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Abstract

Operator learning enables fast surrogate modelling of high-dimensional dynam-
ical systems, but existing approaches face two fundamental limitations: the
quadratic cost of dense neural layers and unreliable uncertainty quantification
in safety-critical settings. We propose Conformalized Quantum Deep Operator
Network (DeepONet) Ensembles, a framework that addresses both challenges
simultaneously. Using Quantum Orthogonal Neural Networks (QOrthoNNs), we
characterize the resource regime in which their established 6(n) hidden-layer
running-time scaling improves on the O (n?) cost of a classical dense layer. To
quantify uncertainty, we combine ensemble predictions with split conformal cal-
ibration. For a new input—output function pair jointly exchangeable with the
calibration pairs, we prove a finite-sample, distribution-free lower bound on the
expected fraction of covered query locations. As a secondary proof-of-concept,
we explore hybrid classical-quantum architectures and superposed execution to
manage ensemble runtime and hardware requirements. Experiments on synthetic
operator benchmarks and real-world power-system dynamics show accurate pre-
dictions under ideal simulation and empirical coverage near the target under
both ideal conditions and selected compact-circuit simulations with depolarizing



or device-calibrated composite noise. Together, these results connect resource-
aware scalability analysis with finite-sample uncertainty guarantees for quantum
operator learning.

Keywords: operator learning, quantum machine learning, conformal prediction,
uncertainty quantification, DeepONet, quantum neural networks

1 Introduction

Evaluating dynamical systems across large sets of hypothetical scenarios is central
to scientific computing and safety-critical applications such as power systems. While
neural operator methods such as DeepONet provide fast surrogate models for these
tasks, they face two fundamental challenges: (i) scalability, due to the quadratic O(n?)
cost of dense neural layers, and (ii) reliability, as standard uncertainty quantification
methods either lack rigorous guarantees or incur prohibitive computational overhead.
These limitations are particularly acute in settings that require both fine discretization
and trustworthy predictions.

Traditional numerical simulations accurately analyse dynamical systems governed
by high-dimensional differential equations (Dahlquist and Bjorck 2008; Butcher 2016;
Liu et al. 2019). However, repeatedly evaluating these simulators for thousands of
hypothetical perturbations is computationally expensive, motivating the use of learned
surrogate operators (Lu et al. 2021; Kovachki et al. 2023; Azizzadenesheli et al.
2024; Wen et al. 2022) to approximate the solution map between infinite-dimensional
function spaces directly.

Deep Operator Networks (DeepONet) (Lu et al. 2021, 2022a,b; Lin et al. 2023b)
approximate solution maps by decomposing them into branch and trunk subnetworks.
However, classical hidden layers within these networks rely on dense matrix-vector
multiplications that incur an O(n?) computational cost (Kerenidis et al. 2021; Land-
man et al. 2022; Goodfellow et al. 2016). For Monte Carlo uncertainty quantification,
the DeepONet must be evaluated repeatedly across many realizations and query coor-
dinates, causing this quadratic hidden-layer cost to accumulate (Zhang 2021; Milanovié
2017; Ye et al. 2023). This motivates sub-quadratic hidden-layer mechanisms.

Recent work proposes scalable architectures like the Quantum DeepONet (Xiao
et al. 2025) and Quantum Fourier Neural Operator (Jain et al. 2024). By replacing
O(n?) classical matrix multiplications with parameterized Reconfigurable Beam Split-
ter (RBS) circuits operating in the unary subspace (Kerenidis et al. 2021; Landman
et al. 2022; Xiao et al. 2025), Quantum DeepONets reduce hidden-layer running time
complexity to (5(71) conditional on a resource regime. Reduced hidden-layer scaling is
particularly relevant in settings that use fine discretization and wide hidden represen-
tations to capture high-frequency transients. However, a single Quantum DeepONet
yields only a noisy point prediction and does not provide the epistemic uncertainty
estimates required for safety-critical deployment.

Bayesian Neural Networks (Neal 1996; Goan and Fookes 2020) and Monte Carlo
dropout (Gal and Ghahramani 2016) can model this uncertainty, but neither provides



the distribution-free coverage guarantees required for safety-critical tasks. Conformal-
ized deep ensembles (Angelopoulos and Bates 2023; Moya et al. 2025) instead combine
model disagreement as a proxy for epistemic uncertainty with distribution-free cover-
age guarantees. While methods such as Quantum Conformal Prediction (QCP) bypass
ensembling costs (Park and Simeone 2024) by treating measurement shots from a
single circuit as samples from a predictive distribution, for Quantum DeepONets,
shot variability reflects quantum noise rather than epistemic uncertainty. Neverthe-
less, using independently trained models introduces an ensemble-execution trade-off:
sequential evaluation scales runtime with L, whereas fully parallel evaluation scales
qubit requirements with L, motivating the execution strategies we explore briefly.

Unlike prior work that considers quantum operator learning and conformal pre-
diction separately, we jointly address Quantum DeepONet scalability and conformal
uncertainty quantification through the following contributions:

® Resource-aware hidden-layer complexity. We refine the Quantum DeepONet
complexity analysis of Xiao et al. (2025) by accounting for classical parallelism and
quantum resources, and we leverage the established hidden-layer scaling of Quan-
tum Orthogonal Neural Networks (QOrthoNNs). Under this model, QOrthoNNs
provide an asymptotic running-time improvement over classical dense layers within
an explicit resource regime. This is a complexity result, not a measured wall-clock
comparison.

® Uncertainty quantification. We integrate split conformal calibration with ensem-
ble DeepONet outputs. We prove a finite-sample, distribution-free lower bound on
the expected fraction of covered query locations for a new input—output function
pair under exchangeability of complete pairs. Query locations within a pair may be
arbitrarily dependent.

o Exploratory hybrid and multiplexed ensembling. We explore hybrid
classical-quantum architectures and a multiplexed circuit inspired by Superposed
Parameterized Quantum Circuits (SPQCs) (Patapovich et al. 2025) as proof-
of-concept strategies for managing the runtime and quantum-resource costs of
ensembling. The multiplexed circuit reduces qubit use relative to fully parallel
execution but can increase circuit depth and shot requirements.

e Evaluation under ideal and simulated-noise regimes. We evaluate prediction
accuracy and empirical query-averaged coverage across synthetic operator bench-
marks and power-system tasks under ideal conditions, with selected compact-circuit
studies under depolarizing and device-calibrated composite noise simulations.
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Fig. 1 Overview of the conformalized Quantum DeepONet ensemble framework. (a) Quantum Deep-
ONet ensemble: independently trained operator models, each decomposed into branch and trunk
subnetworks implemented using Quantum Orthogonal Neural Networks. Here, 6 denotes the complete-
model parameters, while 8 denotes the RBS-angle vector of a QOrthoNN layer; subscripts B and
T identify branch and trunk layers, respectively. (b) Ensemble output: predictions are aggregated
to compute the mean prediction p(u)(y) and ensemble standard deviation o(u)(y), which serves as
a model-disagreement scale. (¢) Conformal calibration: using calibration data Dc,), nonconformity
scores define a threshold g and corresponding prediction intervals Cy (u,y), with a finite-sample lower
bound on the expected fraction of covered query coordinates in a new input—output function pair
that is jointly exchangeable with the calibration pairs

Figure 1 summarizes the resulting framework. The rest of the paper is organized
as follows. Following a review of previous work in Section 2, we formulate the problem
in Section 3. Section 4 details the resource-aware complexity analysis, quantum cir-
cuit design, ensemble construction, and exploratory execution strategies, and Section 5
introduces the conformal calibration procedure and establishes its finite-sample cov-
erage bound. Section 6 evaluates predictive accuracy and uncertainty calibration,
and Section 7 discusses limitations and future directions. A summary of notation is
provided in Appendix B.



2 Previous Work

Operator learning and scientific machine learning.

The scientific machine learning community has introduced various data-driven frame-
works for approximating the dynamic response of systems governed by ordinary and
partial differential equations (Karniadakis et al. 2021; Baker et al. 2019). Early efforts
focused on data-driven surrogates that either learn discrete-time evolution maps or
infer continuous-time governing equations (Qin et al. 2019; Raissi et al. 2018), and
on sparse-regression schemes that recover governing equations directly from data
(Brunton et al. 2016). To leverage physical priors and reduce data requirements,
Physics-Informed Neural Networks (PINNs) (Raissi et al. 2019) encode the governing
equations as soft constraints in the loss, with extensions to stiff (Ji et al. 2021), multi-
scale (Leung et al. 2022), and differential-algebraic systems, including applications
in power grids (Moya and Lin 2023; Huang and Wang 2023) and biology (Yazdani
et al. 2020). Because PINNs typically require retraining whenever problem parame-
ters change, attention has shifted to operator learning, in which neural architectures
approximate mappings between infinite-dimensional function spaces. Deep Operator
Networks (DeepONet) (Lu et al. 2021, 2022a,b; Lin et al. 2023b) and Fourier Neu-
ral Operators (Kovachki et al. 2023; Wen et al. 2022; Azizzadenesheli et al. 2024)
have demonstrated strong generalization across parametric PDE families and com-
plex multi-physics applications, motivating their use as surrogates for safety-critical
simulations such as power-system transient analysis (Moya et al. 2023).

