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Abstract

The Standard Model requires nineteen experimentally determined parameters that it does not explain. We

investigate, in an exploratory and explicitly falsifiable spirit, whether these dimensionless parameters can

be expressed as topological invariants of a conjectural compact seven-dimensional G2-holonomy manifold

K7 with Betti numbers (b2, b3) = (21, 77), coupled to an E8 ×E8 structure, with no continuously adjustable

physical parameter. We do not exhibit this manifold: its topological and lattice data are certified, while

the full smooth analytic compact construction remains open, and every claim below is conditional on

this clearly delimited hypothesis. The framework’s load-bearing claim is a parameter-free core of exact

rational relations among topological integers: for instance sin2 θW = b2/(b3 + dim G2) = 3/13, the Koide

relation Q = dim(G2)/b2 = 2/3, ms/md = 20, and ΩDM/Ωb = 43/8, which cannot be tuned and are

individually correct or wrong; all are machine-checked in Lean 4 (zero sorry). The geometric substrate is

independently anchored by an interval-rigorous, machine-checked bound on the Calabi–Yau residual of an

explicit closed-form metric on the K3 fibre (a variance Var(log R) ≤ 1.32 × 10−4, certified box-locally over

the surface, not merely at sample points). Against a deliberately generous null model that draws random

algebraic formulas from the same constants, no set among three million random formula sets reproduces

the framework’s joint precision profile, indicating strong over-determination rather than curve-fitting. The

decisive falsifier is the leptonic CP phase δCP = 7 × 14 + 99 = 197◦, compatible with the spread of recent

global fits (which have ranged over 177◦–212◦ between releases) though no longer at the central value

of the latest, and to be tested definitively by DUNE; a fourth fermion generation, or a measured δCP

outside [182◦, 212◦] at 3σ, would falsify the framework. We claim no correctness: only a sharp, testable

correspondence, and we are explicit about where geometric derivation ends and empirical correspondence

begins.

Keywords: G2 holonomy · exceptional Lie algebras · Standard Model parameters · falsifiability ·

formal verification · foundations of physics · structural realism
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Epistemic status at a glance

Component Status

Parameter-free core (33 exact algebraic relations) Machine-checked in Lean 4 (algebraic

identities)

K7 Betti/lattice data, (b2, b3) = (21, 77) Topological/lattice route certified

(Joyce–Karigiannis Z3
2); full smooth

compact analytic construction open

Closed-form K3-fibre CY residual Interval-rigorous, machine-checked bound

(box-local)

Physical interpretation of ratios as SM parameters Conjectural / falsifiable

Dynamical mechanisms (gauge running, mass hierarchy) Exploratory, not part of the parameter-free

core

1. Introduction

1.1 The parameter problem

The Standard Model describes the electroweak and strong interactions with extraordinary precision, yet its

minimal form contains nineteen measured inputs, three gauge couplings, the Yukawa couplings spanning

five orders of magnitude, the CKM mixing data, and the Higgs sector, fixed only by measurement, with no

accepted theoretical origin [1]; the neutrino sector (PMNS mixing, including δCP , and the mass splittings)

adds several more. We refer to the nineteen below as a convenient anchor, not a closed count. Several

long-standing puzzles sharpen the question of whether a deeper structure underlies these numbers: the

absence of any mechanism fixing the number of generations or the mass hierarchy [5], and the Koide

relation Q = (me + mµ + mτ )2/
[

(
√

me +
√

mµ +
√

mτ )2 · 3
2

]

≈ 2/3, empirically stable for four decades

without explanation [6].

This paper asks a deliberately narrow question. Suppose the dimensionless parameters are not free but are

topological invariants of a compact internal geometry; what geometry would be required, what relations

would follow, and are they borne out? We do not argue that nature realizes this geometry. We argue

that a specific, rigid choice: a compact G2-holonomy seven-manifold K7 with (b2, b3) = (21, 77) and an

E8 × E8 structure, produces a set of exact, unfittable relations whose joint agreement with experiment is

statistically difficult to attribute to chance, and which make sharp, near-term-testable predictions.

1.2 What this paper claims, and at which register

We call the framework set out here Geometric Information Field Theory (GIFT). It is useful to separate

three registers, because the support it offers is uneven across them.

Predictive register. The framework specifies a finite list of topological inputs and derives from them a

parameter-free core of exact rational relations among integers (§3). These are the only claims on which
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the paper stakes itself: each is individually falsifiable, none can be tuned, and they are machine-checked

as algebraic identities (§3.4). The decisive empirical test is the neutrino CP phase (§3.3, §7).

