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Abstract

Imperfect Information Games (IIGs) are used to model games under uncertainty
or lack complete information. Counterfactual Regret Minimization (CFR) is one
of the most successful families of algorithms for IIGs. The integration of skill-
based strategy learning with CFR could potentially mirror more human-like
decision-making and improve learning on complex IIGs. It enables the learn-
ing of a hierarchical strategy, wherein low-level components represent skills for
solving subgames and the high-level component manages the transition between
skills. In this paper, we introduce the first hierarchical version of Deep CFR
(HDCFR), an innovative method that boosts learning efficiency in tasks involv-
ing extensively large state spaces and deep game trees. Notably, HDCFR enables
learning with predefined (human) expertise and extracting skills transferable to
similar tasks. We first present the algorithm and establish its theory in a tab-
ular setting, including hierarchical CFR update rules and a variance-reduced
Monte Carlo sampling extension for the model-free setting, where backtrack-
ing is infeasible. We then extend HDCFR to large-scale tasks via deep learning
objectives that match the tabular targets under exact function fitting. Code:
https://anonymous.4open.science/r/HDCFR RUN-677B

Keywords: hierarchical reinforcement learning, counterfactual regret minimization,
multi-agent systems, game theory
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1 Introduction

Imperfect Information Games (IIGs) can model various application domains where

decision-makers have incomplete information about the state of the environment, such

as auctions [28], diplomacy [2], cybersecurity [19]. Tabular Counterfactual Regret Min-

imization (CFR) [41] has been employed in all recent milestones of Poker AI [3, 4, 26],

a quintessential benchmark for IIGs, highlighting the robustness of CFR. To improve

scalability, researchers have proposed deep learning extensions of CFR [5, 23, 35],

leveraging neural networks as function approximators to operate in extensive state

spaces.

Professionals in a field typically possess domain-specific skills, which they compose

into strategies for diverse tasks. Integrating skill-based strategy learning with CFR can

enable human-like decision-making for IIGs and improve learning on complex tasks

with extended decision horizons. To accomplish this, the agent learns a hierarchical

strategy: low-level components represent specific skills, and the high-level component

coordinates switching among skills. Notably, this is akin to the option framework [36]

in reinforcement learning (RL), which enables learning or planning at multiple levels of

temporal abstraction. Hierarchical strategies are more interpretable, allowing humans

to identify specific subgames where AI agents struggle and inject critical skills as solu-

tions. Also, skills acquired in one task can be transferred to similar tasks to facilitate

learning in new IIGs.

We propose the first hierarchical extension of Deep CFR (HDCFR), a novel

approach that improves learning efficiency in tasks with deep game trees and facili-

tates knowledge transfer from similar games. We establish the theoretical foundations

of our algorithm in the tabular setting and then introduce deep learning extensions

for practical applications in large-scale games. Our contributions are as follows: (1)

We extend the standard definition of IIGs by incorporating a hierarchical strategy and

provide CFR updating rules (i.e., HCFR) for this strategy, along with convergence
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guarantees. (2) Vanilla CFR relies on a perfect game tree model and requires a com-

plete traversal of the game tree in each training iteration, which restricts its use. Thus,

we propose a sample-based model-free extension of HCFR, including unbiased Monte

Carlo estimators of counterfactual regrets and a hierarchical baseline function for vari-

ance reduction. Controlling sample variance is vital for tasks with extended decision

horizons, which our algorithm targets. (3) We present HDCFR, where the hierarchi-

cal strategy, regret, and baseline are approximated with neural networks. The training

objectives are demonstrated to be equivalent to those proposed in the tabular setting,

i.e., (1) and (2), when optimality is achieved, thereby preserving the theoretical results

while enjoying scalability.

We focus on the model-free outcome sampling (OS) setting, where backtracking

over the full game tree is infeasible and the game model is not explicit or traversable.

Accordingly, we benchmark against strong model-free OS baselines in the same setting,

including DREAM, OS-MCCFR/OSSDCFR and NFSP. Our goal is to stabilize deep-

horizon learning via temporal abstraction and variance reduction, without restricting

the original action space.

2 Background

2.1 Counterfactual Regret Minimization

In an IIG [29], players make sequential moves represented by a game tree. At each

non-terminal state, the player in control chooses from a set of available actions; at

each terminal state, each player receives a payoff. With imperfect information, a

player may not know which state they are in (e.g., in poker, a player observes pri-

vate cards and public boards but not opponents’ hands). Thus, each player acts based

on an information set—a collection of indistinguishable states. Formally, the game is

⟨N,H,A, P, σc, u, I⟩. N is a finite set of players. H is the set of histories, where each

history is a sequence of actions from the start of the game and corresponds to a state.

3



For h, h′ ∈ H, write h ⊑ h′ if h is a prefix of h′. The set of actions at h ∈ H is A(h).

If a ∈ A(h), then (ha) ∈ H is a successor history. Histories with no successors are

terminal, HTS ⊆ H. P : H\HTS → N ∪ {c} maps each non-terminal history to the

player in control, where c is the chance player acting according to σc(·|h). The utility

u : N ×HTS → R assigns a payoff to each player at every terminal history. For player

i, Ii is a partition of {h ∈ H : P (h) = i}; each Ii ∈ Ii is an information set and

represents observable information shared by all h ∈ Ii. Due to indistinguishability,

A(h) = A(Ii), P (h) = P (Ii). Our work focuses on the two-player zero-sum setting,

where N = {1, 2} and u1(h) = −u2(h), ∀ h ∈ HTS , as in prior CFR works [5, 11].

Every player i ∈ N selects actions according to a strategy σi that maps Ii ∈ Ii
to a distribution over A(Ii), and σi(·|h) = σi(·|Ii), ∀ h ∈ Ii. CFR aims to find a

Nash Equilibrium (NE) strategy profile σ∗ = {σ∗
1 , · · · , σ∗

N}, where no player has an

incentive to deviate: ui(σ
∗) ≥ maxσi

ui({σi, σ
∗
−i}), ∀ i ∈ N , where −i denotes the

players other than i, and ui(σ) is the expected payoff of player i:

ui(σ) =
∑

h′∈HTS

ui(h
′)πσ(h′), πσ(h′) =

∏

(ha)⊑h′

σP (h)(a|I(h)) (1)

I(h) denotes the information set containing h, and πσ(h) is the reach probabil-

ity of h under σ. πσ(h) can be decomposed as
∏

i∈N∪{c} π
σ
i (h), where πσ

i (h) =

∏
(ha)⊑h′,P (h)=i σi(a|I(h)). In addition, πσ(I) =

∑
h∈I π

σ(h) is the reach probability

of I.

CFR [41] iteratively accumulates the counterfactual regret RT
i (a|I) for player i at

each information set I ∈ Ii:

RT
i (a|I) =

1

T

T∑

t=1

πσt

−i(I)(ui(σ
t|I→a, I)− ui(σ

t, I)),

ui(σ, I) =
∑

h∈I

πσ
−i(h)

∑

h′∈HTS

πσ(h, h′)ui(h
′)/πσ

−i(I)

(2)

Here, σt is the strategy profile at iteration t, σt|I→a is identical to σt except always

choosing a at I, and πσ(h, h′) is the reach probability from h to h′ (equals πσ(h′)
πσ(h) if

h ⊑ h′ and 0 otherwise).RT
i (a|I) is the expected regret of not choosing a at I. By regret
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matching [1], the next strategy σT+1
i (·|I) is defined as σT+1

i (a|I) ∝ max(RT
i (a|I), 0).

After T iterations, the average strategy is σT
i (a|I) ∝

∑T

t=1 π
σt

i (I)σt
i(a|I). CFR guar-

antees that the average profile σT = {σT
i |i ∈ N} converges to a Nash Equilibrium as

T → ∞.

2.2 The Option Framework

An option [36] z ∈ Z is specified by three components: an initiation set Initz ⊆ S,

an intra-option policy σz(a|s) : S × A → [0, 1], and a termination function βz(s) :

S → [0, 1]. S, A, Z denote the state, action, and option spaces, respectively. Option

z is available in state s iff s ∈ Initz. Once taken, actions follow σz until stochastic

termination by βz. A high-level policy σZ(z|s) : S ×Z → [0, 1] activates a new option

when the previous one terminates. Thus, σZ(z|s) and σz(a|s) form a hierarchical pol-

icy. Hierarchical policies tend to have superior performance on complex long-horizon

tasks that can be decomposed into subtasks.

The one-step option framework [17] learns hierarchical policies without explicitly

defining Initz or βz. First, it assumes every option is available at every state, i.e.,

Initz = S, ∀ z ∈ Z. Second, it redefines the high-level and low-level policies as σH(z |

s, z′) and σL(a | s, z), respectively:

σH(z | s, z′) = βz′(s)σZ(z | s) +
(
1− βz′(s)

)
δz=z′ ,

σL(a | s, z) = σz(a | s).
(3)

where z′ is the option in the previous timestep and δz=z′ is the indicator func-

tion. Thus, if the previous option terminates (with probability βz′(s)), the agent

samples a new option via σZ(z | s); otherwise, it continues with z′. The authors of

[22] implement the high-level policy as an end-to-end neural network with Multi-Head

Attention (MHA) [37], enabling temporal extension of options without an explicit βz.

Intuitively, if z′ still fits s, σH(z | s, z′) assigns higher attention to z′ and tends to
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continue; otherwise, it samples a more compatible option. In this one-step framework,

the option is sampled at each timestep rather than only upon termination, so we train

the hierarchical policy σH and σL directly.

3 Related Works

Counterfactual Regret Minimization (CFR) [41] is an algorithm for learning Nash

Equilibria in extensive-form games through iterative self-play. As part of this process,

it must traverse the entire game tree during each learning iteration, which is prohibitive

for large-scale games. This motivates the development of Monte Carlo CFR (MCCFR)

[20], which samples trajectories traversing part of the tree to allow for significantly

faster iterations. However, the variance of Monte Carlo sampling can become a sig-

nificant issue, particularly for long sample trajectories. The authors of [11, 30] then

propose to introduce baseline functions for variance reduction. Notably, all methods

mentioned above are tabular-based. For games with large state space, domain-specific

abstraction schemes [14, 26] are required to shrink them to a manageable size by clus-

tering states into buckets, which necessitates expert knowledge and is not applicable

to all games.

To obviate the need of abstractions, several CFR variants utilizing function approx-

imators have been proposed. Pioneering this was Regression CFR [38] and subsequent

regression-based CFR variants [12], which adopts regression trees to model cumulative

regrets but relies on hand-crafted features and full traversals of the game tree. Subse-

quently, several works [5, 23, 24, 33] propose to model the cumulative counterfactual

regrets and average strategies in MCCFR as neural networks to enhance the scalability.

However, all these methods rely on knowledge of the game model to real-

ize backtracking (i.e., sampling multiple actions at an information set) for

regret estimation. As a model-free approach, Neural Fictitious Self-Play (NFSP)

[16] is the first deep reinforcement learning algorithm capable of learning a Nash
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Equilibrium in two-player imperfect information games through self-play. Since its

introduction, various policy gradient and actor-critic methods have demonstrated sim-

ilar convergence properties when appropriately tuned [21, 32]. However, fictitious play

empirically converges slower than CFR-based approaches in many settings. DREAM

[35] extends Deep CFR with variance-reduction techniques from [11] and represents the

state-of-the-art in model-free algorithms of this area. ESCHER [25] was proposed as

another state-of-the-art model-free method that avoids importance sampling, thereby

achieving lower variance in regret estimation. Compared with DREAM, our algo-

rithm provides solid theoretical justification, enables hierarchical learning

with (prelearned) skills, and empirically shows enhanced performance on

longer-horizon games.

As another important module of HDCFR, the option framework [36] enables

learning and planning at multiple temporal levels and has been widely adopted in rein-

forcement learning (RL). Multiple research areas centered on this framework have been

developed. Unsupervised Option Discovery focuses on identifying skills that are diverse

and effective for (various) downstream tasks without relying on task-specific reward

signals. Algorithms have been developed for both single-agent settings [6, 13, 18]

and collaborative multi-agent scenarios [7, 8, 39]. Hierarchical Reinforcement

Learning [22, 40] and Hierarchical Imitation Learning [9, 10, 17], on the other hand,

aim at directly learning a hierarchical policy that incorporates skills, either through

interactions with the environment or from expert demonstrations.

Our proposed algorithm – HDCFR, is a pioneering effort to amalgamate options

with CFR and demonstrates the superiority of hierarchical learning in competitive

multi-agent scenarios (more specifically, zero-sum games).
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4 Methodology

We extend CFR to learn a hierarchical strategy with neural networks (NNs) for IIGs

with extensive state spaces and deep game trees. Low-level components represent skills

(options) over primitive actions, while the high-level strategy coordinates their use;

thus, they are learned as separate functions. Given the lack of prior hierarchical CFR,

we proceed incrementally. First, we define the hierarchical strategy and hierarchical

counterfactual regret and give CFR-style updates with a convergence guarantee. Sec-

ond, we propose a Low-Variance Monte Carlo sampling extension to handle vast or

unknown game trees—where standard traversal is impractical—without weakening the

convergence rate. Finally, we develop HDCFR by approximating these hierarchical

functions with NNs and training them via objectives that match the tabular updates

under exact fitting, preserving the established theory.

