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Abstract

This paper studies a reusable way to mechanize asynchronous message-passing
algorithms in Rocq, using the Echo algorithm as the first complete case study.
A network state consists of a total map of local process states and a bag of in-
flight packets. A labeled transition system represents nondeterministic message
delivery, and reachability supports proofs by inductive invariants. Echo is easy
to state locally: forward a token, adopt the sender of the first token as parent,
and return an echo after all expected replies arrive. Its global proof must nev-
ertheless cover every delivery order, including states with crossing tokens and
partly completed return waves. We prove a decision-time correctness theorem:
whenever the initiator has decided in a reachable state, every listed node has a
finite parent chain to the initiator, and every parent edge belongs to the commu-
nication graph. The proof separates structural and parent-chain invariants from
token/echo accounting. A central lemma shows that a decided initiator cannot
coexist with a token whose destination is still idle. A graph-depth certificate and
well-founded induction then carry this result across the network. The theorem
is conditional on decision and assumes no delivery fairness. The reusable part of
the development is deliberately small; algorithm states, handlers, and accounting
invariants remain Echo-specific. The artifact contains 142 declarations closed by
Qed and no admitted goals.

Keywords: Distributed algorithms, Formal verification, Rocq, Labeled transition
systems, Echo algorithm, Inductive invariants
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1 Introduction

Describing a distributed algorithm is often much easier than proving it correct. A
process reads one message, updates a small local state, and sends a finite set of
messages. An external scheduler chooses which message to deliver, so two runs of the
same program on the same graph can pass through different intermediate states. This
is one consequence of having no useful global clock in an asynchronous system [1, 2]. In
Rocq, the consequence is concrete: every invariant must survive every handler branch
for every packet that the scheduler may choose.

This paper examines a direct method for mechanizing algorithms in this setting.
Global configurations combine a total map of process states with a bag of in-flight
packets, while an LTS exposes each scheduler choice as a transition. Correctness is then
reduced to invariants over reachable configurations. We use Echo as the first complete
case study because its local handler is small but its proof still has to connect local
counters, in-flight messages, and a global completion claim. We use reusable method

in this limited sense; the current artifact is not a plug-in verification framework for
arbitrary distributed algorithms. Whether the same organization transfers to other
algorithms remains to be evaluated through additional case studies.

The Echo algorithm is a compact example of the underlying proof problem. An
initiator sends a token wave through a connected undirected graph. A node adopts the
sender of its first token as its parent, forwards tokens to its remaining neighbors, and
eventually returns an echo. The initiator decides after receiving all expected echoes.
The algorithm is well known [3, 4], but the usual informal proof leaves out states
that matter to a proof assistant. Tokens can cross on an edge, a node can receive a
second token after choosing a parent, and a token can remain in flight while echoes
are already travelling towards the root.

Echo has also served as a formal-verification example. Kindler et al. [5] present a
Petri-net-based verification method using the algorithm, while the TLA+ Examples
repository contains a PlusCal/TLA+ specification and a TLC model [6]. Our result
has a different scope: it is a proven Rocq theorem over an abstract node type and
any finite listed graph satisfying explicit hypotheses. It is not bounded to the graph
instances selected for model checking. We claim neither a new Echo algorithm nor a
proof of eventual termination.

Our main result is conditional. If the initiator is in the decided phase in a reachable
global state, then every listed node has a finite parent-pointer path to the initiator.
Parent pointers lie on graph edges, the initiator has no parent, and non-initiators
cannot decide. Since each node stores at most one parent, these properties yield a
rooted spanning structure over the listed nodes.

We build on the model introduced by Barskyi, Ilin, and Zozulia [7]. That chapter
proposed a common mathematical basis for simulation-based dynamic analysis and
formal static analysis of distributed computations. It defined global configurations in
terms of local process states and a communication store, but it contained neither a
Rocq development nor a correctness proof for a distributed algorithm. Here we carry
out that formal verification task. We retain its global state and message-delivery
semantics, while fixing choices that the chapter left open: handler steps are atomic,
the message bag is represented as a list, and reachability is defined explicitly.
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The paper makes the following contributions.

• We define a small reusable LTS layer for asynchronous algorithms in Rocq. It sep-
arates algorithm-specific states and handlers from generic reachability, traces, and
invariant induction, and it exposes scheduler nondeterminism without implementing
a scheduler.

