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Material response can be far more fragile than the underlying static energy because internal
degrees of freedom relax and screen an externally probed coordinate. We formulate this effect
as a task-aligned Schur-complement problem and derive sharp, nonasymptotic robustness bounds
for simultaneous perturbations of hidden curvature, bare task stiffness, and coupling. The central
screening leverage, k = Amax(S, D) with § = CTK~'C and D = A — 8, fixes both the surviving
stiffness fraction 1/(1 + k) and the structured amplification of block errors. For equal normalized
error budgets the exact task-Hessian distortion is Req(d) = 0(1 4+ 4k — §)/(1 — §); a 5% frequency
guarantee therefore forces the admissible block error to collapse as d5¢ ~ 1/k and, for screening-
driven softening, as wZ ;. We prove a black-box energy theorem for projected response extraction,
state finite-source and state-transfer no-go results, and audit the formulas numerically. Published
data provide a 42-record stable response corpus, 72 mode-resolved matched cDFPT/DFPT cases, a
near-critical meta-nitroaniline anchor with k = 48.108, a same-source TaSz screening-driven stability
crossing, and a 12-state Peierls-model sequence approaching D — 0%. The data support screening as
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a conditioning coordinate rather than a universal one-variable error law.

I. INTRODUCTION

First-principles calculations are routinely judged by en-
ergies, forces, relaxed structures, or selected observables.
Such checks do not by themselves certify response. A
material can match its reference energy at sampled config-
urations yet respond incorrectly to an infinitesimal field,
strain, displacement, or collective coordinate because re-
sponse depends on curvature and on how hidden degrees
of freedom are allowed to relax. In density-functional per-
turbation theory (DFPT), constrained DFPT (¢cDFPT),
electron-lattice downfolding, and elasticity, this hidden
relaxation is often precisely the physical screening one
wishes to describe [1-3, 5].

The question addressed here is therefore not whether
screening exists, but how screening conditions the reli-
ability of a calculated task response. We develop RC-
MIFT (Response Conditioning and Screening in Materi-
als) around three requirements. First, the conditioning
coordinate must be invariant under natural rescalings
and directly connected to the surviving stiffness. Sec-
ond, robustness statements must be sharp for a declared
perturbation model rather than heuristic. Third, the
theory must remain auditable even when explicit second-
derivative internals are unavailable.

The resulting structure is simple. Hidden relaxation
subtracts a positive screening term from the bare task
stiffness. The ratio of removed to surviving stiffness de-
fines a generalized leverage k. Large x means that the
observable is produced by cancellation of two much larger
quantities, so errors in either block can be strongly am-
plified. The mathematics is a Schur complement, but the
material consequence is a quantitative accuracy threshold
that becomes singular at screening-driven softening.
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II. SCREENING GEOMETRY AND SHARP
ROBUSTNESS

Near a stable reference state, partition hidden coordi-
nates x and task coordinates ¢ and expand

Blw,q) = By + 5 <2)T <c{(T i) (g) +0B), (1)

with K > 0. Minimizing over x gives z.(q) = —K~1Cq
and the relaxed task Hessian

D=A-CTK"'c| S$=CTK'C=A-Dx>o.
(2)

Thus internal relaxation can only reduce task curvature
within this positive quadratic setting. All generalized-
eigenvalue and relative-norm statements below are re-
stricted to the stable task subspace on which D > 0 (and
hence A > 0); unstable and null directions are treated
separately and are not assigned a positive-stiffness lever-
age.

Whitening the blocks by their bare metrics defines
G = K~Y2CA~Y2. Then A"Y28A71/2 = GTG and
ATY2DATY? =1 - GTG. Let

¢ = Amax(S, A) = ”G”g» K= Amax(5, D). (3)

The two are exactly related by

K 1
1—0¢= .
¢ 1+ k&

(4)

The second identity gives the smallest fraction of bare stiff-
ness that survives screening along the most conditioned
task direction.