4.1 Preliminaries

In the extended game model, at each time step t, each player i makes its decision by

selecting a hierarchical action ãt ≜ (zt, at), which consists of the option and primitive

action, based on the observable information, i.e. Ii. With the hierarchical actions, we

can redefine the IIG model as ⟨N,H, Ã, P, σc, u, I⟩. Here, N , P and u retain the defi-

nitions in Section 2.1. H includes all the possible histories, each of which is a sequence

of hierarchical actions of all players starting from the first time step. Consequently, I

denotes the collection of information sets induced by the new H, containing all observ-

able history. Ã(h) = Z(h) × A(h), where Z(h) and A(h) represent the options and

primitive actions available at h, respectively. No action pruning: options only condi-

tion the policy and do not change A(h). σc((zc, a)|h) = σc(a|h), where σc(a|h) is the

predefined distribution in the original game model and zc (a dummy variable) is the

only option choice for the chance player.
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Each player i possesses a hierarchical strategy σi(ãt|Ii), which, by the chain rule,

equals σH
i (zt|Ii) · σL

i (at|Ii, zt). Note that although Ii includes z1:t−1, we follow the

conditional independence assumption of the one-step option framework [40]: zt ⊥⊥
z1:(t−2) | zt−1 and at ⊥⊥ z1:(t−1) | zt, thus only zt−1 (zt) is used for σH

i (σL
i ) to determine

zt (at). With the hierarchical strategy, we can redefine the expected payoff and reach

probability in Eq (1) by simply substituting a with ã, based on which we have the

definition of the average overall regret of player i at iteration T : (From this point

forward, t refers to a learning iteration rather than a time step within an iteration.)

RT
full,i =

1

T
max
σ
′

i

T∑

t=1

(ui({σ
′

i, σ
t
−i})− ui(σ

t)) (4)

The following theorem (Theorem 2 from [41]) provides a connection between the

average overall regret and the Nash Equilibrium solution.

Theorem 1 In a two-player zero-sum game at iteration T , if both players’ average overall

regret is less than ϵ, then σT = {σT
1 , σ

T
2 } is a 2ϵ-Nash Equilibrium.

The average strategy σT
i is defined as Eq (5) (∀ i ∈ N, I ∈ Ii, ã ∈ Ã(I)). An

ϵ-Nash Equilibrium σ approximates an NE, with the property that ui(σ) + ϵ ≥
max

σ
′

i
ui({σ

′

i, σ−i}), ∀ i ∈ N . Thus, ϵmeasures the distance of σ to the NE in expected

payoff. Then, according to Theorem 1, as RT
full,i → 0 (∀ i ∈ N), σT converges to

an NE. Theorem 1 can be applied directly to our hierarchical setting, as the only

difference in derivations is the replacement of a with ã in RT
full,i and σT

i (ã|I).

σT
i (ã|I) =

(
ΣT
t=1π

σt

i (I)σt
i(ã|I)

)
/ΣT

t=1π
σt

i (I) (5)

4.2 Hierarchical CFR

A direct approach is to view σi(ã|I) = σH
i (z|I) · σL

i (a|I, z) as a unified strategy on

Ã and run CFR. However, this hides the separation of levels, hindering skill reuse or

human-initialized skills. We therefore introduce Hierarchical CFR (HCFR) to learn
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σH
i (z|I) and σL

i (a|I, z) separately for all I ∈ Ii, z ∈ Z(I), a ∈ A(I), and provide a

convergence guarantee.

As noted in Section 4.1, achieving an NE requires minimizing the average over-

all regrets RT
full,i. Instead of directly optimizing RT

full,i, we minimize its upper

bound (Theorem 2)—the sum of high-level and low-level counterfactual regrets at

each information set: RT,H
i (z|I) and RT,L

i (a|I, z). This lets us decouple learning by

independently minimizing RT,H
i (z|I) and RT,L

i (a|I, z) via σH
i and σL

i .

Theorem 2 With the following definitions of high-level and low-level counterfactual regrets:

RT,H
i (z|I) = 1

T

T∑

t=1

πσt

−i(I)(ui(σ
t|I→z , I)− ui(σ

t, I))

RT,L
i (a|I, z) = 1

T

T∑

t=1

πσt

−i(I)(ui(σ
t|Iz→a, Iz)− ui(σ

t, Iz))

(6)

we have RT
full,i ≤

∑
I∈Ii

[
RT,H
i,+ (I) +

∑
z∈Z(I) R

T,L
i,+ (I, z)

]
.

We introduce the new notations here: σt|Iz→a is a hierarchical strategy pro-

file identical to σt except that the intra-option strategy of option z at I is always

choosing a; ui(σ
t, Iz) is the expected payoff for choosing option z at I; RT,H

i,+ (I) =

max(maxz R
T,H
i (z|I), 0), RT,L

i,+ (I, z) = max(maxa R
T,L
i (a|I, z), 0). Proof of Theorem

2 is in Appendix A.

After obtaining the regrets RT,H
i and RT,L

i , we update the high- and low-level

strategies for the next iteration as follows: (∀ i ∈ N, I ∈ Ii, z ∈ Z(I), a ∈ A(I), µH
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and µL are normalizing factors.)

σT+1,H
i (z | I) =

⎧
⎪⎪⎨
⎪⎪⎩

RT,H
i,+ (z | I)/µH , µH > 0,

1/|Z(I)|, otherwise,

σT+1,L
i (a | I, z) =

⎧
⎪⎪⎨
⎪⎪⎩

RT,L
i,+ (a | I, z)/µL, µL > 0,

1/|A(I)|, otherwise.

(7)

Thus, regrets and strategies are iteratively computed (i.e., σ1:t → Rt →

σt+1, σ1:t+1 → Rt+1 → σt+2) with Eq (6) and (7) until convergence (i.e., RT
full,i → 0).

The convergence rate is:

Theorem 3 If player i selects options and actions according to Eq (7), then RT
full,i ≤

∆u,i|Ii|(
√

|Zi| + |Zi|
√

|Ai|)/
√
T , where ∆u,i = maxh′∈HTS

ui(h
′) − minh′∈HTS

ui(h
′),

|Ii| is the number of information sets for player i, |Ai| = maxh:P (h)=i |A(h)|, |Zi| =

maxh:P (h)=i |Z(h)|.

Thus, as T → ∞, RT
full,i → 0. The rate O(T−0.5) matches CFR [41], so introducing

options preserves convergence while enabling skill-based learning. Proof is in Appendix

B.

After T iterations, the average high-level and low-level strategies are: (See

Appendix C for proof.)

σT,H
i (z|I) = ΣT

t=1π
σt

i (I)σt,H
i (z|I)

ΣT
t=1π

σt

i (I)
,

σT,L
i (a|I, z) = ΣT

t=1π
σt

i (Iz)σt,L
i (a|I, z)

ΣT
t=1π

σt

i (Iz)

(8)

where πσt

i (Iz) = πσt

i (I)σt,H
i (z|I). Then:
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Proposition 1 If both players sequentially use their average high-level and low-level strate-

gies following the one-step option model, i.e., ∀ I ∈ Ii, selecting an option z according to

σT,H
i (·|I) and then selecting the action a according to the corresponding intra-option strategy

σT,L
i (·|I, z), the resulting strategy profile converges to an NE as T → ∞.

4.3 Low-Variance Monte Carlo Sampling Extension

MCCFR’s main insight is substituting the counterfactual regrets RT
i in CFR with

their unbiased estimations, while maintaining the other learning rules (as in Section

4.2). This approach allows for updating functions only at information sets within the

sample trajectories, bypassing the need to traverse the full game tree. With MCCFR,

the average overall regret RT
full,i → 0 as T → ∞ at the same convergence rate as

vanilla CFR, with high probability, as stated in Theorem 5 of [20]. Therefore, to apply

the Monte Carlo sampling extension, we propose unbiased estimations of RT,H
i (z|I)

and RT,L
i (a|I, z), ∀ i ∈ N, I ∈ Ii, z ∈ Z(I), a ∈ A(I).

First, we define RT,H
i (z|I) and RT,L

i (a|I, z) with the immediate counterfactual

regrets rti and values vti : (v
t,H
i (σt, h) = ui(h), ∀ h ∈ HTS)

RT,H
i (z | I) = 1

T

T∑

t=1

rt,Hi (I, z),

rt,Hi (I, z) =
∑

h∈I

πσt

−i(h)
[
vt,Li (σt, hz)− vt,Hi (σt, h)

]
,

RT,L
i (a | I, z) = 1

T

T∑

t=1

rt,Li (Iz, a),

rt,Li (Iz, a) =
∑

h∈I

πσt

−i(h)
[
vt,Hi (σt, hza)− vt,Li (σt, hz)

]
,

vt,Hi (σt, h) =
∑

z∈Z(h)

σt,H

P (h)(z | h)vt,Li (σt, hz),

vt,Li (σt, hz) =
∑

a∈A(h)

σt,L

P (h)(a | h, z)vt,Hi (σt, hza).

(9)
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The equivalence between Equation (9) and (6) is proved in Appendix D.

Next, we propose to collect trajectories h′ ∈ HTS with the sample strategy qt at

each iteration t, and compute the corresponding sampled immediate counterfactual

regrets r̂ti and values v̂ti as follows:

r̂t,Hi (I, z | h′) =
∑

h∈I

πσt

−i(h)

πqt(h)

[
v̂t,Hi (σt, h, z | h′)− v̂t,Hi (σt, h | h′)

]
,

r̂t,Li (Iz, a | h′) =
∑

h∈I

πσt

−i(h)

πqt(hz)

[
v̂t,Li (σt, hz, a | h′)− v̂t,Li (σt, hz | h′)

]
.

(10)

Here, inspired by [11], v̂t,Hi (σt, h, z|h′) and v̂t,Li (σt, hz, a|h′) are incorporated with the

baseline function bti for variance reduction: (v̂t,Hi (σt, h′|h′) = ui(h
′))

v̂t,Hi (σt, h, z | h′) =
δ(hz ⊑ h′)

qt(z | h)
[
v̂t,Li (σt, hz | h′)− bti(h, z)

]
+ bti(h, z),

v̂t,Li (σt, hz, a | h′) =
δ(hza ⊑ h′)

qt(a | h, z)
[
v̂t,Hi (σt, hza | h′)− bti(h, z, a)

]
+ bti(h, z, a).

(11)

where δ(·) is the indicator function. Accordingly, v̂t,Hi (σt, h|h′) =

∑
z∈Z(h) σ

t,H

P (h)(z|h)v̂
t,H
i (σt, h, z|h′) and v̂t,Li (σt, hz|h′) =

∑
a∈A(h) σ

t,L

P (h)(a|h, z)v̂
t,L
i (σt, hz, a|h′). For superscripts on r̂ and v̂, we use H when

the agent is in state h or hza, corresponding to high-level option choices, and L when

the agent is in state hz, corresponding to low-level action decisions.

Regarding estimators proposed in Eqs (10) and (11), we have the following

theorems:

Theorem 4 For all i ∈ N, I ∈ Ii, z ∈ Z(I), a ∈ A(I), we have:

E
h′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
= rt,Hi (I, z),

E
h′∼πqt (·)

[
r̂t,Li (Iz, a|h′)

]
= rt,Li (Iz, a)

(12)
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Therefore, we can acquire unbiased estimations of RT
i by substituting rti with r̂ti

in Equation (9). This theorem is proved in Appendix E. Notably, Theorem 4 doesn’t

prescribe any specific form for the baseline function bti. Yet, the baseline design can

affect the sample variance of these unbiased estimators. As posited in Gibson et al.[15],

given a fixed ϵ > 0, estimators with reduced variance necessitate fewer iterations to

converge to an ϵ-Nash equilibrium. Hence, we propose the following ideal criteria for

the baseline function to minimize the sample variance:

Theorem 5 If bti(h, z, a) = vt,Hi (σt, hza) and bti(h, z) = vt,Li (σt, hz), for all h ∈

H\HTS , z ∈ Z(h), a ∈ A(h), we have:

Varh′

[
v̂t,Hi (σt, h, z | h′)

⃓⃓
⃓h′ ⊒ h

]
= 0,

Varh′

[
v̂t,Li (σt, hz, a | h′)

⃓⃓
⃓h′ ⊒ hz

]
= 0.

(13)

Consequently, Var
h′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
and Var

h′∼πqt (·)

[
r̂t,Li (Iz, a|h′)

]
are minimized

with respect to bti for all I ∈ Ii, z ∈ Z(I), a ∈ A(I).

The proof can be found in Appendix F. The ideal criteria for the baseline

function proposed in Theorem 5 is incorporated into our objective design

in Section 4.4.