Architectural register. The choice of a G2-holonomy seven-manifold with E8 ×E8 structure is motivated

but not forced: G2 is the unique compact exceptional holonomy admitting the stabilizer chain G2 ⊃
SU(3) ⊃ SU(2) ⊃ U(1), and the topological constraints fix (b2, b3) = (21, 77) and Ngen = 3 (§2). We argue

this architecture is natural; we do not argue it is necessary.

Ontological register. Whether geometry, information, and energy are three views of a single configura-

tion: a reading resonant with Wheeler’s “it from bit” programme [35], is compatible with the framework

and historically motivated it, but is neither required nor demonstrated by any prediction. In the terms

of Worrall [36] and Ladyman–Ross [37], the framework is best read as a moderate structural-realist ori-

entation: structure carries predictive weight independently of any further ontological commitment. The

framework’s fate is decided by experiment in the predictive register, not by adjudication in the ontological

one. This is orientation, not ontology: we map predictive structure and remain agnostic about what, if

anything, it is structure of.

1.3 Structure of the argument

Section 2 fixes the geometric architecture (E8×E8, K7, the G2 three-form, and the topological constraints).

Section 3 presents the parameter-free core: the exact algebraic relations, the leptonic-CP falsifier, and the

scope of formal verification, which is where the paper makes its only positive claims. Section 4 states

the rigorous mathematical anchors that make the geometric substrate more than a postulate: an interval-

rigorous, machine-checked bound on the Calabi–Yau residual of an explicit closed-form K3-fibre metric,

and the certified topological/lattice realization of (21, 77). Section 5 quantifies over-determination against

an algebraic null model. Section 6 presents, as explicitly exploratory and outside the parameter-free core,

the dynamical mechanisms (gauge-coupling running and the lepton-mass hierarchy). Section 7 collects the

falsifiable predictions, discusses limitations, and concludes.

2. Geometric architecture

2.1 From octonions to G2

The octonions O are the largest normed division algebra; the division-algebra sequence R,C,H,O termi-

nates at dimension eight. Their automorphism group G2 = Aut(O) is the compact fourteen-dimensional

exceptional Lie group and acts irreducibly on the imaginary octonions Im(O) = R7. A seven-manifold of

G2 holonomy is, in this sense, the natural Riemannian home for octonionic structure, just as a Kähler

manifold is the natural home for C. Concretely, G2 is the stabilizer in GL(7,R) of the standard three-form

φ0 = e012 + e034 + e056 + e135 − e146 − e236 − e245,

in which only seven of the
(7

3

)

= 35 triples carry a nonzero (±1) coefficient, and its Lie algebra is the kernel of
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Lφ0
: gl(7) → ∧3(R7)∗, X 7→ LXφ0, giving dim(g2) = 49−rank(Lφ0

) = 49−35 = 14. The seven coefficients

and the dimension count are machine-checked in Lean 4 (G2ThreeForm.lean, by native_decide).

2.2 E8 × E8 and the compactification

E8 is the largest exceptional simple Lie algebra (dimension 248, rank 8), and E8×E8 (dimension 496) is one

of the two anomaly-free gauge structures of the heterotic string [16]. The framework adopts an E8 × E8-

motivated exceptional gauge architecture over AdS4 ×K7, with the first E8 containing the Standard Model

gauge group through the chain

E8 → E6 × SU(3) → SO(10) × U(1) → SU(5) → SU(3) × SU(2) × U(1),

and the second E8 a decoupled hidden sector. We stress that E8 × E8 enters here as a gauge structure, not

as a representational container into which fermions are embedded; this distinction is exactly what evades

the Distler–Garibaldi obstruction [26] (§7.3).

2.3 K7 and its topology

K7 is a compact, simply connected seven-manifold of G2 holonomy, hence Ricci-flat, with b1 = 0 and

N = 1 supersymmetry in four dimensions [11], with Betti numbers (b2, b3) = (21, 77). Two topological

consequences are load-bearing.

• Generation number. The chiral-index constraint (rank(E8)+Ngen) b2 = Ngen b3, i.e. (8+Ngen)·21 =

Ngen · 77, has the unique solution Ngen = 3.

• Field-content bounds. b2 = 21 and b3 = 77 bound the gauge- and matter-sector multiplicities. The

non-abelian Standard Model gauge group arises from the algebraic/spectral structure (g2 ⊂ so(7),

and the so(8) = g2 ⊕ L ⊕ R triality), not from ADE singularities, consistent with a smooth metric at

a generic point of G2 moduli space.

