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Abstract

Symbolic regression is a powerful approach for discovering mathematical rela-
tionships from data, but conventional approaches often rely on computationally
expensive evolutionary search and may produce unnecessarily complex repre-
sentations. To address these limitations, this paper introduces Synergistic Basis
Functions Regression (SBFR), a non-evolutionary approach to symbolic regres-
sion. SBFR replaces evolutionary search with synergy-guided basis-function
generation and selection. It generates candidate basis functions in tree form and
dynamically maintains a subset of the most synergistic functions. The selected
basis functions are iteratively updated using a synergy-based measure that eval-
uates their contribution in combination with the current feature set, after which
a regression model is constructed using the selected functions. The effective-
ness of SBFR is evaluated on nine benchmark regression datasets and compared
with corresponding baseline regression models. The results show that SBFR
provides competitive predictive performance while maintaining compact feature
representations. Across the benchmark datasets, SBFR achieves average relative
reductions of 40.14% in root mean squared error (RMSE) and 41.53% in mean
absolute error (MAE), together with an average relative improvement of 21.56%
in the coefficient of determination (R2), compared with the corresponding base-
line regressors. Furthermore, the SBFR variant employing Random Forest as
the downstream regression model typically selects only 4-12 basis functions
across the evaluated datasets, resulting in compact feature representations while
avoiding the need for evolutionary search.

Keywords: Symbolic Regression, Basis Functions, Synergy-based Measure,
Interpretability



1 Introduction

Regression is a fundamental task in data mining and machine learning that aims to
learn the relationship between input variables and a continuous target variable. Tra-
ditional approaches such as linear regression provide simple and interpretable models
but rely on predefined functional forms, which may be inadequate for nonlinear rela-
tionships and complex variable interactions. Nonlinear models such as Artificial Neural
Networks (ANNs) offer greater modeling flexibility Hornik (1991), but their learned
representations are generally difficult to interpret.

Symbolic regression (SR) has emerged as an alternative approach that combines
predictive modeling with explicit mathematical representation. Unlike conventional
regression methods that typically assume a predefined model structure, SR searches
over a space of mathematical expressions to identify a functional form that describes
the relationship between input variables and the target. The resulting expressions are
explicit mathematical models, allowing the discovered relationships to be inspected
and interpreted directly. This property makes SR particularly attractive in applica-
tions where understanding the underlying relationships is as important as predictive
accuracy.

Despite its interpretability advantages, SR is challenging because of its large and
complex search space. The number of possible symbolic expressions grows rapidly
with the number of input variables, mathematical operators, and allowable structures,
leading to substantial computational costs. An effective SR method must therefore effi-
ciently identify useful expressions while avoiding redundant or unnecessarily complex
representations.

GP has been one of the most widely used approaches for SR. By representing math-
ematical expressions as tree structures and evolving them through genetic operators,
GP can explore diverse symbolic models without requiring a predefined functional
form. Various extensions have been proposed to improve search efficiency, including
statistical enhancements Haeri et al. (2017) and semantic-aware operators Uy et al.
(2011); Moraglio et al. (2012); Pawlak et al. (2014); La Cava and Moore (2019).
Nevertheless, evolutionary SR methods require repeated evaluation of large popula-
tions of candidate expressions, which can result in high computational costs and slow
convergence, particularly for complex search spaces.

To address some of the limitations of evolutionary search, several non-evolutionary
SR methods have been developed. FFX McConaghy (2011), for example, employs
pathwise regularized learning within a generalized linear model framework to identify
compact sets of basis functions. Other approaches include elite basis selection Chen
et al. (2017a), Interaction-Transformation de Franga (2018), grammar-based varia-
tional autoencoders Kusner et al. (2017), and compressed sensing Ouyang et al. (2018).
However, existing non-evolutionary approaches still face challenges related to basis-
function selection and the exploitation of interactions among candidate functions. For
example, the computational cost of FFX may increase with the size of the candidate
basis-function set, potentially making basis-function selection increasingly expensive.

An important but relatively underexplored aspect of symbolic model construc-
tion is the interaction among candidate basis functions. The predictive contribution
of a basis function cannot always be assessed independently of the functions already



included in a model. A function that provides limited improvement in isolation may
become highly useful when combined with complementary functions, whereas indi-
vidually useful functions may become redundant when selected together. Therefore,
selecting basis functions solely according to their individual predictive contribution
may overlook valuable combinations and result in redundant representations. This
observation motivates the development of a SR approach that explicitly evaluates the
synergistic contribution of candidate functions in the context of the functions already
selected.

Building on our previous work on synergistic feature construction for classifica-
tion Karizaky and Ebadzadeh (2026), this study extends the concept to SR without
evolutionary search. The proposed Synergistic Basis Functions Regression (SBFR)
reformulates synergy for regression and dynamically constructs and selects symbolic
basis functions according to their contribution to regression performance.

SBFR evaluates each newly generated candidate in the context of the current
feature vector and either adds it to the existing set or replaces an existing basis
function when it provides a greater synergistic improvement. This dynamic selection
process promotes complementary basis functions, reduces redundancy, and maintains
a compact symbolic representation.

Experimental results on nine benchmark regression datasets demonstrate that
SBFR can substantially improve predictive performance for several downstream regres-
sion models while maintaining compact symbolic representations. Compared with the
corresponding baseline regressors, SBFR achieves average improvements of 40.14% in
RMSE, 41.53% in MAE, and 21.56% in R2.

The main contributions of this work are summarized as follows:

® The synergistic feature construction concept developed in our previous work for
classification Karizaky and Ebadzadeh (2026) is extended to SR, resulting in the
non-evolutionary Synergistic Basis Functions Regression (SBFR) framework.

® A dynamic selection strategy is introduced to retain complementary basis func-
tions, reduce redundancy, and maintain a compact symbolic representation without
evolutionary search.

e SBFR is comprehensively evaluated on nine benchmark regression datasets against
state-of-the-art SR methods in terms of predictive performance and model compact-
ness.

The remainder of this paper is organized as follows. Section 2 reviews related work.
Section 3 presents SBFR, while Section 4 describes the experimental setup and results.
Section 5 concludes the paper and discusses future work. Tables 1 and 2 provide a
reference for the abbreviations and symbols used throughout the paper.

Table 1: List of Abbreviations.

Abbr. Description

ANN Artificial Neural Network
BGP Behavioral GP
ConVAE Convolutional Variational Autoencoder



Abbr. Description

DAE Denoising Autoencoder

DSR Deep Symbolic Regression

DT Decision Tree

EBR Elite Bases Regression

EC Evolutionary Computation
EQL Equation Learner

EvoF Evolutionary Forest

FEAT Feature Engineering and Automatic Transformation
faiGP Functional Algebraic GP

FFX Fast Function Extraction

GEP Gene Expression Programming
GP Genetic Programming

GPU graphics processing unit
GSGP Geometric Semantic GP

KNN K-Nearest Neighbors

LSTM Long Short-Term Memory
MGGP Multigene GP
MINLP Mixed-Integer Nonlinear Programming

ML Machine Learning

MLP Multi-Layer Perceptron
MRGP Multiple Regression GP
MSE Mean Squared Error

M*GP Multi-dimensional GP

NEAT NeuroEvolution of Augmenting Topologies
RF Random Forest

RHH Ramped Half-and-Half

RMSE Root Mean Squared Error

SBFR Synergistic Basis Functions Regression

SGP Semantic GP
SR Symbolic Regression
SVR Support Vector Regression

2 Related Work

SR has attracted considerable research attention because of its ability to discover
explicit mathematical models while providing predictive capability and interpretabil-
ity. Numerous approaches have been developed to improve search efficiency, scalability,
and model compactness. These methods can broadly be categorized into evolutionary
(GP-based), non-evolutionary, and hybrid approaches. The following sections review
representative methods in each category, with emphasis on their search strategies,
computational efficiency, and ability to construct compact symbolic models.



Table 2: List of Symbols.

Symbol Description

n,p Number of samples and input variables in the dataset.

XY Input matrix X € R™*P and corresponding continuous target values Y €
R"™ for a regression task.

T, Yi Input vector and corresponding target value of the i-th sample.

T Training dataset {(z;,v;)}i—1-

o(x) Mapping from the original input space RP to a space of m constructed
symbolic basis functions.

f Candidate symbolic basis function represented as a tree.

FV Current set of selected symbolic basis functions.

m Number of currently selected symbolic basis functions.

F(¢(X),Y) Cross-validated RMSE of a regression model trained on the transformed

Synergy(f, FV)
Fchp,i

FVada

Sadd
SVRep

7:'rnprovethrcshold

FS, TS

g’ﬂ?r‘c“u

Cmodel (n7 m, k)

features ¢(X).

Synergy of a candidate basis function f with respect to the currently
selected basis-function set F'V.

Temporary basis-function set obtained by replacing the i-th function in
FV.

Basis-function set obtained after adding a new candidate function.
Synergy value obtained when adding a candidate basis function.
Vector of synergy values obtained for replacement operations.

Minimum required improvement in the regression objective for accepting
a candidate basis function.

Function set and terminal set used to construct symbolic expressions.
Maximum depth of a symbolic expression tree.

Upper bound on the branching factor of a symbolic expression tree.
Number of cross-validation folds.

Number of SBFR candidate-generation iterations.

Final number of retained basis functions in SBFR.

Computational cost of training and evaluating the downstream regression
model over k cross-validation folds.

Symbols used for baseline methods

G

P

t
Tvscp
Q
Brrx
Lgen
)‘path

Number of generations in evolutionary baseline methods.
Population size in GP-based baseline methods.

Average number of nodes per symbolic tree.

Number of trees per individual in M3GP.

Number of fidelity levels in Evolutionary Forest.

Number of basis functions generated by FFX.

Average computational cost of generating one FFX basis function.

Number of regularization parameters used in the pathwise regularization
of FFX.




2.1 Evolutionary (GP-based) Approaches for SR

GP is one of the most widely adopted evolutionary paradigms for SR. Recent exten-
sions have focused on improving search efficiency, scalability, robustness, and inter-
pretability through enhanced representations, semantic guidance, feature discovery,
and deterministic learning.

2.1.1 Search Enhancement and Semantic Guidance

The representation of symbolic expressions and the design of genetic operators strongly
influence the efficiency of GP-based SR. Conventional syntactic representations may
lead to redundant exploration and non-local changes in program behavior, motivat-
ing the incorporation of semantic information into evolutionary search. Semantic GP
(SGP) uses program behavior to guide initialization, selection, and genetic variation.
Geometric semantic GP (GSGP) Moraglio et al. (2012) modifies genetic operations
based on program semantics, while semantic mutation and crossover Uy et al. (2011);
Pawlak et al. (2014) guide variation using behavioral information. Lexicase selec-
tion Ding et al. (2022) promotes behavioral diversity by selecting individuals based
on performance across individual cases, while adaptive semantic operators La Cava
and Moore (2019); Yang et al. (2024) dynamically adjust the search process based
on semantic information. Multi-tree representations have also been investigated to
improve expression construction and search flexibility Al-Helali et al. (2021). Coeffi-
cient optimization has been incorporated into GP to improve the numerical parameters
of evolved expressions Virgolin and Bosman (2022). Other strategies address compu-
tational cost and expression growth through surrogate fitness evaluation Kattan and
Ong (2015); Kattan et al. (2016) and bloat-control mechanisms Trujillo et al. (2016);
Stanley and Miikkulainen (2002); Sareni and Krahenbuhl (1998). Alternative tree-,
linear-, graph-, and grammar-based representations have also been explored to mod-
ify the search space and improve expression construction Bi et al. (2020); La Cava
and Moore (2020); Huang et al. (2023, 2022); Manazir and Raza (2019); Criado et al.
(2024).