To sum up, by utilizing the immediate counterfactual regret estimators defined

in Equations (10) and (11) and selecting baseline functions that meet the ideal cri-

teria, we can enhance the adaptability and learning efficiency of our method (i.e.,

HCFR proposed in Section 4.2) through a low-variance outcome Monte Carlo sampling

extension.

4.4 Hierarchical Deep CFR

In vanilla CFR, regrets are updated for every information set each iteration, which

is infeasible at scale. Monte Carlo CFR (MCCFR) [20] instead updates on sampled
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parts of the tree. OS updates along a single sampled trajectory; ES explores all

actions of the traverser and samples a single action for non-traversers, requiring an

explicit traversable game model and growing exponentially with horizon. Our setting

features deep trees and simulator-only access, so we adopt OS, but it suffers from

high variance. We therefore complete Section 4.2 by adding a low-variance

outcome-sampling extension: replace counterfactual regrets with unbiased

estimators and introduce baselines to reduce variance (Section 4.3).

Building on Section 4.2 and Section 4.3, we present HDCFR, which uses NNs to

approximate the regret, strategy, and baseline functions, enabling infinite-scale state

spaces. We define deep objectives that match the tabular targets under

exact fitting; in practice, approximation/optimization errors may affect

regret. We then present the complete algorithm in pseudo-code. We rep-

resent each skill z as a learnable embedding and implement the subpolicy πz(a | I)

as a conditional network on [I; z] that outputs over the full A(I) (with I containing

both private and public observations). In particular, we train three types of networks:

the counterfactual regret networks Rt,H
i,θ , Rt,L

i,θ , average strategy networks σT,H
i,ϕ , σT,L

i,ϕ ,

and baseline network bt. Notably, we do not maintain the baselines bt for each player.

Instead, we leverage the property of two-player zero-sum games where the payoff of

the two players offsets each other. That is, bt = bt1 = −bt2.

First, the counterfactual regret networks are trained by minimizing the following

two objectives: Lt,H
R,i and Lt,L

R,i.

Lt,H
R,i = E

(I,r̂t
′,H

i
)∼τ i

R

⎡
⎣

∑

z∈Z(I)

(
Rt,H
i,θ

(z | I)− r̂t
′,H
i (I, z)

)2

⎤
⎦ ,

Lt,L
R,i = E

(Iz,r̂t
′,L

i
)∼τ i

R

⎡
⎣

∑

a∈A(I)

(
Rt,L
i,θ

(a | I, z)− r̂t
′,L
i (Iz, a)

)2

⎤
⎦ .

(14)

Here, τ iR stores sampled immediate counterfactual regrets r̂t
′

i from iterations 1 to t

(Section 4.3). The core idea of MCCFR is to replace Rt,H
i and Rt,L

i with their unbiased

Monte Carlo estimates. As a justification of this design:
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Proposition 2 Let Rt,H
i,∗ and Rt,L

i,∗ denote the minimal points of Lt,H
R,i and Lt,L

R,i, respectively.

For all I ∈ Ii, z ∈ Z(I), a ∈ A(I), Rt,H
i,∗ (z|I) and Rt,L

i,∗ (a|I, z) yield unbiased estimations

of the true counterfactual regrets scaled by positive constant factors, i.e., C1R
t,H
i (z|I) and

C2R
t,L
i (a|I, z). Specifically, Rt,H

i,∗ (z|I) → C1R
t,H
i (z|I) and Rt,L

i,∗ (a|I, z) → C2R
t,L
i (a|I, z), as

|τ iR| → ∞.

Please refer to Appendix G for the proof. Since regrets are only used to compute

the next strategy via Eq (7), the positive scales C1, C2 cancel in normalization; thus

Rt,H
i,∗ and Rt,L

i,∗ can replace Rt,H
i and Rt,L

i .

Second, the average strategy networks are learned from immediate strategies

across iterations 1 to T by minimizing LH
σ,i and LL

σ,i:

E

(I,σt,H

i
)∼τ i

σ

⎡
⎣

∑

z∈Z(I)

(σT,H
i,ϕ

(z|I)− σt,H
i (z|I))2

⎤
⎦ ,

E

(Iz,σt,L

i
)∼τ i

σ

⎡
⎣

∑

a∈A(I)

(σT,L
i,ϕ

(a|I, z)− σt,L
i (a|I, z))2

⎤
⎦

(15)

We adopt a sampling scheme to fulfill the following proposition. Define qt,i as the

sample strategy profile at iteration t when i is the traverser; qt,ip is uniformly random

when p = i and equals σt
p when p = 3 − i. Samples in τ iσ are gathered when the

traverser is 3− i (so i uses σt
i). Then: (See Appendix H.)

Proposition 3 Let σT,H
i,∗ and σT,L

i,∗ be the minimal points of LH
σ,i and LL

σ,i, and let τ t,iσ

be the partition of τ iσ at iteration t. If τ t,iσ follows the scheme above, then σT,H
i,∗ (z|I) →

σT,H
i (z|I) and σT,L

i,∗ (a|I, z) → σT,L
i (a|I, z), ∀ I ∈ Ii, z ∈ Z(I), a ∈ A(I), as |τ t,iσ | → ∞

(t ∈ {1, · · · , T}).

By Propositions 1 and 3, σT,H
∗ and σT,L

∗ can be returned as an approximate NE.
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Last, at the end of each iteration t, we learn the baseline function for iteration

t+1 to reduce variance by minimizing:

Lt+1
b = Eh′∼τt

b

⎡
⎣

∑

hza⊑h′

(bt+1(h, z, a)− b̂t+1(hza|h′))2
⎤
⎦ (16)

Here, τ tb stores trajectories collected at iteration t when player 1 is the traverser. For

each trajectory, we record sampled baselines b̂t+1(h|h′), ∀ h ⊑ h′, recursively defined

as: (b̂t+1(h|h′) = u1(h) if h ∈ HTS)

b̂t+1(h | h′) =
∑

z∈Z(h)

σt+1,H
P (h)

(z | h)b̂t+1(h, z | h′),

b̂t+1(hz | h′) =
∑

a∈A(h)

σt+1,L
P (h)

(a | h, z)b̂t+1(hz, a | h′),

b̂t+1(h, z | h′) = δ(hz ⊑ h′)
qt,1(z | h)

[
b̂t+1(hz | h′)

− bt(h, z)
]
+ bt(h, z),

b̂t+1(hz, a | h′) = δ(hza ⊑ h′)
qt,1(a | h, z)

[
b̂t+1(hza | h′)

− bt(h, z, a)
]
+ bt(h, z, a).

(17)

The high-level baseline bt+1(h, z) is defined from the low-level baseline bt+1(h, z, a) as

bt+1(h, z) =
∑

a∈A(h) σ
t+1,L
P (h) (a|I(h), z)bt+1(h, z, a). With these sampled baselines and

their relation, we have:

Proposition 4 Denote bt+1,∗ as the minimal point of Lt+1
b

and consider trajectories in

τ tb as independent and identically distributed random samples. We have bt+1,∗(h, z, a) →

vt+1,H(σt+1, hza) and bt+1,∗(h, z) =
∑

a′ σ
t+1,L
P (h)

(a′|I(h), z)bt+1,∗(h, z, a′) →

vt+1,L(σt+1, hz), ∀ h ∈ H, z ∈ Z(h), a ∈ A(h), as |τ tb | → ∞.

Thus, the ideal criteria for baselines (Theorem 5 in Section 4.3) are satisfied at the

optimum of Lt+1
b (Appendix I). In particular, the variance of estimating Rt

i is

minimized w.r.t. these baselines at the optimum.
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To sum up, we present the pseudo code of HDCFR as Algorithm 1 and 2

in Section 5. There are T iterations. (1) At iteration t, players alternate as traverser

and collect K trajectories (Algorithm 1, L6–11) via outcome sampling (Algorithm 2).

Along each trajectory, immediate counterfactual regrets for the traverser i (i.e., r̂ti) are

computed by Eq (10), (11) (Section 4.3) and stored in τ iR; non-traverser strategies σ
t
3−i

are derived from Rt−1
3−i,θ using Eq (7) and saved in τ3−i

σ . (2) At the end of t, train Rt−1
i,θ

on τ iR via Eq (14) to obtain Rt
i,θ (Algorithm 1, L12–14). Then update the baseline bt

to bt+1 by Eq (16) (L22–30). bt+1 and Rt
i,θ are used in the next iteration. (3) After T

iterations, train σT
ϕ on τσ via Eq (15) (L17–19) and return it as an approximate NE.
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5 Pseudo Code of HDCFR

Algorithm 1 Hierarchical Deep Counterfactual Regret Minimization (HDCFR)

1: Initialize the counterfactual regret networks R0,H
i,θ , R0,L

i,θ , ∀ i ∈ {1, 2} (collectively
denoted as R0

θ), and the baseline network b1, so that they return 0 for all inputs

2: Initialize the average strategy networks σT,H
i,ϕ , σT,L

i,ϕ , ∀ i ∈ {1, 2} with random
parameters

3: Initialize the replay buffer for the counterfactual regrets and average strategies,
i.e., τ iR, τ iσ, ∀ i ∈ {1, 2} as empty sets

4: for t = {1, · · · , T} do
5: Initialize the the replay buffer for the baseline function at iteration t: τ tb = ∅
6: for i = {1, 2} do
7: Define the sample strategy profile at t with i being the traverser, i.e., qt,i

8: for traversal k = {1, · · · ,K} do
9: HighRollout(∅, Rt−1

θ , τ iR, τ
3−i
σ , τ tb , q

t,i, bt)
10: end for
11: end for
12: for i = {1, 2} do

13: Train Rt,H
i,θ , Rt,L

i,θ from scratch by minimizing Equation (14)
14: end for
15: bt+1 = BaselineTraining(bt, τ tb , R

t
θ, q

t,1)
16: end for
17: for i = {1, 2} do

18: Obtain σT,H
i,ϕ , σT,L

i,ϕ by minimizing Equation (15)
19: end for
20: Return {(σT,H

1,ϕ , σT,L
1,ϕ ), (σT,H

2,ϕ , σT,L
2,ϕ )}, i.e., the approximate Nash Equilibrium

hierarchical strategy profile
21:

22: function BaselineTraining(bt, τ tb , R
t
θ, q

t,1)
23: for h′ in τ tb do
24: for hza ⊑ h′ do (tracing back from h′ to its initial state)

25: Compute b̂t+1(hza|h′) using bt, Rt
θ, and qt,1, following Equation (17),

where Rt
θ indicates σt+1 according to Equation (7)

26: end for
27: end for
28: Train bt+1 by minimizing Equation (16)
29: Return bt+1

30: end function
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Algorithm 2 Hierarchical Deep Counterfactual Regret Minimization (HDCFR)
Continued

1: function HighRollout(h, Rt−1
θ , τ iR, τ

3−i
σ , τ tb , q

t,i, bt)
2: if h ∈ HTS then
3: Assign h′ = h
4: if i == 1 then
5: Add h′ to τ tb
6: end if
7: Return u1(h

′)
8: end if
9: I = I(h), p = P (h)

10: Sample an option z ∼ qt,i(·|h)
11: v̂t,L(σt, hz|h′) = LowRollout(h, z, Rt−1

θ , τ iR, τ
3−i
σ , τ tb , q

t,i, bt)
12: v̂t,H(σt, h, z′|h′) = bt(h, z′), ∀ z′ ̸= z
13: v̂t,H(σt, h, z|h′) = 1

qt,i(z|h)
[
v̂t,L(σt, hz|h′)− bt(h, z)

]
+ bt(h, z)

14: v̂t,H(σt, h|h′) =
∑

z∈Z(h) σ
t,H
p (z|h)v̂t,H(σt, h, z|h′)

15: if p == i then

16: r̂t,Hi (I, ·|h′) = (−1)i+1 πσt

3−i(h)

πqt,i (h)

[
v̂t,H(σt, h, ·|h′)− v̂t,H(σt, h|h′)

]

17: Add (I, t, r̂t,Hi (I, ·|h′)) to τ iR
18: else if p == 3− i then
19: Compute σt,H

3−i(·|I) based on Rt−1,H
3−i (·|I) following Equation (7)

20: Add (I, t, σt,H
3−i(·|I)) to τ3−i

σ

21: end if
22: Return v̂t,H(σt, h|h′)
23: end function
24:

25: function LowRollout(h, z, Rt−1
θ , τ iR, τ

3−i
σ , τ tb , q

t,i, bt)
26: I = I(h), p = P (h)
27: Sample an action a ∼ qt,i(·|h, z)
28: v̂t,H(σt, hza|h′) = HighRollout(hza, Rt−1

θ , τ iR, τ
3−i
σ , τ tb , q

t,i, bt)
29: v̂t,L(σt, hz, a′|h′) = bt(h, z, a′), ∀ a′ ̸= a
30: v̂t,L(σt, hz, a|h′) = 1

qt,i(a|h,z)
[
v̂t,H(σt, hza|h′)− bt(h, z, a)

]
+ bt(h, z, a)