Quantum machine learning for scientific computing.

Parallel to these classical advances, quantum machine learning has been applied to
differential equations through variational and hybrid quantum—classical formulations,
including variational algorithms for nonlinear PDEs (Lubasch et al. 2020; Joo and
Moon 2021), differentiable quantum circuits and quantum kernel methods for differ-
ential equations (Kyriienko et al. 2021; Paine et al. 2023), quantum lattice-Boltzmann
methods with multi-fidelity neural correction (Jacob et al. 2025), and quantum ana-
logues of physics-informed neural networks (Trahan et al. 2024; Farea et al. 2025).
Quantum Orthogonal Neural Networks (QOrthoNNs) (Kerenidis et al. 2021; Landman
et al. 2022) encode data in the unary basis and realize orthogonal transformations
with Reconfigurable Beam Splitter gates, and have been evaluated on medical-image
classification tasks. Building on QOrthoNNs, Quantum DeepONet (Xiao et al. 2025)
extends operator learning to quantum settings, while the Quantum Fourier Neural
Operator architecture (Jain et al. 2024) uses a unary-basis quantum Fourier transform
and has been evaluated across several benchmark PDE families. QuanONet (Wang
et al. 2025) uses a hardware-efficient ansatz to learn solution operators for differential
equations.

Uncertainty quantification for scientific machine learning.

Reliable deployment of neural surrogates in safety-critical settings demands rigorous
uncertainty quantification (Psaros et al. 2023; Zou et al. 2024). Classical Bayesian
neural networks (MacKay 1992; Neal 1996) model distributions over parameters but



do not scale well or provide mathematical guarantees. Alternative approaches include
deep ensembles (Lakshminarayanan et al. 2017), Bayesian PINNs (Yang et al. 2021),
probabilistic CNNs for PDEs (Winovich et al. 2019), and Bayesian formulations of
DeepONet (Lin et al. 2023a). For a comprehensive review of these deep learning UQ
techniques, we refer readers to Abdar et al. (2021) and Psaros et al. (2023). These
methods generally lack distribution-free coverage guarantees, motivating the adop-
tion of conformal prediction (Vovk et al. 1999, 2022; Angelopoulos and Bates 2023)
to provide rigorous intervals for neural operators. Recent work further extends con-
formal methodology to the operator learning paradigm (Moya et al. 2025). In the
quantum setting, Park and Simeone (2024) applied conformal prediction to quantum
machine learning, but uncertainty-aware quantum operator learning remains largely
unexplored.

3 Problem Formulation

We aim to approximate a target operator G that maps input functions to pointwise
outputs using a parameterized operator Gy. We train Gy using a supervised dataset
D = {(w;,yij, sij)}fv:’ff[;:h where u; = (u;(x1),...,u;(zq,)) " € R represents a dis-
cretized input function evaluated at d,, fixed sensor locations. The variable y;; € R
denotes a spatial or temporal query coordinate, and s;; = G(u;)(yi;) € R repre-
sents the corresponding ground-truth value of the operator evaluated at that specific
coordinate. To solve this operator learning problem, we use the Deep Operator Net-
work (DeepONet) (Lu et al. 2021, 2022a,b; Lin et al. 2023b) as our foundational
approximation architecture.

The DeepONet architecture parameterizes Gy using two subnetworks: a branch
network that encodes discretized input functions and a trunk network that embeds
spatial or temporal query coordinates. For any generic input function u and query
coordinate y, the network approximates the target operator by computing the inner
product of the p-dimensional branch output vector, b, and trunk output vector, t, and
adding a trainable scalar bias 3:

Go(u)(y) = Zbktk +B8=b"t+B~G(u)(y) € R

k=1

We denote all trainable model parameters by § € R% and optimize them simul-
taneously by minimizing the Mean Squared Error (MSE) across the dataset, unless
otherwise noted in Appendix C:

121

i=1

M§

(Go(w;)(yij) — sij)°

M; 1

.
I

where dy is the total number of parameters.
Although this architecture is highly expressive, it introduces a computational bot-
tleneck. Assuming an input size of dj, and a uniform hidden layer width of n, the



initial layer maps the input dimension to n at a cost of O(d;, - n). Subsequent dense
hidden layers apply O(n?) matrix transformations followed by learned biases and non-
linear activations. At test time, when the learned operator must be evaluated across
thousands of hypothetical conditions in a scenario batch, the O(n?) cost of each dense
layer accumulates across the batch.

The DeepONet defined above produces point predictions but does not quantify
uncertainty. Our uncertainty objective is to construct prediction sets C,(u,y) and
calibrate them toward the target level 1 — a. Let u, denote a new generic input
function, y.1,...,¥Y« nm the query coordinates, and s, 1,..., S« the corresponding
true values. We consider the expected fraction of covered values:

M
1
E M Z 1 {5*7]‘ € Ca(“’mY*J)}

Jj=1

Equivalently, if J ~ Unif{1,..., M} is an independently drawn query index, then

M
1
E M;l{s*d € Ca(u*’y*aj)} = P{S*,J S C’a(u*»Y*,J)} .

We refer to this quantity as query-averaged marginal coverage. Because evaluations
across query coordinates form a discretized output function, query-averaged coverage
summarizes reliability across the predicted function without requiring simultane-
ous coverage at every coordinate. Simultaneous coverage is a stronger objective and
generally requires wider prediction bands. These objectives motivate the resource-
aware scalability analysis and conformalized Quantum DeepONet ensemble framework
developed next.

4 Method

Our method uses QOrthoNN hidden layers in the branch and trunk networks of
independently trained Quantum DeepONets, whose predictions are subsequently cal-
ibrated using conformal prediction. We begin by characterizing the hidden-layer
scaling so that the scope of the computational claim is clear before the full archi-
tecture is introduced. We then describe the Quantum DeepONet architecture and
its training and evaluation, followed by the ensemble quantities used for confor-
mal calibration. Finally, because sequential ensemble execution increases runtime
whereas fully parallel execution duplicates quantum resources, we explore hybrid
classical-quantum and Superposed Parameterized Quantum Circuits (SPQC)-inspired
multiplexed implementations as secondary strategies.



4.1 Resource-Aware Hidden-Layer Complexity

QOrthoNN construction and prior claim.

Quantum DeepONet replaces classical dense hidden transformations with Quantum
Orthogonal Neural Network (QOrthoNN) layers (Kerenidis et al. 2021; Landman et al.
2022; Xiao et al. 2025). A square width-n QOrthoNN layer uses n data qubits and one
tomography ancilla and consists of a data loader S(-), a parameterized unitary U(-)
arranged in a pyramidal circuit, and tomography. The data loader and parameterized
circuit are built from Reconfigurable Beam Splitter (RBS) gates, which are also reused
within tomography. RBS gates require only nearest-neighbour connectivity and admit
an O(1) decomposition into standard basis gates. We analyse the square transforma-
tion here and defer the generalized m X n construction to Appendix A. The circuit
construction and depth estimates summarized below follow Kerenidis et al. (2021) and
Landman et al. (2022); we refer readers to these works for the full derivations. Build-
ing on this analysis, Xiao et al. (2025) report a quantum-layer feedforward cost of
O(n/§?%) against the O(n?) cost of a classical dense layer and present this reduction as
an advantage for frequent Quantum DeepONet evaluations. We refine their compar-
ison by applying the complete-output recovery bound of Landman et al. (2022) and
accounting for classical parallelism, thereby identifying the resource regime in which
the hidden-layer advantage holds.

Quantum depth—shot cost.

The data loader has depth n — 1, and the pyramidal transformation has depth at most
2n — 3. Tomography adds two data loaders and O(1) supplementary gates, leaving
the complete circuit with O(n) depth. Recovering the n-component output so that
every component has absolute error at most § requires O(log(n)/d?) circuit repeti-
tions (Landman et al. 2022). Combined with the O(n) circuit depth, these repetitions
yield a hidden-layer depth-shot cost of O(nlog(n)/é2), or O(n) for fixed §. The log-
arithmic factor comes from requiring the absolute recovery error to be at most J
simultaneously across all n output components rather than for a single component; it
accounts for the difference from the O(n/§?) feedforward cost quoted above. This is a
reduction in sequential depth, not total operations: each repetition performs the same
quadratic number of planar rotations as the corresponding classical Givens-rotation
implementation, but arranges disjoint RBS gates in parallel.

Resource accounting.

Let P = P(n) € N denote the classical processors assigned to a width-n hidden-layer
evaluation. Under the standard work-depth model, Brent’s scheduling bound gives
time O(W/P + D) for work W and depth D (Brent 1974; Blelloch 1996). Ignoring
memory movement and communication, a dense n X n matrix—vector product has
O(n?) work and O(log(n)) depth, giving parallel time O(n?/P +1log(n)). GPU kernels
distribute rows or tiles across processing units, while distributed implementations can
assign row blocks across additional nodes; the effective P can therefore grow with n
until the allocated hardware is saturated. In contrast, Xiao et al. (2025) compare the
quantum depth obtained by executing disjoint gates in parallel across O(n) qubits with



O(n?) sequential classical work, corresponding to P = O(1). Because the quantum
model allows the qubit count to grow with n, we likewise allow P to grow with n
and determine the processor-scaling regime in which the quantum advantage holds.
We count the quantum repetitions sequentially on one width-n circuit: simultaneous
execution across multiple quantum processing units is not part of our model and would
duplicate the O(n) circuit qubits.