• We instantiate this method with an executable Echo specification over an abstract
finite node type and give a parametric, kernel-checked proof of decision-time
spanning-tree correctness.

• We identify the proof structure needed by this case study: structural and causal
invariants are separated from token/echo accounting, then joined by a pending-
chain argument. The theorem takes a connectivity certificate as a parameter and
proves correctness upon decision without assuming eventual delivery.

Section 2 recalls the transition-system model and fixes the Echo semantics.
Section 3 describes the Rocq representation. Sections 4 and 5 state the correctness
criterion and explain the proof architecture. Section 6 presents the main results and
their scope. The mechanization and its trusted base appear in Section 7. Sections 8
and 9 discuss related work and limitations.

2 Model and Algorithm

2.1 Labeled transition systems

A labeled transition system (LTS) is a tuple

T = (S,L, I,−→),

where S is a state type, L is a label type, I ⊆ S is the set of initial states,

and −→⊆ S × L × S is a transition relation. We write s
ℓ
−→ s′ for (s, ℓ, s′) ∈−→.

This is the standard formulation [8]. We use it instead of the richer input/output
(I/O) automata interface [9] because the proof needs neither action signatures nor
composition theorems.

Reachability is the least predicate containing every initial state and closed under
transitions:

s ∈ I

reachable(s)

reachable(s) s
ℓ
−→ s′

reachable(s′)
.

This inductive definition is the only point at which the safety proofs refer to execution
histories. A predicate P : S → Prop is an invariant if it holds in every reachable state.
The standard induction rule reduces this claim to an initial-state proof and a one-step
preservation proof.

The global state of a message-passing instance is a pair

G = (σ,B), σ : N → LocalState, B ∈ list(Packet).

The function σ is a total map from node identifiers to local states. We use the list
B as a finite bag. Its order has no scheduling meaning, and the transition relation
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may select any member. A packet records a source, destination, and body. Delivery
removes one matching occurrence from B, runs the destination’s handler, updates
that destination in σ, and appends the packets produced by the handler.

The representation follows the configurations and communication system of the
earlier model [7], with one change to the semantics. That presentation treats process
actions, sends, and receives separately. In our Rocq instance, receipt of a packet,
the resulting local update, and all sends made by the handler form one atomic LTS
transition. A reachable state therefore cannot contain half of a handler action, such as
an updated pending counter without the echo emitted by the same handler. Atomicity
is an assumption of the model, not a property proved about an implementation.

2.2 The Echo protocol

Let N be a finite set of nodes, r ∈ N the initiator, and adj : N × N → bool an
adjacency test for an undirected graph without self-loops. There are two message
bodies:

Token and Echo.

The local state of a node is a quadruple

(phase, parent , pending , children),

where phase ∈ {Idle,Active,Decided}, parent is an optional node, pending is a natural
number, and children is a list of nodes from which echoes have been received.

Initially, every node is idle, has no parent, has pending count zero, and has an
empty children list. The packet bag is also empty. The initiator then performs the
start action: it becomes active, sets its pending count to its degree, and sends a token
to every neighbor.

The delivery handler has six phase/message combinations. Two perform the work
of the algorithm.

1. When an idle node n receives a token from m, it records parent(n) = m and
becomes active. It sends tokens to all neighbors except m. Its pending count is the
number of those neighbors. If this number is zero, n sends an echo to m immediately.

2. When an active node receives an echo, it decrements its pending count and records
the sender as a child. If the old count was one, the node has received its last
expected echo. A non-initiator sends an echo to its parent; the parentless initiator
enters the decided phase.

An active node that receives another token keeps its parent and answers the
sender with an echo. This reply is essential on non-tree edges. A decided node ignores
tokens, while idle and decided nodes ignore echoes. These branches make the transition
function total, and each must still be shown to preserve the invariants.

The model is asynchronous. It assumes neither first-in, first-out (FIFO) channels
nor a bound on delay. It does not model crashes, packet loss, or packet creation by the
network. A process may still receive what looks like a duplicate token: two neighbors
can forward distinct tokens to the same node before either receives a reply.
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3 Reusable LTS Infrastructure and Echo

Formalization

The development targets Rocq 9.0 [10] and uses only the standard library. It sepa-
rates a generic semantic layer from the Echo instance, but it does not yet package the
boundary as a Rocq module type. Four files contain the main development: LTS.v,
EchoAlgorithm.v, EchoCorrectness.v, and Example.v. A fifth file, Network.v, con-
tains auxiliary generic network definitions but is not a dependency of the Echo
proof.