31: v̂t,L(σt, hz|h′) =
∑

a∈A(h) σ
t,L
p (a|h, z)v̂t,L(σt, hz, a|h′)

32: if p == i then

33: r̂t,Li (Iz, ·|h′) = (−1)i+1 πσt

3−i(h)

πqt,i (hz)

[
v̂t,L(σt, hz, ·|h′)− v̂t,L(σt, hz|h′)

]

34: Add (Iz, t, r̂t,Li (Iz, ·|h′)) to τ iR
35: else if p == 3− i then
36: Compute σt,L

3−i(·|I, z) based on Rt−1,L
3−i (·|I, z) following Equation (7)

37: Add (Iz, t, σt,L
3−i(·|I, z)) to τ3−i

σ

38: end if
39: Return v̂t,L(σt, hz|h′)
40: end function
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Table 1 Details of the selected benchmarks: for each benchmark, we provide its decision
horizon, the number of nodes in the game tree, and the initial stack size for each player

Benchmark Leduc Leduc 10 Leduc 15 Leduc 20 FHP FHP 10

Stack Size 13 60 80 100 2000 4000

Horizon 4 20 30 40 8 20

# of Nodes 464 31814 67556 113954 2.58× 1012 3.17× 1013

6 Evaluation and Main Results

In Section 6.2, we benchmark HDCFR against leading model-free methods for

imperfect-information zero-sum games, including DREAM [35], OSSDCFR (an

outcome-sampling variant of Deep CFR) [5, 33], NFSP [16], and ESCHER [25]. Like

HDCFR, these algorithms do not require domain knowledge and can be applied in

environments with unknown game models (i.e., the model-free setting). For evaluation

benchmarks, as a common practice, we select poker games: Leduc [31] and heads-

up flop hold’em (FHP) [5]. Given its hierarchical design, HDCFR is expected to be

superior in tasks involving extended decision-making horizons. Thus, we elevate

complexity of the standard poker benchmarks by raising the number of

cards and the cap on the total raises and accordingly increasing the ini-

tial stack size for each player, compelling agents to strategize over longer

horizons. Details of the SIX benchmarks used are available in Section 6.1.

Then, in Section 6.3, we analyze the hierarchical strategy learned by HDCFR. We

examine whether the high-level strategy can temporally extend skills and if the low-

level strategies (i.e., skills) can be transferred to new tasks to aid learning. Notably,

we utilize the baseline and benchmark implementation from [34].

6.1 Benchmark Information

Details of the benchmarks are summarized in Table 1.
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(a) Leduc (b) Leduc 10

(c) Leduc 15 (d) Leduc 20

Fig. 1 Performance comparison on Leduc poker games. Lower exploitability indicates a closer
approximation to the Nash equilibrium. HDCFR exhibits superior convergent performance as the
game’s decision horizon increases. All curves are averaged over five random seeds

6.2 Comparison with State-of-the-Art Model-free Algorithms

on Zero-sum IIGs

For Leduc poker games, we can explicitly compute the best response (BR) function

for the learned strategy profile σ = {σ1, σ2}. We then can use the exploitability of

σ: exploitability(σ) = 1/2maxσ′ [u1(σ
′
1, σ2) + u2(σ1, σ

′
2)], as the learning performance

metric. Commonly used in extensive-form games, exploitability measures the devia-

tion from an NE, so a lower value is preferred. For hold’em poker games (like our

benchmarks), exploitability is usually quantified in milli big blinds per game (mbb/g).

In Figure 1, we show the learning curves of HDCFR and the baselines. Solid lines

represent the mean, while shadowed areas indicate the 95% confidence intervals from

repeated trials. (1) For CFR-based algorithms, the players sample 900 trajectories in
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Table 2 HDCFR vs. Baseline Algorithms in Head-to-Head Matchups. The table rows
represent the average payoffs (higher is better) of HDCFR against the baselines: Leduc,
Leduc 10, Leduc 15, Leduc 20, FHP, and FHP 10.

Benchmark DREAM OSSDCFR NFSP ESCHER

Leduc −11.94± 53.79 4.11± 64.03 596.55± 73.46 −97.17± 92.15

Leduc 10 −14.22± 62.10 500.00± 73.22 642.67± 109.41 319.00± 170.55

Leduc 15 171.33± 70.80 563.75± 83.31 1351.50± 207.27 414.50± 86.51

Leduc 20 196.89± 76.69 587.00± 68.83 1725.33± 206.01 177.33± 118.02

FHP 184.58± 36.75 68.11± 36.61 244.61± 41.36 72.30± 322.10

FHP 10 282.42± 14.20 343.22± 15.35 537.39± 16.91 −260.80± 521.60

each training episode, and visit around 107 game states in the learning process. In

contrast, the RL-based NFSP algorithm is trained over more episodes (×1000) and

the players visit 108 game states in total during training. However, NFSP consis-

tently underperforms across all benchmarks, so it is significantly less sample-efficient

compared to the CFR-based algorithms. Note that NFSP uses a separate y-axis.

(2) In the absence of game models, backtracking is not allowed and so the player

can sample only one action at each information set, which is known as outcome sam-

pling. Thus, algorithms that require backtracking, like Deep CFR [5] and DNCFR

[23], cannot work directly, unless adapted with the outcome sampling scheme. How-

ever, the performance of the resulting algorithm OSSDCFR declines significantly with

increasing game complexity, primarily due to the high sample variance associated with

outcome sampling.

(3) With variance reduction techniques, DREAM achieves comparable perfor-

mance to HDCFR in simpler scenarios. HDCFR, owing to its hierarchical structure,

excels over DREAM in games with extended horizons, where DREAM struggles to

converge. HDCFR’s superiority becomes more significant as the game complexity

increases. On Leduc 15/20, DREAM’s exploitability occasionally decreases and then

increases—this occurs in long-horizon settings where outcome sampling has high vari-

ance. Our ablations (Section 7) reproduce a similar pattern when removing the baseline
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or the multi-head attention module (no temporally extended skills), indicating that

variance control and temporal abstraction are crucial for stability in deep horizons.

(4) ESCHER [25] avoids importance sampling to reduce variance in regret esti-

mation, as discussed in Section 3. In Figure 1(b)–(d), HDCFR reaches lower mean

exploitability than ESCHER toward the end of training on Leduc 10, Leduc 15,

and Leduc 20. These curves support HDCFR’s effectiveness on the extended Leduc

benchmarks.

Further, we conduct head-to-head tournaments between HDCFR and each base-

line. We select the top three checkpoints for each algorithm, resulting in total

nine pairings for each tournament. Each pair of strategies competes over 1,000

hands. Table 2 shows the average payoff of HDCFR’s strategy profile (calculated as

1/2
[
u1(σ

HDCFR
1 , σbaseline

2 ) + u2(σ
baseline
1 , σHDCFR

2 )
]
), along with 95% confidence inter-

vals, measured in mbb/g. A higher payoff indicates superior decision-making

performance.

For DREAM, OSSDCFR, NFSP, and ESCHER, observations from Leduc poker

games in this table (i.e., rows 1-4) align with aforementioned conclusions (1)-(4). To

further evaluate our algorithm, we compare it with baselines on larger-

scale FHP games, which boast a game tree exceeding 1012 nodes in size.

Due to the immense scale of FHP games, computing best response functions is imprac-

tical, so we offer only head-to-head comparison results. Training an instance on FHP

games requires 7 days using a device with 8 CPU cores (3rd Gen Intel Xeon) and

128 GB of RAM. We utilized the RAY parallel computing framework [27]. Against

DREAM, OSSDCFR, and NFSP, HDCFR obtains positive mean payoffs on both FHP

benchmarks, with larger values on FHP 10.
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(a) Non-fixed (b) Fixed

Fig. 2 Learning performance on Leduc 20 with transferred skills from other Leduc tasks. The trans-
ferred skills can either be fixed or not when learning a hierarchical strategy on the new scenario.
As a reference, the learning performance without transferred skills is labeled as HDCFR. By fixing
pre-learned skills, the agent focuses on mastering a high-level strategy, thus accelerating learning.
However, adjusting these skills alongside the high-level strategy can yield improved results: when
using Leduc 15 skills, peak performance occurs around episode 400

6.3 Analysis on the Learned Hierarchical Strategy

One key benefit of hierarchical learning is to use prelearned skills as building blocks

for strategy learning, providing a manner for integrating expert knowledge. Even in

the absence of domain knowledge, where rule-based skills can’t be provided as expert

guidance, we can leverage skills learned from similar games. Skills, as policy segments,

often exhibit greater transferability than complete strategies. In Figure 2, we demon-

strate the transfer of skills from various Leduc games to Leduc 20 and present the

learning outcomes. For comparison, we also include the performance without trans-

ferred skills, labeled as HDCFR. We define skill-switch frequency as the ratio between

the number of time steps at which the selected option changes and the total number

of time steps; its inverse approximates the average option duration. These prelearned

skills can either remain static (Figure 2(b)) or be trained alongside the high-level

strategy (Figure 2(a)). When kept static, the agent can focus on mastering its high-

level strategy to select among a set of effective skills, resulting in quicker convergence.

Notably, the superior convergent performance observed in Figure 2(b) positively cor-

relates with the similarity between the source task of the skills and Leduc 20. On the

other hand, if the skills are adjusted with the high-level strategy, the improvement on
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Table 3 Comparison of the switch frequencies when using skills from different source tasks.

Source Task Leduc Leduc 10 Leduc 15 Leduc 20

Switch Frequency
0.1363

± 4.02× 10−4

0.1256
± 3.43× 10−4

0.1088
± 2.16× 10−4

0.1016
± 3.64× 10−4

the convergence speed may not be obvious, but skills can be more customized for the

current task and better performance may be achieved. For instance, with Leduc 15

skills, peak performance is achieved around episode 400; for Leduc skills, training with

dynamic skills (Figure 2(a)) results in better performance compared to static skills

(Figure 2(b)). However, for Leduc 20 skills, fixed skills works better. This could be

because they originate from the same task, eliminating the need for further adaptation.

Next, we provide an analysis of the learned high-level strategies. As depicted in

Figure 2(b), when utilizing fixed skills from different source tasks, corresponding high-

level strategies can be learned. To evaluate whether these high-level strategies can

extend skills temporally (with the attention mechanism) – instead of frequently tog-

gling between skills – we calculate the frequency of skill switches in the game tree of

Leduc 20 (containing 113954 nodes in total), considering all possible hands of cards

and five repeated experiments. Table 3 reports the means and 95% confidence inter-

vals of the skill switch frequency. As the decision horizon of the skills’ source task

increases, the switch frequency decreases, reflecting longer durations of single-skill uti-

lization. Notably, for Leduc 20 skills, skill switches occur only about 10% of the time.

This indicates the agent’s preference for decision-making at an extended-skill level,

with an average skill duration of approximately 10 steps, rather than at the level of

primitive actions, aligning with our expectations.
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(a) Algorithm design (b) Exploration rate

(c) Number of sampled trajectories

Fig. 3 Learning curves of different ablations on Leduc 20. (a) Without the MHA component in the
high-level strategy (NO MHA) or the baseline function for variance reduction (NO BASELINE), the
learning performance degrades significantly. Following the CFR rule (Equation (7)) results in slightly
slower convergence. (b) Increased randomness in the traverser’s sample strategy enhances learning. (c)
More sampled trajectories in each training episode boost initial convergence speed without affecting
the convergent performance

7 Ablation Study Results

HDCFR integrates the one-step option framework (Section 2.2) and variance-reduced

Monte Carlo CFR (Section 4.2 and Section 4.3). This section offers an ablation analysis

highlighting each crucial element of our algorithm: the option framework, variance

reduction, Monte Carlo sampling, and CFR.

The option framework: The key component of the one-step option framework

is the Multi-Head Attention (MHA) mechanism which enables the agent to temporar-

ily extend skills and so form a hierarchical policy in the learning process. Without

this component in the high-level strategy (i.e., NO MHA in Figure 3(a)), the agent
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struggles to converge at the final stage, akin to the behavior observed for DREAM in

Figure 1(d).

Variance reduction: In HDCFR, we incorporate a baseline function to reduce

variance. This function proves pivotal for extended-horizon tasks where sampling vari-

ance can escalate. Excluding the baseline function from the learning process, as marked

by NO BASELINE in Figure 3(a), results in a substantial performance decline.

Monte Carlo sampling: During Monte Carlo sampling, as outlined in Section

4.4, the traverser should use a uniformly random sampling strategy. Yet, for fair com-

parisons with DREAM, we employ a weighted average of a uniformly random strategy

(with the weight ϵ) and the traverser’s current strategy (σt
i). The controlling weight ϵ

for HDCFR in the other experiments is set as 0.5, aligning with the configuration for

the baselines. Figure 3(b) indicates that as ϵ increases, approximately there is a cor-

relating rise in learning performance. Notably, our original design, i.e., setting ϵ = 1,

delivers the best result, amplifying the performance depicted in Figure 1(d). Another

key aspect of Monte Carlo sampling is the number of sampled trajectories per train-

ing episode (i.e., the hyperparameter K in Algorithm 1). According to Figure 3(c),

increasing this count accelerates convergence during the initial training phase. How-

ever, it does not necessarily improve the final convergent performance and instead

proportionally increases the overall training time.