2.1.2 Feature Discovery and Deterministic Learning

Another line of research uses evolutionary search primarily to discover informative
features or subexpressions, while delegating their combination and parameter estima-
tion to deterministic learning models. Feature importance, permutation analysis, and
dimensionality reduction have been used to guide GP toward informative variables
Al-Helali et al. (2024); Chen et al. (2016, 2017b); Zhong et al. (2021).

In deterministic-enhanced GP, evolved features are combined using conventional
learning algorithms, particularly linear regression. Population-wide methods jointly
optimize evolved features De Melo (2014); Arnaldo et al. (2015, 2014); De Melo and
Banzhaf (2018); La Cava and Moore (2017a,b), whereas MRGP and BGP extract use-
ful building blocks from program traces Arnaldo et al. (2014); Krawiec and O’Reilly
(2014); Krawiec et al. (2016). Multi-tree and multi-gene approaches, including MGGP,
M3GP, M4GP, and FEAT, similarly combine multiple evolved components using



machine learning models Searson et al. (2010); Munioz et al. (2019); La Cava et al.
(2018).

Recent studies have incorporated graphics processing unit (GPU) acceleration.,
multi-objective optimization, adaptive tree structures, and external feature selection to
further improve efficiency and interpretability Cardenas Florido et al. (2024); Batista
et al. (2024); Niu et al. (2025); Gharoun et al. (2024). Nevertheless, these methods
still depend on evolutionary search and therefore incur the computational cost of
population evaluation and repeated fitness estimation. Moreover, comparatively lim-
ited attention has been given to the incremental and cooperative contribution of a
candidate basis function when combined with an already constructed basis set.

2.2 Non-evolutionary Methods for SR

Despite extensive efforts to improve GP, its evolutionary nature requires repeated
evaluation of populations of candidate expressions, which can make symbolic search
computationally demanding. These limitations have motivated the development of
non-evolutionary approaches that avoid population-based evolutionary search and
instead employ alternative strategies for symbolic model construction, including deter-
ministic optimization, structured enumeration, probabilistic inference, and neural
learning.

2.2.1 Deterministic Approaches

Deterministic SR methods replace stochastic evolutionary search with systematic enu-
meration, optimization, or structured basis-function construction Dong and Zhong
(2025). Grammar-guided methods construct candidate expressions within prede-
fined structural constraints Kammerer et al. (2020), while exhaustive approaches
explore constrained expression spaces using mechanisms such as Pareto prioritiza-
tion and algebraic equivalence checking Kronberger et al. (2019); Austel et al. (2020).
Other approaches employ semantic hashing to reduce redundant exploration Kim
et al. (2023a), or dimensional and structural constraints to control the search
space Neumann et al. (2020); Engle and Sahinidis (2022). Mathematical programming
formulations, particularly mixed-integer nonlinear programming (MINLP), provide an
optimization-based alternative that can incorporate structural and domain-specific
constraints, although scalability remains challenging for large search spaces Gunawan
et al. (2017).

Basis-function approaches instead generate candidate symbolic functions and select
a subset for regression. Fast Function Extraction (FFX) McConaghy (2011) combines
symbolic basis generation with pathwise regularized learning, while Elite Bases Regres-
sion (EBR) Chen et al. (2017a) iteratively maintains a small set of candidate functions
according to their contribution to the regression model. Other extensions incorporate
nonlinear least-squares optimization or hybrid evolutionary search Kammerer et al.
(2022); Icke and Bongard (2013), and Bayesian approaches perform posterior inference
over symbolic structures and parameters Jin et al. (2019).

Although deterministic methods avoid stochastic evolutionary search, exhaustive
and optimization-based approaches may still face combinatorial or computational



challenges. Basis-function methods offer greater scalability, but their effectiveness
depends strongly on candidate generation and selection. In particular, existing selec-
tion strategies generally emphasize individual predictive contribution, correlation,
or regularization, with less emphasis on the synergistic contribution of a candidate
function in combination with an already selected set.

2.2.2 Deep Learning-Based Methods for SR

Deep learning has emerged as another non-evolutionary paradigm for SR, including
deep reinforcement learning, transformer-based models, equation learners, and gener-
ative approaches Petersen et al. (2021); Kim et al. (2023b). Deep Symbolic Regression
(DSR), for example, formulates expression construction as a sequential decision pro-
cess and learns a policy for generating symbolic expressions Petersen et al. (2020).
Subsequent studies have incorporated free parameters, physical constraints, grammar
guidance, and more efficient policy learning Landajuela et al. (2022); Tenachi et al.
(2023); Guo et al. (2024); Crochepierre et al. (2022).

Transformer and generative approaches learn mappings between numerical obser-
vations and symbolic expressions, often using pre-training on synthetic equations to
accelerate equation discovery Biggio et al. (2021); Vastl et al. (2022); Holt et al. (2022);
Kamienny et al. (2023). Equation Learners (EQL) use symbolic operators as network
components combined with sparse learning to obtain interpretable expressions Mar-
tius and Lampert (2016); Sahoo et al. (2018); Costa et al. (2020); Dong et al. (2024);
Chen (2020). Despite their ability to avoid conventional evolutionary search, these
approaches generally require substantial training data and computational resources,
and their performance can depend on the training distribution and architecture.

2.3 Hybrid Methods

Hybrid approaches combine evolutionary search with complementary non-evolutionary
learning techniques to exploit their respective strengths. In SR, these methods typi-
cally use learning models to guide the evolutionary search, modify representation or
variation mechanisms, or construct and evaluate symbolic features more efficiently.

One direction uses neural networks to guide the evolutionary search. Mundhenk et
al. Mundhenk et al. (2021) proposed a neural-guided symbolic regression framework
in which a neural model generates promising initial populations for GP, progressively
improving the quality of starting points for evolutionary search. Similarly, Zhong et al.
Zhong et al. (2018) introduced a deep learning-assisted framework in which an encoder
predicts symbol positions and a decoder translates the resulting sequences into Gene
Expression Programming (GEP) expressions for subsequent fitness evaluation. These
approaches demonstrate that learned models can provide useful search guidance while
retaining the flexible representation of evolutionary SR.

Another direction integrates neural learning mechanisms with evolutionary or sym-
bolic representations. Dong et al. Dong et al. (2024) proposed the evolving Equation
Learner (eEQL), which incorporates Automatically Defined Functions (ADFSs) into
an equation-learning architecture, allowing the network structure to evolve during the



learning process. Razavi et al. Razavi and Gamazon (2022) proposed functional alge-
braic GP (faiGP), which combines GP with a convolutional variational autoencoder
(ConVAE) and a Bayesian classifier. The ConVAE provides dimensionality reduction,
while the Bayesian component learns prior distributions for operators and operands,
thereby guiding the generation of GP expressions and reducing code bloat. Witten-
berg et al. Wittenberg et al. (2020) further replaced conventional GP recombination
and mutation operators with a probabilistic model based on denoising autoencoder
long short-term memory networks (DAE-LSTMs).

A closely related family of hybrid methods combines evolutionary feature construc-
tion with deterministic machine learning models. Rather than requiring GP to directly
optimize all parameters of the final predictive model, these methods use GP to dis-
cover nonlinear transformations or basis functions and delegate their combination or
parameter estimation to a deterministic learner. This strategy has been explored in
population-wide, multigene, and multi-tree GP approaches De Melo (2014); Arnaldo
et al. (2015, 2014); Muiloz et al. (2019); La Cava et al. (2018). More recent methods,
including M5GP and M6GP, further combine GP-based feature construction with lin-
ear regression or multi-objective optimization Céardenas Florido et al. (2024); Batista
et al. (2024). Although these approaches can improve the efficiency and interpretabil-
ity of GP-based models, their effectiveness still depends on the evolutionary search
used to generate candidate features.

The proposed Synergistic Basis Functions Regression (SBFR) is related to this
family of feature-construction approaches, as it also separates nonlinear basis-function
construction from predictive model learning. However, unlike conventional GP-based
methods, SBFR, does not evolve basis functions as individuals within a population.
Instead, candidate basis functions are iteratively generated and evaluated according
to their contribution to the predictive model and their synergy with the basis func-
tions already selected. This provides a direct mechanism for refining the basis-function
representation based on cooperative effects among candidate functions. Furthermore,
SBFR is model-agnostic and can employ different learning algorithms, including lin-
ear regression, support vector regression (SVR), and k-nearest neighbors (KNN), for
evaluating the constructed basis representations.

SBFR is also closely related to Fast Function Extraction (FFX), as both construct
predictive models using nonlinear basis functions. However, their search and selection
mechanisms differ fundamentally. FFX generates basis functions through determin-
istic enumeration and uses pathwise regularized learning within a generalized linear
model to select and combine them McConaghy (2011). In contrast, SBFR iteratively
generates and evaluates candidate functions according to their predictive improvement
and synergistic contribution, dynamically refining the selected basis set rather than
selecting from a predetermined collection. Moreover, SBFR is model-agnostic and can
employ different downstream learning algorithms.

Overall, existing SR methods have substantially improved search efficiency, scal-
ability, and interpretability, but important trade-offs remain between evolutionary
flexibility, computational cost, and compact symbolic representation. In particu-
lar, comparatively limited attention has been given to basis-function construction



strategies that explicitly consider both the individual predictive contribution of a can-
didate and its cooperative effect when combined with an existing basis set. SBFR
addresses this gap by iteratively constructing and refining a compact basis-function
representation based on predictive contribution and synergy.

3 Synergistic Basis Functions Regression (SBFR)

Synergistic Basis Functions Regression (SBFR) is a non-evolutionary regression frame-
work that constructs predictive models using symbolic basis functions generated
through a genetic-programming-inspired tree construction strategy. Candidate basis
functions are generated using the Ramped Half-and-Half (RHH) procedure, which
combines the full and grow methods to produce expressions with diverse structures
and depths.

Unlike conventional approaches that separate basis-function generation and selec-
tion, SBFR integrates both processes into an iterative candidate generation and
selection procedure. At each step, a newly generated basis function is evaluated in the
context of the currently selected feature vector based on two complementary crite-
ria: its improvement when added to the feature vector and its synergistic effect when
replacing an existing basis function. A candidate is retained only if it satisfies the
predefined improvement criterion.

Let the set of basis functions selected at a given stage be represented by the feature
vector

FVm :{flana"'afm}a

where m denotes the number of selected basis functions. The value of m is dynami-
cally determined by the SBFR selection process based on the synergy and improvement
criteria, subject to a predefined maximum of 30 basis functions. Thus, the final num-
ber of selected basis functions is not fixed in advance and may vary across datasets
and regression models. Applying these functions to the input data X produces the
transformed feature matrix

The overall objective of SBFR is to construct a compact basis-function represen-
tation that provides low prediction error for a downstream regression model:

v = ar%glinRMSE (f(FV(X)),Y). (1)

where f denotes the downstream regression model, X is the input data, and Y is
the target vector. Rather than exhaustively searching the symbolic expression space,
SBFR approximates this objective by iteratively generating and evaluating candidate
basis functions using RHH.

The selection process employs two complementary criteria: Synergy by Adding
(Saaa) and Synergy by Replacing (Srep). Sadd measures the improvement obtained by
adding a candidate to the current feature vector, whereas Sgep evaluates the improve-
ment obtained by replacing an existing basis function with the candidate. Accordingly,
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SBFR can either expand the feature vector or revise its composition when a more
effective candidate is identified.