3.1 The LTS layer

The generic LTS is a dependent record whose state and label fields determine the
types of the remaining fields.

Listing 1 Core LTS and reachability definitions.

Record LTS : Type := mkLTS {

lts_state : Type;

lts_label : Type;

lts_init : lts_state -> Prop;

lts_trans : lts_state -> lts_label -> lts_state -> Prop

}.

Inductive reachable (M : LTS) : lts_state M -> Prop :=

| reach_init : forall s,

lts_init M s -> reachable M s

| reach_step : forall s lbl s’,

reachable M s ->

lts_trans M s lbl s’ ->

reachable M s’.

The library also defines finite traces, trace validity, product composition, and
an invariant induction rule. The Echo proof needs only reachability and invariant
induction; its executions therefore use the general LTS definition.

3.2 Nodes, local states, and packets

The node type is abstract. The executable update and packet-removal functions com-
pare identifiers, so they require decidable equality. The list all_nodes represents
the finite network. The main theorem ranges over this list rather than requiring a
finite-type class.

Listing 2 Local and global Echo state.

Inductive phase := Idle | Active | Decided.

Record proc_state := mkProc {

ps_phase : phase;

ps_parent : option node;

ps_pending : nat;
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ps_children : list node

}.

Record echo_packet := mkPkt {

ep_src : node;

ep_dst : node;

ep_body : echo_msg

}.

Record echo_state := mkEchoState {

es_procs : node -> proc_state;

es_msgs : list echo_packet

}.

A single-node update is defined as a point update:

update_proc(f, n, s)(m) =

{

s, n = m,

f(m), n ̸= m.
(1)

The proof file keeps this definition locally opaque and works through two lemmas,
upd_self and upd_other. Unfolding the equality test inside a large record expression
would spread conditionals throughout the goal. These lemmas expose only the two
useful cases: the updated node and an unchanged node.

The packet bag is a list. The function remove_pkt deletes the first packet whose
source, destination, and body match the delivered packet. The lemma remove_pkt_in

states that every remaining packet was already present. Packets have no unique iden-
tifier, so the model cannot distinguish equal packet records, although one delivery
removes only one occurrence. The algorithm and its bag invariants do not require a
stronger notion of packet identity.

3.3 Transition relation

There are two labels: ELStart and ELDeliver pkt. The global transition relation has
one constructor for each label.

Listing 3 Global Echo transition relation.

Inductive echo_step : echo_state -> echo_label ->

echo_state -> Prop :=

| step_start : forall gs,

ps_phase (es_procs gs initiator) = Idle ->

echo_step gs ELStart (initiator_start gs)

| step_deliver : forall gs pkt gs’,

In pkt (es_msgs gs) ->

gs’ = handle_msg (ep_dst pkt)

(mkEchoState (es_procs gs)

(remove_pkt pkt (es_msgs gs))) pkt ->

echo_step gs (ELDeliver pkt) gs’.
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Table 1 Correspondence between the mathematical model and Rocq.

Mathematical object Rocq object Representation choice

State space S echo_state Total process map and packet list
Initial predicate I echo_init All local states idle; empty bag
Action label ℓ echo_label Startup or delivery of a concrete

packet
Transition relation echo_step Inductive relation with two con-

structors
Local transition handle_msg Total executable function
Communication store es_msgs List treated as a bag
Process-state update update_proc Pure point update on a total func-

tion
Execution prefix reachable Inductive closure from an initial

state

The condition In pkt (es_msgs gs) is the scheduler interface. There is no packet-
selection function; a transition may deliver any packet in the bag. A theorem about
all reachable states therefore covers every finite delivery order allowed by the model.

The start constructor is enabled whenever the initiator is idle, so at first glance
it seems to allow repeated starts. The invariant init_idle_empty rules this out in
reachable states. An idle initiator has an empty bag; after the first start it is active,
and no handler makes it idle again. Startup uniqueness follows from the transition
system instead of being built into the rule.

3.4 Correspondence with the mathematical model

Table 1 matches the mathematical presentation to its Rocq objects. This correspon-
dence stops at the formal specification; it does not connect that specification to
network code running on separate machines.