CFR: As indicated by [5] and [35], slightly modifying the CFR updating rule

(Equation (7)), that is, to greedily select the action with the largest regret rather

than use a random one when the sum µH , µL ≤ 0, can speed up the convergence. We

adopt the same trick and find that it can improve the convergence speed slightly, as

compared to the original setting (i.e., CFR RULE in Figure 3(a)).
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8 Conclusion

We introduce the first hierarchical extension of CFR based on the option framework.

We first establish the theoretical foundations in a tabular setting and then extend

them using neural networks as function approximators, resulting in a theoretically

grounded deep learning algorithm – HDCFR. Evaluations in complex two-player zero-

sum games show that HDCFR outperforms leading algorithms in this field, with the

advantage increasing as the decision horizon grows, underscoring its potential for tasks

involving deep game trees. Moreover, we show that the learned high-level strategy can

temporally extend skills to exploit hierarchical subtask structure in long-horizon tasks,

and that the learned skills can be transferred to related tasks to facilitate learning.

Our algorithm provides a novel framework to learn with pre-learned skills in zero-sum

IIGs.
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Appendix A Proof of Theorem 2

Define D(I) to be the information sets of player i reachable from I (including I), and

σ|
D(I)→σ

′

i
to be a strategy profile equal to σ except that player i adopts σ

′

i in the

information sets contained in D(I). Then, the average overall regret starting from I

(I ∈ Ii) can be defined as:

RT
full,i(I) =

1

T
max
σ
′

i

T∑

t=1

πσt

−i(I)(ui(σ
t|
D(I)→σ

′

i
, I)− ui(σ

t, I)) (A1)

Further, we define Si(I, ã) to be the set of all possible next information sets of player i

given that action ã ∈ Ã(I) was just selected at I and define Si(I) =
⋃

ã∈Ã(I) Si(I, ã),

Si(Iz) =
⋃

a∈A(I) Si(I, za). Then, we have the following lemma:

Lemma 1 RT,+
full,i

(I) ≤ RT,H
i,+ (I) +

∑
z∈Z(I) R

T,L
i,+ (I, z) +

∑
I′∈Si(I)

RT,+
full,i

(I ′)

Proof

RT
full,i(I) =

1

T
max
σ
′

i

T∑

t=1

πσt

−i(I)

×
(
ui(σ

t|
D(I)→σ

′

i

, I)− ui(σ
t, I)

)

=
1

T
max

z∈Z(I)
max
σ
′

i

T∑

t=1

πσt

−i(I)
[
(ui(σ

t|I→z , I)− ui(σ
t, I))

+ (ui(σ
t|
D(Iz)→σ

′

i

, Iz)− ui(σ
t, Iz))

]

≤ 1

T
max

z∈Z(I)

T∑

t=1

πσt

−i(I)
(
ui(σ

t|I→z , I)− ui(σ
t, I)

)

+
1

T
max

z∈Z(I)
max
σ
′

i

T∑

t=1

πσt

−i(I)

×
(
ui(σ

t|
D(Iz)→σ

′

i

, Iz)− ui(σ
t, Iz)

)
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= RT,H
i (I) +

1

T
max

z∈Z(I)
max
σ
′

i

T∑

t=1

πσt

−i(Iz)

×
(
ui(σ

t|
D(Iz)→σ

′

i

, Iz)− ui(σ
t, Iz)

)

≤ RT,H
i (I) +

∑

z∈Z(I)

[
1

T
max
σ
′

i

T∑

t=1

πσt

−i(Iz)

×
(
ui(σ

t|
D(Iz)→σ

′

i

, Iz)− ui(σ
t, Iz)

)
]+

= RT,H
i (I) +

∑

z∈Z(I)

RT,+
full,i

(Iz) (A2)

RT
full,i(Iz) =

1

T
max
σ
′

i

T∑

t=1

πσt

−i(Iz)(ui(σ
t|
D(Iz)→σ

′

i

, Iz)− ui(σ
t, Iz))

=
1

T
max

a∈A(I)
max
σ
′

i

T∑

t=1

πσt

−i(Iz)[(ui(σ
t|Iz→a, Iz)− ui(σ

t, Iz))+

∑

I′∈Si(I,za)

Pσt
−i

(I ′|I, za)(ui(σt|
D(I′)→σ

′

i

, I ′)− ui(σ
t, I ′))]

= RT,L
i (I, z) + max

a∈A(I)

∑

I′∈Si(I,za)

1

T
max
σ
′

i

T∑

t=1

πσt

−i(I
′)(ui(σ

t|
D(I′)→σ

′

i

, I ′)− ui(σ
t, I ′))

= RT,L
i (I, z) + max

a∈A(I)

∑

I′∈Si(I,za)

RT
full,i(I

′)

≤ RT,L
i (I, z) +

∑

I′∈Si(Iz)

RT,+
full,i

(I ′) (A3)

In Equation (A2) and (A3), we employ the one-step look-ahead expansion (Equation (10)

in [41]) for the second line. At iteration t, when player i selects a hierarchical action ã =

(za), it will transit to the subsequent information set I ′ ∈ Si(I, za) with a probability of

Pσt
−i

(I ′|I, za), since only player −i will act between I and I ′ according to σt
−i. According to

the definition of the reach probability, π−i(Iz) = π−i(I) (since z and a are executed by player

i) and π−i(I)Pσt
−i

(I ′|I, za) = π−i(I
′). Combining Equation (A2) and (A3), we can get:

RT
full,i(I) ≤ RT,H

i (I) +
∑

z∈Z(I)

RT,+
full,i

(Iz)

≤ RT,H
i (I) +

∑

z∈Z(I)

⎡
⎣RT,L

i,+ (I, z) +
∑

I′∈Si(Iz)

RT,+
full,i

(I ′)

⎤
⎦
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= RT,H
i (I) +

∑

z∈Z(I)

RT,L
i,+ (I, z) +

∑

z∈Z(I)

∑

I′∈Si(Iz)

RT,+
full,i

(I ′)

= RT,H
i (I) +

∑

z∈Z(I)

RT,L
i,+ (I, z) +

∑

I′∈Si(I)

RT,+
full,i

(I ′) (A4)

In previous derivations, we have repeatedly employed the inequality max(a + b, 0) ≤

max(a, 0) +max(b, 0), which holds for all a, b ∈ R, as in the last inequality of Equation (A2)

and (A3). By applying this inequality once more to Equation (A4), we can obtain Lemma

1. □

Lemma 2 RT,+
full,i

(I) ≤ ∑
I′∈D(I)

[
RT,H
i,+ (I ′) +

∑
z∈Z(I′) R

T,L
i,+ (I ′, z)

]

Proof We prove this lemma by induction on the height of the information set I on the game

tree. When the height is 1, i.e., Si(I) = ∅, D(I) = {I}, then Lemma 1 implies Lemma 2.

Now, for the general case:

RT,+
full,i

(I) ≤ RT,H
i,+ (I) +

∑

z∈Z(I)

RT,L
i,+ (I, z) +

∑

I′∈Si(I)

RT,+
full,i

(I ′)

≤ RT,H
i,+ (I) +

∑

z∈Z(I)

RT,L
i,+ (I, z) +

∑

I′∈Si(I)

∑

I′′∈D(I′)

⎡
⎣RT,H

i,+ (I ′′) +
∑

z∈Z(I′′)

RT,L
i,+ (I ′′, z)

⎤
⎦

=
∑

I′∈D(I)

⎡
⎣RT,H

i,+ (I ′) +
∑

z∈Z(I′)

RT,L
i,+ (I ′, z)

⎤
⎦ (A5)

In the second line, we employ the induction hypothesis. In the third line, we use the following

facts: D(I) = {I} ∪ ⋃
I′∈Si(I)

D(I ′), {I} ∩ ⋃
I′∈Si(I)

D(I ′) = ∅, and D(I ′) ∩ D(I ′′) = ∅ for

all distinct I ′, I ′′ ∈ Si(I). The third fact here is derived from the perfect recall property of

the game: all players can recall their previous (hierarchical) actions and the corresponding

information sets. Then, D(I ′)∩D(I ′′) = ∅ because elements from the two sets possess distinct

prefixes (i.e., I ′ and I ′′). □

Last, for the average overall regret, we have RT
full,i = RT

full,i(∅), where ∅ corre-

sponds to the start of the game tree and D(∅) = Ii. Applying Lemma 2, we can get

the theorem: RT
full,i ≤ RT,+

full,i(∅) ≤
∑

I∈Ii

[
RT,H

i,+ (I) +
∑

z∈Z(I) R
T,L
i,+ (I, z)

]
.
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Appendix B Proof of Theorem 3

Regret matching can be defined in a domain where a fixed set of actions A and a

payoff function ut : A → R exist. At each iteration t, a distribution over the actions,

σt, is chosen based on the cumulative regret Rt : A → R. Specifically, the cumulative

regret at iteration T for not playing action a is defined as:

RT (a) =
1

T

T∑

t=1

[
ut(a)−

∑

a′∈A

σt(a′)ut(a′)

]
(B6)

where σt(a) is obtained by:

σt(a) =

⎧
⎪⎨
⎪⎩

Rt−1,+(a)/µ, µ > 0,

1/|A|, o\w.
µ =

∑

a′∈A

Rt−1,+(a′) (B7)

Then, we have the following lemma (Theorem 8 in [41]):

Lemma 3 maxa∈A RT (a) ≤ ∆u

√
|A|√

T
, where ∆u = maxt∈{1,··· ,T} maxa,a′∈A(ut(a)−ut(a′)).

To apply this lemma, we must transform the definitions of RT,H
i and RT,L

i in

Equation (6) to a form resembling Equation (B6). With Equation (6) and (2), we can

get:

RT,H
i (z|I) = 1

T

T∑

t=1

[
∑

h∈I

πσt

−i(h)
∑

h′∈HTS

ui(h
′)πσt

(hz, h′)−

∑

h∈I

πσt

−i(h)
∑

h′∈HTS

ui(h
′)

∑

z′∈Z(h)

σH
t (z′|h)πσt

(hz′, h′)]

=
1

T

T∑

t=1

[
∑

h∈I

πσt

−i(h)
∑

h′∈HTS

ui(h
′)πσt

(hz, h′)−

∑

z′∈Z(I)

σH
t (z′|I)

∑

h∈I

πσt

−i(h)
∑

h′∈HTS

ui(h
′)πσt

(hz′, h′)]
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=
1

T

T∑

t=1

⎡
⎣vHt (z)−

∑

z′∈Z(I)

σH
t (z′|I)vHt (z′)

⎤
⎦ (B8)

Applying the same process on RT,L
i (a|I, z), we can get:

RT,L
i (a|I, z) = 1

T

T∑

t=1

⎡
⎣vLt (a)−

∑

a′∈A(I)

σL
t (a

′|I, z)vLt (a′)

⎤
⎦

vLt (a) =
∑

h∈I

πσt

−i(h)
∑

h′∈HTS

ui(h
′)πσt

(hza, h′)

(B9)

Then, we can apply Lemma 3 and obtain:

max
z∈Z(I)

RT,H
i (z|I) = RT,H

i (I) ≤ ∆vH

√
|Z(I)|√
T

≤ ∆u,i

√
|Z(I)|√
T

max
a∈A(I)

RT,L
i (a|I, z) = RT,L

i (I, z) ≤ ∆vL

√
|A(I)|√
T

≤ ∆u,i

√
|A(I)|√
T

(B10)

Here, ∆u,i = maxh′∈HTS
ui(h

′)−minh′∈HTS
ui(h

′) is the range of the payoff function

for i, which covers ∆vH and ∆vL . We can directly apply Lemma 3, because the regret

matching is adopted at each information set independently as defined in Equation (7).

By integrating Equation B10 and Theorem 2, we then get:

RT
full,i ≤

∑

I∈Ii

⎡
⎣∆u,i

√
|Z(I)|√
T

+
∑

z∈Z(I)

∆u,i

√
|A(I)|√
T

⎤
⎦

≤ ∆u,i|Ii|√
T

(
√
|Zi|+ |Zi|

√
|Ai|)

(B11)

where |Ii| is the number of information sets for player i, |Ai| = maxh:P (h)=i |A(h)|,

|Zi| = maxh:P (h)=i |Z(h)|.
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Appendix C Proof of Proposition 1

According to Theorem 1 and 3, as T → ∞, RT
full,i → 0, and thus the aver-

age strategy σT
i (ã|I) converges to a Nash Equilibrium. We claim that σT

i (ã|I) =

σT,H
i (z|I) · σT,L

i (a|I, z).