Advantage regime.

Comparing the quantum depth-shot cost with the classical parallel time, the quan-
tum bound grows more slowly when P = o(né?/log(n)). For fixed d, this becomes
P = o(n/log(n)), which includes fixed or polylogarithmic processor allocations and
sublinear polynomial growth. If P instead grows proportionally with n, the classi-
cal bound becomes O(n) and the quantum depth—shot cost provides no asymptotic
advantage.

Scope.

This result concerns asymptotic hidden-layer scaling, not measured wall-clock
performance. It omits hardware latency, memory and communication costs, and
implementation-specific GPU, TPU, and quantum-hardware effects; we therefore do
not claim a practical speedup on current hardware. Nor does the result establish an
end-to-end asymptotic improvement. Here, p denotes the branch and trunk output
dimension defined in Section 3. Under the common width-preserving choice p = n,
used throughout our experiments, the final map in each subnetwork is n x n and con-
tributes O(n?) arithmetic. The advantage is therefore restricted to QOrthoNN hidden
transformations under the stated computational model and resource regime. We next
describe the Quantum DeepONet architecture containing these transformations.

4.2 Quantum DeepONet Architecture

FEach Quantum DeepONet consists of two subnetworks: a branch Quantum Orthog-
onal Neural Network (QOrthoNN) that processes the input function u, and a trunk
QOrthoNN that processes the query coordinate y. Within these subnetworks, Param-
eterized Quantum Circuits (PQCs) execute orthogonal linear transformations, which
are subsequently passed through classical nonlinear activations. To relax the orthog-
onality constraint imposed by the QOrthoNN hidden layers and increase the model’s
expressive capacity, each QOrthoNN ends with an unconstrained classical linear layer.
These quantum transformations are built from the Reconfigurable Beam Splitter
(RBS) gate:
1 0 0 0
0 cos¢ sing 0
Urps(¢) = 0 —sing¢ cos¢ 0
0 O 0 1
where ¢ denotes the rotation angle of a single RBS gate. The RBS gate rotates only
the unary amplitudes associated with |01) and |10), leaving |00) and |11) unchanged.
It therefore preserves Hamming weight, so the data register remains within the



unary subspace during data loading and the parameterized transformation. Measure-
ments outside this subspace can be discarded during tomography, enabling unary
post-selection for error mitigation.

To describe a single QOrthoNN hidden layer, we consider an n X n transformation
and defer the generalized m X n formulation to Appendix A. QOrthoNNs use unary
amplitude encoding, so the encoded input must have unit Lo-norm. For the square
first-layer construction considered here, the raw input dimension is dj,, = n—1. We map
raw inputs to [—1,1] using fixed training-set min—max bounds, clipping calibration
and test values to these bounds. Denoting the normalized vector by X € R%», we

scale it by 1/v/d;, and append the slack coordinate /1 — ||X//di,||3, producing the
n-dimensional unit input. Before each subsequent hidden layer, intermediate outputs
are divided by their Lo norm.

Once the n-dimensional normalized input vector x € R™ is prepared, the PQC
executes the orthogonal linear transformation W € R™*™ using n data qubits and one
ancillary qubit. First, a data-dependent unitary S(x) loads the input vector onto the
data register via amplitude encoding, yielding the quantum state:

n
[¥)aata = 1[10- - 0) + 2201+ 0) + -+ + 2[00 - 1) = > xie;)
i=1

where |e;) denotes a unary computational basis state. Let 8 denote the vector of RBS
rotation angles in a QOrthoNN layer. The corresponding pyramidal unitary U(8)
emulates the weight matrix W and evolves the data register to:

n n

V) = Z Z Wiizilej)

j=1i=1

Tomography then recovers the transformed amplitudes as classical values using the
ancilla and two additional S data loaders; Appendix A details this sub-circuit and
the complete state evolution. A learned bias and nonlinear activation complete the
hidden-layer computation.

Having established the forward pass, we train the network classically rather than
directly on Noisy Intermediate-Scale Quantum (NISQ) hardware (Bharti et al. 2022;
Preskill 2018). Each parameterized quantum transformation has an exact classical rep-
resentation as an orthogonal matrix W parameterized by the RBS angles 8, allowing
standard deep learning frameworks to emulate it without quantum state simulation.
Automatic differentiation optimizes these angles at O(n?) cost per layer while main-
taining orthogonality by construction (Kerenidis et al. 2021; Landman et al. 2022).
This avoids the O(n?) Singular Value Decomposition or Stiefel manifold projection
steps incurred by projection-based approaches (Kerenidis et al. 2021; Landman et al.
2022; Li et al. 2021). After training, the learned angles are deployed to the PQC with
the layer-level depth scaling described above.

10



For the square transformations analysed above, orthogonal parameterization also
controls conditioning. For any activation x and back-propagated gradient g, an orthog-
onal weight matrix W satisfies |[Wx||o = ||x||2 and |[W "g||> = ||g||2. Thus, a square
orthogonal transformation has condition number one and does not itself amplify
or attenuate activations or gradients. Prior work also associates orthogonal weights
with improved generalization and training stability, although these empirical benefits
depend on the architecture and task (Li et al. 2021; Kerenidis et al. 2021; Landman
et al. 2022).

4.3 Ensemble-Based Model Uncertainty

Recent work explores using stochastic quantum measurements to quantify uncer-
tainty (Park and Simeone 2024). For a single QOrthoNN output component o;,
however, the shot-induced standard deviation scales as Std(o;) o< 1/4/Ngnots and there-
fore vanishes as the measurement budget increases, regardless of input difficulty or
out-of-distribution shifts (Xiao et al. 2025). Because this variability does not repre-
sent epistemic uncertainty, we instead construct ensembles of independently trained
Quantum DeepONets.

To induce predictive diversity, we train each ensemble member, Gy, , independently
on the full dataset using distinct random shuffling and parameter initializations. At
inference, the ensemble mean and standard deviation are

L L
) = 7 3G @), o) =\ 73 G m)(y) - ulu)(y)*
(=1 (=

1

Although we evaluated nonparametric bootstrapping (bagging) as an alternative mech-
anism, we observed no performance gain. This agrees with prior observations for deep
ensembles: a bootstrap sample contains only about 63% unique training examples,
and the resulting loss of data can outweigh the added diversity when random initial-
ization and shuffling already provide model variation (Lakshminarayanan et al. 2017;
Lee et al. 2015).

4.4 Exploratory Ensemble Execution

Executing the ensemble introduces a separate resource trade-off. Sequential eval-
uation multiplies evaluation time by L, whereas naive parallel evaluation requires
O(Ln) qubits. We therefore consider two strategies for managing these costs: a hybrid
classical-quantum partition and SPQC-inspired multiplexed execution.

4.4.1 Hybrid Classical-Quantum Architectures

The DeepONet branch—trunk decomposition permits either subnetwork to be selec-
tively classical. We focus on a classical branch and quantum trunk because the branch
representation is computed once per input function, whereas the trunk is evaluated
at each of the M query coordinates. Under the idealized model above, a width-
n classical branch hidden layer has running time O(n?/P + logn), which becomes

11



O(n?/(PM) + log(n)/M) per query after amortization. Each width-n QOrthoNN
trunk hidden layer has depth-shot cost O(nlog(n)/d?) at every query (Kerenidis et al.
2021; Landman et al. 2022). The amortized branch work term is lower order when
PM = w(né?/log(n)); for fixed d, this becomes PM = w(n/log(n)).

Alternatively, one could reduce resource demands by sharing a single subnetwork
across all ensemble members. However, this strategy sacrifices predictive diversity.
By forcing the independent, unshared subnetworks to adapt to a fixed intermediate
output, this shared representation acts as an informational bottleneck. Thus, we expect
it to constrain the ensemble’s variance and degrade uncertainty quantification.

4.4.2 SPQC-Inspired Multiplexed Ensemble Execution

The second strategy uses address-conditioned multiplexing as an intermediate point
between sequential and fully parallel execution. Our construction is inspired by Super-
posed Parameterized Quantum Circuits (SPQCs), which combine Flip-Flop Quantum
Random Access Memory (FFQRAM) parameter routing with repeat-until-success
(RUS) nonlinearities (Patapovich et al. 2025). Patapovich et al. report that FFQRAM
state preparation requires O(nL) one- and two-qubit gates but has O(logn) non-
Clifford T-depth under RUS synthesis and ancilla recycling. We adopt only the
address-conditioned routing idea and do not claim these bounds or equivalence to the
complete SPQC architecture.

Prepare a [log, L]-qubit address register in a uniform superposition over the states
|¢ — VYaqar, £ =1,..., L, with unused basis states assigned zero amplitude. Uniformly
controlled rotations apply the member-specific unary data loader S (x(e)) and RBS
transformation U(B(Z)) to a shared n-qubit data register. Including one tomography
ancilla, a square width-n layer uses n + 1 4 [log, L] qubits, compared with n + 1
qubits under sequential execution and L(n + 1) qubits under fully parallel execution.
Omitting the tomography ancilla, the multiplexed layer produces the state

L
) = 7 >~ e U(0“)S(x)ler) data-

Here, x(©) and 0“) are the layer input and RBS parameters for ensemble mem-
ber ¢, and |e])data is the initial unary basis state. The members share the external
input in the first layer, whereas their inputs can differ in subsequent layers after
member-specific activations. Tomography extracts each member’s output from out-
comes associated with its address state; the bias, nonlinear activation, and processing
between quantum layers are then applied classically.