4 Correctness Specification

We consider states in which the initiator has decided. Rather than treating the

spanning tree is complete as a single claim, we separate the three properties it requires.
First, every parent pointer follows an edge:

∀n, p. parentG(n) = Some(p) =⇒ adj (n, p) = true. (2)

Second, the initiator has no parent, and no node points to itself. Third, every node
reaches the initiator by repeatedly following parent pointers.

We encode the last property with a fuel-bounded function. For a global state
G, node n, and k ∈ N, parent_path G n k follows exactly k parent links when all
required pointers exist. At zero it returns n. At a successor, it fails if the current node
has no parent and otherwise recurses from that parent. A node reaches the initiator
if the following equation holds for some fuel value:
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Listing 4 Parent-chain correctness predicate.

Fixpoint parent_path (gs : EState) (n : node) (k : nat)

: option node :=

match k with

| 0 => Some n

| S k’ =>

match ps_parent (proc_of gs n) with

| None => None

| Some par => parent_path gs par k’

end

end.

Definition reaches_initiator (gs : EState) (n : node) : Prop :=

exists k, parent_path gs n k = Some initiator.

This bounded function avoids a separate transitive-closure relation and makes it
easier to show that parent paths survive a state update. The fuel need not equal graph
depth; it only witnesses that the chain is finite.

Definition 4.1 (Decision-time spanning correctness) An Echo state G is decision-time cor-
rect if, whenever the initiator is decided, every node in all_nodes reaches the initiator, every
parent pointer follows an adjacency edge and targets a node in all_nodes, the initiator has
no parent, and no non-initiator is decided.

This is a safety property: it rules out an incorrect decision. It does not cover a
run in which the scheduler leaves a packet undelivered forever and the initiator never
decides. The conditional statement therefore needs no fairness assumption.

5 Proof Architecture

The proof is much longer than the algorithm because it must relate a local counter
to packets and states across the graph. We use three layers: structural facts, parent-
chain facts, and token/echo accounting needed to show that a decision excludes idle
nodes. Figure 1 summarizes the dependencies.

5.1 Invariant induction and local updates

The generic rule invariant_by_induction has the following type:

(

∀s. I(s) ⇒ P (s)
)

⇒
(

∀s, ℓ, s′. P (s) ⇒ s
ℓ
−→ s′ ⇒ P (s′)

)

⇒ ∀s. reachable(s) ⇒ P (s).

Each application has a base case, a startup case, and a delivery case split by message
body and receiver phase.
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Echo LTS and handler semantics

Structural and
packet invariants

INV_holds

Token/echo accounting
invariants

Parent-chain invariant
TSC_holds

Pending-chain argument
pending_chain_to_

initiator

Active non-initiator
has a parent chain
active_non_init_

has_chain

No token targets an
idle node at decision

no_token_idle_

decided

Activity advances
by one graph edge
one_hop_active

Connectivity
certificate

wave_depth_props

Every non-initiator
is active at decision
decided_implies_

all_active

Decision-time spanning correctness
decided_reaches_

initiator

Fig. 1 Main dependencies in the decision-time correctness proof. Solid arrows show use in a later
argument; the dashed box is the connectivity certificate supplied as a theorem parameter, and the
heavier outline marks the final result. Local preservation lemmas are omitted.

Nearly every branch uses the point-update equations:

upd_self : update_proc(f, n, s)(n) = s,

upd_other : n ̸= m ⇒ update_proc(f, n, s)(m) = f(m).

For example, suppose an idle node self receives a token from sender. To preserve
Eq. (2), at self, upd_self exposes the new parent Some sender; packet validity
gives adj (sender , self ), and symmetry gives the required edge in the other direction.
At any other node, upd_other reduces the goal to the pre-state invariant. The same
self/other split appears throughout the preservation proof.
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5.2 The structural invariant

The combined invariant INV has four clauses:

INV (G) ≡ tree_invariant(G) ∧

children_are_neighbors(G) ∧

valid_packets(G) ∧

init_idle_empty(G).

The tree clause itself combines parent adjacency, absence of self-parenting, and the
initiator’s lack of a parent. Packet validity states that every packet in the bag travels
along an adjacency edge. The final clause states that an idle initiator implies an empty
bag.