The pair (21, 77) does not appear among the catalogued compact G2 manifolds (Joyce orbifolds and the

twisted-connected-sum database of Corti–Haskins–Nordström–Pacini [19]); orthogonal TCS is excluded

by parity, since b2 + b3 = 98 is even. It is, however, realized at the topological/lattice level by a Joyce–

Karigiannis Z3
2 orbifold construction [27]. The certified status of that realization, and a rigorous residual

bound on the associated K3-fibre metric, are the subject of §4. Figure 1 summarizes the chain and the

topological identities it fixes.
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Figure 1. The G2 stabilizer chain G2 ⊃ SU(3) ⊃ SU(2) ⊃ U(1) (G2 is the unique compact exceptional

holonomy admitting it) and the Standard-Model sector each step supplies (left), alongside the load-bearing

topological identities that the Betti data (b2, b3) = (21, 77) fix along the chain (right): Ngen = b2/ dim K7 =

3, sin2 θW = b2/(b3 +dim G2) = 3/13, QKoide = dim G2/b2 = 2/3, and δCP = dim K7 ·dim G2 +H∗ = 197◦.

2.4 The determinant normalization

The metric determinant det(g) = 65/32 plays two distinct roles, and neither is a prediction. As the

overall scale of the numerical K7 metric it is a free normalization: a Ricci-flat metric carries a free overall

volume, and the entire dimensionless spectrum is invariant under it. Rescaling the metric to det(g) = 2

leaves every spectral ratio unchanged and shifts absolute eigenvalues uniformly by 0.22%, as we verify

directly. As an algebraic value it enters six closed-form relations of §3; there the load-bearing element is

the denominator detden = 32 = 25, a structural integer appearing in four of the six, while the numerator

65 is used by only two and is the single component of the normalization not fixed by topology. We are

explicit that the value 65/32 is imposed, not derived: it is algebraically suggestive, 65 = Weyl × αsum and

32 = b2 + dim(G2) − Ngen, so that det(g) = 2 + 1/32, and is fixed as the numerical metric’s normalization,

but no dimensionless spectral prediction depends on it.

2.5 The topological coupling λT

A second structural constant, λT := b3 −dim(G2)−p2 = 77−14−2 = 61, enters four closed-form relations

of §3. We fix its name and status here to forestall a natural objection. It is a topological coupling: a

fixed integer combination of the third Betti number, the dimension of the holonomy group, and the second

Pontryagin number, and not the intrinsic torsion of the G2 structure: the Fernández–Gray torsion classes
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W1 ⊕ W7 ⊕ W14 ⊕ W27 of K7 have total dimension 1 + 7 + 14 + 27 = 49, a distinct invariant. (Its reciprocal

κT = 1/λT = 1/61 is the torsion capacity used in the supplements; earlier internal notation that called it

a “torsion coefficient” is dropped accordingly.)

What protects the value 61 from the charge of being tuned to one observable is over-determination by

two independent witnesses. The cosmological ratios Yp = (1 + dim G2)/λT = 15/61 and Ωm/ΩΛ =

(1 + dim J3(O))/λT = 28/61 carry fixed topological numerators and no adjustable content beyond the

integer itself, yet the measured primordial-helium fraction and matter-to-dark-energy ratio independently

select λT = 15/Yp ≈ 61.2 and 28/(Ωm/ΩΛ) ≈ 60.7. They pin the value to 61 within one unit with no

reference to any lepton mass; the structural form of mτ /me of §3.4 is then a consequence of the same

integer, not its motivation. The fine-structure relation α−1 = 137 + (65/32)/λT also contains λT , but only

as a small additive correction to 137 (a unit change in λT moves α−1 only in its fifth decimal) so we treat

it as a consumer of the value fixed by the cosmological ratios, not as an independent selector of it.

3. The parameter-free core

This section contains the only claims on which the paper stakes itself. Each is a relation among topological

integers (and a small set of standard transcendentals); none contains a continuously adjustable physical

parameter; each is individually falsifiable. We present the exact relations, the decisive empirical falsifier,

and the precise scope of the formal verification.

Here “parameter-free” is meant precisely: every relation below is fixed by topological integers, with the

single shared normalization det(g) = 65/32 of §2.4 entering only six of them, and the calibrated dynamical

mechanisms of §6 explicitly excluded. In particular, the ≈ 667 coefficients of the explicit metric approxi-

mation (§4.1) enter only the residual-bound certificate; no prediction formula in this section depends on

them.

3.1 Exact relations among topological integers

The relations below are unfittable: they equate a measured dimensionless quantity to a ratio of fixed

integers (or a fixed closed form), so each is simply correct or wrong to within experimental precision. The

integers are the structural constants of K7 and the exceptional algebras, b2 = 21, b3 = 77, dim(G2) = 14,

dim(K7) = 7, dim(E8) = 248, rank(E8) = 8, H∗ = b2 +b3 +1 = 99, p2 = dim(G2)/ dim(K7) = 2, Weyl = 5,

λT = 61 (§2.5), together with π,
√

2, ln 2, and the Riemann ζ values.