SBFR is model-agnostic: the constructed basis functions can be evaluated using
different downstream regression models, including linear regression, support vector
regression (SVR), and k-nearest neighbors (KNN). This separation allows the same
symbolic construction mechanism to be evaluated independently of the choice of
predictive model.

Figure 1 illustrates the overall SBFR workflow, including RHH-based candidate
generation, synergy evaluation, candidate acceptance or rejection, iterative refinement
of the selected basis functions, and final model training.

3.1 SBFR Algorithm

Algorithm 1 summarizes the main procedure of SBFR. The algorithm starts with
an empty feature vector and iteratively constructs a set of synergistic symbolic basis
functions. At each iteration, a candidate basis function is generated using the RHH
strategy and evaluated with respect to the current feature vector using the two pro-
posed synergy measures: Synergy by Adding and Synergy by Replacing. If the current
feature vector contains m selected basis functions, the candidate requires one eval-
uation for Synergy by Adding and up to m evaluations for Synergy by Replacing,
corresponding to the possible replacement of each existing basis function.

Based on the computed synergy values, the feature vector is updated according to
the predefined improvement threshold. The candidate is added when its Synergy by
Adding is positive and no replacement provides a greater improvement. Otherwise, an
existing basis function is replaced when the best Synergy by Replacing is positive and
exceeds Synergy by Adding. If neither operation satisfies the acceptance criterion, the
candidate is discarded and the current feature vector remains unchanged.

The search continues until a predefined stopping condition is satisfied, such as
reaching the computational budget, observing no improvement, or achieving the target
prediction error (RMSE = 0). The final output is a compact set of synergistic basis
functions for the downstream regression model.

3.2 Initialization

SBFR starts with an empty feature vector (F'V') containing no basis functions. During
the iterative search, candidate basis functions are generated and evaluated with respect
to the current feature vector. A candidate is incorporated into F'V only when it satisfies
the predefined improvement criterion.

3.3 Candidate Generation and Evaluation

Candidate basis functions are generated using the RHH strategy, which combines the
full and grow methods to produce symbolic expressions with diverse structures and
depths from the predefined function and terminal sets. Each candidate represents
a potential transformation of the input variables. The detailed RHH procedure is
presented in Algorithm 3 in Appendix A.
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Step 1: Initialization
Initialize the basis-function set and parameters

" Step 2: Generate Basis Function
Generate a candidate symbolic function

L using RHH

Step 3: Synergy Evaluation
Compute Sadd and Sgep

Candidate

accepted?

Step 4: Update Feature Set
Add or replace a basis function

L No Stopping
criterion met?

Final Model Training
Train the regression model using
the selected basis functions

Fig. 1: Flowchart of the SBFR algorithm.

Each candidate is evaluated using two complementary criteria: Synergy by Adding
(Saaa) and Synergy by Replacing (Srep). Sada measures the improvement obtained

12



Algorithm 1 Synergistic Basis Function Regression (SBFR)

Require: Training dataset X, target values Y, function set F'S, terminal set T'S,
depth range [dmin, dmax|, €valuation function F', maximum number of synergy eval-
uations M aZattempts, maximum number of basis functions M axpasis, improvement
threshold improvemreshold, convergence limit MaZne improve

Ensure: Final feature vector F'V

1. FV + @&

attempts <+ 0

no_tmprove — 0

RMSE +

while attempts < Mazattempts and no_improve <

Mazno improve and RMSE > 0 do

L

ot

6: f <« RHH(FS, TS, [dmin, dmax))

7: Sadd < SynergyByAdding(f, FV, XY, F)

8: attempts <— attempts + 1

9: if attempts < MaZattempts then

10: Srep < SynergyByReplacing(f, F'V, X,Y, F)
11: attempts < attempts + |FV|

12: end if

13: (F'V, Bestsynergy) <
UpdatingBasisFunctionVector(f, F'V, Sgep, Sadd, improveshreshold; M aThasis)
14: if Bestsynergy > 0 then

15: no_improve < 0

16: else

17: no_improve <— no_improve + 1
18: end if

19: RMSE + F(FV,X,Y)
20: end while
21: return F'V

by adding the candidate to the current feature vector, whereas Sgep, measures the
improvement obtained by replacing each existing basis function with the candidate.
Thus, for a feature vector containing m basis functions, one additional feature-vector
evaluation is required for Spqq and up to m evaluations for Sgep.

The predictive performance of each resulting feature representation is measured
using the cross-validated RMSE of the downstream regression model. Based on the
resulting synergy values, the candidate is either added, used to replace an existing basis
function, or discarded when the improvement criterion is not satisfied. The detailed
evaluation procedure is provided in Algorithm 4 in Appendix A.

3.4 Synergy-Based Evaluation and Selection

SBFR evaluates each candidate basis function according to its contribution to the
predictive performance of the current feature representation. This contribution is
quantified using two complementary measures: Synergy by Adding (Saqa) and Synergy
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by Replacing (Srep). Both measures quantify the relative change in the cross-validated
RMSE resulting from incorporating the candidate into the current feature vector
(FV).

e Synergy by Adding (Sxgq) measures the relative reduction in RMSE obtained
by adding the candidate to the current F'V.

¢ Synergy by Replacing (Sgep) measures the relative reduction in RMSE obtained
by replacing each existing basis function with the candidate.

For both measures, a positive synergy indicates a reduction in prediction error.
SBFR uses a predefined improvement threshold, improveyeshold, t0 prevent accep-
tance based on marginal improvements. A candidate modification is therefore consid-
ered beneficial only when its synergy exceeds this threshold. The resulting selection
process either expands the feature vector by adding the candidate or improves its
composition by replacing an existing basis function.

3.4.1 Synergy by Adding (Sadd)

Synergy by Adding evaluates the improvement obtained by appending a candidate
basis function f to the current feature vector F'V. The synergy score is defined as the
relative reduction in RMSE:

RMSE(FV) — RMSE(FV U f)

FV) = 100. 2
Saaa(f, FV) RMSE(FV) x 100 (2)

A candidate is considered for addition when
Saaa(f, FV) > improvenreshold- (3)

However, addition is selected only when no valid replacement provides a greater
improvement. Thus, SBFR compares the adding and replacement alternatives before
updating the feature vector. The detailed procedure for computing the cross-validated
RMSE and Sagqq is given in Algorithm 5 in Appendix A.

3.4.2 Synergy by Replacing (Sgep)

Synergy by Replacing evaluates whether a candidate basis function f can improve the
current representation by replacing an existing basis function. If F'V contains m basis
functions, up to m replacement scenarios are evaluated. For the i-th replacement, the
synergy score is defined as

MSE(FViemp;) — RMSE(F
Sapl] = - (A e S SR 100 (4)
where F'Viemp,; denotes the temporary feature vector obtained by replacing the i-th
basis function in F'V with the candidate f. The negative sign ensures that a reduction
in RMSE corresponds to a positive synergy value.
The best replacement is determined as

SRep = max Srepli]- (5)
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A replacement is selected when

max
SRe P

(6)

Otherwise, if Saqq exceeds the improvement threshold, the candidate is added to
FV; if neither condition is satisfied, the candidate is discarded. When the maximum
number of basis functions is reached, only replacement is permitted. The detailed
procedure for computing the cross-validated RMSE and Sgep, is given in Algorithm 6
in Appendix A.

Figure 2 illustrates the construction of the temporary feature vectors used to

; ma:
> UMProvethreshold  and SRe; > Sadd.

evaluate the adding and replacing alternatives for a candidate basis function.

X2 X X3 + X1

Candidate Feature f

Original F'V FViemp1
T+ T2 1 T1
e (.’El = 1‘2) X T3 Xo X X3 + X1 (xl = xz) X T3
T3 T2 + 23 T2 + 23
thcmp2
z1
X2 X X3 + X1 T2+ T3

FViemp 3

asil 3 44
lz 2 (xlfm X X X3 + X1
FVU{f} : )
21t T2 \‘&3\ -
= red — X
o (z1 — x2) . X2 X X3 + X1

Fig. 2: Construction of temporary feature vectors for evaluating synergy by replacing
and synergy by adding. The candidate feature is highlighted in pink, while the original
basis functions are shown in blue.

3.5 Update Feature List

Algorithm 2 determines whether a candidate basis function f is added to or replaces
a function in the current feature vector (F'V'). To enforce the predefined improvement
threshold, improveihreshold is subtracted from the addition and replacement synergy
scores. Consequently, only candidates whose original synergy exceeds the threshold
can obtain a positive adjusted score.

The algorithm compares the maximum adjusted replacement synergy, may.p,, with
the adjusted addition synergy. If maz,ep > 0 and maz,ep > Sadd, the corresponding
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basis function is replaced by f. Otherwise, if Saqq > 0 and |FV| < Maxpasis, f is
appended to F'V. If neither condition is satisfied, the candidate is discarded. Thus,
the number of selected basis functions remains bounded by M axyasis-

Algorithm 2 Updating Basis Function Vector

Require: Candidate function f, feature vector F'V, synergy by adding Saqq, syn-
ergy by replacing vector Sgrep, improvement threshold improveghreshold, maximum
number of basis functions M aZasis

Ensure: Updated feature vector F'V and best adjusted synergy

for i =1 to |Sgep| do
SRep [Z] — SRep [Z] - Z'Tnp,r‘ovethreshold

end for

Sadd < Sadd — tMpProveihreshold

MATyep — Max(SRep)

if maz,ep > 0 and mazyep > Saqq then
J* + argmax; SgrepJ]

FV[j* ]+ f
bestsynergy ¢ MATrep

else if Spqq > 0 and |FV| < MaZy,sis then
FV « FVU{f}
beStsynergy — SAdd

else
Discard f
bestsynergy < 0

end if

return 'V, bestsynergy

© 0 3P » e

e e e i e

3.6 Stopping Condition
The iterative search terminates when one of the following conditions is satisfied:

¢ Maximum attempts: the maximum number of synergy evaluations, M aZattemptss
is reached.

® Convergence: no sufficient improvement is observed over M aZno_improve CONsecu-
tive candidate evaluations.

® Target performance: the regression RMSE reaches zero.

After termination, the final feature vector F'V is used to construct the feature
matrix for training the final regression model.

3.7 Train Regression Model

During the search, temporary regression models are trained to evaluate the cross-
validated RMSE of candidate feature representations. These models are used only for
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candidate evaluation. After termination, the selected basis functions in F'V are applied
to the input data X to construct the final feature matrix:

Z =FV(X). (7)
A final regression model is then trained using Z and the target vector Y. The

resulting model, together with the selected basis functions in F'V, constitutes the final
output of SBFR.

4 Experimental Analysis

This section evaluates SBFR on nine benchmark regression datasets and compares it
with 13 baseline methods in terms of predictive performance and model complexity.
The experimental setup, parameter settings, and evaluation criteria are first described,
followed by the experimental results and an illustrative SBFR, solution.

4.1 Baseline Methods

To evaluate the effectiveness of the proposed SBFR framework, thirteen baseline
methods are considered. The comparison includes conventional machine learning
regression methods, namely Decision Tree (DT) Breiman et al. (1984), K-Nearest
Neighbors (KNN) Altman (1992), Support Vector Regression (SVR) Drucker et al.
(1997), Multi-Layer Perceptron (MLP) Bishop (1995), Random Forest (RF) Breiman
(2001), Ridge Regression Hoerl and Kennard (1970), Gradient Boosted Decision Trees
(GBDT) Friedman (2001), and XGBoost Chen and Guestrin (2016).

In addition, five SR approaches are included as competitors: gplearn(GPL), Geo-
metric Semantic GP (GSGP), M3GP, Evolutionary Forest(EvoF), and Fast Function
Extraction (FFX). Detailed descriptions of all baseline methods are provided in
Appendix B.