Compared with a single-member circuit, multiplexing increases circuit depth
through controlled routing and requires O(L) times as many shots to maintain
fixed per-member precision. Relative to sequential execution, it therefore retains the
same O(L) total-shot scaling and uses [log, L] additional qubits, but consolidates L
member-specific circuit instances into one combined circuit per layer input. Patapovich
et al. (2025) contrast the complete SPQC with sequential execution, describing it as
trading “the classical overhead of repeated circuit initialization for a small ancilla
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register.” Because our implementation adopts only the routing idea and uses address-
resolved tomography and classical processing between layers, we do not assume that
this runtime claim transfers to our construction. Relative to fully parallel execution,
the construction reduces qubit use from L(n + 1) to n + 1 + [logy L]. We therefore
evaluate it as a compact proof-of-concept with L = 4 rather than provide a complete
characterization of the qubit—depth—compilation—sampling trade-off.

5 Conformal Calibration

The ensemble standard deviation measures disagreement among independently trained
models, but does not by itself provide calibrated prediction intervals. We there-
fore use a separate calibration dataset to convert this disagreement into uncertainty
bounds (Angelopoulos and Bates 2023; Vovk et al. 1999, 2022; Shafer and Vovk 2008;
Papadopoulos et al. 2002).

Conventional split conformal prediction gives a finite-sample marginal coverage
guarantee at a new test point under exchangeability of the calibration and test points
(Vovk et al. 1999; Papadopoulos et al. 2002; Angelopoulos and Bates 2023). Applied
naively to DeepONet, each query evaluation would be treated as a separate example
and assigned a pointwise prediction interval. However, the query evaluations associated
with one input function jointly represent a discretized output function and may be
strongly dependent. We therefore take one input function together with its query
coordinates and output values as the unit of calibration, and assume exchangeability
only across these complete units. Nothing is assumed about the queries within a unit;
they may be arbitrarily dependent, as evaluations of a single smooth solution often
are. Consequently, the guarantee is neither fixed-query nor simultaneous. It constrains
coverage averaged over the query coordinates of a new output function.

For any generic input function u and query coordinate y, let u(u)(y) and o(u)(y)
denote the ensemble mean and standard deviation of Section 4.3, and set 6(u)(y) =
o(u)(y)+e where e > 0. Abbreviate p;; = p(u;)(yi;) and ;5 = 6(u;)(y;;), and define
the nonconformity score

Ry — |56 — pig
Jij
Normalizing by the ensemble standard deviation makes the interval width vary across
the domain, widening where the ensemble members disagree.
Let the calibration dataset contain K input functions,

Dear = {Dcal,i}iK:u Deari = {(0i, yij, Sij)}é‘\/[:ip

where input function ¢ is evaluated at M; query coordinates. Let N, = Zfil M,
denote the total number of calibration scores, and let RC?I < ... < Rﬁ\}cal) denote
those scores in increasing order. We take ¢ to be the linearly interpolated empirical
(1 — a)-quantile: setting

0= (New—1)1—-0), r=laJ+1, ~y=a—|a,
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we define the threshold as
q= (L =R +Ri -

We use this common interpolation convention throughout. Other empirical-quantile
conventions can yield different, and potentially stronger, finite-sample bounds. The
prediction interval is then

Ca(u,y) = [p(0)(y) —go(u)(y), p(w)(y) +ga(u)(y)].

The true value lies in Cy(u,y) if and only if the score at that coordinate is at most
q- Section 5.1 uses this equivalence to lower-bound the query-averaged coverage of a
new output function.

5.1 Finite-Sample Guarantee

We now establish a finite-sample lower bound on the query-averaged coverage defined
in Section 3. Let R; = (Rj1, ..., Rinm) denote the score vector of unit i. The proof
adapts the group-symmetrization argument of Lee et al. (2026) to query-averaged
coverage without within-unit exchangeability.

Assumption 1 Every input function in the calibration and test sets is evaluated at the
same number M of query coordinates, so that N.,; = KM. The ensemble is trained on
data disjoint from the calibration and test sets. Conditional on the trained ensemble and a
fixed inference mechanism, all calibration and test units are jointly exchangeable. Nothing is
assumed about the joint distribution of the M queries within a unit.

The score vectors are therefore exchangeable because the same prediction and
scoring procedures are applied to every unit.

Theorem 1 Let ux denote the input function of a generic test unit, evaluated at query
coordinates yy 1, .. .,¥« M with ground truth values sy 1,...,54 p, and letr = [(KM—1)(1—
a)| + 1. Under Assumption 1,

1 M r

E szzll{s*)] ECa(u*,y*’J)} 2 m

The expectation is marginal over the calibration and test units, conditional on
the trained ensemble and the fixed inference mechanism. The quantity inside the
expectation is the fraction of covered query coordinates for the test unit.

Proof Index the K calibration units and the test unit by ¢ € {1,..., K + 1}, withi = K +1
denoting the generic test unit, so that Ry 1 ; = R ;. For the proof, pool their (K + 1)M
scores and let R;) denote the k-th smallest score in this augmented pool.

Ray < < Bx+1ym)-
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For each i, let ¢_; denote the leave-one-unit-out threshold obtained after removing the com-
plete score vector R; from this pool. When ¢ = K + 1, this is the calibration threshold
q.

Claim 1: each leave-one-unit-out threshold dominates the pooled r-th score.

Let _ )

—1 —1
By <= B

denote the remaining scores after removing R;. Because g_; interpolates between the r-th
and (r + 1)-th smallest remaining scores,

a-i > R,
Removing scores from the total (K + 1)M pool cannot decrease the r-th smallest value.
Therefore,

Ry 2 By,
and hence ‘
q—i > R(_T,Z) > R(py.
Claim 2: the leave-one-unit-out covered fractions satisfy an average lower bound.
Define

LM
Vi= i E 11{Rij <q-i}
J:

for the fraction of unit i’s queries covered by its own threshold. The r smallest scores in the
total pool are all at most R(T), thus

1 K+11 M

T
- il < >
K+1 & M;I{R” s Btz (K +1)M

Since q_; > R for every ¢ by Claim 1, we have

1 R X r
- il HR . <ag ¥y >___~
K+1;sz_:1 {foy < G-k 2 ey

and
K+1
1 r

- A
K+1 A_IV’* (K +1)M

K3
Conclusion: exchangeability transfers the average bound to the test unit.
Define the mapping

F(R], - ,RK+1) == (Vl, ceey VK+1).
For any permutation 7 of the units,
F(Rﬂ'(l)7 s aR‘W(K+1)) = (Vﬂ(l)a IR VTr(K+1))'
This holds because each V; treats R; as the held-out unit and uses the remaining score vectors

without regard to their order.
Because the score vectors are exchangeable,

d
Rrys-- - Rexn) = R, Rgq1).
Applying F' to both sides gives

d
(VTI'(l)7 <. ~7V7-r(K+1)) = (V17 .. -7VK+1)~
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Thus, the V;’s are exchangeable. In particular,
]E[Vl] [ E[VK—H]-
Taking expectations in Claim 2 gives

K+1
1 * r

— 1> —
K+1 & ElVi] = (K+1)M

3

Because all terms in the sum have the same expectation,

1 K+1 1 K+1
K1 Z EVil= 7 Z; E[Vk 1] = E[Vi41].
i= =
Therefore,
r
E[VK-H] > m

By definition, and because §_(x41) =,

1 M 1 M

Vik41 = i Z R4, ST (k+1)} = i Z 1{Ri41, <}
Jj=1 j=1

The equivalence between score thresholding and interval coverage gives
M

1
VK+1 = M Zl 1 {S*,j S Ca(ll*,y*7])} .
j=
Hence,
1 M r
E M;:L {3*,j € Ca(u*yb"*,j)} =E[Vk41] 2 my

which proves the result.
d

An equivalent probability interpretation is obtained by drawing J uniformly from
{1,..., M}, independently of the calibration and test units. Conditional on the trained
ensemble and the fixed inference mechanism,

r

M
1
_ E ’ . . >
]P’{S*J c Ca(ll*,y*,J)} E —M 2 1{8*,] c Ca(u*7Y*,J)} = (K—I— 1)M

To relate this bound to 1 — «, write
r=(KM-1)(1—-a)+mn, 0<n<l,

where 7 accounts for rounding. Then

;z(l—a) K 777(1705)
(K +1)M K+1 (K+1)M"
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Therefore, .

P ) VA
The difference from 1 — a is O(1/K), so the bound can already be close to the target
for practical calibration-set sizes. Increasing M alone does not remove the finite-unit
gap: for fixed K, the bound approaches (1 — «)K/(K + 1) as M — oo.

The guarantee applies to the expectation, or equivalently to the probability for a
uniformly selected query. The covered fraction for a particular calibration and test
realization may fall below the bound. The theorem also provides no nontrivial upper
bound; the marginal coverage probability may be as large as one.