Relation GIFT Experiment (2024–2025) Deviation

sin2 θW = b2/(b3 +

dim G2) = 3/13

0.230769 0.23122 (PDG 2024) 0.20%

QKoide =

dim(G2)/b2 = 2/3

0.666667 0.666664 (PDG 2024) 0.0005%

Ngen =

b2/ dim(K7) = 3

3 3 (observed) 0%
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Relation GIFT Experiment (2024–2025) Deviation

ms/md =

p2
2 · Weyl = 20

20 20.0 ± 1.0 (PDG/FLAG) 0.0%

ΩDM/Ωb =

(1 + 2b2)/rank(E8) =

43/8

5.375 5.364 (Planck 2018) 0.2%

αs(MZ) =√
2/(dim G2 − p2) =√
2/12

0.11785 0.1180 ± 0.0009 (PDG) 0.13%

The Koide relation [6], empirically stable for four decades and without an accepted derivation, here reduces

to a two-integer identity Q = dim(G2)/b2 = 14/21 = 2/3, with no fitting. The Weinberg angle is a ratio of

the gauge-counting Betti number to the matter-plus-holonomy count. The dark-to-baryonic ratio 43/8 and

the strange-to-down ratio 20 are exact rationals: a future lattice determination of ms/md to ±0.5, or a sub-

percent measurement of ΩDM/Ωb, tests them directly. A handful of further ratios (e.g. mb/mt = b0/2b2 =

1/42, the boson-mass ratios mH/mW = 81/52 and mW /mZ = 37/42, and several PMNS/CKM entries)

belong to the same class but carry scheme- or convention-dependent comparisons; they are tabulated in

the supplement.

The full set of 33 core relations is listed in the supplement; six representative ones are shown above.

Experimental references are PDG 2024 [1], the FLAG lattice averages, and Planck 2018 [3]; the mass-ratio

and coupling rows are compared at standard scheme and scale (αs in MS at MZ , quark-mass ratios as

scale-invariant ratios of MS running masses, mτ /me from pole masses), as detailed there.

3.2 The leptonic-CP falsifier

The single sharpest prediction is the leptonic CP-violating phase,

δCP = dim(K7) · dim(G2) + H∗ = 7 × 14 + 99 = 197◦,

a pure topological integer with no corrections, decomposing into a local fibre–holonomy term (98) and a

global cohomological term (H∗ = 99). The experimental central value has been notably unstable across

global oscillation fits, 197◦ (NuFIT 5.2, 2022), 177◦ ± 20◦ (NuFIT 6.0, 2024), and, for normal ordering,

207◦ (without SK) / 212◦ (with SK) in NuFIT 6.1 (2025) [32], so the GIFT value 197◦ remains within the

current 1σ interval, although the central value has moved away from it (the long-baseline inputs include

the joint T2K–NOvA analysis [34]). We therefore treat δCP not as a present discriminator but as the

decisive near-term falsifier: DUNE (2028–2040) is expected to resolve it to between a few degrees and

∼15◦ [33]. Falsification criterion: the sharp prediction is the single value δCP = 197◦; the interval

[182◦, 212◦] is not a theoretical uncertainty band but a near-term operational window set by the expected

∼15◦ experimental resolution. A measured δCP outside this window at 3σ would place the framework in

serious tension, and once next-generation precision reaches a few degrees, exclusion of 197◦ itself falsifies

it. Figure 2 places the prediction against the recent global-fit history and the DUNE timeline.



A Falsifiable Topological Correspondence 8

Figure 2. The sharp prediction δCP = 7 × 14 + 99 = 197◦ against the central values (with 1σ bands) of

successive NuFIT global fits, 197◦ (5.2, 2022), 177◦ (6.0, 2024), and 207◦/212◦ (6.1, 2025, without/with

Super-Kamiokande): the near-term operational window [182◦, 212◦], and the expected DUNE resolution.

197◦ was the central value in 2022, drifted, and remains within the current spread; it is to be settled by

DUNE (2028–2040), not by today’s fits.

A second clean falsifier requires no flexibility at all: Ngen = 3 (§2.3); a fourth chiral generation falsifies the

framework immediately.