4.2 Datasets

The proposed SBFR framework is evaluated on nine SR benchmarks, including both
synthetic and real-world datasets. The synthetic benchmarks comprise dmi1, bm2,
keijzerd, and X05Y1Z15, which are widely used in SR and genetic programming
research Keijzer (2003); Pennachin et al. (2010); Astarabadi and Ebadzadeh (2019).
The real-world datasets include Concrete Compressive Strength from the UCI Machine
Learning Repository Lichman (2013), Pollen from the StatLib repository StatLib
(2025), RatPol2D, a benchmark commonly used in SR studies Amir Haeri et al.
(2015); Amini et al. (2020); Zojaji and Ebadzadeh (2018), the high-dimensional Towi-
city (LD50) dataset from cheminformatics research Haeri et al. (2017); Castelli et al.
(2011), and the Real Estate Valuation dataset for property price prediction.

These datasets provide diverse characteristics in terms of sample size, input dimen-
sionality, and functional complexity. A summary is presented in Table 3, while detailed
dataset descriptions and underlying functions are provided in Appendix C.

17



4.3 Tools, Parameters, and Settings

The SBFR framework was implemented in Python using Scikit-Learn (version 1.1.2)
for the downstream regression models Pedregosa et al. (2011). The source code and
implementation details are publicly available on GitHub!. The parameter settings of
SBFR are summarized in Table 3, while the default Scikit-Learn parameters were used
unless otherwise specified.

Since SBFR constructs and selects basis functions rather than directly defining a
regression model, the resulting feature representation was evaluated using six down-
stream regressors: Ridge Regression, Support Vector Regression (SVR), K-Nearest
Neighbors (KNN), Decision Tree (DT), Random Forest (RF), and Multi-Layer Per-
ceptron (MLP). The same selected basis functions were provided to each regressor to
assess the quality of the constructed representation independently of the downstream
learning algorithm.

To ensure consistency and computational efficiency, the number of trees in RF was
set to 5, the maximum number of iterations for Ridge, SVR, and MLP to 1000, and
the number of neighbors in KNN to K = 3. The maximum depth of DT was set to 6.
SVR used a linear kernel with C' = 1. These settings were fixed across all datasets.

Table 3: Parameter settings for the SBFR method.

Parameter Value / Description

Maximum number of basis functions (Mazpasis) 30

Candidate generation Ramped Half-and-Half (RHH)

Convergence criterion No sufficient improvement over
100 consecutive candidate evalua-
tions

Maximum number of synergy evaluations 50,000 (safeguard limit)

Function set (+,—, x,+) with protected divi-
sion

Terminal set Input variables and ephemeral ran-
dom constants sampled from [0, 1]

Improvement threshold (improveghreshold) 1%

Number of independent trials 30

4.4 Results and Discussion

Performance is evaluated using R?, MAE, and RMSE. R? measures the explained
variance, whereas MAE and RMSE quantify prediction error, with RMSE placing
greater emphasis on larger errors.

Statistical significance is assessed using the non-parametric Friedman test at
a = 0.05 Chapman (2012); Demsar (2006). When the null hypothesis is rejected,

Thttps://github.com /hsarv/SBFR
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post-hoc comparisons are performed to determine which methods are statistically
comparable to the best-performing approach. Highlighted entries in the result tables
indicate statistically comparable methods.

All comparative results are reported as mean + standard deviation over 30 inde-
pendent runs. For presentation clarity, standard deviations are scaled by 10~2. The
following subsections present the detailed results for RMSE, MAE, and R?, together
with the corresponding statistical analyses, focusing on predictive performance,
stability, and consistency across the nine benchmark datasets.

4.4.1 Performance of SBFR-Based Methods versus Baseline
Regressors

This section evaluates the predictive performance of the proposed SBFR-based con-
figurations by comparing each configuration with its corresponding baseline regression
model across the nine benchmark datasets.

Test-set RMSE FEvaluation.

Table 4 reports the test-set RMSE (Mean + StD) over 30 independent runs. Lower
RMSE indicates better predictive performance. To assess the effect of SBFR-based
feature construction, each baseline regressor is compared with its corresponding SBFR-
enhanced configuration. The baseline models are trained using the original input
features, whereas the SBFR-based configurations use the symbolic basis functions con-
structed by SBFR. The six paired configurations are SBFR-DT, SBFR-KNN, SBFR-MLP,
SBFR-RF, SBFR-Ridge, and SBFR-SVR.

Figure 3 visualizes these paired comparisons across the nine datasets, highlighting
the changes in test-set RMSE resulting from SBFR-based feature construction.

Additionally, Figure 4 illustrates the distribution of test-set RMSE values over the
30 independent runs for each evaluated method. The box plots complement the mean
and standard deviation reported in Table 4 by showing the median, interquartile range,
and overall variability of the results. Several methods exhibit substantial variability
across runs and datasets, particularly some SR and neural-network-based approaches,
indicating less consistent predictive performance. In contrast, narrower distributions
indicate greater stability across independent runs. Overall, the boxplots provide a
complementary assessment of the robustness and consistency of the evaluated methods
beyond their average predictive performance.

Regression Method Rankings

For each dataset, the evaluated regression methods were ranked according to their
test-set RMSE, with lower RMSE values receiving better ranks. Ties were assigned
the corresponding average rank. The average rank of each method was then calculated
across the nine benchmark datasets, providing a concise measure of overall predictive
performance.

Figure 5 presents the average ranks based on test-set RMSE. Lower average ranks
indicate better overall performance across the benchmark datasets. Among the evalu-
ated methods, EvoF achieves the lowest average rank of 2.89, followed by SBFR-RF with
an average rank of 3.78. The baseline RF and XGB methods obtain average ranks of

19



0¢

Table 4: Mean and standard deviation of test-set RMSE (Mean 4 StD) over 30 independent runs. Standard deviation values are reported after
scaling by 10~2. Highlighted entries indicate methods whose performance is not significantly worse than the best-performing method for the
corresponding dataset, based on the Friedman test (e = 0.05) followed by post-hoc analysis.

Methods Concrete Pollen RatPol2D Real Estate  Toxicity X05Y1Z15 bm1l bm4 keijzer5
DT 97.94+724.8 767.6+1908.7 57.24+834.4 47.2+3180 66.8+364.3 38447880 08+£6.8 6.3 £45.3 31.5+£273.8
EvoF 69.0 £432.6  546.0 £973.1 16.9 £414.4 36.24+291.5 50.4+2724 23.5+£7154 02+£4.2 1.2 +£4738 12.24+198.9
GBDT 69.4 £405.9  543.6 £ 651.3 52.1£472.1 36.7£2145 54.0£283.2 304+3194 0.8+6.8 8.6 =45.7 56.4 £619.7
GPL 122.2 £ 489.3 1027.7 £31538.3 237.1 £5686.0 47.94+488.2 53.2+416.5 88.2+£1605.5 0.0+0.3 55.8 £956.2  196.3 +4051.5
KNN 134.7£615.7 621.24+1152.2 34.1£513.5 45.6+333.8 52.54+259.2 60.4+540.2 0.7+£12.5 6.8 £24.0 57.9 £ 457.2
MLP 95.56+£379.0 604.7+866.3 370.7+897.7 42.6+289.1 568.5 £49004.2 140.7 £748.0 0.0+£0.3 56.0 £ 118.3 555.8 £ 696.7
RF 74.9 £543.2  558.3 £888.4 37.84+743.6 353+£228.0 49.84+184.9 29.8+495.7 0.6=£10.5 3.5£29.7 23.7 +£205.2
Ridge 152.5 £457.7 5425+ 701.6 350.5+416.5 46.7+297.3 212.3 +£10822.4 96.6 +395.7 0.0+ 0.0 118.6 £120.5  574.9 £ 668.2
SVR 237.7£510.6 1027.3 £1199.3 311.6£450.1 58.44+205.2 48.0+151.9 274.6+805.7 13.7+191.2 71.1£170.7 547.9 £734.0
XGB 68.3 £496.3 601.3+791.5 37.0+746.0 38.2+£205.5 53.44+2954 25.5+686.0 1.1+14.9 4.7+ 34.7 15.8 £ 166.3
FFX 89.7+631.2 551.5+2548.2 62.7+363.5 46.5+1155.7 121.8+2900.5 53.3+756.3 1.2+£9.5 8.3£39.9 317.2 +£13442.8
GSGP 189.7 £963.2 2051.8 £3977.6 532.2+2878.6 56.6 £433.9 51.44+489.1 392.1+5358.5 0.0£0.0 689.7+ 188352.8 1100.9 £ 2506.4
M3GP 110.0 £880.5 558.2+1538.2 144.6 £1249.2 49.6 +340.6 63.0£331.3 27.5£12746 1.1+7.7 12.5 £ 767.4 10.3 +37.9

SBFR-DT  103.6 £833.3 616.5+1764.1 66.6+1022.5 49.5+399.6 65.5+445.1 52.0+£696.5 1.1+£8.1 9.5 £ 81.0 24.6 £ 883.8
SBFR-KNN 90.7+£630.5 578.6+1549.8 32.8+517.3 40.9+301.5 53.9+269.6 34.24+850.7 0.7+11.1 5.9+ 25.7 14.7 £ 865.6
SBFR-MLP 87.9 + 1450.2 557.7£0.0 78.8+611.8 51.9£1234.0 100.1 £6735.0 36.6 +£1078.8 0.0+0.3 4.0+0.0 61.0 £1127.0
SBFR-RF 74.7+£521.8 554.9+1271.4 23.84+520.1 36.8+286.9 52.0+£370.6 24.1£592.2 0.5+13.1 0.7+ 15.8 7.3 +£238.0
SBFR-Ridge 92.7 +£1256.3 535.7£1654.4 221.7+17366.0 56.3 & 1392.7 183.1 4+ 12543.4 50.6 £1808.0 0.0+0.0 43.7 £ 3613.7 127.5 +5389.4
SBFR-SVR 185.2 4+1484.1 876.9 £5574.4 269.2+551.4 49.8+374.5 47.7+£134.7 19894+ 1061.6 11.44+131.9 37.4+87.6 396.8 £1675.2
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Fig. 3: Comparison of the test-set RMSE of the baseline regressors and their SBFR-
enhanced versions across the benchmark datasets. Lower RMSE values indicate better

performance.

5.22 and 6.56, respectively. Notably, SBFR-RF achieves a substantially better average
rank than the standalone RF model, indicating that the basis functions constructed by
SBFR can provide a more effective representation for RF on the evaluated datasets.
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Fig. 4: Boxplots of test-set RMSE values obtained by evaluated regression methods
across the benchmark regression datasets.

The effect of SBFR varies across the downstream regression algorithms. SBFR-KNN
achieves an average rank of 7.11 compared with 10.00 for KNN, while SBFR-MLP
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Fig. 5: Average rank of the evaluated methods based on test-set RMSE across the
nine benchmark datasets. Lower average rank indicates better predictive performance.

improves the average rank from 13.44 to 9.22. Similarly, SBFR-Ridge improves the
rank from 13.00 to 10.56, and SBFR-SVR improves it from 15.89 to 14.11. In contrast,
SBFR-DT obtains an average rank of 11.56, which is slightly worse than the rank of
the standalone DT model (10.67). Overall, SBFR improves the average rank of five
out of the six considered downstream regression models, with the largest improvement
observed for MLP and KNN.