Proof

σT,H
i (z|I) · σT,L

i (a|I, z) = ΣT
t=1π

σt

i (I)σt,H
i (z|I)

ΣT
t=1π

σt

i (I)

ΣT
t=1π

σt

i (Iz)σt,L
i (a|I, z)

ΣT
t=1π

σt

i (Iz)

=
ΣT
t=1π

σt

i (I)σt,H
i (z|I)

ΣT
t=1π

σt

i (I)

ΣT
t=1π

σt

i (Iz)σt,L
i (a|I, z)

ΣT
t=1π

σt

i (I)σt,H
i (z|I)

=
ΣT
t=1π

σt

i (Iz)σt,L
i (a|I, z)

ΣT
t=1π

σt

i (I)
=

ΣT
t=1π

σt

i (I)σt,H
i (z|I)σt,L

i (a|I, z)
ΣT
t=1π

σt

i (I)

=
ΣT
t=1π

σt

i (I)σt
i((z, a)|I)

ΣT
t=1π

σt

i (I)
= σT

i (ã|I)

(C12)

□

Given this equivalence, we can infer that if both players adhere to the one-step

option model for each I – selecting an option z based on σT,H
i (·|I) and subsequently

choosing the action a in accordance with the corresponding intra-option strategy

σT,L
i (·|I, z), an approximate NE solution can be acquired.

Appendix D Proof of Equivalence between

Equations (9) and (6)

Through induction on the height of h on the game tree, one can easily prove that:

vt,Hi (σt, h) =
∑

h′∈HTS

πσt

(h, h′)ui(h
′), vt,Li (σt, hz) =

∑

h′∈HTS

πσt

(hz, h′)ui(h
′) (D13)
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Thus, we have:

rt,Hi (I, z) =
∑

h∈I

πσt

−i(h)
∑

h′∈HTS

πσt

(hz, h′)ui(h
′)

−
∑

h∈I

πσt

−i(h)
∑

h′∈HTS

πσt

(h, h′)ui(h
′)

= πσt

−i(I)(ui(σ
t|I→z, I)− ui(σ

t, I))

rt,Li (Iz, a) =
∑

h∈I

πσt

−i(h)
∑

h′∈HTS

πσt

(hza, h′)ui(h
′)

−
∑

h∈I

πσt

−i(h)
∑

h′∈HTS

πσt

(hz, h′)ui(h
′)

= πσt

−i(I)(ui(σ
t|Iz→a, Iz)− ui(σ

t, Iz))

(D14)

The equation above connects the definitions of RT,H
i and RT,L

i in Equation (9) and

(6).

Appendix E Proof of Theorem 4

Lemma 4 For all h ∈ H\HTS , z ∈ Z(h), a ∈ A(h):

Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
= Eh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]

Eh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]
= Eh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

] (E15)

Proof

Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]

= Eh′

[
δ(hz ⊑ h′)
qt(z|h)

[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
+ bti(h, z)|h′ ⊒ h

]

= P (hz ⊑ h′|h′ ⊒ h)Eh′

[
1

qt(z|h)
[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
+ bti(h, z)|h′ ⊒ hz

]
+

P (hz ̸⊑ h′|h′ ⊒ h)bti(h, z)
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= qt(z|h)
[

1

qt(z|h)
[
Eh′(v̂t,Li (σt, hz|h′)|h′ ⊒ hz)− bti(h, z)

]
+ bti(h, z)

]

+ (1− qt(z|h))bti(h, z)

= Eh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
(E16)

Using the definition of v̂t,Li (σt, hz, a|h′) in Equation (11) and following the same process as

above, we can get the second part of the lemma. □

Now, we present the proof of the first part of Theorem 4.

Eh′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
=

∑

h∈I

πσt

−i(h)

πqt(h)

[
Eh′

[
v̂t,Hi (σt, h, z|h′)

]
− Eh′

[
v̂t,Hi (σt, h|h′)

]]

=
∑

h∈I

πσt

−i(h)
[
Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
− Eh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]]

(E17)

For the second equality, we use the following fact:

Eh′

[
v̂t,Hi (σt, h|h′)

]
= P (h′ ⊒ h)Eh′

[
v̂t,Hi (σt, h|h′) | h′ ⊒ h

]

+ P (h′ ̸⊒ h)Eh′

[
v̂t,Hi (σt, h|h′) | h′ ̸⊒ h

]

= πqt(h)Eh′

[
v̂t,Hi (σt, h|h′) | h′ ⊒ h

]
(E18)

Based on Equation (11), Eh′

[
v̂t,Hi (σt, h|h′)|h′ ̸⊒ h

]
= Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ̸⊒ h

]
=

0. Similar with Equation (E18), we can get Eh′

[
v̂t,Hi (σt, h, z|h′)

]
=

πqt(h)Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
, which completes the proof of Equation (E17).

Equation (9) and (E17) show that, to prove Eh′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
= rt,Hi (I, z),

we only need to show the following lemma:

Lemma 5 For all h ∈ H, z ∈ Z(h):

Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
= vt,Li (σt, hz), Eh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
= vt,Hi (σt, h)

(E19)
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Proof We prove this lemma by induction on the height of h on the game tree. For the base

case, if (hza) ∈ HTS , we have:

Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
= Eh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]

=
∑

a∈A(h)

σt,L

P (h)
(a|h, z)Eh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]

=
∑

a∈A(h)

σt,L

P (h)
(a|h, z)Eh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

]

=
∑

a∈A(h)

σt,L

P (h)
(a|h, z)ui(hza) = vt,Li (σt, hz) (E20)

Here, the first and third equality are due to Lemma 4, and the others are based on the

corresponding definitions. Still, for this base case, we have:

Eh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
=

∑

z∈Z(h)

σt,H

P (h)
(z|h)Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]

=
∑

z∈Z(h)

σt,H

P (h)
(z|h)vt,Li (σt, hz) = vt,Hi (σt, h)

(E21)

where the second equality comes for Equation (E20). Then, we can move on to the general

case, with the hypothesis that Lemma 5 holds for the nodes lower than h on the game tree:

Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
= Eh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]

=
∑

a∈A(h)

σt,L

P (h)
(a|h, z)Eh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]

=
∑

a∈A(h)

σt,L

P (h)
(a|h, z)Eh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

]

=
∑

a∈A(h)

σt,L

P (h)
(a|h, z)vt,Hi (σt, hza) = vt,Li (σt, hz) (E22)

where the induction hypothesis is adopted for the fourth equality. Equation (E22) and (E21)

imply that Eh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
= vt,Hi (σt, h) holds for the general case. □

So far, we have proved the first part of Theorem 4, i.e., Eh′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
=

rt,Hi (I, z). The second part, Eh′∼πqt (·)

[
r̂t,Li (Iz, a|h′)

]
= rt,Li (Iz, a), can be proved with

the same process as above based on Lemma 4, so we skip the complete proof and only

present the following lemma within it.
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Lemma 6 For all h ∈ H\HTS , z ∈ Z(h), a ∈ A(h):

Eh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]
= vt,Hi (σt, hza), Eh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
= vt,Li (σt, hz)

(E23)

Appendix F Proof of Theorem 5

Part I:

First, we can apply the law of total variance to Varh′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
,

conditioning on δ(h′ ⊒ I) (i.e., if h′ is reachable from I), and get:

Varh′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
= E

[
Varh′

[
r̂t,Hi (I, z|h′) | δ(h′ ⊒ I)

]]

+Var
[
Eh′

[
r̂t,Hi (I, z|h′) | δ(h′ ⊒ I)

]] (F24)

The first term can be expanded as follows, where the second equality is due to

r̂t,Hi (I, z|h′) = 0 when h′ ̸⊒ I.

E

[
Varh′

[
r̂t,Hi (I, z|h′)|δ(h′ ⊒ I)

]]

= P (h′ ⊒ I)Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ I

]
+ P (h′ ̸⊒ I)Varh′

[
r̂t,Hi (I, z|h′)|h′ ̸⊒ I

]

= P (h′ ⊒ I)Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ I

]

(F25)

The second term can be converted as follows, based on the fact that

Eh′(r̂t,Hi (I, z|h′)|δ(h′ ⊒ I)) =
r
t,H

i
(I,z)

P (h′⊒I) (i.e., Eh′(r̂t,Hi (I, z|h′)|h′ ⊒ I)) with probability

P (h′ ⊒ I), and Eh′(r̂t,Hi (I, z|h′)| δ(h′ ⊒ I)) = 0 (i.e., Eh′(r̂t,Hi (I, z|h′)|h′ ̸⊒ I)) with
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probability 1− P (h′ ⊒ I).

Var
[
Eh′

[
r̂t,Hi (I, z|h′)|δ(h′ ⊒ I)

]]

= E

[[
Eh′(r̂t,Hi (I, z|h′)|δ(h′ ⊒ I))

]2]
−
[
E

[
Eh′(r̂t,Hi (I, z|h′)|δ(h′ ⊒ I))

]]2

=
1− P (h′ ⊒ I)

P (h′ ⊒ I)
(rt,Hi (I, z))2

(F26)

Note that 1−P (h′⊒I)
P (h′⊒I) (rt,Hi (I, z))2 and P (h′ ⊒ I) is not affected by bti, so we focus on

Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ I

]
in Equation (F25). Applying the law of total variance:

Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ I

]

= Eh∈I

[
Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]]
+Varh∈I

[
Eh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]]

≥ Varh∈I

[
Eh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]]
(F27)

Fix h ∈ I, Eh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]
=

πσt

−i(h)

πqt (h)

[
vt,Li (σt, hz)− vt,Hi (σt, h)

]
, based on

the definition of r̂t,Hi (I, z|h′) and Lemma 5. Thus, the second term in Equation

(F27) is irrelevant to bti. According to Equation (F24)-(F27), we conclude that the

minimum of Varh′∼πqt (·)

[
r̂t,Hi (I, z|h′)

]
with respect to bti can be achieved when

Eh∈I

[
Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]]
= 0. Following the same process, we can show that

the minimum of Varh′∼πqt (·)

[
r̂t,Li (Iz, a|h′)

]
with respect to bti can be achieved when

Eh∈I

[
Varh′

[
r̂t,Li (Iz, a|h′)|h′ ⊒ hz

]]
= 0.

Lemma 7 If Varh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
= Varh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]
= 0, for

all h ∈ H\HTS , z ∈ Z(h), a ∈ A(h), then Eh∈I

[
Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]]
=

Eh∈I

[
Varh′

[
r̂t,Li (Iz, a|h′)|h′ ⊒ hz

]]
= 0, ∀ I ∈ Ii, z ∈ Z(I), a ∈ A(I).
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Proof Pick any h ∈ H\HTS , z ∈ Z(h). Based on Lemma 5, Eh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
=

vt,Li (σt, hz). If Varh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
= 0, then v̂t,Hi (σt, h, z|h′) =

vt,Li (σt, hz), ∀h′ ⊒ h. It follows that v̂t,Hi (σt, h|h′) = vt,Hi (σt, h), ∀h′ ⊒ h, based on the

definitions of vt,Hi (σt, h) and v̂t,Hi (σt, h|h′). Now, for any I ∈ Ii, h ∈ I, h′ ⊒ h:

r̂t,Hi (I, z|h′) =
∑

h′′∈I

πσt

−i(h
′′)

πqt(h′′)

[
v̂t,Hi (σt, h′′, z|h′)− v̂t,Hi (σt, h′′|h′)

]

=
πσt

−i(h)

πqt(h)

[
v̂t,Hi (σt, h, z|h′)− v̂t,Hi (σt, h|h′)

]

=
πσt

−i(h)

πqt(h)

[
vt,Li (σt, hz)− vt,Hi (σt, h)

]

(F28)

Thus, Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]
= 0, ∀ I ∈ Ii, h ∈ I. Then, it follows that for any I,

Eh∈I

[
Varh′

[
r̂t,Hi (I, z|h′)|h′ ⊒ h

]]
= 0. With the same process as above, we can show the

second part of Lemma 7. □

Given the discussions above, to complete the proof of Theorem 5, we need to

further show that, ∀ i ∈ N , if bti(h, z, a) = vt,Hi (σt, hza) and bti(h, z) = vt,Li (σt, hz),

for all h ∈ H\HTS , z ∈ Z(h), a ∈ A(h), we have Varh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
=

Varh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]
= 0, for all h ∈ H\HTS , z ∈ Z(h), a ∈ A(h).