3.3 Scope of formal verification

The exact relations of §3.1 are machine-checked in Lean 4 [30,31] as algebraic identities: for example

theorem weinberg_relation : b2 * 13 = 3 * (b3 + dim_G2) := by native_decide

theorem koide_relation : dim_G2 * 3 = b2 * 2 := by native_decide

The formalization rests on four substantive axioms on the prediction chain: one literature bundle

(Crowley–Goette–Nordström 2024 [13] and Joyce 2000 [17]), the standard Cheeger inequality, and two

geometric Rayleigh/Cheeger bounds on the TCS neck. A separate K3-block module contributes eleven

further declarations (five opaque real constants, five externally re-derivable interval-arithmetic brackets of

width ≲ 10−12, and one meta-level placeholder) that do not enter any gauge, mass, or coupling predic-

tion. The repository declares fifteen axioms in total, with zero sorry across 143 files, and the full build

completes with zero errors; the master certificate bundles roughly 140 leaf conjuncts across its three pillars

(Foundations, Predictions, Spectral).

We are precise about what this establishes. The proofs certify the algebraic content: given the topological

integers, the numerical relations hold exactly. They do not establish the existence of K7, the physical
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interpretation of the ratios as Standard Model parameters, or the uniqueness of the formula assignments.

Formal verification here removes arithmetic and bookkeeping error from a large, cross-coupled set of claims;

it is a guarantee of internal consistency, not of physical truth.

3.4 A weaker prediction, flagged

Two frequently cited relations are individually accurate but each invokes an element beyond the topological-

integer vocabulary, and we therefore hold them to a weaker standard than the integer identities of §3.1 and

exclude them from the unfittable core. (i) mµ/me = 27φ = dim(J3(O))φ ≈ 207.0 (experiment 206.768)

uses the golden ratio φ = (1 +
√

5)/2, which arises through the McKay correspondence E8 ↔ binary

icosahedral group but requires this additional step. (ii) ns = ζ(11)/ζ(5) ≈ 0.96486 (experiment 0.9649)

invokes the Riemann ζ-function, which lies outside the integer grammar and is not machine-checked. Each

agrees with experiment, but each rests on a non-structural ingredient, so neither is counted among the

unfittable integer relations. (A third relation often quoted in an inelegant base-ten form, mτ /me = 3477,

in fact admits the purely structural expression (b3 − b2)(λT + 1) + Weyl in the topological coupling λT of

§2.5 (itself fixed independently by the cosmological ratios) machine-checked in Lean, and remains in the

core; it is simply not among the representative relations of §3.1.)

4. Rigorous mathematical anchors

The relations of §3 presuppose a geometric substrate: a compact G2 manifold K7 with (b2, b3) = (21, 77).

A reader is entitled to ask whether that substrate is more than a convenient postulate. It is. Two parts

of the construction are anchored by machine-checked mathematics that is logically independent of any

physical claim: a certified residual bound on an explicit K3-fibre metric, and a certified topological/lattice

realization of (21, 77). We state them, and we state plainly what remains open.

4.1 A certified bound on the Calabi–Yau residual

The Ricci-flat Kähler (Calabi–Yau) metric on the Z3
2-equivariant K3 fibre admits an explicit, finitely

parametrised closed-form approximation (order three, 667 parameters). Its quality is controlled by a

machine-checked theorem on the variance of the log-ratio R between the approximate and exact volume

forms:

Var(log R) ≤ ε′

3 =
1321

107
≈ 1.321 × 10−4 < 10−3 (safety factor × 7.57),

and, in the strengthened box-local form, this bound holds uniformly over 4000 open boxes of radius r = 10−8

covering a frozen, reproducible witness on the surface: not merely at sample points. The certificate is

assumption-free in a precise sense: the K3 points are Krawczyk–Rump-certified, the closed-form metric is

evaluated in forward interval arithmetic, and Lean itself recomputes the variance envelope from the raw

rational box enclosures (via a minimiser bound Var ≤ 1
N−1

∑

n max
(

(Llo
n − c)2, (Lhi

n − c)2
)

), rather than

ingesting a pre-computed numerical value. The strict containment of the Krawczyk operator, K(X) ⊊

int(X) (28 000 strict integer inequalities) and an independent rational-interval engine that reproduces all
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28 000 enclosure endpoints in exact agreement with the floating interval library together narrow the trust

boundary to the soundness of the interval evaluation alone. The whole chain is formalized in Lean 4

(K3ClosedFormWitness, K3ClosedFormBoxEnclosures, K3KrawczykContainment; native_decide; zero

sorry; no axiom added on this sub-chain) and distributed in the public core package [A, D]; it is the

subject of a dedicated companion paper currently under review.

Honest scope. The bound holds over the box-local neighbourhood of the frozen witness. Promoting it to

a bound over the entire K3 surface is an open constraint-aware global-positivity (Positivstellensatz/SOS)

problem.