Now perturb all three blocks, K=K+ AK, A=A+
AA, and C=C+ AC, and define whitened uncertainty


mailto:idrees114af@gmail.com
mailto:alamerirehab300@gmail.com

radii
e=||KY2PAKK 2|, < 1, (5)
a=[[ATYV2AAATVYy < 1, (6)
K_1/2ACA_1/2
=1 l2 e so @

1G] ’

The relative coupling radius ¢ is undefined when G =
0. In that case one uses the absolute radius ¢ =
| K=Y2ACA~/2||5; the stability condition below be-
comes &2 < (1 —€)(1 — a), and the corresponding worst-
case relative distortion is a + £2/(1 — €). For these norm
balls, uniform positivity of the perturbed relaxed Hessian
is equivalent to the sharp condition

61+ <(1-901-a)| (8)

Aligned perturbations along the extremal singular direc-
tions saturate the boundary, establishing necessity as well
as sufficiency for the declared uncertainty model.

Define the relative task-Hessian error by the stable-
subspace spectral norm

R(AK,AA,AC) = HD*I/Q(ﬁ - D)D*1/2H2 . (9)

and let Ruyax be its supremum over the three declared
norm balls. The same extremal construction gives

k(e+2¢ +(?)

Rmax = (1 4+ &) +
1—c¢

(10)

For small block errors, Rimax >~ (1 + k)a + ke + 2k(: the

coupling error enters twice at leading order because C

appears on both sides of the screening quadratic form.
Setting e = o = ( = § yields

(144K —9)

Recl<6) = 1— 5 i

Xscreened = 14 4k. (11)

If a relative frequency error no larger than 7 is required,
the corresponding stiffness distortion must satisfy R <
Br =27 — 72. Solving Req(8;) = B, gives

23,
5y = .
L4k + Br + /(1 + 45 + 5,)% — 45,

(12)

For k > 1, §; ~ B;/(4k). If a clean screened mode obeys
A xw?, . and D o w?;, with finite bare scale, then

2
8y~ &M ) (13)

Equation (13) is the conditional RC-MIFT critical
robustness-collapse prediction; Eq. (12) is the exact alge-
braic result.

IIT. BLACK-BOX RESPONSE AUDITING AND
NO-GO RESULTS

The theory is useful only if it can be tested without
privileged access to a code’s internal Hessian. Introduce
a source matrix F through F)(z) = E(z) 4+ (F\,x). Let
2« () be the smooth local stationary branch continuing
a stable nondegenerate reference minimum, and define
G(X\) = Ex(x«(N)). Then

|-V3G(0) = F"K'F| (14)

Projected susceptibility can therefore be extracted from
ordinary self-consistent total energies. A central difference
is second order, while Richardson combination raises the
leading order to four. The numerical audit recovers orders
2.00036 and 4.00002, respectively.

Two limitations are equally important. First, a finite
set of sources certifies only the probed span. The ex-
tremal relative distortions on that span are generalized
eigenvalues of (Sp — Si)v = §S,v, but finitely many pass-
ing probes do not establish a global curvature certificate
unless completeness or saturation is separately justified.
Second, agreement at a common configuration does not
automatically transfer to each model’s independently re-
laxed equilibrium. A conditional transfer bound requires
strong convexity, Hessian Lipschitz control, and a residual
force or pressure. These no-go statements prevent static
agreement from being promoted to an unearned global
response claim.

The formal implementation was stress-tested on 20,000
random three-block problems: no violation of Eq. (10) was
observed and the maximum sampled ratio of actual distor-
tion to the bound was 1.000000000000004. Independent
solver and frequency-propagation audits likewise showed
zero bound violations in their declared domains. These
computations audit the implementation and sharpness
construction; they are not substitutes for the proof.

IV. PUBLISHED-DATA EVIDENCE

We next asked whether published materials occupy the
conditioning regimes implied by the theory. A direct-
response corpus assembled from clamped /relaxed elastic
and response data contains 46 observations from ten in-
dependent sources; 42 satisfy the positive-A, positive-D,
positive-semidefinite-S gates and four are retained as red-
team cases. Across valid records,

0.002664 < r < 48.108. (15)

The upper tail is not a numerical artifact of averaging: full
tensors are retained whenever available and generalized
eigenvalues are computed in the published units.