6 Experiments

6.1 Setup and Evaluation Metrics

We evaluate predictive accuracy using relative Lo error and uncertainty calibration
using empirical query-averaged coverage, average interval width, and maximum inter-
val width. For Ni. test input—output function pairs, each evaluated at M query
coordinates, empirical query-averaged coverage is

1 Neest M

— 1
Cov = Noost Z Mﬂzl{sij € Co(ui,yij)}-

i=1 =1

For each test pair, we compute the relative Lo error of the ensemble mean prediction
across its M query coordinates and then average over all test pairs:

1 e (Zj]\il ((w)(yig) *%‘)2)1/2

N, 1/2
test =1 (Zj{l sfj)

Across all experiments, the branch and trunk QOrthoNNs use the same hidden
width and depth. The first branch layer projects the (d, + 1)-dimensional slack-
augmented input down to the reported width, whereas the first trunk layer projects
its lower-dimensional query representation up to that width.

Direct state-vector simulation becomes impractical for the larger circuits con-
sidered here. For ideal evaluations, we therefore use the mathematically equivalent
classical Orthogonal Neural Network, which reproduces the noiseless QOrthoNN trans-
formation without simulating the full quantum state. Because of this exact equivalence,
we refer to these direct classical evaluations as ideal simulations.

Beyond these ideal baselines, we evaluate the framework under varying degrees of
quantum noise. To conduct hyperparameter ablations efficiently, we first use a gate-
based depolarizing model with finite-shot sampling. For single- and two-qubit gates
acting on a k-qubit subsystem A (where k € {1,2}), the local depolarizing error on
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Table 1 Summary of model performance across synthetic
experiments under ideal simulation with 90% target coverage. The
metrics from left to right are Relative Lo Error (%), Empirical
Coverage (%), Average Width, and Maximum Interval Width.

Ens. Rel. Lo Coverage Avg. Max.
Experiment Size Error (%) (%) Width Width

Antiderivative 4 0.46 88.40 0.004 0.044
Antiderivative 8 0.46 92.13 0.005 0.080
Advection 4 2.38 89.36 0.062  0.751
Advection 8 2.28 88.99 0.053  0.621

the quantum state p is modelled as:

Eale) = (1= Np-+ A (5t & Tl

with noise strength A\ scaled by 0.8 for two-qubit operations to equalize error rates
across 1 and 2-qubit depolarizing noise channels. We evaluate circuits under this model
by transpiling them to IBM’s Eagle basis gate set {ECR,R,,SX,X,I} (AbuGhanem
2025; Xiao et al. 2025), assuming nearest-neighbour connectivity. For circuit-depth
comparisons, we also transpile the circuits to IBM’s current Heron basis gate set
{CZ,I,R,;,R.,R..,SX, X} and report depths for both architectures (IBM Quantum
2026). To accelerate simulation, we apply multinomial sampling to the evolved density
matrix; Appendix D shows close agreement with full per-shot simulation. We further
evaluate selected compact circuits using device-calibrated Qiskit Aer noise models
that combine readout error, depolarizing error, and thermal relaxation (Javadi-Abhari
et al. 2024). For this validation, circuits are transpiled according to the reported cali-
bration parameters, basis gates, and topological coupling maps of three representative
quantum processing units: IBM Brisbane (127-qubit Eagle r3), IBM Torino (133-qubit
Heron rl), and IBM Marrakesh (156-qubit Heron r2) (IBM Quantum 2026). The
snapshots of calibration data used in our experiments can be found in Appendix E.

In these noisy simulations, we use unary-subspace post-selection to mitigate
quantum noise. Because QOrthoNN data are encoded in the Hamming-weight-one
subspace, we discard tomography outcomes whose data-register bits have any other
Hamming weight. This removes errors that leave the unary subspace, at the cost of
discarding shots.

Dataset split sizes and training hyperparameters for all experiments are reported
in Appendix C.

6.2 Synthetic Benchmarks

We begin with two synthetic benchmarks, with the resulting accuracy and calibration
metrics summarized in Table 1 and the corresponding model architectures in Table 2.
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Table 2 Architecture and hardware specifications for the quantum DeepONet ensembles for
the synthetic benchmarks. Width denotes the number of neurons per layer. Params and circuit
depth report the maximum per-layer values for total RBS parameters and transpiled PQC depth
(on IBM Heron/Eagle), respectively. All models use the SiLU activation function. (Config: R =
ResNet, F = Fourier features). The number of qubits used for a single model is d,, + 2
(accounting for the d,, raw inputs, one appended slack coordinate, and one measurement ancilla).

Experiment d, dy Layers Width Params Heron Eagle Config Ens. Size

Antiderivative 10 1 2 10 55 165 321 - 4/8
Advection 20 2 7 20 210 305 601 R 4/8
L, Error Average Width Max Width

— . . . 06 M 0 .\/\’\_’\—4
0.4 ‘\‘\’\,_._4 L5
e . .. o4 ~N—— .

1.0

Value

0.2 02 B _

~ VV ‘\‘\.“—._—. 0.5 ‘\./'//.;;__,

10° 10* 10° 100 107 108 10° 10* 10° 100 107 108 10° 10* 10° 100 107 108
Shots Shots Shots
—e— A =0.0002 *— A =0.0004 —e— 1 =0.0006 —e— ) =0.0008

Fig. 2 Effects of depolarizing noise strength A and shot count on antiderivative prediction perfor-
mance. The panels report relative La error (left), average interval width (middle), and maximum
interval width (right). Error and interval widths generally decrease with lower noise strength and
stabilize as the shot count increases

6.2.1 Antiderivative Operator

We first evaluate our framework on a synthetic antiderivative operator A, which maps
an input function u(z) on « € [0,1] to its integral, defined by - A(u)(z) = u(x) subject
to A(u)(0) = 0. To generate the dataset, we sample smooth input functions from a
Gaussian random field (GRF) prior, u ~ GP(0, k;). The covariance kernel is k;(z, z') =

2
exp | — d(g’lﬁ ) , where d(+,-) denotes the distance between input coordinates and the

length scale [ controls the smoothness of the sampled functions.

For this task, we deploy an ensemble of L = 8 independent models, using a 2-
layer, 10-neuron QOrthoNN architecture. As detailed in Table 2, this model requires
55 RBS rotation parameters in its largest quantum layer and transpiles to a maximum
circuit depth of 165 on the IBM Heron topology and 321 on IBM Eagle. Under ideal
noiseless simulation, this quantum ensemble achieves a 0.46% relative Lo error and
92.13% empirical coverage for a target rate of 1 —a = 0.90.

As an illustrative calculation, the antiderivative experiment has K = 50, M = 30,
and o = 0.1, for which Theorem 1 gives the finite-sample lower bound r/((K+1)M) =
88.24%. The same calculation applies to the other experiments using their respective
values of K, M, and a.

We further studied the effects of depolarizing noise on the approximation of the
antiderivative operator with . = 8 ensemble members each composed of the same
QOrthoNN architecture described above. As shown in Figure 2, prediction errors and
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interval widths generally decrease as the depolarizing-noise strength decreases and the
shot count increases.

6.2.2 Advection Equation

To evaluate the framework on a dynamical system, we next consider the 1D advection
equation, % + %‘ =0 for z,t € [0, 1], subject to periodic boundary conditions. Here,
the operator learns the solution mapping from the initial condition w(z,0) to the
full spatiotemporal solution field u(x,t). To enforce periodicity, we sample the initial
conditions from a Gaussian random field with a unit-period Exp-Sine-Squared kernel,
ki(z,2") = exp (—2sin®*(nd(z,2"))/1?).

Because advection demands tracking features across spacetime, we deploy a deeper,
7-layer QOrthoNN architecture featuring residual connections to stabilize gradient
flow. This model processes 20 uniformly sampled spatial locations for the branch
input and a Cartesian product of 50 spatial and 50 temporal coordinates, giving 2,500
query points. Consequently, this expanded architecture requires 210 RBS rotation
parameters in its largest quantum layer, transpiling to a maximum circuit depth of 305
on IBM Heron and 601 on IBM Eagle. Under ideal simulation, the 8-model advection
ensemble achieves a 2.28% relative Ly error and 88.99% empirical coverage for a target
rate of 1 —a = 0.90. With K = 200, M = 2500, and o = 0.1, Theorem 1 gives a finite-
sample lower bound of 89.55% for this experiment. Because the theorem bounds an
expectation rather than a single calibration and test realization, the coverage reported
here falls slightly below that value. Table 1 summarizes the predictive accuracy and
coverage of both ensemble sizes. We next examine how these metrics change under
device-calibrated composite noise simulations.

6.3 Empirical Coverage Under Device-Calibrated Noise Models

To evaluate robustness under device-calibrated composite noise simulations, we mea-
sure coverage for the antiderivative ensemble under noise models calibrated to IBM
Marrakesh, IBM Torino, and IBM Brisbane. As shown in Figure 3, the observed cov-
erage remains near or above the nominal 1 — a = 0.90 target across measurement
budgets from 5,000 to 100,000 shots. These results are consistent with stable calibra-
tion and test conditions, but empirical coverage alone cannot verify exchangeability.
The finite-sample result in Section 5 applies when the calibration and test input—
output function pairs are exchangeable and their predictions are generated under the
same stationary inference and hardware-noise mechanism.