Figure 3 shows the box cover and the safety margin of the certified bound.

Figure 3. The certified Calabi–Yau residual bound on the K3 fibre, box-local over 4000 Krawczyk boxes

of radius 10−8. (a) Coverage: each box placed by its interval-midpoint det(g) and J ∧ J ∧ H values,

coloured by relative interval width: the certificate spans the surface, not a handful of sample points. (b)

Margin: sorted per-box relative widths against the 10−3 admissibility threshold; the production envelope

ε = 1.33 × 10−4 clears it with a > 7× safety factor, and the Lean-recomputed variance envelope of the

theorem above tightens this to ε′

3 = 1321/107 (safety ×7.57).

4.2 The topological realization of (21, 77)

The pair (21, 77) is realized at the topological/lattice level by a Joyce–Karigiannis Z3
2 orbifold construction

[27]. A computer-assisted audit closes the Betti count exactly: a V4 symplectic screen, an anti-symplectic

obstruction check, an existence proof for the required K3 lattice via Mukai [28] and Garbagnati–Sarti [29],

and the Betti formula b2 = 0 + 21, b3 = 22 + 55. This is Lean-formalized. The route extends the catalogue

of known compact G2 manifolds rather than fitting into it: the nearest twisted-connected-sum neighbour

[19] lies at distance 7.6 in (b2, b3), and orthogonal TCS is excluded by parity (§2.3).

4.3 What remains open

We claim neither more nor less than the above. An explicit polynomial coordinate model for the Z3
2-

equivariant K3, the Joyce–Karigiannis 2017 analytic gluing certificate, and therefore the complete smooth
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analytic compact G2 construction (holonomy exactly G2 over the whole manifold) remain open. The

framework’s geometric substrate is thus anchored at two levels: the topological/lattice realization of (21, 77)

and a certified residual bound on the explicit K3-fibre metric, both machine-checked; the full analytic

existence proof is a stated open problem, not an asserted result. This is the credibility the physical

correspondence of §3 rests on, and the boundary past which it does not reach.

5. Statistical over-determination

The natural objection to any framework that matches many numbers is selection: with enough formulas,

some will fit. We address it on four fronts, all computed on the exact core of §3: a deliberately generous

algebraic null model with its constant set declared in full (§5.1); a search-grammar ranking that locates

each relation among all admissible formulas (§5.2); the observation that the framework does not minimize

deviation but leaves accuracy on the table (§5.3); and structural over-determination diagnostics (§5.4).

5.1 An algebraic null model

The null draws candidate formulas from the same twenty structural constants the framework uses, nineteen

integers (b2 = 21, b3 = 77, dim K7 = 7, dim G2 = 14, p2 = 2, dim E8 = 248, rank E8 = 8, dim E6 = 78,

dim F4 = 52, fund. E7 = 56, dim J3(O) = 27, Ngen = 3, Weyl = 5, Dbulk = 11, H∗ = 99, |PSL(2, 7)| = 168,

λT = b3 − dim(G2) − p2 = 61 (§2.5), and the two determinant integers 65 and 32) together with the golden

ratio φ. Declaring the set in full matters: an undisclosed constant is an undisclosed degree of freedom.

Over these, with five binary operations (addition, subtraction, multiplication, division, exponentiation)

and five unary transforms (identity, inverse, square root, square, natural log), we generated 4 187 310

distinct formula values by exhaustive depth-1/2 enumeration (≈ 1.8M) plus ≈ 3M random expression

trees of depth 2–4. This null is far stronger than a uniform-deviation null precisely because it is built from

the framework’s own vocabulary.

The decisive figure is set-level and assumption-free: among 3 000 000 random formula sets, none reproduces

the framework’s joint profile (mean deviation, exact-match count, and within-1% count together): an

empirical upper bound of order 10−6 at this sampling, with no independence assumption. A per-observable

product over the exact relations gives the far smaller P ≈ 10−134, but because the relations are cross-

coupled (§5.4) this product is not a calibrated joint probability and we do not rely on it; we report it only

as an order-of-magnitude indicator of non-genericity. (A uniform-deviation null, which treats predictions

as arbitrary reals, gives a vastly smaller probability still; we regard it as far too generous and discard it.)

Figure 4 shows both the set-level result and the per-observable improbabilities.
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Figure 4. The algebraic null model (NuFIT 6.1 / PDG 2024 / Planck 2018, 33 core relations; 4 187 310

formula values; 3 000 000 random formula-sets). (a) Set-level and assumption-free: no random formula-set

among three million reproduces the framework’s joint profile: the best random set reaches at most one

exact match and three within 1%, against GIFT’s four and twenty-nine. (b) Per-observable log10 P that a

random formula matches GIFT’s deviation; their product ≈ 10−134 is an indicator of non-genericity, not a

calibrated joint probability, because the relations are cross-coupled (§5.4).