We prove these predicates together because their preservation arguments depend
on one another. The only difficult branch is token delivery to an idle node. Before
unfolding the new state, we establish five facts:

1. the incoming packet follows the edge from sender to receiver, by valid_packets;
2. the reverse edge exists, by symmetry;
3. sender and receiver differ because the graph has no self-loops;
4. the receiver is not the initiator, since an idle initiator would imply an empty bag

while the incoming packet is in that bag;
5. every forwarded token follows an edge because its destination was selected from

the receiver’s neighbor list.

With these facts in place, the leaf and non-leaf branches reduce to point-update
equations and list membership. The other handler cases either leave the process map
unchanged or change fields that do not affect parent validity.

This gives:
∀G. reachable(G) ⇒ INV (G). (3)

Alongside the structural layer, we prove two smaller lifecycle invariants. An active
non-initiator always has a parent, and a non-initiator is never decided. The second uses
the first: the handler’s decision branch requires an active node with no parent, which is
impossible for a non-initiator. Separately, parent_in_all_nodes_holds proves that
every parent pointer targets a node in the finite list covered by the theorem.

5.3 Parent chains

Local parent validity does not imply that a parent chain reaches the initiator. A set of
valid edges could still contain a cycle. The invariant TSC gives the missing parent-chain
information:

TSC (G) ≡ idle_no_parent(G) ∧

token_src_has_chain(G) ∧

active_non_init_has_chain(G).
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The key fact about tokens is this: a token can only be sent by the initiator at
startup or by a node that has just adopted a parent. In both cases its source already
has a chain to the initiator. When an idle receiver adopts that source as its parent,
the source chain is extended by one edge. Once a parent is set it never changes, so
later deliveries preserve the chain.

The preservation proof has to show that parent paths survive state updates. Two
lemmas handle this step. parent_path_upd_nil preserves a successful path when
the updated node previously had no parent; such a node cannot occur inside an old
successful path. parent_path_upd_agree preserves paths when all parent fields agree
between the two states. With these lemmas, the handler branches do not have to
repeat an induction over the fuel of parent_path.

We use the following consequence later:

reachable(G) ∧ n ∈ all_nodes ∧ phaseG(n) = Active ∧ n ̸= r =⇒

reaches_initiator(G,n).
(4)

5.4 Why decision excludes an idle token destination

The informal claim that the wave has reached every node before the root decides is
not directly inductive. A token can still be in flight to an idle node after activity has
spread elsewhere. We therefore prove:

reachable(G) ∧ phaseG(r) = Decided ∧ Token(m,n) ∈ BG =⇒

phaseG(n) ̸= Idle.
(5)

Suppose, for contradiction, that Token(m,n) remains in the bag and n is idle.
Packet validity shows that m and n are neighbors. Since n is idle, it has not sent
an echo and cannot occur in m’s children list. The accounting invariant then shows
pendingG(m) ≥ 1.

If m is not the initiator, let p = parentG(m). A positive pending count at m

means that m has not completed its own return step, so m cannot yet occur among
p’s completed children. The same accounting argument gives pendingG(p) ≥ 1. We
repeat this reasoning along the parent chain, which TSC proves is finite and ends at
the initiator. The same inequality then holds at the root: pendingG(r) ≥ 1.

The decision branch sets the initiator’s pending count to zero, and the invariant
decided_pending_zero preserves that equality. This contradicts pendingG(r) ≥ 1.
In Rocq, we carry the argument along the chain by induction on the fuel witnessing
reaches_initiator; the local step is the lemma pending_propagates, and the full
argument is pending_chain_to_initiator.

The accounting behind this argument is the largest part of the proof. It relates
pending counters to forwarded-neighbor lists, children lists, and Echo packets. Because
these clauses depend on one another in the last-echo branch, we group them in the
combined invariant token_echo_accounting.
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5.5 From one edge to the whole graph

Three further invariants support a one-edge propagation lemma:

• token_src_not_idle: the source of an in-flight token is not idle;
• token_sent_or_notidle: for an active node m and suitable neighbor n, either n

is already non-idle or a token from m to n is in flight;
• parent_is_active: a recorded parent is active or decided.

Together with Eq. (5), these invariants prove one_hop_active. Suppose the ini-
tiator has decided, m is non-idle, and n is a neighbor farther from the root. If
n is the parent of m, parent_is_active shows that n is not idle. Otherwise,
token_sent_or_notidle says that n is already non-idle or that a token from m to n

is in flight. Equation (5) rules out an idle n in the second case. Since a non-initiator
cannot decide, n must be active.