A stricter matched analysis uses cDFPT/DFPT mode
pairs with state and mode identity controlled within the



source protocol. It yields 72 Level-A mode-resolved obser-
vations in benzene, graphene, and CsV3Sbs, plus a Level-
C ZnO tensor/experiment cross-check [1, 2, 9]. Within the
two released approximation protocols, source-controlled
ranks show a positive pooled tendency (p = 0.780; one-
sided stratified permutation p ~ 5.0 x 107°), but the
2.5-97.5 material-cluster resampling percentile range is
broad, [—0.141,0.987]. With only three material clus-
ters, this range is a stability diagnostic rather than a
calibrated confidence interval. Figure 1 therefore reports
the source-separated data rather than a universal pooled
fit. Pointwise counterexamples exist, and RC-MIFT does
not posit a deterministic law e = f(k).

A. Breadth, reconstruction, and red-team retention

The direct-response corpus was deliberately assembled
from heterogeneous published settings rather than a sin-
gle convenient family. It includes three-dimensional and
two-dimensional elastic datasets, multiple functionals,
molecular and inorganic crystals, and a raw-response
reconstruction test from ABINIT tutorial data. For the
latter, the archived K, C, and rigid-ion A blocks recon-
struct the independently printed relaxed tensor through
D =A—- CTK+C/V with a maximum absolute residual
of 6.73 x 107% GPa after projecting the translational null
space. Because the tutorial uses a deliberately modest
cutoff, this record is treated as a methodological closure
test, not as production materials evidence.

The audit also retains failures. One BaTiO3 Hartree—
Fock record has nonpositive relaxed stiffness; three other
published pairs yield a slightly indefinite S = A — D at
printed precision and remain quarantined rather than
repaired post hoc. Likewise, an early apparent TaS, value
K ~ 829 was traced to acoustic residuals at I" and removed
by explicit translational projection, while an apparent
98.45% ge2screen spectral error was traced to a source-
unit mismatch. Both corrections remain documented in
the archive. This policy matters because near criticality
small denominators make exactly these failure modes look
artificially compelling.

V. NEAR-CRITICAL STABLE ANCHOR AND
STABILITY CROSSING

Meta-nitroaniline (mNA) supplies a particularly trans-
parent stable-side anchor. The elastic table of Wang et al.
reports, for the same Cgg shear direction, a clamped-ion
value A = 157.735 GPa, a relaxed-ion value D = 3.212
GPa, and an external comparison value 4.26 GPa [7].
That table attributes the comparison entry to Avanci et
al., whose experiment used synchrotron x-ray multiple
diffraction [8]; it is not the ultrasonic value of Bain et al.
Hence

A—-D

p=p— =48108,  $=0979637,  (16)

so only 2.036% of the clamped stiffness survives while D
remains positive. The relaxed-DFPT difference relative
to the externally listed comparison value is 24.60%. For
a 5% frequency target, Eq. (12) gives an equal-budget
radius d50, = 5.04 x 10~%. This is a near-critical stable
anchor, not a claim that the tabulated comparison is a
same-condition test or that its discrepancy equals the
theorem’s worst-case bound.

Published 1H-TaS, data provide the complementary
side of the boundary [5, 6]. For a 3x3 CDW distortion,
the paired cDFPT and DFPT interatomic-force-constant
matrices yield a partially screened curvature Apartial =
+0.679136 eV/ a? and a fully screened curvature Dy, =
—0.087241 eV /a?. Therefore

Sactive = 0.766377 eV /a?, Gactive = 1.12846 > 1.

(17)
The positive-D theorem no longer applies; instead, the
result is direct same-source evidence that the added active-
subspace screening crosses the stability boundary. A local
curvature fitted independently from the published DFT
energy curve differs from the IFC curvature by only 3.7%
in the smallest retained amplitude window. Figure 3
places mNA and TaSs on opposite sides of ¢ = 1.