6.4 Real Power-Engineering Datasets

In power-system applications, distinct operational settings motivate three operator
classes. Each input function is a measured system trajectory, and each output function
is the corresponding response trajectory. We therefore use “input trajectory” and
“output trajectory” in place of input and output functions throughout this section
and the following experimental subsections.

The first is the Transient-to-Transient Operator (F), which maps an entire tem-
poral input trajectory directly to an entire output trajectory. Because this global
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Fig. 3 Coverage on the antiderivative test set under noise models calibrated to IBM Marrakesh,
IBM Torino, and IBM Brisbane. The dashed line denotes the nominal 90% target

mapping evaluates the complete dynamic evolution simultaneously, it is essential for
offline applications such as post-mortem event analysis and long-term system planning
(Kwatny and Miu-Miller 2016; Kundur et al. 2004). Formally, this operator functions
across the Hilbert spaces U = L?([0,T];R?) and Y = L2([0, T]; R?), where d represents
the state-space dimensionality. Given a dataset of observed input—output trajectory
pairs, {(u;,s;)}Y., where s; = F[u;], the objective is to learn a quantum surrogate, F.

The second class is the Causal Forecasting Operator (H), which supports proac-
tive grid management strategies such as long-range dynamic stability assessments.
Unlike the global mapping of the transient operator, H explicitly enforces causality
by mapping past pre-event histories to future post-event predictions. Formally defined
as H : Upast — Vrusure, this operator processes historical input trajectories from the
space Upast = L2([to — 7,t0]; R?) to predict the system’s future dynamic evolution
within the space Vruture = L*([to, to + T]; R?), where to denotes the time of a critical
grid contingency and d represents the physical state-space dimensionality.

The final class is the Causal Pointwise Transient Operator (P), designed for
real-time applications such as autonomous grid monitoring and closed-loop control.
Mathematically, this is formulated as a time-indexed family of operators, {P;}+c(o,7)-
Each specific operator, P; : L2([0,t];R?) — R? maps a historical input trajectory
restricted to the current time [0, ] to a single, localized state prediction at the imme-
diate future step, t + At. However, because integrating a continuously expanding
historical domain from ¢ = 0 is computationally prohibitive for high-frequency real-
time inference, we approximate this mapping using a fixed memory window, 7 > 0.
We therefore truncate the evaluation to a sliding window: Py[u] =~ Py [u|p—r¢]-

Across these three operator classes, we construct prediction sets at the correspond-
ing output coordinates and evaluate their coverage. Both offline tasks augment the
scalar temporal query ¢t with Fourier features to mitigate spectral bias from transient
dynamics. For each task, we extract the five dominant frequencies from the training
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Table 3 Summary of model performance across offline and online experiments under ideal
simulation. The target coverage for all uncertainty quantification tasks is 90%.

Experiment Rel. Ly Error (%) Coverage (%) Avg. Width Max. Width

Offline V-to-P 4.08 89.74 0.001 0.063
Offline V-to-V 12.49 89.66 0.345 2.691
Online V-to-V 5.49 90.11 0.148 1.328

Table 4 Architecture and hardware specifications for the quantum DeepONet ensembles across
offline and online tasks. Width denotes the number of neurons per layer. Params and circuit
depth report the maximum per-layer values for total RBS parameters and transpiled PQC depth
(on IBM Heron/Eagle), respectively. All models use the SiLU activation function. (Config: R =
ResNet, F = Fourier features). The number of qubits used for a single model is d,, + 2
(accounting for the d,, raw inputs, one appended slack coordinate, and one measurement ancilla).

Experiment d, dy Layers Width Params Heron Eagle Config Ens. Size

Offline V-to-P 20 11 6 20 210 305 601 R, F 8
Offline V-to-V 20 11 6 20 210 305 601 R, F 8
Online V-to-V 5 1 2 5 15 94 181 - 4

outputs using an FFT with a Hanning window and map ¢ to
y(t) = [t, cos(2m fit),sin(2m f1t), . .., cos(2m fst), sin(27 fst)] T € R

We now evaluate the framework on the corresponding power-engineering tasks,
with the resulting accuracy and calibration metrics summarized in Table 3 and the
model architectures in Table 4.

6.4.1 Offline Voltage-to-Active-Power

We first evaluate the Transient-to-Transient Operator (F) on an offline cross-domain
task, mapping a 10-second voltage trajectory to its corresponding active power tra-
jectory. The voltage input is discretized into a branch vector u € R?%, while the active
power output is queried across 100 Fourier-augmented trunk coordinates. Because
the active-power trajectories contain high-frequency transients, we smooth the targets
using a zero-phase forward—backward fourth-order Butterworth low-pass filter with
cutoff frequency f. = fs/100. The network therefore learns the operator mapping the
voltage trajectory to the low-pass-filtered active-power trajectory.

For this task, we deploy an L = 8 ensemble of 6-layer, 20-neuron QOrthoNNs
with residual connections. This configuration uses a maximum of 210 RBS rotation
parameters in a quantum layer and transpiles to maximum circuit depths of 305 on
IBM Heron and 601 on IBM Eagle. Under ideal simulation, the ensemble achieves a
4.08% relative Lo error and 89.74% coverage, close to the nominal target of 90%.
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6.4.2 Offline Voltage-to-Voltage

We next test the Causal Forecasting Operator (H) on an offline voltage prediction
task, mapping a 1.9-second pre-fault history to a 2.0-second post-fault trajectory. The
input history is discretized into a branch vector u € R?%, while the forecast horizon is
queried across 100 uniformly spaced, Fourier-augmented trunk coordinates.

This task uses the same L = 8 ensemble architecture and circuit resources as the
preceding voltage-to-active-power benchmark. Under ideal simulation, the framework
achieves a 12.49% relative Ly error and 89.66% coverage, close to the nominal target
of 90%.

6.4.3 Online Voltage-to-Voltage

Our final power-system benchmark evaluates the Causal Pointwise Transient Operator
(P) on online voltage prediction. Given a fixed window of recent voltage measurements,
the operator predicts the voltage at the next time step.

Unlike the preceding offline tasks, this online task does not consist of one input
trajectory evaluated at multiple output coordinates. Instead, each parent trajectory
generates a sequence of sliding-window input—output examples. For parent trajectory
i, u;; is the input window for example j, y;; is its query coordinate, and s;; is the
corresponding next-step target.

Windows from the same parent trajectory may overlap and are therefore strongly
dependent. We split the data by complete parent trajectories, so all windows from one
trajectory belong to only one of the training, calibration, and test sets. We define the
exchangeable unit as the trajectory-level block

B; = {(uij7}’ija3ij)}j]w:1~
For each block, define

_ Isij = p(aiy) (vig)|
B = e ) yey)

, R; = (Ri1,-.-, Rim)-

We pool the scores from the K calibration blocks and compute ¢ using the calibration
rule in Section 5. Although Theorem 1 is stated using a common input function within
each unit, its proof requires only jointly exchangeable score vectors of equal length.
Conditional on the trained ensemble and inference mechanism, we assume that the
calibration and test blocks are jointly exchangeable. Because every block contains the
same number M of windows and the same scoring rule is applied to every block, the
proof applies directly without requiring exchangeability of the windows within a block.

Thus, for a new test trajectory block B. = {(W.j, ¥« j,5«;)}}L, that is jointly
exchangeable with the K calibration blocks, Theorem 1 gives

M
r

E ]\14;1{8*’&%(“*&#*4)} > o o L EM D0 -a) 4L
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Fig. 4 Impact of depolarizing noise strength A on online voltage-to-voltage prediction performance
with 10° shots. The panels report mean relative Lz error (left), empirical coverage (middle), and
average and maximum interval widths (right)
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Fig. 5 Prediction intervals for one high-variance online voltage test trajectory under four depolariz-
ing noise strengths. Panel (a) shows A € {0.0002,0.0004}, and panel (b) shows A € {0.0006,0.0008}
on the same vertical scale. The ground truth is shown in black; solid coloured lines denote ensemble

means, and the corresponding dashed bounds and shaded regions denote the calibrated prediction
intervals

The guarantee therefore applies to the expected fraction of covered next-step targets
across the windows of a new trajectory. For Ny test trajectories, reported coverage is

1 Niest 1 M
Covontine = —— 3 — S 1 {s;; € Caluijyii)}-
OVonline Ntest ; M j; {SZ] a(uzj ylj)}

For the online task, each sliding window has a scalar target, so we compute the mean
scalar relative Lo error across all test windows:

i=1 j=1 5351

We evaluate the Causal Pointwise Transient Operator (P) using windows consisting
of five recent voltage measurements. The L = 4 ensemble consists of 2-layer, 5-neuron
QOrthoNNs, requiring 15 RBS rotation parameters in its largest quantum layer and
a maximum circuit depth of 94 on IBM Heron. Under ideal simulation, the ensem-

ble achieves a 5.49% relative Ly error and 90.11% empirical query-averaged coverage
relative to the nominal 90% target.
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Fig. 6 Performance comparison of hybrid classical-quantum architectures on the antiderivative oper-
ator task. We evaluate three ensemble configurations: Fully Quantum (purple), Hybrid with Classical
Trunk (orange), and Hybrid with Classical Branch (green). At each shot count, the lines report the
mean across the four depolarizing noise strengths A € {0.0002, 0.0004, 0.0006, 0.0008}, and the shaded
regions denote +1 standard deviation across these noise strengths

The short input windows and shallow network produce compact circuits, making
depolarizing-noise simulation tractable for individual inputs. However, each trajectory
contributes many windows. Training on the complete window set and simulating noisy
inference for every calibration and test window were outside our computational budget.
We therefore use reduced datasets for the noise ablations.