These results indicate that the effectiveness of SBFR-based feature construc-
tion depends on the downstream regression model. The particularly strong ranking
obtained by SBFR-RF suggests that the synergistic basis functions provide a use-
ful representation for ensemble-based regression on these benchmarks, whereas the
comparatively weaker result for SBFR-DT shows that the benefits of the constructed
representation are not uniform across all learning algorithms.

Statistical Significance of Test Performance

To assess the statistical significance of the differences in test-set RMSE, post-hoc
pairwise comparisons were performed using SBFR-RF as the control method. Holm and
Finner corrections were applied to account for multiple comparisons. Table 5 reports
the unadjusted and adjusted P-values. Values below the significance level of a = 0.05
are highlighted in red.

The results indicate that the test-set RMSE of SBFR-RF differs significantly from
that of most of the evaluated methods. After correction for multiple comparisons,
statistically significant differences (p < 0.05) are observed for DT, GBDT, GPL, KNN,
MLP, RF, Ridge, SVR, XGB, FFX, GSGP, M3GP, and all the other evaluated SBFR-
based configurations. In contrast, the comparison between SBFR-RF and EvoF does
not reach statistical significance, with an adjusted p-value of 0.12 under both the Holm
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and Finner procedures. Thus, at the a = 0.05 significance level, there is insufficient
evidence to conclude that the test-set RMSE distributions of EvoF and SBFR-RF differ
significantly.

The ranking results are consistent with this statistical analysis. Although EvoF
achieves the best average rank of 2.89, SBFR-RF obtains the second-best average rank
of 3.78. Moreover, SBFR-RF ranks better than the standalone RF model, which has
an average rank of 5.22. These results indicate that SBFR-RF provides a strong and
competitive overall performance across the evaluated datasets, while its test-set RMSE
is not statistically distinguishable from that of the best-ranked EvoF method.

Overall, these findings demonstrate that SBFR-RF provides highly competitive pre-
dictive performance across the nine benchmark datasets. Although EvoF achieves the
best average rank, its test-set RMSE is not statistically different from that of SBFR-RF.
Furthermore, the comparison with the standalone RF model is statistically significant
after multiple-comparison correction, with prolm = 0.03 and prinper = 0.01. This result
provides statistical evidence that incorporating SBFR-based feature construction can
improve the test-set RMSE performance of the Random Forest model. More broadly,
the significant differences observed for SBFR-RF against several baseline and SBFR-
based configurations support the effectiveness of the proposed feature-construction
framework when combined with downstream regression models.

Table 5: Post-hoc comparison of SBFR-RF with
the evaluated regression methods based on test-
set RMSE using Holm and Finner corrections. P-
values below o = 0.05 are highlighted in red.

~Algorithm Unadjusted P_pHolm pFinner

DT 0.00 0.00 0.00
EvoF 0.12 0.12 0.12
GBDT 0.00 0.00 0.00
GPL 0.00 0.00 0.00
KNN 0.00 0.00 0.00
MLP 0.00 0.00 0.00
RF 0.01 0.03 0.01
Ridge 0.00 0.00 0.00
SVR 0.00 0.00 0.00
XGB 0.00 0.00 0.00
FFX 0.00 0.00 0.00
GSGP 0.00 0.00 0.00
M3GP 0.00 0.00 0.00
SBFR-DT 0.00 0.00 0.00
SBFR-KNN 0.00 0.00 0.00
SBFR-MLP 0.00 0.00 0.00
SBFR-Ridge 0.00 0.00 0.00
SBFR-SVR 0.00 0.00 0.00

Performance on Additional Metrics

The performance of the SBFR-based configurations is further evaluated using the coef-
ficient of determination (R?) and mean absolute error (MAE), in addition to the RMSE
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results discussed above. These complementary metrics provide a broader assessment
of predictive performance. Higher R? values indicate better agreement between the
predicted and observed target values, whereas lower MAE and RMSE values indicate
smaller prediction errors.

The results reported in Tables 6 and 7 show that SBFR-based configurations
can achieve competitive performance across multiple benchmark datasets. However,
the magnitude and consistency of the observed differences vary across datasets and
downstream regression models. This variation indicates that the predictive utility
of the constructed symbolic representations depends on their interaction with the
characteristics of the dataset and the underlying regression algorithm.

Figure 6 summarizes the overall performance of the evaluated methods using aver-
age ranks for test-set MAE and R?. For each metric, the methods are ranked on each
benchmark dataset, and the resulting ranks are averaged across the nine datasets.
For MAE, lower values correspond to better performance and therefore lower ranks.
For R?, higher values correspond to better performance and are assigned lower ranks.
Consequently, lower average ranks indicate better overall performance.

The average-rank results show that SBFR-RF achieves the second-best average rank
for both MAE and R?, with ranks of 4.11 and 3.78, respectively. In both cases, it is
preceded only by EvoF, which achieves average ranks of 2.44 for MAE and 2.89 for R?.
Moreover, SBFR-RF ranks better than the standalone RF model for both metrics, with
RF obtaining average ranks of 4.78 for MAE and 5.00 for R?. These results indicate
that the SBFR~enhanced Random Forest configuration maintains a consistently strong
position when predictive performance is assessed using metrics beyond RMSE.

The other SBFR-based configurations also exhibit competitive rankings. In partic-
ular, SBFR-KNN and SBFR-MLP obtain relatively favorable average ranks for both MAE
and R?, although their performance varies across individual datasets. The dataset-
level results further show that the best-performing configuration is not identical across
all datasets, highlighting the interaction between symbolic feature construction and
the downstream regression model.

Overall, the results across MAE and R? are broadly consistent with the RMSE
analysis. The strong average ranks achieved by SBFR-RF across all three metrics indi-
cate that the proposed SBFR-generated representations can provide a competitive
basis for improving downstream regression performance. At the same time, the vari-
ation among regression models and datasets suggests that the benefits of symbolic
feature construction are dependent on the characteristics of both the data and the
downstream learner.

Performance Improvement Across Regression Metrics

Table 8 reports the relative performance change obtained by the SBFR-based regres-
sion configurations compared with their corresponding baseline regression models
across the nine benchmark datasets. The analysis considers three complementary eval-
uation metrics: the coefficient of determination (R?), root mean squared error (RMSE),
and mean absolute error (MAE).

For each dataset and evaluation metric, the difference between an SBFR-based
configuration and its corresponding baseline is normalized by the maximum absolute
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Table 6: Mean and standard deviation of test-set MAE (Mean + StD) over 30 independent runs. Highlighted entries indicate methods
whose performance is not significantly worse than the best-performing method for the corresponding dataset, based on the Friedman test

(a = 0.05) followed by post-hoc analysis.

Methods Concrete Pollen RatPol2D Real Estate  Toxicity X05Y1Z15 bm1l bm4 keijzer5
DT 63.0 £441.6 577.3£1516.5 26.8+245.6 33.9+214.8 53.6+367.0 151+£1780 0.6+£4.9 3.5£17.1 17.5+£119.3
EvoF 45.2+301.4 416.2+£681.8 7.4+130.4 26.2+223.4 42.44+260.3 8.2+£100.6 0.1+3.2 0.5+£26.4 6.3£75.3
GBDT 51.6 £287.8 424.6£554.4 31.8+£296.5 26.3+180.4 44.8+282.4 169+ 76.1 0.6=£48 5.6 +28.3 42.4 + 460.1
GPL 96.7 +320.3 803.7 +23786.2 165.0 £ 2552.2 35.5+£330.9 42.6+ 1854 52.0£797.8 0.0+£0.3 44.24786.7 147.54 3053.2
KNN 104.5 £419.5 485.14+792.7 181+£176.0 34.6+221.0 44.5+226.1 323+£1979 05+77 5.0£16.1 37.94+139.3
MLP 73.3+£2724 4825+ 7575 317.3+£910.9 31.6+181.9 186.5 4+ 12447.1 100.2£425.1 0.0£0.3 45.0+£90.1 481.0+£722.1
RF 52.8 +312.4 431.1+607.2 16.4+£208.9 259+176.5 42.3+217.2 13.0+£123.8 0.5£6.1 2.1+£11.2 15.3 £103.7
Ridge 124.8 £399.9 432.0£678.6 307.1+505.4 37.6+215.3 104.94+2204.8 71.4+£28381 0.0£0.0 102.8+120.4 500.2+£752.1
SVR 204.4 £517.6 889.9+1310.1 265.4+£485.1 48.1+207.1 41.8+£181.6 232.0£903.9 8.2+125.8 58.4+126.9 475.6 £ 762.6
XGB 46.0 £283.1 464.8+722.8 14.7+186.4 27.6+162.2 44.34+281.9 9.6 £111.5 0.8+9.8 2.6 £14.1 10.0 = 87.6
FFX 68.6 £310.2 421.0+929.6 42.9+326.7 30.8£379.9 845113589 32.8£222.0 09+£87 6.0£33.2 260.0 4 11577.7
GSGP 162.1 £ 797.2 1753.4 £4294.9 414.0 £ 3254.4 45.6 £386.1 42.6 £362.6 287.9+4007.8 0.0£0.0 148.6 £9350.2 923.0 + 3031.1
M3GP 80.8 £ 646.7 422.0+997.2 102.94+849.2 36.4+358.0 51.3+3286 17.2+£6179 1.0+£6.3 9.0£594.8 8.8 £32.1
SBFR-DT 74.8 +581.4 471.0£1608.0 41.44+417.5 35.4+304.5 53.0£432.2 27442135 1.0+6.7 6.9 £52.5 18.8 £643.0
SBFR-KNN 66.9+500.5 439.2+919.1 18.3+242.5 30.0+236.9 44.8+2804 17.9+430.8 05+7.2 4.3+14.0 10.5 £+ 589.3
SBFR-MLP 64.1 +790.4 419.4£0.0 46.2 +815.0 35.1+361.9 67.0+1963.5 20.5+103.1 0.0+0.2 2.8£0.0 41.9 £+ 808.6
SBFR-RF 52.0£322.2 425.6£976.7 12.5+135.6 26.9+188.1 43.1+339.9 10.5+1445 03+£73 0.3+3.1 5.0 +136.1
SBFR-Ridge 66.14+372.0 412.7+1163.3 74.6 £2215.3 36.7+£624.0 93.5+3430.2 26.2+3479 0.0+£0.0 23.4+526.1 689+1211.6
SBFR-SVR 158.4 4+1347.2 772.4 £6684.3 221.6 +621.0 39.9+302.4 41.5+178.1 155.7£1029.6 7.5+ 106.3 29.44+109.0 324.44+1115.1
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Table 7: Mean and standard deviation of test-set R? (Mean + StD) over 30 independent runs. Highlighted entries indicate
methods whose performance is not significantly worse than the best-performing method for the corresponding dataset, based
on the Friedman test (o = 0.05) followed by post-hoc analysis.