To apply this local fact across the graph, the theorem takes a function d : N → N

that satisfies

d(r) = 0 ∧ ∀n ∈ N . n ̸= r ⇒ ∃m ∈ N . adj (n,m) ∧ d(m) < d(n). (6)

This function is a connectivity certificate. On any finite connected graph, shortest-path
distance from r provides one. Conversely, Eq. (6) rules out a disconnected component:
repeatedly choosing a neighbor of smaller depth must end at the only possible node
of depth zero, the initiator.

We then apply Rocq’s well-founded induction to the inverse image of < under d. It
shows that every non-initiator is active when the initiator has decided. Equation (4)
then gives the main theorem.

6 Mechanized Results

We state the final result in a form close to its Rocq type. Let nodes be a duplicate-free
finite list containing r; let adjacency be symmetric and have no self-loops; and let d

satisfy Eq. (6) for every node in the list.

Theorem 6.1 (Decision implies complete parent chains) For every global state G, if G is

reachable in the Echo LTS and the initiator r is decided in G, then

∀n ∈ nodes. ∃k. parent_path(G,n, k) = Some(r).

The corresponding Rocq theorem is decided_reaches_initiator. Its
final proof is short because two earlier theorems do most of the work:
decided_implies_all_active and active_non_init_has_chain. The initiator
itself has a direct zero-length path; every other node is active by well-founded
induction and therefore has a chain by TSC.

Theorem 6.2 (Structural safety) In every reachable state, parent pointers follow commu-

nication edges, no node is its own parent, every parent target belongs to all_nodes, the

12



Table 2 Rocq artifact summary.

File Qed Role

LTS.v 2 LTS, reachability, traces, invariant induction
Network.v 0 Auxiliary generic network definitions
EchoAlgorithm.v 0 Executable state and transition definitions
EchoCorrectness.v 127 Invariants and correctness theorems
Example.v 13 Concrete three-node execution

Total 142 No Admitted or admit

initiator has no parent, children entries are neighbors, and every packet in flight follows a

communication edge.

This theorem combines INV_holds with parent_in_all_nodes_holds. Together,
Theorems 6.1 and 6.2 justify the spanning-tree interpretation. A listed non-root node
has a parent because a successful path from that node cannot have length zero;
ps_parent stores at most one parent; each parent is listed and adjacent; and every
parent chain reaches the root. A directed cycle of parent pointers would contradict
the last fact.

Theorem 6.3 (Only the initiator decides) In every reachable state, a node distinct from the

initiator is not in the Decided phase.

Theorems 6.1–6.3 cover all finite prefixes and every message order. They do not
establish that every initial state leads to a decided state. Such a liveness theorem
requires a fairness condition: a packet that remains in the bag must eventually be
selected. No such condition occurs in the theorem type.

The graph-depth assumption is a proof parameter rather than runtime state. It
expresses connectivity in a form suited to well-founded induction. The algorithm never
reads d, so choosing a different certificate cannot change an execution.

7 Mechanization and Reproducibility

7.1 Size and proof status

Table 2 reports the source checked at commit 19cf5f879424; the full identifier appears
under Code availability.

The sources contain 142 occurrences of Qed. In Rocq 9.0, running Print

Assumptions decided_reaches_initiator reports Closed under the global

context, so the theorem introduces no global axioms. Its section parameters, includ-
ing graph hypotheses and the depth certificate, remain explicit arguments in the final
theorem type.

When the Rocq tools are on PATH, the clean build command is:
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Table 3 Explicit parameters of the main theorem.

Parameter or hypothesis Purpose

node Abstract type of node identifiers
node_eq Decidable equality used by executable updates and packet

removal
initiator Chosen root of the Echo wave
all_nodes Finite node list covered by the conclusion
adj Boolean test for communication edges
adj_sym The modeled graph is undirected
adj_irrefl The modeled graph has no self-loops
initiator_in_nodes The root appears in the finite node list
nodup_nodes The node list contains no duplicate identifiers
wave_depth Natural-number connectivity certificate; not read by the algo-

rithm
wave_depth_props Root depth is zero; every non-root node has an adjacent node of

smaller depth

Listing 5 Rebuilding the development.

make clean

make -j2

The portable Makefile also accepts optional COQBIN and ROCQLIB directory argu-
ments for installations that are not on PATH. The checked commit can be rebuilt locally
with Rocq 9.0 using the commands above.