For the aggregate ablation in Figure 4, we draw reduced samples separately from
the disjoint training, calibration, and test sets. For the qualitative ablation in Figure 5,
we restrict the data to high-variance signals and visualize one test trajectory to show
how the intervals vary over time. Because the two ablations use different data selection
and training procedures, we interpret them separately.

The mean relative Lo error first increases from A = 0 to A = 0.0002, then decreases
as A increases and falls below its noiseless value at A = 0.0008. Over the same range,
empirical coverage dips slightly below the target at A = 0.0002 and then rises monoton-
ically to approximately 99%. This increase is not accompanied by systematic interval
widening: the average width remains approximately constant across the nonzero noise
levels, while the maximum width decreases at the two largest noise levels. For the
selected high-variance trajectory, larger noise levels also produce narrower intervals.
These trends suggest a possible noise-induced regularization effect, but the evidence
is preliminary. We do not investigate its mechanism or whether hardware noise can
systematically improve calibrated uncertainty estimates.

6.5 Hybrid Architecture

We compare fully quantum, classical-branch, and classical-trunk configurations on the
antiderivative task as a proof-of-concept for hybrid ensemble execution. Although the
branch and trunk have the same width and depth, the branch processes the higher-
dimensional discretized input function and outputs a representation that is used across
all trunk queries. As illustrated in Figure 6, the classical-branch hybrid achieves the
lowest relative Lo error and the narrowest prediction bands across the evaluated shot
counts and noise strengths by removing quantum noise from this shared representation.
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Fig. 7 Comparison of separately executed standard ensembling and SPQC-inspired multiplexed
execution under depolarizing noise A. Each standard ensemble member receives 10° shots; the multi-
plexed circuit receives 10° shots distributed across its four address branches. The multiplexed circuit
closely tracks the standard ensemble across the reported metrics

Table 5 Transpiled circuit resources for a single quantum layer of one standard ensemble
member and the corresponding SPQC-inspired multiplexed circuit with L = 4. The Layers
and Width columns describe the underlying QOrthoNN architecture; circuit depth and
gate counts refer to the transpiled layer circuits.

Mode d

«w dy Layers Width Depth CZ RX RZ SX X
Standard 5 1 2 5 95 62 76 62 21 1
Multiplexed 5 1 2 5 272 173 144 125 44 1

In contrast, the classical-trunk hybrid improves only marginally on error and average
width and increases the maximum interval width at larger shot counts, because it
retains the noisy quantum branch. For this task, these results suggest that noise in
the shared branch representation is the dominant source of degradation.

6.6 SPQC-Inspired Multiplexed Ensemble Execution

We evaluate the SPQC-inspired multiplexed circuit as a compact proof-of-concept
for reducing the qubit duplication of parallel ensembling while retaining predic-
tive accuracy and uncertainty quantification. We test the multiplexed circuit on the
antiderivative task using an L = 4 ensemble of 2-layer, 5-neuron QQOrthoNNs. For the
first branch layer, which maps the five raw inputs and one appended slack coordinate
to width 5, the multiplexed circuit uses 9 qubits—six data qubits, one tomography
ancilla, and two address qubits—compared with 28 qubits for naive parallel execution,
where each of the four ensemble members uses six data qubits and one tomography
ancilla. We restrict this evaluation to compact circuits with L = 4 because noisy
simulation becomes computationally expensive for larger circuits and ensembles. As
illustrated in Figure 7, multiplexed execution closely tracks the separately executed
ensemble in relative Ly error and average and maximum interval widths across the
evaluated noise levels. The standard and multiplexed ensembles maintain empirical
coverage near the nominal 90% target across all evaluated noise levels.

Table 5 reports the corresponding gate decomposition after transpilation to the
IBM Heron topology. For L = 4, the multiplexed circuit increases circuit depth and
its CZ-gate count relative to one standard ensemble member while representing all
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four members in a shared circuit. Together with the qubit counts above, these results
illustrate the qubit—depth trade-off in this compact setting; they do not constitute
physical hardware validation or establish depth, sampling, or runtime scaling at larger
ensemble sizes.

7 Limitations and Outlook

Our complexity analysis applies to square QOrthoNN hidden transformations under
an idealized, depth-based execution model. It is therefore a layer-level asymptotic com-
parison rather than an end-to-end runtime result or a measured hardware speedup.
The empirical evaluation is likewise based on ideal and noisy circuit simulations rather
than physical quantum hardware. Because classical noisy-circuit simulation becomes
expensive as circuit and ensemble size increase, the experiments are restricted to
compact networks and small ensembles.

Conditional on the trained ensemble and a fixed inference mechanism, the
conformal guarantee requires jointly exchangeable calibration and test units with
equal-length score vectors. The online experiment treats complete parent trajecto-
ries as exchangeable units and therefore does not provide a streaming guarantee for
successive windows from a single continuously evolving trajectory. Moreover, the finite-
sample lower bound may lie below the nominal 1 — « target when the number of
calibration units is small, although it approaches the target as the calibration set
grows.

Finally, the empirical trends observed under depolarizing noise are preliminary and
specific to the evaluated tasks, circuit sizes, and noise models. They do not establish
a general noise-induced regularization mechanism or imply an improvement in the
theoretical coverage bound.

Within these limitations, our results show that resource-aware analysis of
QOrthoNN hidden layers, ensemble-based uncertainty estimation, and finite-sample
conformal calibration can be combined within a single operator-learning framework.
The analysis identifies the computational regime in which favourable QOrthoNN
circuit-depth scaling yields an asymptotic hidden-layer running-time advantage. The
conformal result provides a finite-sample query-averaged marginal coverage guarantee,
while the experiments demonstrate accurate predictions and empirical coverage near
the target under ideal evaluation and selected noisy circuit simulations. The hybrid
and SPQC-inspired experiments are secondary proof-of-concept studies of ensemble
execution and do not resolve the trade-off between the runtime cost of sequential exe-
cution and the qubit cost of fully parallel execution. Evaluation on larger circuits and
physical hardware, together with calibration methods for streaming data, distribu-
tion shift, and temporally varying hardware conditions, represents a natural next step
toward scalable, uncertainty-aware quantum operator learning.
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Appendix A Detailed QOrthoNN Quantum State
Evolution

For an m x n transformation, let ¢ = max(m, n). Define E,, € R7*" to embed an input
into the bottom n coordinates,

E.x=(0,...,0,z1,...,2,) ",
——

qg—n

and define II,, € R™*? to retain the bottom m coordinates,

IL,v = (Vg—m+1,-- - 7vq)—r.
The effective transformation implemented by the layer is W = II,,Q(0)E,, € R™*™,
When m >n, WIW =1, and when m < n, WW T =1I,,. Following the QOrthoNN
literature, we refer to both cases as orthogonal transformations.

Here, Q(0) € R%*? is the square orthogonal transformation induced by U(8) on
the unary subspace, whereas W is the effective m x n layer transformation. In the
square case, E,, =II,, = I, so W = Q(6), consistent with the notation in Section 4.

1. State preparation — Let x € R"™ satisfy ||x|2 = 1. The ¢ data qubits
are initialized in the ground state, and an ancillary qubit is placed in uniform
superposition: . .

_ ®q 4 ®q
) \/5|0>|0> + \/5\1>|0> :

A CNOT gate controlled by the ancilla acts on the first active input qubit, with

index ¢ —n + 1, yielding

1 1
[¥) = —=10)]0)%7 + 72\1)|eq,n+1),

V2 V2

where |e;) denotes the unary basis state whose kth qubit is in state |1).
2. Amplitude encoding — The data loader S(x) encodes the input on the bottom
n qubits:

S(x)|eg-n+1) = Z Til€g-nti)-
i=1
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Because the RBS gates composing S(x) preserve the ground state, applying I ®5(x)
gives

) = 2510+ 1) Zameq

. Pyramidal orthogonal transformation — The parameterized quantum unitary
U(0) acts as Q(0) on the unary subspace. Let

7= Q()E,x € RY.

The complete evolved data state is

U(0)S(x |eq n4l) sz|ek

The classical output is obtained by retaining its bottom m components:
n
z = Hmi = WX, Zj = gq—7n+j = Z Wﬂl'z

When m < n, the remaining n — m amplitudes stay in the quantum state but are
not returned as layer outputs. Applying I ® U(8) to the joint state therefore gives

1
W) = —=0)|0)®7 + fu ZZk\ek

V2

. Tomography and sign extraction — Let r = (1/,/g,...,1/,/q) € RY, and let
S(r) denote its data loader. Applying I ® S(r) gives

1 Py kl
|w>=\ﬁ|0>|0>® f|1 )Y Zlex).

k=1

After applying an X gate to the ancilla and a CNOT gate controlled by the ancilla
on the first data qubit, the state becomes

1 1 i
) = ﬁ\l>le1> + E|O>ST(I“) kZ:le|ek>~

Applying I ® S(r) then yields
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Finally, a Hadamard gate on the ancilla produces

_ %zq: <zk + %) 0, ex) + ;kil <zk - \}a> 1 ex).

k=1

For the jth retained output, let k; = ¢ —m + j. Since z; = z,,

V@ (Pr[0,ex,] — Pr[l,eg,]) = ? (zj + 1>2 - % <zj - 1)2 = zj.