Methods Concrete Pollen RatPol2D Real Estate Toxicity X05Y1Z15 bml bm4 keijzer5
DT 08+26 05+29 1.0+08 0.6 7.0 —1.0+21.6 1.0£0.5 1.0£0.0 1.0£0.0 1.0£0.0
EvoF 09+13 074+12 1.0+40.1 0.8+3.9 —-024+79 1.0+0.2 1.0+£0.0 1.0+ 0.0 1.0+ 0.0
GBDT 09+12 08+1.0 1.0+04 0.8+ 3.6 —0.3£9.0 1.0+0.2 1.0+£0.0 1.0+0.1 1.0+0.2
GPL 0.7+2.8 0.0£53.4 0.54+24.3 0.6 +8.7 —0.3+19.4 0.9+28 1.0+0.0 0.8+ 7.3 0.9+5.0
KNN 07+26 074+16 1.0+0.3 0.6 5.9 —0.2+£8.7 1.0+0.5 1.0+£0.0 1.0+ 0.0 1.04+0.2
MLP 08+18 074+12 -01+68 0.7x41 —189.84+29351.2 0.8£1.6 1.04+0.0 0.8£1.1 0.1+1.5
RF 09+17 07+11 1.0+£05 0.8+ 3.5 —0.1+5.6 1.0£0.2 1.0£0.0 1.0£0.0 1.0£0.0
Ridge 06+31 07408 -00+13 0.6+4.9 —21.442123.3 09+0.7 1.0£0.0 —0.0£0.2 0.0+1.2
SVR 00£04 014£03 0240.8 04+£34 —0.0£3.6 04+£12 08+34 0.6£1.6 0.1+0.2
XGB 09+14 07+13 1.0£05 0.7+3.7 —0.3+11.3 1.0£0.3 1.0£0.0 1.0£0.0 1.0£0.0
FFX 09+23 074+24 1.0+04 0.6 £23.5 —6.2+£372.9 1.0+0.6 1.0+£0.0 1.0+0.1 0.6 £28.6
GSGP 04+£70 —2.6£139 -1.3+£244 0497 —0.2+15.6 —0.3£34.2 1.0£0.0 —264.4 +92263.8 —2.7 £ 19.1
M3GP 08+36 07+17 08=+34 0.5+ 11.6 —0.8+20.4 1.0£0.6 1.0£0.0 1.0£1.5 1.0£0.0
SBFR-DT 0.8+34 0.7£22 1.0+£1.2 0.5£8.7 —1.0£30.1 1.0+0.7 1.0+£0.0 1.0+ 0.1 1.04+0.1
SBFR-KNN 09+21 0.7+15 1.0+0.3 0.7£4.7 —0.3£12.0 1.0+£0.5 1.0+£0.0 1.0+ 0.0 1.0+0.1
SBFR-MLP 09+55 0.7+£0.0 094+07 0.5+26.0 —1.6 £215.0 1.0£09 1.0£0.0 1.0£0.0 1.0+04
SBFR-RF 09+13 074+13 1.040.2 0.7£3.7 —0.2+12.3 1.0+0.3 1.0+£0.0 1.0+ 0.0 1.0+ 0.0

SBFR-Ridge 0.8+45 08+16 03+101.0 04=£31.2 —-21.2432279 10+£18 1.0%+0.0 0.8 £51.6 0.9+£5.0
SBFR-SVR 04+9.2 03+10.7 04+£13 0.5+6.9 —0.0£28 0726 0919 0.9+0.8 0.5+£2.3
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Fig. 6: Average ranks of regression methods based on test-set MAE and R?. Lower
average ranks indicate better overall performance.

value of the two compared scores. This normalization provides a scale-independent
measure of the relative change between the two configurations. For the error-based
metrics (RMSE and MAE), positive values indicate a reduction in prediction error,
whereas for R?, positive values indicate an increase in the coefficient of determination.
Accordingly, positive values represent an improvement obtained by the SBFR-based
configuration, while negative values indicate that the corresponding baseline performs
better for the given dataset and metric.

The results demonstrate that the magnitude and direction of the observed changes
vary across datasets and regression models. Nevertheless, the aggregated results are
predominantly positive across the three evaluation metrics. This variation indicates
that the impact of SBFR-based feature construction depends on the interaction
between the generated symbolic representations, the underlying regression algorithm,
and the characteristics of the dataset.

As shown in Table 8, the largest relative improvements are observed for the Rat-
Pol2D, bm4, and keijzer5 datasets, particularly for the error-based metrics. For bm/,
the reported relative improvements reach 90.33% for RMSE and 91.66% for MAE.
On RatPol2D, the corresponding improvements are 63.25% and 62.92%, respectively,
while the relative improvement in R? reaches 37.42%. Similarly, keijzer5 exhibits
improvements of 79.75% in RMSE and 79.23% in MAE.

Averaged across the nine benchmark datasets, the relative changes are 21.56% for
R?, 40.14% for RMSE, and 41.53% for MAE. These values indicate that, on average,
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the SBFR-based configurations are associated with higher R? and lower prediction
errors than their corresponding baseline configurations. The larger average changes
observed for RMSE and MAE further indicate that the effect of SBFR-based feature
construction is particularly pronounced for the error-based metrics.

The relative change is positive for all dataset—metric combinations except for
RMSE on bml, where a small decrease of 2.39% is observed. Thus, the aggregated
results show a generally favorable effect of SBFR-based feature construction across the
three evaluation metrics, while also demonstrating that the magnitude of the effect
varies across datasets.

Overall, these results provide quantitative evidence that SBFR-based feature con-
struction can improve the predictive performance of the evaluated regression models
across multiple metrics and benchmark datasets. The consistently positive average
changes, particularly for RMSE and MAE, together with the substantial improvements
observed on several datasets, support the utility of the generated symbolic repre-
sentations as an effective feature-construction mechanism for downstream regression
models.

Table 8: Percentage improvement achieved by SBFR-based
regression configurations over the corresponding baseline
regression models across the benchmark datasets. Positive
values indicate improved performance, whereas negative val-
ues indicate degradation.

Dataset R? (%) RMSE (%) MAE (%)
Concrete 19.03 26.33 30.00
Pollen 24.01 14.54 15.84
RatPol2D 37.42 63.25 62.92
Real Estate Valuation 21.74 18.91 19.35
Toxicity 29.18 21.73 18.21
X05Y17Z15 14.31 48.83 54.74
bm1l 1.54 -2.39 1.77
bm4 17.70 90.33 91.66
keijzerb 29.07 79.75 79.23
Average 21.56 40.14 41.53

4.4.2 Dimension of Feature Space

The dimensionality of the resulting feature representation is an important indicator of
the compactness and interpretability of SR models. A lower-dimensional representa-
tion can reduce computational and inference costs and may facilitate the interpretation
of the resulting model. Table 9 reports the median and interquartile range (Q1, Q3) of
the representation dimensionality obtained by the evaluated methods across the nine
benchmark regression datasets. The comparison includes Evolutionary approaches
(EvoF, FFX, GSGP, and M3GP) and the proposed SBFR variants (SBFR-DT,
SBFR-KNN, SBFR-MLP, SBFR-RF, SBFR-Ridge, and SBFR-SVR).
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Among the proposed SBFR variants, SBFR-SVR generally produces the most com-
pact representations. It achieves the lowest median dimensionality among the SBFR
variants on Concrete (8 [6,12]), Pollen (4 [2,5]), RatPol2D (2 [1,8]), Real estate (5
[3,7]), Toxicity (4 [2,5]), and keijzer5 (3 [1,6]). These results suggest that the choice
of the internal regression evaluator can substantially influence the compactness of the
representation produced by SBFR. In particular, the SVR-based evaluator frequently
identifies a small number of basis functions that provide sufficient predictive utility.

Other SBFR variants also produce compact representations on several datasets.
SBFR-RF achieves a median of 10 features on X05Y17Z15 and 7 features on bm4,
while SBFR-KNN also obtains a median of 7 features on bm4. SBFR-MLP maintains
relatively compact representations on Concrete (9 [9,11]) and Real estate (6 [6,8]).
These results further indicate that the dimensionality of the resulting representation
depends on both the regression evaluator used within SBFR and the characteristics
of the dataset.

In contrast, EvoF and GSGP generally produce substantially larger feature repre-
sentations. EvoF produces median dimensionalities ranging from 115 to 228 features
across the benchmark datasets, whereas GSGP exceeds 600 features on eight of the
nine datasets. On bm1l, however, GSGP produces a median of only 1 feature. Such
large representations can increase computational and model complexity and may make
the resulting models more difficult to interpret. FFX exhibits considerably more vari-
able behavior, ranging from a highly compact representation on bml (1 [0,2]) and
keijzerb (5 [0,26]) to a much larger representation on Concrete (268 [256,277]).

M3GP provides relatively compact representations compared with EvoF and
GSGP, with median dimensionalities ranging from 10 [8,12] on bm4 to 22 [22,24] on
Pollen. The SBFR variants generally maintain smaller representations than EvoF and
GSGP, although SBFR-Ridge tends to produce larger representations than the other
SBFR variants, with median dimensionalities ranging from 14 to 63 features across
the benchmark datasets.

Overall, the results demonstrate that SBFR can construct compact feature repre-
sentations while allowing their dimensionality to adapt to the choice of the internal
regression evaluator and the characteristics of the dataset. SBFR-SVR exhibits the
strongest tendency toward compact representations, achieving the lowest median
dimensionality among the SBFR variants on six of the nine benchmark datasets.
Combined with the predictive performance reported in the preceding analyses, these
results indicate that SBFR can obtain informative symbolic representations without
necessarily requiring a large number of constructed features.

Ranking Analysis

To provide a comprehensive comparative assessment of feature-space compactness,
Figure 7 presents the average ranks of the evaluated feature-construction methods
based on the dimensionality of the final feature representations reported in Table 9.
In this analysis, feature-space dimensionality is defined consistently across all meth-
ods as the number of transformed features or basis functions constituting the final
feature representation supplied to the downstream predictive model. For SBFR, this
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Table 9: Median [Q1, Q3] of the number of basis functions generated by the evaluated
methods across the benchmark regression datasets.

Method Concrete Pollen RatPol2D Real estate Toxicity X05Y1Z15 bm1l bm4 keijzer5
EvoF 177[169,185] 209 [204,213] 158[152,167] 208 [187,227] 228[207,235] 206 [187,222] 196 [190,207] 145[134,151] 115[96,137]
FFX 268(256,277] 103[94,108]  81[74,85] 153[122,176] 217[107,251]  79[65,95] 1[0,2] 65 [59, 73] 5[0,26]
GSGP 638635, 643] 626 [618,629] 633[626,637] 615[609,621] 624 [615,631] 626[621,632]  1[1,1]  625[618,631] 627[619,632]
M3GP 19(17,22] 22(22,24] 18(16,19] 1312, 15 1514, 16 1514, 15] 1(1,1] 10(8,12] 12[9,13]
SBFR-DT 19(17,20]  17[17,17]  16[15,18]  14[14,15]  15[14,17]  16[14,17] 1[1,1] 9(8,10] 14[12,17)
SBFR-KNN  17][16,19] 10[8,17] 10(8,12] 9[7,10] 11[10,12]  15[14,16] 1[1,2] 7(5,10] 13[12,16]
SBFR-MLP 9[9,11] 14[13,14] 14 (12,17 6[6,8] 8(7,9] 1513, 16] 3(2,4] 11[10,13] 1816, 20]
SBFR-RF 12[11,14]  11[10,12] 9[8,10] 8[8,9] 7[6,8] 109, 11] 4[3,5) 7(6,8] 10[9,12]
SBFR-Ridge 49[47,51]  14[12,16]  37[33,41]  36[34,39]  55[53,57]  38[36,40]  63[55,72]  28(22,32]  40(38,41]
SBFR-SVR 86,12 4(2,5] 2(1,8] 5(3,7] 4[2,5] 11[9,15] 20 [13,29] 11[4,20] 3[1,6]

corresponds to the number of retained symbolic basis functions, whereas for the base-
line feature-construction methods, it corresponds to the dimensionality of their final
constructed feature representation.

For each dataset, the methods are ranked according to their feature-space
dimensionality, with lower ranks assigned to methods producing more compact repre-
sentations. The average rank is then calculated across the nine benchmark regression
datasets.

e Top Performers: SBFR-SVR achieves the best average rank (2.44), followed
closely by SBFR-RF (2.56). These results indicate that both variants generally
produce highly compact feature representations across the benchmark regression
datasets.

e Second Tier: SBFR-KNN (3.78) and SBFR-MLP (4.11) follow with competi-
tive average ranks, while M3GP (4.61) and SBFR-DT (4.94) also obtain relatively
favorable positions in terms of feature-space compactness.