VI. A STABLE PATH TO THE CRITICAL
BOUNDARY

The public qe2screen model distributed with Berges
et al. provides a controlled sequence in which the same
scalar Peierls phonon at fixed ¢ = 2kp = 27/3 is fol-
lowed through 12 stable electronic temperatures [3, 4].
The screened stiffness decreases from 2.071 x 1073 to
1.962 x 1075 eV?, while x grows from 0.811 to 1910.7. For
the mixed bare-screened-vertex approximation I1%°, the
independently evaluated spectral-peak error relative to di-
rect RPA increases from 0.17% to 41.8%, with Spearman
p =1 and Kendall 7 = 1. Removing the closest-to-critical
point leaves p = 1.

The same sequence also supplies a built-in falsification
control. The two-screened-vertex approximation I1% re-
mains below 0.82%, saturates in the four closest states,
and decreases slightly at the most critical point. Thus
even extreme x does not dictate a unique error magnitude
or exponent. Figure 4 shows this contrast. A Theil-
Sen fit of the mixed-vertex relation e oc (w2, )P gives
p = —0.710832; 10,000 seeded row-resampling replicates
give a 2.5-97.5% percentile range [—1.242430, —0.513667].
This range is a finite-sample stability diagnostic, and the
model-internal scaling is not an empirical verification of
Eq. (13) for the admissible uncertainty radius.

VII. NUMERICAL PRECISION NEAR

SCREENED SOFTENING

The physical conditioning quantified by « is only one
source of fragility. The numerical extraction of a small
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FIG. 1. Stable matched mode-resolved cases extracted from published cDFPT/DFPT data. Error definitions are source-specific
and are not pooled in raw units. CsV3Sbs exhibits a strong within-protocol ordering, whereas benzene and graphene show
weaker and nonmonotone behavior. This protocol dependence is consistent with Eq. (10), in which « sets amplification capacity

but realized error also depends on the block-error structure.

curvature from finite-energy or finite-force data becomes

separately ill conditioned as the mode softens. For a

pth-order energy-based second derivative, write the total
curvature error schematically as

TE

Ecurv(h) < ah? 4+ bﬁ’

where the first term is truncation error and 7g is the

energy noise floor. Provided this two-term asymptotic

(18)

error model is valid over the optimizing step range and the
prefactors a and b are finite and nonzero, optimizing the
step gives Fyin < Tg/(p+2). If, in addition, D = cw? with
finite nonzero ¢ and one demands an absolute curvature
error proportional to D, then

E = O(w*T/7) | (19)
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FIG. 2. Stable-side evidence spans more than five decades
in screening leverage, from weakly screened elastic records to
the mNA near-critical material anchor and the closest stable
point of the published Peierls model. The plotted points have
different evidential roles and are not treated as one regression
dataset.
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FIG. 3. Published evidence on opposite sides of the screening
stability boundary. mNA remains stable with ¢ = 0.979637,
whereas the TaSs CDW direction has ¢active = 1.12846 and
D <0.

Thus a standard second-order energy curvature requires
7 = O(w?), while a fourth-order construction requires
O(w?). For force differences, under the analogous valid
two-term model with finite nonzero prefactors, the noise
term scales as 7 /h and the corresponding requirement is

TP = O(w2+2/p) , (20)

so a second-order force difference requires 7 = O(w?).
The archived theory suite verifies the predicted exponents
to numerical precision. These relations are distinct from
Eq. (13): Eq. (13) is a physical block-error tolerance
induced by screening, whereas Eqs. (19) and (20) specify
how the numerical noise floor must tighten merely to
resolve the shrinking stiffness. Near a soft-mode boundary
the two constraints act simultaneously.

This distinction also motivates the black-box protocol
of Eq. (14). Richardson cancellation improves the trunca-
tion order without changing the underlying self-consistent

method, and a measured convergence order provides a
falsifier for the assumed finite-difference regime. Like-
wise, the archived solver-residual certificate bounds the
response error of an inexact hidden-variable solve in its
natural energy metric rather than demanding an arbitrary
absolute residual. Together these checks separate physi-
cal conditioning, discretization error, and iterative-solver
error instead of folding them into a single unexplained
discrepancy.