Part II:

Lemma 8 For any i ∈ N, h ∈ H\HTS , z ∈ Z(h), a ∈ A(h) and any baseline function bti:

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
=

∑

z∈Z(h)

(σt,H

P (h)
(z|h))2

qt(z|h) Varh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]

+Varz∼qt(·|h)

⎡
⎣
σt,H

P (h)
(z|h)

qt(z|h) (vt,Li (σt, hz)− bti(h, z))

⎤
⎦

Varh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
=

∑

a∈A(h)

(σt,L

P (h)
(a|h, z))2

qt(a|h, z) Varh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

]

+Vara

⎡
⎣
σt,L

P (h)
(a|h, z)

qt(a|h, z) (vt,Hi (σt, hza)− bti(h, z, a))

⎤
⎦ (F29)
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Proof By conditioning on the option choice at h, we apply the law of total variance to

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
:

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
=Ez∼qt(·|h)

[
Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ hz

]]
+

Varz∼qt(·|h)
[
Eh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ hz

]] (F30)

According to the definition of v̂t,Hi (σt, h|h′) and the fact that h′ ⊒ hz, we have:

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ hz

]

= Varh′

⎡
⎢⎢⎢⎢⎣

σt,H

P (h)
(z|h)

qt(z|h)
[
v̂t,Li (σt, hz|h′)− bti(h, z)

]

+
∑

z′∈Z(h)

σt,H

P (h)
(z′|h)bti(h, z′)

⃓⃓
⃓ h′ ⊒ hz

⎤
⎥⎥⎥⎥⎦

=

⎡
⎣
σt,H

P (h)
(z|h)

qt(z|h)

⎤
⎦
2

Varh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]

Ez∼qt(·|h)
[
Varh′

[
v̂t,Hi (σt, h|h′) | h′ ⊒ hz

]]

=
∑

z∈Z(h)

(σt,H

P (h)
(z|h))2

qt(z|h) Varh′

[
v̂t,Li (σt, hz|h′) | h′ ⊒ hz

]
(F31)

Then, we analyze the second term in Equation (F30):

Eh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ hz

]

=
σt,H

P (h)
(z|h)

qt(z|h)
[
Eh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
− bti(h, z)

]
+

∑

z′∈Z(h)

σt,H

P (h)
(z′|h)bti(h, z′)

=
σt,H

P (h)
(z|h)

qt(z|h)
[
vt,Li (σt, hz)− bti(h, z)

]
+

∑

z′∈Z(h)

σt,H

P (h)
(z′|h)bti(h, z′)

Varz∼qt(·|h)
[
Eh′

[
v̂t,Hi (σt, h|h′) | h′ ⊒ hz

]]

= Varz∼qt(·|h)

⎡
⎣
σt,H

P (h)
(z|h)

qt(z|h)
[
vt,Li (σt, hz)− bti(h, z)

]
⎤
⎦ (F32)

Based on Equation (F30)-(F32), we can get the first part of Lemma 8. The second part can

be obtained similarly. □
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Lemma 8 illustrates the outcome of a single-step lookahead from state h.

Employing this in an inductive manner, we can derive the complete expansion of

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
on the game tree as the following lemma:

Lemma 9 For any i ∈ N, h ∈ H and any baseline function bti:

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
=

∑

h′′⊒h

(πσt

(h, h′′))2

πqt(h, h′′)
f(h′′)

f(h′′) = Varz

⎡
⎣
σt,H

P (h′′)
(z|h′′)

qt(z|h′′) (vt,Li (σt, h′′z)− bti(h
′′, z))

⎤
⎦+

∑

z∈Z(h′′)

(σt,H

P (h′′)
(z|h′′))2

qt(z|h′′) Vara

⎡
⎣
σt,L

P (h′′)
(a|h′′, z)

qt(a|h′′, z) (vt,Hi (σt, h′′za)− bti(h
′′, z, a))

⎤
⎦

(F33)

Proof We proof this lemma through an induction on the height of h on the game tree. For

the base case, h ∈ HTS , then Z(h) = A(h) = ∅, so f(h′′) = 0, ∀ h′′ ⊒ h. In addition, we have

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
= Varh′

[
v̂t,Hi (σt, h|h′)|h′ = h

]
= 0. Thus, the lemma holds for

the base case.

For the general case, h ∈ H\HTS , we apply Lemma 8 and get:

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
= Varz∼qt(·|h)

⎡
⎣
σt,H

P (h)
(z|h)

qt(z|h) (vt,Li (σt, hz)− bti(h, z))

⎤
⎦

+
∑

z∈Z(h)

(σt,H

P (h)
(z|h))2

qt(z|h) Vara∼qt(·|h,z)

⎡
⎣
σt,L

P (h)
(a|h, z)

qt(a|h, z) (vt,Hi (σt, hza)− bti(h, z, a))

⎤
⎦

+
∑

(z,a)∈Ã(h)

(σt
P (h)((z, a)|h))2

qt((z, a)|h) Varh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

]

= f(h) +
∑

(z,a)∈Ã(h)

(σt
P (h)((z, a)|h))2

qt((z, a)|h) Varh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

]
(F34)

where the first equality is the result of the sequential use of the two formulas in Lemma

8 and the second equality is based on the definition of f(h). Next, we apply the induction

44



hypothesis on hza, i.e., a node lower than h on the game tree, and get:

Varh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

]
=

∑

h′′⊒hza

(πσt

(hza, h′′))2

πqt(hza, h′′)
f(h′′) (F35)

By integrating Equation (F34) and (F35), we can get:

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
= f(h) +

∑

(z,a)

(σt
P (h)((z, a)|h))2

qt((z, a)|h)
∑

h′′⊒hza

(πσt

(hza, h′′))2

πqt(hza, h′′)
f(h′′)

= f(h) +
∑

h′′
⊐h

(πσt

(h, h′′))2

πqt(h, h′′)
f(h′′)

=
∑

h′′⊒h

(πσt

(h, h′′))2

πqt(h, h′′)
f(h′′)

(F36)

For the second equality, we use the definitions of πσt

(h, h′′) and πqt(h, h′′), and the fact that

they equal 1 when h′′ = h. □

Before moving to the final proof, we introduce another lemma as follows.

Lemma 10 For any i ∈ N, h ∈ H\HTS , z ∈ Z(h) and any baseline function bti:

Varh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
≤

∑

a∈A(h),
h′′⊒hza,

z′′∈Z(h′′)

(πσt

(hz, h′′z′′))2

πqt(hz, h′′z′′)

[
vt,Li (σt, h′′z′′)− bti(h

′′, z′′)
]2

+
∑

h′′z′′⊒hz,

a′′∈A(h′′)

(πσt

(hz, h′′z′′a′′))2

πqt(hz, h′′z′′a′′)

[
vt,Hi (σt, h′′z′′a′′)− bti(h

′′, z′′, a′′)
]2

(F37)

Proof Applying the fact Var(X) = E(X2) − (E(X))2 ≤ E(X2) to both variance terms of

Equation (F33) and after rearranging the terms, we arrive at the following expression:

Varh′

[
v̂t,Hi (σt, h|h′)|h′ ⊒ h

]
≤

∑

h′′⊒h,

z′′∈Z(h′′)

(πσt

(h, h′′z′′))2

πqt(h, h′′z′′)

[
vt,Li (σt, h′′z′′)− bti(h

′′, z′′)
]2
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+
∑

h′′⊒h,

(z′′,a′′)∈Ã(h′′)

(πσt

(h, h′′z′′a′′))2

πqt(h, h′′z′′a′′)

[
vt,Hi (σt, h′′z′′a′′)− bti(h

′′, z′′, a′′)
]2

(F38)

Note that the equation above holds for any h ∈ H. Then, to get an upper bound of

Varh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
, we go back to Lemma 8 and apply Equation (F38) and

Var(X) ≤ E(X2) to its first and second term, respectively. After rearranging, we can get:

Varh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
≤

∑

a∈A(h),
h′′⊒hza,

z′′∈Z(h′′)

(πσt

(hz, h′′z′′))2

πqt(hz, h′′z′′)

[
vt,Li (σt, h′′z′′)− bti(h

′′, z′′)
]2

+
∑

a∈A(h),
h′′⊒hza,

(z′′,a′′)∈Ã(h′′)

(πσt

(hz, h′′z′′a′′))2

πqt(hz, h′′z′′a′′)

[
vt,Hi (σt, h′′z′′a′′)− bti(h

′′, z′′, a′′)
]2

+
∑

a∈A(h)

(σt,L

P (h)
(a|h, z))2

qt(a|h, z)
[
vt,Hi (σt, hza)− bti(h, z, a)

]2
(F39)

We note that the second term of Equation (F37) can be obtained by combining the last two

terms of Equation (F39). The second and third term of Equation (F39) correspond to the

sum over h′′z′′ ⊐ hz, a′′ ∈ A(h′′) and h′′z′′ = hz, a′′ ∈ A(h′′), respectively. □

Based on the discussions above, we give out the upper bound of

Varh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
as the following lemma:

Lemma 11 For any i ∈ N, h ∈ H\HTS , z ∈ Z(h) and any baseline function bti:

Varh′

[
v̂t,Hi (σt, h, z|h′) | h′ ⊒ h

]

≤ 1

qt(z|h)
∑

h′′z′′⊒hz

(πσt

(hz, h′′z′′))2

πqt(hz, h′′z′′)

×
[
vt,Li (σt, h′′z′′)− bti(h

′′, z′′)
]2

+
1

qt(z|h)
∑

h′′z′′⊒hz,

a′′∈A(h′′)

(πσt

(hz, h′′z′′a′′))2

πqt(hz, h′′z′′a′′)

×
[
vt,Hi (σt, h′′z′′a′′)− bti(h

′′, z′′, a′′)
]2

(F40)
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Proof

Varh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]

= Varh′

[
δ(hz ⊑ h′)
qt(z|h)

[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ h

]

= E

[
Varh′

[
δ(hz ⊑ h′)
qt(z|h)

[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ h, δ(hz ⊑ h′)

]]
+

Var

[
Eh′

[
δ(hz ⊑ h′)
qt(z|h)

[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ h, δ(hz ⊑ h′)

]]
(F41)

Here, we apply the definition of v̂t,Hi (σt, h, z|h′) to get the first equality, and the law of

total variance conditioned on δ(hz ⊑ h′) (given h ⊑ h′) to get the second equality. Next, we

analyze the two terms in the third and fourth line of Equation (F41) separately.

E

[
Varh′

[
δ(hz ⊑ h′)
qt(z|h)

[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ h, δ(hz ⊑ h′)

]]

= P (hz ⊑ h′|h ⊑ h′)Varh′

[
1

qt(z|h)
[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ hz

]

= qt(z|h)Varh′

[
1

qt(z|h)
[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ hz

]

=
1

qt(z|h) Varh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
(F42)

Note that δ(hz ⊑ h′) can be 0 or 1 (with probability P (hz ⊑ h′|h ⊑ h′)), and the variance

equals 0 when δ(hz ⊑ h′) = 0, so we get the first equality in Equation (F42). Similarly, we

can get:

Var

[
Eh′

[
δ(hz ⊑ h′)
qt(z|h)

[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ h, δ(hz ⊑ h′)

]]

≤ E

[[
Eh′

[
δ(hz ⊑ h′)
qt(z|h)

[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ h, δ(hz ⊑ h′)

]]2]

= qt(z|h)
[
Eh′

[
1

qt(z|h)
[
v̂t,Li (σt, hz|h′)− bti(h, z)

]
|h′ ⊒ hz

]]2

=
1

qt(z|h)
[
Eh′

[
v̂t,Li (σt, hz|h′)|h′ ⊒ hz

]
− bti(h, z)

]2

=
1

qt(z|h)
[
vt,Li (σt, hz)− bti(h, z)

]2
(F43)
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Integrating Equation (F41)-(F43) and utilizing the upper bound proposed in Lemma 10, we

can get:

Varh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
≤ 1

qt(z|h)
[
vt,Li (σt, hz)− bti(h, z)

]2
+

1

qt(z|h)
∑

a∈A(h),
h′′⊒hza,

z′′∈Z(h′′)

(πσt

(hz, h′′z′′))2

πqt(hz, h′′z′′)

[
vt,Li (σt, h′′z′′)− bti(h

′′, z′′)
]2

+

1

qt(z|h)
∑

h′′z′′⊒hz,

a′′∈A(h′′)

(πσt

(hz, h′′z′′a′′))2

πqt(hz, h′′z′′a′′)

[
vt,Hi (σt, h′′z′′a′′)− bti(h

′′, z′′, a′′)
]2

(F44)

Note that the sum of the first two terms of Equation (F44) equals the first term of Equation

(F40). The first and second term of Equation (F44) correspond to the sum over h′′z′′ = hz

and h′′z′′ ⊐ hz, respectively. □

Similarly, we can derive the upper bound for Varh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]

shown as follows.