¢ Lower-Ranked Methods: SBFR-Ridge (7.11), FFX (7.28), EvoF (9.00), and
GSGP (9.17) obtain higher average ranks, indicating that they generally produce
larger feature representations across the evaluated datasets.

Overall, the ranking analysis demonstrates that several SBFR variants achieve
favorable positions in terms of feature-space compactness. In particular, SBFR-SVR
and SBFR-RF obtain the two best average ranks, indicating that these configura-
tions generally produce more compact feature representations than the other evaluated
methods. This result is consistent with the design objective of SBFR to construct
informative symbolic representations without unnecessarily expanding the feature
space.

The results also demonstrate that the dimensionality of the representation depends
on the regression evaluator used within SBFR. The different average ranks obtained
by the SBFR variants indicate that the choice of evaluator influences the number
of basis functions retained by the framework. In particular, SBFR-SVR exhibits the
strongest tendency toward compact representations, whereas SBFR-Ridge generally
produces larger representations.

Compared with the evolutionary feature-construction methods, most SBFR vari-
ants achieve more favorable average ranks. Although individual exceptions are
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observed on some datasets, SBFR generally produces more compact feature rep-
resentations than EvoF and GSGP, while M3GP remains competitive in terms of
dimensionality. These results highlight the ability of SBFR to adapt the size of the
constructed representation to both the dataset and the selected regression evaluator.

Taken together with the predictive-performance results presented above, the find-
ings indicate that SBFR can achieve a favorable trade-off between feature-space
compactness and predictive performance. In particular, SBFR-RF combines a highly
favorable compactness rank with competitive predictive performance across the eval-
uated metrics, while SBFR-SVR achieves the best average rank among the evaluated
SBFR configurations in terms of feature-space compactness.
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Fig. 7: Average ranks of the evaluated methods based on the dimensionality of their
final feature representations. Lower ranks indicate more compact feature representa-
tions.

Statistical Significance

A Friedman test was conducted to assess whether statistically significant differences
exist among the evaluated methods in terms of feature-space dimensionality, measured
as the number of retained basis functions or constructed features in the final feature
representation. The test yielded a Friedman statistic of 54.81 with a p-value below
0.001, indicating statistically significant differences among the compared methods.
Thus, the null hypothesis that the methods exhibit equivalent performance in terms
of feature-space dimensionality is rejected. This result indicates that the observed
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differences in representation compactness are unlikely to be attributable to random
variation alone and supports the application of post-hoc pairwise comparisons to
identify the specific differences between methods.

The post-hoc analysis shows that SBFR-SVR and SBFR-RF achieve statistically
significantly lower feature-space dimensionality than EvoF, GSGP, and FFX. These
findings are consistent with the average-rank analysis, in which SBFR-SVR and SBFR-
RF obtain the two best average ranks (2.44 and 2.56, respectively). Together, the
Friedman and post-hoc analyses provide statistical evidence that the SVR- and RF-
based configurations of SBFR produce more compact feature representations than
several competing feature-construction approaches. In particular, the statistical results
support the observed advantage of these two SBFR configurations in terms of feature-
space compactness, while the differences among the remaining methods should be
interpreted according to their corresponding post-hoc comparisons.

Discussion: Balancing Predictive Performance and Dimensionality

The results indicate a trade-off between predictive performance and feature-space
dimensionality. SBFR-SVR achieves the best average rank in dimensionality (2.44),
producing highly compact representations, but its predictive performance is less com-
petitive than SBFR-RF. In contrast, SBFR-RF provides a favorable balance, achieving
the second-best average rank for test-set RMSE (3.78) while retaining only 4-12 basis
functions across the nine datasets.

SBFR-RF also achieves a better average RMSE rank than standalone RF (5.22),
while its RMSE is not statistically different from EvoF, which obtains the best overall
RMSE rank (2.89). At the same time, SBFR-RF produces substantially more compact
representations than EvoF. Other SBFR variants provide different trade-offs, with
SBFR-Ridge generally retaining more basis functions, whereas EvoF and particularly
GSGP tend to produce larger feature representations without consistently achieving
superior predictive performance.

Overall, SBFR-RF demonstrates the most favorable balance between predictive
performance and feature-space compactness among the evaluated SBFR configura-
tions, while SBFR-SVR provides the strongest dimensionality reduction.

4.4.3 Example Model Analysis

Figure 8 illustrates an example of the symbolic basis-function representation con-
structed by SBFR-RF for the RatPol2D dataset. The example demonstrates how
SBFR combines the original input variables through elementary arithmetic opera-
tions to construct symbolic basis functions that are subsequently supplied to the
downstream Random Forest regressor.

To obtain an illustrative high-performing solution, SBFR-RF was executed inde-
pendently for 30 runs. The resulting representations were evaluated based on their
validation-set RMSE, and a solution with high predictive performance was selected
for illustration. This procedure provides an illustrative example of the symbolic rep-
resentations produced by SBFR across independent runs without implying that the
selected representation is unique or globally optimal.
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Fig. 8: Expression trees of the eight symbolic features constructed by SBFR-RF for
the RatPol2D dataset. The terminal nodes zy and x; represent the two original input
variables.

In the selected example, SBFR constructs eight symbolic basis functions, which
are subsequently supplied to the downstream Random Forest regressor. The resulting
representation remains compact while incorporating both linear and nonlinear trans-
formations of the original input variables. Features 5 and 7, given by xq(x1 — 2¢) and
2z¢ — 3, respectively, introduce nonlinear interactions and transformations of the



original variables. In contrast, Features 1-4, 6, and 8 correspond to linear or affine
transformations, including 3z, 3z9 + 31, 3zg + 221, g, g — 1, and x1 + 2xz¢.

The constructed basis functions are explicitly interpretable because each function
is represented as a mathematical expression involving the original variables and the
elementary operators used by SBFR. Consequently, the transformations introduced
during feature construction can be inspected directly, providing a transparent rep-
resentation of the transformed feature space. This property is particularly relevant
to symbolic feature construction, where the objective is not only to improve predic-
tive performance but also to obtain explicit and interpretable transformations of the
original features.

The terminal nodes zoy and x; represent the two original input variables of the
RatPol2D benchmark. Overall, this example illustrates how SBFR-RF can construct
a compact set of explicit symbolic basis functions that combine simple linear trans-
formations with nonlinear interactions. These constructed features can subsequently
be exploited by a conventional regression model to capture potentially complex rela-
tionships in the input data while preserving an explicit mathematical representation
of the constructed feature space.

4.4.4 Time Complexity Analysis
The computational cost of SBFR is mainly determined by candidate generation,

synergy evaluation, and cross-validated regression evaluation.

Basis Function Generation.

Using RHH, the worst-case cost of generating one candidate basis function with
maximum depth D and branching factor b is

Tyen = O(bP). (8)

For I candidate-generation iterations, the total cost is therefore
Tgen,total = O(IbD) (9)

Synergy Evaluation.

If m basis functions are currently selected, Synergy by Adding requires one evaluation,
while Synergy by Replacing requires up to m additional evaluations. Hence, at most
m + 1 evaluations are required per candidate:

Tsyn =0 ((m + 1)Teval) . (10)

For N training samples and k-fold cross-validation,

Teval = O(Nm+cmodel(Nam; k))a (11>

where Cyoqe1 denotes the cost of training and evaluating the downstream regression
model.
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Overall Complexity.

Let M be the maximum number of retained basis functions. The overall worst-case
complexity of SBFR is

Tsgrr = O (I6P + I(M + 1) [NM + Croqel(N, M, K)]) . (12)

Thus, the computational cost mainly depends on the number of candidate eval-
uations, expression depth, maximum representation size, and the complexity of the
downstream regression model. In the experiments, the number of retained basis func-

tions is generally small, with median dimensionalities below 20 for most SBFR variants
(Table 9).

Time Complexity of Baseline SR Methods.

For comparison, the main computational costs of the baseline symbolic regression
methods are summarized below.

Geometric Semantic GP (GSGP): GSGP evolves a population of P individu-
als over GG generations. Let L denote the average size of the symbolic representations.
Evaluating an individual over N samples requires approximately O(NNL) operations.
Therefore, the main evaluation cost is

Tasgp = O(GPNL). (13)

This represents the main cost of individual evaluation and semantic construction,
excluding additional costs associated with genetic operators.

M3GP: M3GP evolves T symbolic trees per individual. With an average tree
size L, evaluating the trees requires approximately O(NTL) operations. Fitting the
resulting T-dimensional linear model requires approximately O(NT? + T3). Thus, for
P individuals and G generations,

Tvsep = O (GP (NTL + NT? +T%)) . (14)

Evolutionary Forest (EvoF): EvoF combines GP with ensemble learning. Let

@ denote the number of fidelity levels and L the average representation size. The main
symbolic evaluation cost is

Tevor = O(GPQNL). (15)

This term represents the main symbolic evaluation and feature-construction cost,
excluding additional ensemble and model-selection operations.

Fast Function Extraction (FFX): FFX generates a library of B candidate basis
functions. If L., is the average generation cost per basis function, library construction
requires O(BLgey), while evaluating the library over N samples requires O(BN). Reg-
ularized regression over A regularization parameters requires approximately O(BNA).
Hence,

Trpx = O (BLgen + BN + BNA) . (16)
For A > 1, this can be simplified to O (B(Lgen + NA)).
Table 10 summarizes the dominant computational complexity terms of the
compared methods.
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Table 10: Dominant computational complexity terms
of the compared methods

Method Asymptotic Time Complexity
GSGP O(GPNL)

M3GP 0 (GP(TNL +NT? + T3))

EvoF O(GPQNL)

FFX O(B(Lgen + NA))

SBFR | O (sz + I(M + 1) [NM + Cuoder (N, M, k:)])

5 Conclusion

This paper introduced Synergistic Basis Functions Regression (SBFR), a non-
evolutionary framework for SR that constructs compact and interpretable symbolic
representations through synergy-driven basis function selection. Instead of evolv-
ing complete symbolic models, SBFR iteratively generates candidate basis functions
using the Ramped Half-and- Half (RHH) strategy and evaluates their contribu-
tion to the current representation. The proposed Synergy by Adding (Saqq) and
Synergy by Replacing (Srep) criteria guide the selection and replacement of basis
functions, allowing the representation to be progressively refined while controlling its
dimensionality.

The experimental evaluation on nine benchmark regression datasets using 30 inde-
pendent runs showed that SBFR-based configurations achieved competitive and, in
several cases, improved predictive performance compared with the evaluated con-
ventional regression and evolutionary feature-construction methods. Averaged across
the nine datasets, the relative improvements were 21.56% for R?, 40.14% for RMSE,
and 41.53% for MAE. The results also showed that predictive performance depends
on the interaction between the constructed symbolic representation and the down-
stream regression model, indicating that different evaluators can lead to different
performance—compactness trade-offs.

The dimensionality analysis demonstrated that SBFR can construct compact
representations. SBFR-SVR achieved the best average rank in feature-space dimen-
sionality (2.44), whereas SBFR-RF provided the most favorable overall balance
between predictive performance and compactness. SBFR-RF achieved the second-best
average rank in test-set RMSE (3.78), compared with 5.22 for standalone RF, while
retaining relatively few basis functions. Its RMSE was also not statistically different
from that of EvoF, which achieved the best average rank in RMSE (2.89). Furthermore,
SBFR-SVR and SBFR-RF showed statistically significant dimensionality advantages
over several competing methods, including EvoF, GSGP, and FFX.