VIII. SCOPE, FALSIFIERS, AND

IMPLICATIONS

The evidence establishes three distinct statements and
leaves two important tests open. First, the three-block
robustness condition and Ry,.x are exact and sharp for
the declared norm-bounded perturbation model. Second,
published materials span weak to near-critical screening
leverage, and same-source TaSs data show a screening-
driven crossing of the stability boundary. Third, matched
c¢DFPT/DFPT and model data show that realized errors
can grow strongly with screening within fixed protocols,
but can also remain small when the block-error structure
is favorable.

What is not established is equally explicit. The archive
does not contain a real-material multi-point near-critical
sequence with an independent error at every state, and it
does not reconstruct ¢, a, and ¢ independently in a real
material, so a direct material test of Eq. (10) remains
open. These are falsifiable next-step targets rather than
hidden assumptions.

A practical consequence follows already. Near screening-
driven softening, the accuracy budget required of the
underlying blocks can become far tighter than static-
energy benchmarks suggest. Moreover, numerical dif-
ferentiation itself becomes more demanding: for a pth-
order energy-based second derivative, keeping absolute
curvature error proportional to D « w? requires energy
noise 75 = O(w?t*/?); for a pth-order force difference,
7 = O(w?*2/P). Response certification near soft modes
therefore requires both a physically conditioned error
budget and a commensurate numerical precision budget.

IX. CONCLUSION

RC-MIFT turns relaxation-induced screening into a
quantitative robustness coordinate. The same general-
ized eigenvalue x that measures removed versus surviving
stiffness controls a sharp structured error amplification,
yields an exact stability radius, and predicts a quadratic
collapse of admissible block error under screening-driven
softening. The framework is auditable from black-box
energies, includes explicit no-go rules against overclaiming
finite-source or state-transfer success, and is supported by
published data spanning weak screening, a near-critical
stable material anchor, a model sequence approaching
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TABLE I. Evidence hierarchy and present claim status. “Sharp” refers to the declared norm-bounded perturbation model, not

to an empirical universal error law.

Result Status

Evidence and boundary

Three-block stability and Rmax proved sharp

Black-box projected response proved exact

Published stable screening range supported

Near-critical stable material an- supported, Level C

chor

Screening-driven instability

crossing dence

Universal e = f(k) or real- not supported / open

material w? law

supported boundary evi-

Exact derivation; aligned perturbations saturate the bound-
ary; 20,000 random audits with zero violations.

—V2G(0) = FTK~'F at a stable nondegenerate minimum;
finite-source success is explicitly not promoted to a global
certificate.

42 wvalid direct-response records from 10 sources; Kk =
0.002664-48.108 after red-team exclusions.

mNA Cge has k = 48.108 and D > 0; the 4.26 GPa com-
parison value is reproduced by Wang et al. and attributed
there to the synchrotron-x-ray study of Avanci et al., not
to an ultrasonic benchmark.

Same-source TaSe CDW IFCs give ¢active = 1.12846 and
D < 05 excluded from positive-D & statistics.

Protocol dependence and pointwise counterexamples re-
main; no qualifying open real-material multi-point near-
critical sequence was found.

and acceptance criteria and verified outputs using explicit
derivations, generalized-eigenvalue checks, deterministic
regression tests, bounded-perturbation tests, independent-
data cross-checks, and reproducible simulations. The
authors take full responsibility for the content.

DATA AND SOFTWARE AVAILABILITY

The accompanying reproducibility package contains
the author-generated code and derived numerical tables

selected for the reported results. Third-party raw files are
not redistributed; canonical sources, filenames, versions,
and available checksums are recorded in the external-data
manifest. The published source records used here include
Materials Cloud [4] and Zenodo [6]; additional source
identifiers are listed in the Supplemental Material.
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