3
—1.0550 1 -—- J* =-1.066908
—1.0575 4
—1.0600 A

J(u)

—1.0625 1

—1.0650 1

—1.0675 1

—1.0700 1

0 1000 2000 3000 4000 5000 6000 7000 8000
Epoch

Fig. 2 Convergence of the Estimated Cost Functional J(u) to the Analytical Optimal Value J* for
the Three Proposed Algorithms

As illustrated in Figure 2, the estimated cost functionals produced by the three
algorithms converge toward the analytical optimal value J*. However, Algorithm 2
consistently provides the most accurate approximation and achieves the highest level
of accuracy among the proposed methods, yielding the smallest relative error. This
superior performance can be attributed to the use of the explicit optimal control, which
simplifies the learning task and enhances the convergence properties of the numerical
scheme.

Algorithm 3 also delivers a highly accurate approximation. Indeed, its estimated cost
remains very close to the analytical optimal value J*. This improved performance is
due to the inclusion of the penalty term

T
/\/ }Hu(t,x,u,p, q)|2dt,
0

which explicitly enforces the first-order optimality condition derived from the stochas-
tic maximum principle. This additional constraint guides the training process toward
solutions that better satisfy the optimality conditions, thereby improving both the
accuracy and the stability of the approximation. In contrast, Algorithm 1 exhibits the
lowest level of accuracy among the three methods, as reflected by its larger deviation
from the analytical optimal value J*. Nevertheless, it still converges to a satisfactory
approximation and may serve as a viable alternative when the explicit optimal con-
trol is unavailable or when the additional penalty term is not incorporated into the
learning procedure.
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We now compare the numerical solutions obtained by each algorithm with the
corresponding analytical solution. The following figure illustrates the convergence
behavior of Algorithm 1 with € = 0.1.

Algorithm 1 — e-Regularised (£ = 0.1) Algorithm 1 — e-Regularised (£ =0.1)
Training Loss Cost Function

0
18 -1.052 = Jl)

L === )" =-1.066908
10 ~1.054
-
10 -1.056

10-¢ -1.058

Loss (log scale)
Jw)

107 -1.060
1075 -1.062
10-5 -1.064
10-7 —L066
0 1000 2000 30b0 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
Epoch Epoch

Fig. 3 Training loss (left) and evolution of the estimated cost functional toward the analytical
optimum J* (right) over the training iterations for Algorithm 1

The discrepancy between the numerical and analytical solutions obtained with
Algorithm 1 is due to the e-regularization error, which vanishes as € — 0. However,
smaller values of € generally require a significantly larger number of training iterations
to achieve stable convergence. Consequently, Algorithm 1 converges more slowly than
Algorithms 2 and 3

Algorithm 2 benefits from the availability of the analytical optimal control given by
[5]. As a result, the associated FBSDE can be solved directly, and the neural network
only needs to learn the adjoint process ¢;. This significantly simplifies the optimization
procedure and improves convergence toward the analytical optimum of J*. Compared
with Algorithm 1, a more accurate and stable convergence is observed, as shown in
the following figure.

Algorithm 2 — Exact Analytical u”* Algorithm 2 — Exact Analytical u”*
Training Loss Cost Function
10° -1.063 Jw)
107! -1.064 --- J7 =-1.066908
9 102 -1.065
]
% 103 ~1.066
2 10 3 .
2 =
7 107 -1.067
8
K R -1.068
10-6 -1.069
-1.070
0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
Epoch Epoch

Fig. 4 Training loss (left) and evolution of the estimated cost functional toward the analytical
optimum J* (right) over the training iterations for Algorithm 2.

Algorithm 3 simultaneously trains two neural networks to approximate the optimal
control process u; and the adjoint diffusion process ¢;. The loss function incorporates
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the first-order optimality condition derived from the stochastic maximum princi-
ple. Consequently, the proposed algorithm does not require an explicit analytical
expression for the optimal control u*.

Algorithm 3 — Dual Network + Penalty Algorithm 3 — Dual Network + Penalty
Training Loss Cost Function

100 —
~1.0525 Ju

=== J'=-1.066908

-
10 ~1.0550

@ 107 ~1.0575 {

107 5 -1.0600
=

10 ~1.0625

Loss (log scal

10-5 —1.0650
-1.0675

10-¢
-1.0700 4

0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
Epoch Epoch

Fig. 5 Training loss (left) and evolution of the estimated cost functional toward the analytical
optimum J* (right) over the training iterations for Algorithm 3

The following table presents a comparison between the analytical solution and the
numerical results obtained by Algorithms 1, 2, and 3. For each algorithm, the corre-
sponding relative error with respect to the analytical solution and the final training
loss are also reported. These results provide a quantitative assessment of the accuracy
and convergence performance of the proposed approaches.

T N

Algorithm 1 -1.062827 -1.066908 0.382% 7.39€-07
Algorithm 2 -1.067443 -1.066908 0.050% 2.53e-07
Algorithm 3 -1.065633 -1.066908 0.119% 8.72e-06

Fig. 6 Summary of Numerical Results and Relative Errors

From Table 6, several conclusions can be drawn. First, Algorithm 2 achieves the
highest level of accuracy among the three methods, yielding the smallest relative error
and the closest approximation to the analytical solution. This superior performance
can be attributed to the use of the explicit optimal control, which simplifies the learn-
ing task and improves the convergence of the numerical scheme.

The results also highlight the effectiveness and robustness of the framework proposed
in Algorithm 3. Although its accuracy is slightly lower than that of Algorithm 2,
it remains highly competitive while offering a much greater degree of flexibility. In
particular, Algorithm 3 does not require any explicit analytical expression of the opti-
mal control and accurately reproduces both the optimal wealth trajectories and the
time evolution of the control process. Consequently, it constitutes the most general
approach among the three proposed methods.

Overall, these results confirm the effectiveness of the proposed deep learning framework
for solving stochastic optimal control problems. They also demonstrate the potential
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of Algorithm 3 for tackling high-dimensional mean field stochastic control problems,
where analytical solutions or explicit optimal controls are generally unavailable.
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