7.2 Parameters and hypotheses

Table 3 separates computational parameters from graph hypotheses. The theorem
makes no eventual-delivery assumption. Eventual decision would require such an
assumption, but the checked conditional theorem neither declares nor uses one.

The trusted computing base consists of Rocq’s kernel, the imported standard
library modules, and the correspondence between the mathematical algorithm and its
Gallina definition. Rocq can evaluate the handler, but we do not extract it or connect
it to production networking code. The theorem therefore certifies the formal model,
not an external implementation.

7.3 Concrete execution

Example.v runs the algorithm on the line graph 0− 1− 2, with node 0 as initiator. It
constructs five states: startup, delivery of Token(0, 1), delivery of Token(1, 2), delivery
of Echo(2, 1), and delivery of Echo(1, 0). Computation proves that node 0 decides, the
packet bag is empty, node 1 has parent 0, node 2 has parent 1, and the children lists
match the line. This example is not evidence for the universal theorem. Its purpose is
to make the executable semantics easy to inspect and to catch mismatches between
the intended handler and its definition.
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Table 4 Closest formal treatments of the Echo algorithm.

Work Formalism Scope reported by the artifact or paper

Kindler et al. [5] Petri nets and
temporal logic

Echo as the example for a Petri-net-based
description and verification method

Merz [6] PlusCal/TLA+ and
TLC

Executable specification; type and ancestor
invariants checked on one complete three-node
model; a termination formula is stated in the
source

This work Rocq 9.0 and an
LTS

Kernel-checked decision-time safety for every
finite listed graph satisfying the stated
hypotheses; no eventual-decision theorem

8 Related Work

Labeled transition systems and I/O automata are standard models of concurrency
and distributed algorithms [2, 8, 9]. We use the smaller LTS interface because this
is a closed-system invariant proof. Interfaces and compositional reasoning fall outside
this model.

The closest work is specific to Echo. Kindler, Reisig, Völzer, and Walter [5] use
the algorithm to present a verification method based on Petri nets and temporal logic.
The official TLA+ example by Merz [6] specifies Echo in PlusCal/TLA+. Its source
defines termination and parent/ancestor properties; the bundled TLC configuration
checks TypeOK and AncestorProperties on a complete three-node graph. Table 4
makes the comparison explicit. We do not claim the first formal model of Echo. Our
contribution is a Rocq proof in which graph size and node type remain parameters,
together with the invariants that connect local pending counters to the global decision
condition. The result proves size-parametric safety, not eventual termination.

Several mechanized frameworks address executable distributed systems. Verdi uses
Coq network semantics and verified system transformers to transfer correctness results
from idealized networks to richer fault models. Its case studies include Raft and repli-
cated services [11]. We did not use Verdi because this work begins with a different
model [7]: a single explicit global configuration and message-delivery transition are
used for both simulator traces and deductive analysis. Verdi’s implementation and
fault-model machinery supports questions beyond our decision-time invariant and
would shift attention away from that link. This is a difference in scope, not a limitation
of Verdi.

Disel combines protocols, dependent types, and a Hoare-style logic to verify
implementations and their composition in Coq [12]. Aneris provides a higher-order
separation logic for modular node-local reasoning about distributed programs [13].
IronFleet combines state-machine refinement and program verification to prove safety
and liveness properties of practical implementations [14]. These systems address imple-
mentation refinement, composition, faults, or program logic, none of which we cover
here. Our narrower aim is to study a direct LTS-based method for invariant proofs of
asynchronous algorithms, with Echo as the present case study.

15



The Randomised Distributed Algorithms (RDA) library models randomized dis-
tributed algorithms in Coq with both set and distributional semantics [15]. Echo has
no randomness; its nondeterminism comes from delivery order. We can therefore use
an inductive transition relation without a probabilistic semantics.

Mechanized work on message-passing theory also appears in the Journal of Auto-
mated Reasoning. Tirore, Bengtson, and Carbone prove soundness and completeness
of a computable projection for global types, with all results mechanized in Coq [16].
They study a type-level projection algorithm rather than a distributed graph traver-
sal. Their work also shows why it is useful to say which definitions are executable and
how recursion is represented in the mechanization. Automation such as CoqHammer
can reduce local proof-search effort [17]. We rely on explicit invariants and standard
tactics because the difficult step here is finding the right intermediate properties, not
closing local proof goals.