5.2 Where the relations sit in the admissible space

A sharper test fixes a declared formula grammar (an invariant set, a maximum tree depth, a maximum

integer coefficient, and a per-class complexity budget), enumerates every admissible formula for each

observable, and asks where the framework’s formula ranks. Scored by deviation alone, the GIFT formula

is the error-minimizer for the majority of the core relations and lies on the error–complexity Pareto frontier

for all of them. A robust subset (the Koide ratio, the generation count, and the fine-structure relation)

remains not merely error-optimal but composite-optimal (jointly lowest in deviation and complexity) even

when the grammar is widened to the full constant set and depth four, where tens of thousands of formulas

compete: the Koide relation, for instance, ranks first of 2 446 admissible formulas by both criteria. We

claim no more than this. Raw error-rank is not robust to grammar width (opening the grammar lets

accidental near-misses accumulate), so the load-bearing statement is Pareto-membership for the core and

composite-optimality of the robust subset, not a universal “rank one.”

5.3 The framework leaves accuracy on the table

This is the strongest single argument against post-hoc fitting, and it runs opposite to the usual suspicion.

A curve-fitter would adopt, for each observable, the closest formula its grammar admits. The framework

does not. Bound to a single fixed structural assignment, it forgoes available accuracy: in the declared

grammar a strictly more accurate admissible formula exists for, among others, the reactor angle θ13 (the

GIFT formula ranks tenth by deviation), the atmospheric angle θ23 (third), the muon-to-electron mass

ratio (second), the dark-energy fraction (third), and the Higgs self-coupling (seventh). Were the aim to

maximize agreement, switching to these error-minimizers would push the mean deviation well below 0.1%
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and invite a “theory-of-everything” claim; the framework declines, because it is selected for structural

coherence, not fitted for deviation. Accuracy foregone is the signature of a structure-first selection, not of

curve-fitting.

5.4 Over-determination, cross-coupling, and complexity

Three further diagnostics corroborate this. First, a singular-value decomposition of the 20 × 33 constant-

usage matrix gives an effective rank ≈ 15.5: the 33 relations rest on roughly fifteen effective constant-

combinations, about twice as many constraints as effective degrees of freedom: read qualitatively, the

signature of an over-determined rather than a fitted system. Second, the relations are not independent

silos: of the 528 observable pairs, 155 share a structural constant and all 33 lie in a single connected

component (the Weinberg angle and the Koide ratio both rest on (b2, dim G2); mb/mt and mµ/mτ both

on 2b2 = 42). Third, precision is not bought by complexity: a random-forest regression of |deviation|

on formula features (constants used, largest constant, depth, sector), under leave-one-out cross-validation

across the 33 relations, yields R2 < 0, complex formulas fit no better than simple ones. Finally, the

over-determination does not lean on the determinant value: det(g) is in part an overall metric scale (§2.4),

of the six relations that use it only two use its numerator, and excluding all six normalization-dependent

observables leaves these diagnostics unchanged.

6. Exploratory dynamical mechanisms

Beyond the parameter-free core, the framework includes dynamical mechanisms that link the topology to

running couplings and the mass hierarchy. We present them separately and label them clearly: unlike

§3, these involve calibrated quantities and are therefore not unfittable. They are offered as exploratory

evidence of geometric coherence: not as part of the paper’s load-bearing claims, and deliberately excluded

from the statistical case of §5.

6.1 Gauge-coupling running

The topological boundary values sin2 θW = 3/13 and αs =
√

2/12, evolved with the two-loop MSSM

renormalization-group equations, reproduce the measured couplings to a few percent (sin2 θW to 2.8%,

αs to 3.7% with split-spectrum threshold matching). Notably, the topological values themselves are more

accurate than their RGE-evolved counterparts, which suggests they may behave as infrared fixed points

rather than ultraviolet boundary conditions. A by-product (the “B-test” identity) expresses the unification-

scale α−1
em as 91

√
2 = dim(Λ2g2) ·

√
2 and yields the holonomy sequence α−1

1 : α−1
2 : α−1

3 = dim(G2) :

dim(K7) : p2 = 14 : 7 : 2. We record this as a structural observation, with its residual ∼0.5% discrepancy,

not as a precision claim.