Lemma 12 For any i ∈ N, h ∈ H\HTS , z ∈ Z(h), a ∈ A(h) and any baseline function bti:

Varh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]

≤ 1

qt(a|h, z)
∑

h′′z′′a′′⊒hza

(πσt

(hza, h′′z′′a′′))2

πqt(hza, h′′z′′a′′)

[
vt,Hi (σt, h′′z′′a′′)− bti(h

′′, z′′, a′′)
]2

+

1

qt(a|h, z)
∑

h′′⊒hza,

z′′∈Z(h′′)

(πσt

(hza, h′′z′′))2

πqt(hza, h′′z′′)

[
vt,Li (σt, h′′z′′)− bti(h

′′, z′′)
]2

(F45)

Proof By applying the law of total variance conditioned on δ(hza ⊑ h′) (given hz ⊑ h′) and

following the same process as Equation (F41)-(F43), we can get:

Varh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]
≤ 1

qt(a|h, z)
[
vt,Hi (σt, hza)− bti(h, z, a)

]2
+

1

qt(a|h, z) Varh′

[
v̂t,Hi (σt, hza|h′)|h′ ⊒ hza

] (F46)

48



Then, we can apply the upper bound shown as Equation (F38) and get:

Varh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]
≤ 1

qt(a|h, z)
[
vt,Hi (σt, hza)− bti(h, z, a)

]2
+

1

qt(a|h, z)
∑

h′′⊒hza,

(z′′,a′′)∈Ã(h′′)

(πσt

(hza, h′′z′′a′′))2

πqt(hza, h′′z′′a′′)

[
vt,Hi (σt, h′′z′′a′′)− bti(h

′′, z′′, a′′)
]2

+

1

qt(a|h, z)
∑

h′′⊒hza,

z′′∈Z(h′′)

(πσt

(hza, h′′z′′))2

πqt(hza, h′′z′′)

[
vt,Li (σt, h′′z′′)− bti(h

′′, z′′)
]2

(F47)

Again, we can combine the first two terms of Equation (F47) and get the first term of the

right hand side of Equation (F45), since the first term of Equation (F47) corresponds to

the case that h′′ = h, h′′z′′a′′ ⊒ hza and the second term is equivalent to the sum over

h′′ ⊐ h, h′′z′′a′′ ⊒ hza. □

Finally, with Lemma 11 - 12 and the fact that variance cannot be negative, we

can claim: ∀ i ∈ N , if bti(h, z, a) = vt,Hi (σt, hza) and bti(h, z) = vt,Li (σt, hz), for

all h ∈ H\HTS , z ∈ Z(h), a ∈ A(h), we have Varh′

[
v̂t,Hi (σt, h, z|h′)|h′ ⊒ h

]
=

Varh′

[
v̂t,Li (σt, hz, a|h′)|h′ ⊒ hz

]
= 0, for all h ∈ H\HTS , z ∈ Z(h), a ∈ A(h). This

completes the proof of Theorem 5, according to the last paragraph of Part I in this

section.

Appendix G Proof of Proposition 2

We start from the definition:

Lt,H
R,i = L(Rt,H

i,θ ) = E

(I,r̂t
′,H

i
)∼τ i

R

⎡
⎣

∑

z∈Z(I)

(Rt,H
i,θ (z|I)− r̂t

′,H
i (I, z))2

⎤
⎦

=
1

norm

t∑

t′=1

∑

I∈Ii

K∑

k=1

xk
t′(I)

⎡
⎣

∑

z∈Z(I)

(Rt,H
i,θ (z|I)− r̂t

′,H
i (I, z))2

⎤
⎦

(G48)

Here, xk
t′(I) denotes whether I is visited in the k-th sampled trajectory at iteration

t′, and norm =
∑t

t′=1

∑
I∈Ii

∑K

k=1 x
k
t′(I) serves as the normalizing factor.
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Let Rt,H
i,∗ denote a minimal point of L(Rt,H

i,θ ). Utilizing the first-order necessary

condition for optimality, we obtain: ∇L(Rt,H
i,∗ ) = 0. Thus, for the (I, z) entry of Rt,H

i,∗ ,

we deduce:

∂L(Rt,H
i,∗ )

∂Rt,H
i,θ (z|I)

=
2

norm

t∑

t′=1

K∑

k=1

xk
t′(I)(R

t,H
i,∗ (z|I)− r̂t

′,H
i (I, z)) = 0

Rt,H
i,∗ (z|I) = 1

norm′

t∑

t′=1

K∑

k=1

xk
t′(I)r̂

t′,H
i (I, z) =

1

norm′

t∑

t′=1

K∑

k=1

r̂t
′,H
i (I, z|h′

t′,k)

(G49)

where norm′ =
∑t

t′=1

∑K

k=1 x
k
t′(I) denotes the normalizing factor, which is a posi-

tive constant for a certain memory τ iR, and h
′

t′,k is the termination state of the k-th

sampled trajectory at iteration t′. In the second line of Equation (G49), the second

equality is valid based on the definition of sampled counterfactual regret (Equation

(10) and (11)), which assigns non-zero values exclusively to information sets along

the sampled trajectory. Now, we consider the expectation of Rt,H
i,∗ (z|I) on the set of

sampled trajectories {h′

t′,k}:

E{h′

t′,k
}

[
Rt,H

i,∗ (z|I)
]
=

1

norm′

t∑

t′=1

K∑

k=1

E
h
′

t′,k

[
r̂t

′,H
i (I, z|h′

t′,k)
]

=
1

norm′

t∑

t′=1

K∑

k=1

rt
′,H
i (I, z) = C1R

t,H
i (z|I)

(G50)

where C1 = T
K×norm′

and the second equality holds due to Theorem 4. The second part

of Proposition 2, i.e., E{h′

t′,k
}

[
Rt,L

i,∗ (a|I, z)
]
= C2R

t,L
i (a|I, z), can be demonstrated

similarly.
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Appendix H Proof of Proposition 3

According to the definition of LH
σ,i in Equation (15) and following the same process

as Equation (G48) - (G49), we can obtain:

σT,H
i,∗ (z|I) = 1

norm′

T∑

t=1

K∑

k=1

xk
t (I)σ

t,H
i (z|I) (H51)

According to the law of large numbers, as |τ t,iσ | → ∞ (t ∈ {1, · · · , T}), we have:

σT,H
i,∗ (z|I) →

∑T

t=1 π
qt,3−i

(I)σt,H
i (z|I)

∑T

t=1 π
qt,3−i(I)

(H52)

The equation above is based on the fact that, at a certain iteration t, the samples

for updating the strategy of player i are collected when 3 − i is the traverser, so

the probability to visit a certain information set I is πqt,3−i

(I). Ideally, to apply

the law of large numbers, we should randomly select a single information set for

each randomly-sampled trajectory and add its strategy distribution to the memory

τ t,iσ . This guarantees that occurrences of information sets within each iteration t are

independent and identically distributed, as the sampling strategy within an iteration

remains consistent. However, in practice (Algorithm 2), we gather strategy distribu-

tions of all information sets for the non-traverser along each sampled trajectory to

enhance sample efficiency, which has been empirically proven to be effective.

To connect the convergence result in Equation (H52) and the definition of σT,H
i in

Equation (8), we need to show that ∀ I ∈ Ii, t ∈ {1, · · · T −1}, πqt,3−i
(I)

πqt+1,3−i
(I)

=
πσt

i (I)

πσt+1

i
(I)

.

According to the sampling scheme, qt,3−i
p is a uniformly random strategy when p =

3− i, and it is equal to σt
p when p = i. Therefore, we have:

πqt,3−i

(I)

πqt+1,3−i(I)
=

∑
h∈I π

Unif
3−i (h)πσt

i (h)
∑

h∈I π
Unif
3−i (h)πσt+1

i (h)
=

∑
h∈I π

σt

i (h)
∑

h∈I π
σt+1

i (h)
=

πσt

i (I)

πσt+1

i (I)
(H53)
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It is satisfied in our/usual game settings that πUnif
3−i (h) remains consistent for all h ∈ I.

This is attributable to the fact that histories within a single information set have

the same height, and player 3 − i consistently employs a uniformly random strategy.

Similarly, we can deduce that σT,L
i,∗ (a|I, z) → σT,L

i (a|I, z) using the aforementioned

procedure.

Appendix I Proof of Proposition 4

First, we present a lemma concerning the sampled baseline values b̂t+1(h|h′), as defined

in Equation (17). This definition closely resembles that of the sampled counterfactual

values in Equation (11), with two key distinctions: (1) bt+1 is replaced with bt, as

bt+1 is not yet available; and (2) qt+1 is substituted with qt, enabling the reuse of

trajectories sampled with qt for updating bt+1, thereby enhancing efficiency.

Lemma 13 For all h ∈ H, z ∈ Z(h), a ∈ A(h), we have:

Eh′

[
b̂t+1(h|h′)|h′ ⊒ h

]
= vt+1,H(σt+1, h) (I54)

Proof Given the similarity between b̂t+1 and v̂t+1,H , we can follow the proof of Lemma 4

and 5 to justify the lemma here.

Eh′

[
b̂t+1(h, z|h′)|h′ ⊒ h

]

= Eh′

[
δ(hz ⊑ h′)
qt,1(z|h)

[
b̂t+1(hz|h′)− bt(h, z)

]
+ bt(h, z)|h′ ⊒ h

]

= P (hz ⊑ h′|h′ ⊒ h)Eh′

[
1

qt,1(z|h)
[
b̂t+1(hz|h′)− bt(h, z)

]
+ bt(h, z)|h′ ⊒ hz

]
+

P (hz ̸⊑ h′|h′ ⊒ h)bt(h, z)

= qt,1(z|h)
[

1

qt,1(z|h)
[
Eh′(b̂t+1(hz|h′)|h′ ⊒ hz)− bt(h, z)

]
+ bt(h, z)

]
+

(1− qt,1(z|h))bt(h, z)

= Eh′

[
b̂t+1(hz|h′)|h′ ⊒ hz

]
(I55)
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According to Algorithm 2, the trajectories for updating b̂t+1 are sampled at iteration t

when player 1 is the traverser, so P (hz ⊑ h′|h′ ⊒ h) = qt,1(z|h). Similarly, we can obtain

Eh′

[
b̂t+1(hz, a|h′)|h′ ⊒ hz

]
= Eh′

[
b̂t+1(hza|h′)|h′ ⊒ hza

]
.

Next, we can employ these two equations to perform induction based on the height

of h within the game tree. If h ∈ HTS , Eh′

[
b̂t+1(h|h′)|h′ ⊒ h

]
= b̂t+1(h|h′) = u1(h) =

vt+1,H(σt+1, h) based on the definition. If hza ∈ HTS , we have:

Eh′

[
b̂t+1(h, z|h′)|h′ ⊒ h

]
= Eh′

[
b̂t+1(hz|h′)|h′ ⊒ hz

]

=
∑

a∈A(h)

σt+1,L
P (h)

(a|h, z)Eh′

[
b̂t+1(hz, a|h′)|h′ ⊒ hz

]

=
∑

a∈A(h)

σt+1,L
P (h)

(a|h, z)Eh′

[
b̂t+1(hza|h′)|h′ ⊒ hza

]

=
∑

a∈A(h)

σt+1,L
P (h)

(a|h, z)vt+1,H(σt+1, hza) = vt+1,L(σt+1, hz) (I56)

Here, we employ the induction hypothesis in the fourth equivalence, and incorporate pertinent

definitions for the remaining equivalences. It follows that:

Eh′

[
b̂t+1(h|h′)|h′ ⊒ h

]
=

∑

z∈Z(h)

σt+1,H
P (h)

(z|h)Eh′

[
b̂t+1(h, z|h′)|h′ ⊒ h

]

=
∑

z∈Z(h)

σt+1,H
P (h)

(z|h)vt+1,L(σt+1, hz) = vt+1,H(σt+1, h)

(I57)

By repeating the two equations above, we can show that Eh′

[
b̂t+1(h|h′)|h′ ⊒ h

]
=

vt+1,H(σt+1, h) holds for a general h /∈ HTS . □

Next, we complete the proof of Proposition 4.

Lt+1
b = L(bt+1) = Eh′∼τt

b

⎡
⎣

∑

hza⊑h′

(bt+1(h, z, a)− b̂t+1(hza|h′))2

⎤
⎦

=

∑
h′ N(h′)

∑
hza⊑h′(bt+1(h, z, a)− b̂t+1(hza|h′))2

∑
h′ N(h′)

(I58)

Here, N(h′) denotes the number of occurrences of h′ in the memory τ tb . Let bt+1,∗

denote a minimal point of Lt+1
b . Utilizing the first-order necessary condition for
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optimality, we obtain:∇L(bt+1,∗) = 0. Thus, for the (h, z, a) entry of bt+1,∗, we deduce:

∂L(bt+1,∗)

∂bt+1(h, z, a)
=

2
∑

h′⊒hza N(h′)(bt+1,∗(h, z, a)− b̂t+1(hza|h′))
∑

h′ N(h′)
= 0

bt+1,∗(h, z, a) =

∑
h′⊒hza N(h′)b̂t+1(hza|h′)

∑
h′⊒hza N(h′)

(I59)

The trajectories in τ tb can be considered as a sequence of independent and identically

distributed random variables,since they are independently sampled with the same

sample strategy qt,1. Then, according to the law of large numbers, as |τ tb | → ∞, we

conclude:

bt+1,∗(h, z, a) →
∑

h′⊒hza π
qt,1(h′)b̂t+1(hza|h′)

∑
h′⊒hza π

qt,1(h′)

= Eh′

[
b̂t+1(hza|h′)|h′ ⊒ hza

]
= vt+1,H(σt+1, hza)

(I60)

where the last equality comes from Lemma 13. It follows:

bt+1,∗(h, z) =
∑

a

σt+1,L
P (h) (a|I(h), z)bt+1,∗(h, z, a)

→
∑

a

σt+1,L
P (h) (a|I(h), z)vt+1,H(σt+1, hza) = vt+1,L(σt+1, hz) (I61)
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