Finally, our starting point is the mathematical model of Barskyi, Ilin, and Zozu-
lia [7], which supports both dynamic and static analysis. We do not repeat its survey of
cloud and simulation concerns. We use the model, fix the atomic-step semantics, and
provide the machine-checked correctness argument left as future work in that chapter.

9 Discussion and Limitations

9.1 What the proof says about Echo

The theorem rules out premature decision under any finite message reordering. It says
more than a check of selected schedules, but less than a total correctness result. A
scheduler can stop with a packet still in the bag. Such a run never reaches a decided
state and does not contradict Theorem 6.1. Proving liveness would require infinite
runs, a weak fairness assumption, and a proof that every continuously enabled delivery
eventually occurs. Fair delivery alone would still not handle a one-node graph. The
startup handler leaves an isolated initiator active with pending count zero and emits
no packet; the execution then has no next step and never decides. A total-correctness
development must change the startup rule for this case or assume that the initiator
has a neighbor.

The pending-chain argument is easy to miss in a textbook description. In the code,
a decision depends only on the initiator’s counter. The proof must relate that counter
to an idle node that may be several edges away. The parent chain provides a path back
to the root, while the accounting invariant turns each missing echo along that path
into a positive counter. Parent adjacency and graph connectivity alone are therefore
not enough.

9.2 Generality

The LTS record, reachability relation, trace definitions, and invariant rule do not
depend on Echo. Point-update and bag-removal lemmas are also common when
an asynchronous protocol is represented by functional maps and packet lists. The
Echo-specific accounting invariants cannot be reused unchanged. Their organization
nevertheless suggests a pattern for other wave algorithms: separate parent-chain facts
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from numeric facts about unfinished work, then connect the two in the completion
proof.

The resulting method has three parts: define the global configuration and nonde-
terministic delivery relation, prove local preservation lemmas for each handler branch,
and combine structural, causal, and accounting invariants to derive the algorithm’s
global safety property. Only the first part is currently captured by a generic Rocq
record. Local state, packet types, handlers, and the main correctness theorem are
defined directly for Echo. The development should therefore be read as evidence from
one complete instantiation, not as a validated framework in which a new algorithm
can already be plugged into a module interface. A second case study would be needed
to test which proof components transfer without redesign.

The node-identifier type and graph size remain parameters. The proof applies to
any finite undirected graph satisfying the listed assumptions. Each concrete graph
must currently supply a depth certificate. A more complete library could define
paths and connectedness once, derive shortest-path depth for finite graphs, and prove
wave_depth_props automatically.

9.3 Model boundary

The proof has four main limits.

1. The topology is fixed, finite, undirected, and free of self-loops. Node joins, failures,
and edge changes are not transitions of the LTS.

2. The network does not lose, duplicate, or create packets. Delivery can be delayed
and reordered without bound. Duplicate-looking tokens arise from the algorithm’s
graph traversal, not from network duplication.

3. Handler execution and its outgoing sends are atomic. A concrete implementation
would require a refinement argument covering serialization, crashes between local
update and send, and the behavior of the transport.

4. The formal development and the simulation model share mathematical structure,
but no proved refinement currently connects simulator traces to Rocq traces. Such
a refinement is needed before dynamic experiments and static theorems can be said
to concern the same executable artifact.

These limits point to several next steps: fair-run liveness, reusable finite-graph
connectivity results, a second algorithm case study with an explicit module boundary,
and a trace-preserving link to the simulator.

10 Conclusion

We presented a direct method for mechanizing asynchronous distributed algorithms in
Rocq and evaluated it through a complete Echo case study. The generic LTS layer pro-
vides reachability and invariant induction; the algorithm instance supplies its states,
messages, handler, and proof-specific invariants. For Echo, if the initiator has decided,
the proof gives a finite parent path from every listed node to the root. This holds for
every reachable state and every finite delivery order allowed by the model. The key
point, often left implicit in textbook accounts, is that an outstanding token to an idle
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node forces a positive pending count along the parent chain. That contradicts deci-
sion at the initiator. Structural invariants and graph-depth induction complete the
argument. The present evidence comes from one algorithm; turning the method into
a reusable library requires another instantiation and an explicit module boundary.

This result supplies the static-verification component proposed in the Springer
chapter by Barskyi, Ilin, and Zozulia [7]. Future work is to connect fair infinite
LTS executions, simulator traces, and a distributed implementation through formal
refinement results.
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