6.2 The lepton mass hierarchy

Two complementary geometric mechanisms each reproduce the five-order lepton hierarchy to a few percent:

Wilson-line eigenvalue splitting on the K3 fibre (which fixes the relative structure) and associative 3-cycle
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volume differences (which fix the exponential scale). Combined through the geometric normalization

α = eK = V̂ −3 (the Kähler potential of K7, not a fit parameter), they reach sub-percent agreement:

mτ /me = 3485 (0.24%), mτ /mµ = 16.69 (0.75%), mµ/me = 208.8 (0.97%). We state plainly that the

Wilson-line coupling c = 0.452 and the cycle-to-generation assignment are calibrated; these results are

corroborative, not unfittable.

6.3 A remark on the supersymmetric spectrum

A 4D N = 1 supergravity reduction yields a G2-MSSM-type spectrum (gravitino ∼0.17 TeV, moduli ∼3

TeV) via hidden-sector gaugino condensation. We record this only as an internal consistency check: much

of the corresponding simplified-model parameter space is already constrained by collider searches, and

the spectrum is viable only in compressed or suppressed-coupling realizations. We do not present it as a

prediction.

7. Discussion, falsifiability, and conclusion

7.1 Falsifiable predictions

Test Prediction Window / timeline Status

DUNE δCP = 197◦ outside [182◦, 212◦] at 3σ falsifies;

2028–2040

critical

Any collider Ngen = 3 a fourth generation falsifies immediate

Lattice QCD ms/md = 20 target ±0.5 by ∼2030 strong

DUNE /

Hyper-K

θ23 in the upper octant octant resolution, 2030s live bet (§7.2)

FCC-ee sin2 θW = 3/13,

QKoide = 2/3

∼10−5 precision, 2040s definitive

7.2 The θ23 octant: a falsifiable bet

The framework predicts θ23 = arcsin((b3 − p2)/H∗) = arcsin(75/99) = 49.25◦, i.e. the upper octant

(sin2 θ23 ≈ 0.574). We present this as a falsifiable bet, not a settled success. The θ23 octant is one of the

genuinely unresolved questions in neutrino physics, and the global-fit best fit has itself crossed maximal

mixing between recent releases: the upper octant in NuFIT 6.0, and a lower-octant best fit near 43.3◦ in

NuFIT 6.1. GIFT commits to the upper octant; DUNE and Hyper-Kamiokande are expected to resolve

the octant decisively. We flag this as the framework’s most exposed near-term prediction and decline to

soften it.

7.3 Why GIFT evades the E8 no-go

Distler and Garibaldi proved that no single E8 contains a representation decomposing into the chiral

Standard Model fermion content [26]. GIFT is not subject to this no-go: E8 × E8 enters as a gauge
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structure, not as a container into which fermions are embedded. The Standard Model gauge group emerges

from a breaking chain (§2.2), the generation number from the topological index constraint (§2.3), and

chirality from the compactification. The relationship between E8 and the particle content is cohomological

(emergent from geometry), not representational (embedding into an algebra).

7.4 Limitations

We list the framework’s principal open points without minimizing them.

• The complete smooth analytic compact G2 construction is open (§4.3); what is certified is the topo-

logical/lattice realization of (21, 77) and the K3-fibre residual bound.

• The formula-selection principle is not derived from first principles. The observed relations are sta-

tistically non-generic within the declared grammar (§5), but a deductive rule fixing which relation

holds for which observable remains open.

• The dynamical mechanisms of §6 are calibrated, not parameter-free, and are excluded from the

statistical case.

• The δCP central value is experimentally unsettled, and the θ23 octant is a live bet (§7.2).

• The second (hidden) E8 is a candidate dark sector with no direct observable coupling; this is specu-

lative and carries no weight in the predictive register.

7.5 Conclusion

We have set out a framework in which the dimensionless parameters of the Standard Model appear as

topological invariants of a compact G2-holonomy manifold K7 with E8×E8 structure, with no continuously

adjustable physical parameter. Its load-bearing content is a parameter-free core of exact, machine-checked

relations among topological integers (§3), non-generic under a declared algebraic null (no random set

among three million reproduces its joint precision profile, §5), anchored by a certified residual bound on an

explicit K3-fibre metric and a certified topological realization of (21, 77) (§4), and falsifiable through δCP ,

Ngen, and the θ23 octant (§7). We do not claim the framework is correct: it may be a genuine geometric

insight, an effective approximation, or an elaborate coincidence, and only experiment can decide between

them. What we claim is narrower, and we hope more useful: that the correspondence is sharp, the inputs

explicit, the geometry anchored where we say it is anchored and open where we say it is open, and the

predictions testable within a decade. The ultimate arbiter is experiment.
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