Vi Vi

Appendix B Nomenclature

Data and Operator Formulation

G,Gs

A
F.F
H
P, Py

u,y

Z/lpastv yfuture

D
u;,u

w5, B;, B

Yij, Y
Sij
S;

dy,dy

Na Ntest
M;, M

Target operator and its parameterized DeepONet approxima-
tion.

Synthetic antiderivative operator.

Transient-to-Transient Operator and its learned surrogate.
Causal Forecasting Operator.

Causal Pointwise Transient Operator and its member indexed by
time £.

Input- and output-trajectory function spaces in the power-
system experiments.

Past-input and future-output function spaces for causal forecast-
ing.

Supervised training dataset.

Discretized input function evaluated at fixed sensor locations.
Sliding-window input, complete parent-trajectory block, and
generic test block in the online experiment.

Spatial or temporal query coordinate.

Ground-truth operator value at query coordinate y;;.
Discretized output trajectory in the power-system formulation.
Dimensions of the discretized input function and query coordi-
nate.

Numbers of training and test units, respectively.

Number of queries for unit 4 and common number of queries per
unit in the finite-sample analysis.

Network Architecture and Complexity

b,t

L(0)

Branch and trunk output vectors.

Common dimension of the branch and trunk output vectors.
Trainable scalar bias added to the branch—trunk inner product.
Training loss for the complete model.
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W, D
4]

Quantum Circuit
L

Nshots

Q(6)

Complete-model parameters, complete parameters of ensemble
member ¢, and total number of trainable parameters.

Raw input dimension of the first quantum hidden layer before
appending the slack coordinate.

Output and input dimensions of a generalized QOrthoNN trans-
formation; the square hidden-layer case has m = n.

Effective m x n QOrthoNN layer transformation; W = Q(0) in
the square case.

Input-embedding and output-selection matrices used to define
the effective transformation W.

Min-max-normalized raw input and unit-norm input of a
QOrthoNN layer.

Transformed g-dimensional vector before output selection and
retained m-dimensional layer output.

Number of available classical processors in the work-depth
comparison.

Work and computational depth in Brent’s scheduling bound.
Per-layer ., tomography tolerance.

and Ensemble

Number of independently trained Quantum DeepONet ensemble
members.

Number of data qubits in the generalized circuit, ¢ = max(m,n),
excluding the ancilla.

Vector of RBS rotation angles in a QOrthoNN layer.
RBS-angle vectors for the branch and trunk QOrthoNN layers,
respectively.

Layer input and RBS-angle vector for multiplexed ensemble
member /.

Rotation angle of a single RBS gate.

Data-dependent unitary that amplitude-encodes x in the unary
subspace.

Pyramidal parameterized unitary implementing the QOrthoNN
transformation.

Quantum state during QOrthoNN evaluation; the included reg-
isters are specified in context.

Unary computational basis state whose i-th qubit in the data
register is in state |1).

Uniform reference vector used for tomography and sign extrac-
tion.

Number of quantum measurement shots.

Square orthogonal transformation induced by U(0) on the unary
subspace.

Noise strength of the simulated depolarizing channel.
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p,€a,14,Try

Quantum density matrix, local depolarizing channel, identity,
and partial trace on subsystem A.

Uncertainty Quantification

p(a)(y), pij
o(u)(y)

0,045,€

Dcah Dcal,i
K> Ncal

R, R;;
R;

R, R R

COV, COVonlinc

Experiments
ki, d(z,x'),1

d

T, T, Tf, to, At
f17 R f5
fer s

TLR

Tl,TQ

Ensemble mean prediction and its value for query j of unit 3.
Ensemble standard deviation measuring model disagreement.
Regularized ensemble standard deviation, its indexed value, and
the positive stabilizer in ¢ = o + €.

Calibration dataset and its i-th complete calibration unit.
Number of calibration units and total number of calibration
scores.

Generic nonconformity score and the score for query j of unit <.
Complete vector of query-level scores for unit 4.

k-th order statistics of the calibration pool, augmented pool, and
augmented pool after removing unit i, respectively.

Quantile interpolation variables, with a = (Nea — 1)(1 — ),
r=la]+1,and y=a— |a].

Rounding remainder in r = (KM — 1)(1 — a) + 7.

Calibration threshold and its leave-one-unit-out counterpart
used in the proof.

Conformal prediction interval at input u and query coordinate
y.

Conformal interval half-width shown in Figure 1.

Target miscoverage level.

Query index drawn uniformly from {1,..., M}.

Fraction of unit ¢ covered by its leave-one-unit-out threshold in
the proof.

Empirical query-averaged coverage in the general and online
settings.

Covariance kernel, distance between input coordinates, and
kernel length scale in the synthetic benchmarks.

State-space dimensionality in the power-system operators.
Trajectory horizon, history-window length, forecast horizon,
contingency time, and next-step interval, respectively.
Dominant output frequencies used in the Fourier-augmented
trunk coordinates.

Cutoff and sampling frequencies used to filter active-power
trajectories.

Multiplicative learning-rate decay factor.

Qubit relaxation and dephasing times reported in the backend
snapshots.
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Table 6 Training hyperparameters. “Full” indicates full-batch gradient descent. “—” indicates
a constant learning rate (no scheduler). Synthetic rows report training, calibration, and test
counts, whereas power-system rows report split fractions. vy1,r is the learning-rate decay factor.

Experiment Train Cal. Test Batch Iters LR Min LR LR Loss
Antiderivative 200 50 50 Full 30k Te—3 — - MSE
Advection 1000 200 200 Full 40k 1le—3 be—4  0.9999653 MSE
Offline V-to-P 0.8 0.1 0.1 64 40k be—3  be—4  0.9998465 Rel. Lo
Offline V-to-V 0.8 0.1 0.1 256 40k be—4 - - MSE
Online V-to-V 0.8 0.1 0.1 256 15k le—2 — — MSE
L, Error (%) Coverage (%) Average Width Max Width
P P 13
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Fig. 8 Validation of multinomial sampling. Parity plots comparing the reported metrics from per-
shot simulation (horizontal axis) and multinomial sampling (vertical axis). The dashed line represents
equality

Appendix C Training Hyperparameters and
Dataset Splits

We list the hyperparameters used during training in Table 6. For experiments
with learning-rate decay, we use a multiplicative schedule with factor ~ g at each
optimization step and hold the learning rate at the reported minimum.

Appendix D Multinomial Sampling Versus Per-Shot
Simulations

To accelerate the simulation of quantum circuits, we employ multinomial sampling
from the final statevector or density matrix probability distribution, rather than
simulating each shot individually. This single simulation followed by sampling is
computationally efficient.

To validate this approach, we compare its results against a full per-shot simulation,
which applies noise at every step for every shot. Figure 8 shows this comparison for
the antiderivative operator. The results show close agreement across relative Ly error,
coverage, average width, and maximum width, supporting multinomial sampling as
an accurate and efficient substitute for the more costly per-shot simulation.
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Appendix E System Snapshots

The device-calibrated composite noise models were constructed from calibration data
for three Qiskit backends: fake brisbane, fake_torino, and fake marrakesh. All
simulations were transpiled to the basis gate set and coupling map of the respective
backend. Table 7 reports the qubit counts, basis gate sets, coupling sizes, coherence
times, and error rates taken from these snapshots.

Table 7 Backend characteristics for the simulated quantum
devices. Coherence times are reported in microseconds, and
readout and gate errors are reported as percentages. The 77,
T>, and readout-error statistics are computed across qubits,
whereas gate-error statistics are computed across basis-gate
entries. Only the mean is reported for two-qubit gate errors.
Two-qubit means exclude entries with gate error 1.0, which
IBM uses for undefined or stale calibration estimates.

Backend Qubits Basis Gates Coupling
fake_brisbane 127 {ecr, id, 1z, sx, x} 144 edges
fake_torino 133 {cz, id, rz, sx, x} 300 edges
fake_marrakesh 156  {cz, id, rz, sx, x} 352 edges
Backend T1 (ps) T (us)

Avg Min Max Avg Min Max
fake_brisbane  233.71 9.94 425.17 160.58 17.14 411.53
fake_torino 173.61 3.16 307.73 145.19 6.13 349.88
fake_marrakesh 207.13 6.80 499.05 147.00 0.18 534.79

Backend Readout Err (avg) Readout Err (min) Readout Err (max)
fake_brisbane 3.11 0.56 23.95
fake_torino 4.67 0.51 56.52
fake_marrakesh 2.70 0.27 47.39
Backend 1Q Err (avg) 1Q Err (min) 1Q Err (max) 2Q Err (avg)
fake_brisbane 0.11 0.00 14.09 1.28
fake_torino 0.06 0.00 1.74 0.72
fake_marrakesh 0.06 0.00 4.20 0.72
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