The constructed basis functions also provide an explicit mathematical represen-
tation of the transformed feature space. The RatPol2D example illustrated how
SBFR-RF can construct linear, interaction-based, and nonlinear transformations of
the original variables while retaining a compact set of interpretable symbolic features.
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Overall, the results support SBFR as a promising non-evolutionary approach to SR
that jointly considers predictive performance, representation compactness, and inter-
pretability. Among the evaluated configurations, SBFR-RF demonstrated the most
favorable balance between predictive performance and compactness, while SBFR-
SVR showed the strongest tendency toward dimensionality reduction. These findings
suggest that synergy-driven basis-function selection provides a viable alternative
to population-based feature-construction strategies by explicitly retaining symbolic
transformations according to their contribution to the current representation.

Limitations and Future Work.

Despite the promising results, several limitations remain. First, SBFR relies on cross-
validated predictive performance to evaluate candidate basis functions. Although
this provides a principled selection criterion, it can increase computational cost
due to the repeated evaluation of candidate representations. This cost may become
more substantial for large or high-dimensional datasets. Future work could investi-
gate surrogate-assisted evaluation, caching of previously evaluated expressions, and
computationally efficient early-stopping strategies.

Second, the current implementation uses a relatively simple function set consisting
of addition, subtraction, multiplication, and protected division. Extending the func-
tion set with exponential, logarithmic, and trigonometric operators could increase the
expressive capability of SBFR. Such extensions would require appropriate mechanisms
for numerical stability, domain constraints, and expression-complexity control.

Third, the improvement threshold, improvegnreshoia = 1, is fixed throughout the
search. Although the sensitivity analysis indicates that this value provides a suitable
balance between retaining useful basis functions and avoiding marginal improve-
ments, future work could investigate adaptive thresholding based on search progress,
prediction error, or dataset characteristics.

Fourth, although SBFR supports different downstream regression models, only
a limited set of evaluators was considered in this study. The differences observed
among SBFR-DT, SBFR-KNN, SBFR-MLP, SBFR-RF, SBFR-Ridge, and SBFR-
SVR suggest that the choice of evaluator can affect both predictive performance and
representation dimensionality. Future studies could therefore consider additional learn-
ers, such as gradient-boosting models, Gaussian processes, and other nonlinear or
ensemble regressors.

Finally, SBFR was evaluated on nine benchmark regression datasets. Broader
evaluation on larger real-world and application-specific datasets is needed to further
assess its scalability and generality. Future work could also extend the synergy-based
basis-function construction principle to other tasks, including time-series forecasting,
classification, and scientific equation discovery.

Appendix A Detailed Description of the SBFR
Framework
This appendix presents the main algorithmic components of the SBFR framework,

including symbolic basis-function generation, synergy-based evaluation and selection,
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and cross-validated estimation of feature utility. These algorithms complement the
high-level description provided in the main text.

A.1 Generate Basis Functions

Candidate basis functions are generated using the Ramped Half-and-Half (RHH) strat-
egy, which combines the full and grow methods to generate symbolic expressions with
diverse structures and depths. The full method generates trees whose branches reach
the selected depth, whereas the grow method allows branches of different depths.

At each iteration, SBFR randomly selects a tree depth from the predefined range
[dimin, dmax] and randomly chooses either the full or grow method to generate one can-
didate basis function. The generated expression is subsequently evaluated according
to its synergy with the current feature vector. This process is repeated iteratively,
with one candidate generated per iteration. The RHH procedure is summarized in
Algorithm 3.

Algorithm 3 Ramped Half-and-Half (RHH) Generation Procedure

Require: Function set F'S, terminal set T'S, depth range [dmin, dmax)
Ensure: Generated candidate function f
d + RandomDepth(dmin, dmax)
method < RandomChoice({ Full, Grow})
if method = Full then
f « Full(FS, TS, d)
else
f < Grow(FS,TS,d)
end if
return f

S g R e

By varying both tree depth and generation method, RHH introduces structural
diversity into the candidate basis functions. These symbolic expressions are then
passed to the synergy-based evaluation and selection procedure.

A.2 Evaluation of Basis Function Vectors

The predictive utility of a basis-function vector (F'V') is evaluated using k-fold cross-
validation. First, the selected basis functions are applied to the input data to construct
the transformed feature matrix. In each fold, the selected regression model is trained
on the training partition and evaluated on the held-out validation partition. The root
mean squared error (RMSE) on the validation partition of fold ¢ is defined as

RMSE, = | > i) (A1)
Dl /53,
where D; denotes the validation set of fold 7, y; is the observed target value, and g;
is the corresponding prediction produced by the regression model. The cross-validated
RMSE is then computed as the mean of the RMSE values obtained across the k folds:
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k
1
CV-RMSFE = — RMSE;. A2
; ; (A2)
The resulting CV-RMSE is used as the predictive performance measure of the
basis-function vector. The procedure is summarized in Algorithm 4.

Algorithm 4 Cross-validated Evaluation of a Basis Function Vector

Require: Original inputs X, target values Y, basis function vector F'V, number of
folds k, regression model M

Ensure: Cross-validated RMSE

. Z + ApplyBasisFunctions(F'V, X)

: RMSE <0

: fori=1to k do
Split (Z,Y") into training and validation folds
model < Train(M, Zirain, Yirain)
error; < ComputeRMSE(model, Zyq1, Yyal)
RMSE < RMSE + error;

end for

. RMSE < BMSE

return RMSE

© @ X3 >R w b

—
=

This cross-validated RMSE provides an estimate of the predictive performance of
the feature vector across different data partitions. Together with the synergy criteria,
it is used to compare candidate basis functions and identify those that improve the
current representation.

A.3 Synergy-Based Evaluation and Selection

SBFR evaluates each candidate basis function according to its contribution to the
current feature vector (F'V'). Two complementary criteria are used: Synergy by Adding
(Sada), which evaluates appending a candidate to F'V, and Synergy by Replacing
(Srep), which evaluates replacing each existing basis function with the candidate. The
resulting cross-validated RMSE values are used to quantify the relative improvement
in predictive performance.

A.3.1 Synergy by Adding

Synergy by Adding measures the relative improvement obtained by appending a can-
didate basis function to the current feature vector. The synergy score is defined in
Equation 2.

A positive Saqq indicates that the candidate reduces the prediction error. The
candidate is considered for addition when its synergy exceeds improveghreshold and is
preferable to the best replacement alternative.

Example:
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Algorithm 5 Synergy by Adding (Sadq)

Require: Original inputs X, target values Y, basis function vector F'V, candidate
function f, evaluation function F'

Ensure: Synergy score Saqq

base_error < F(FV,X|Y)

FView + FV U{Sf}

new-error < F(FVyew, X,Y)

SAdd — base_error—new_error X 100

base_error
return Saqq

Ll > A v

ot

Assume FV = f1, fo, f3 with RMSE(FV) = 10.5. If adding a candidate f = 2z4
reduces the RMSE to 8.2, then
10.5 — 8.2

Thus, the candidate provides a positive improvement and can be considered for
addition according to the selection criterion.

A.3.2 Synergy by Replacing

Synergy by Replacing evaluates whether a candidate provides a better alternative to
an existing basis function. For an F'V containing m basis functions, the candidate
is temporarily substituted for each basis function, producing a replacement synergy
vector SVRep.

Algorithm 6 Synergy by Replacing (Sgrep)

Require: Original inputs X, target values Y, basis function vector F'V, candidate
function f, evaluation function F'
Ensure: Synergy vector Sgrep
m <+ |FV]|
SRep +— zero vector of size m
base_error < F(FV,X)Y)
for i =1 tom do
FViemp < FV
FViampli]  f
temp_error < F(FViemp, X,Y)
SRep [Z] F base,erbzzg';jet::;lf,error X 100
end for

return Sgep

© ® NP g wy

H
=

The candidate is selected for replacement when the highest value in SVge, exceeds
IMProveshreshold and is preferred to the addition alternative.
Example:
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Let F'V = f1, fo, f3 with RMSE(FV) = 10.5 and candidate f = 2xz5. If replac-
ing f1, f2, and f3 produces RMSE values of 9.0, 11.0, and 9.5, respectively, the
corresponding replacement synergy scores are approximately 14.3%, -4.8%, and 9.5%.

The highest score corresponds to replacing fi. If it satisfies the selection criterion,
the updated feature vector becomes f, fo, f3.

Appendix B Baseline Methods Details

This appendix describes the baseline methods used for comparison with the proposed
SBFR framework. The methods are grouped into conventional regression models and
SR approaches.

B.1 Conventional Regressors

The conventional regressors are applied directly to the original feature space to provide
a reference for evaluating the effect of symbolic basis-function construction in SBFR.

® Decision Tree Regressor: A non-parametric model that recursively partitions
the input space to minimize prediction error Breiman et al. (1984).

e K-Nearest Neighbors (KNN): A lazy learning method that predicts target
values based on the nearest training instances Altman (1992).

e Support Vector Regressor (SVR): A kernel-based regression model that
fits a function within an e-insensitive margin and can model nonlinear relation-
ships Drucker et al. (1997).

e Multi-Layer Perceptron (MLP): A feedforward neural network trained using
backpropagation for modeling nonlinear relationships Bishop (1995).

¢ Random Forest (RF): An ensemble of decision trees trained on bootstrap samples
for robust nonlinear prediction Breiman (2001).

¢ Ridge Regression (Ridge): A regularized linear regression method using an f5
penalty on the regression coefficients:

min (Zm —x] B +w||%> , (B3)

=1

where A controls the regularization strength.
e Gradient Boosted Decision Trees (GBDT): An additive ensemble method
that sequentially builds decision trees to reduce prediction error Friedman (2001).
® XGBoost: An efficient and regularized implementation of gradient-boosted deci-
sion trees designed for computational efficiency and scalability Chen and Guestrin
(2016).

B.2 SR Methods

The SR baselines include both genetic-programming-based and non-evolutionary
approaches.
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e gplearn ?: A Python implementation of standard GP for symbolic regression. It
evolves symbolic expressions using conventional GP operators, including selection,
crossover, and mutation.

¢ Geometric Semantic GP (GSGP) 3: A GP approach that performs variation
in the semantic space of program outputs rather than directly modifying program
syntax.

e M3GP (Multidimensional Multiclass GP) *: A GP method that evolves
multiple symbolic trees to construct multidimensional representations. The imple-
mentation used in this study supports parallel processing and integration with
scikit-learn.

¢ Evolutionary Forest (EvoF) °: A SR approach that combines evolutionary sym-
bolic feature construction with ensemble learning, incorporating mechanisms such
as guided mutation, multi-fidelity evaluation, and ensemble selection.

¢ Fast Function Extraction (FFX) 6: A deterministic SR method that constructs
a library of candidate basis functions and uses regularized regression to obtain a
sparse predictive model.

Appendix C Datasets

This study evaluates SBFR on nine regression and SR benchmark problems:
X05Y1715, bm1, bm2, Concrete, RatPol2D, Pollen, keijzers, Toxicity, and Real Estate
Valuation. The datasets were selected to provide diversity in functional complexity,
input dimensionality, sample size, and data origin, covering both synthetic bench-
mark functions and real-world regression problems. Their main characteristics are
summarized in Table C1.

¢ bml (Univariate Summation Function): The bm1 benchmark is defined as

1
fla) = Z P

i=1
It represents a univariate summation problem with cumulative and asymptotic
behavior. The training domain is = € 1,...,50, while the test domain extends to
x €1,...,120, allowing evaluation on values beyond the training range. The bench-
mark has been used in previous SR studies Astarabadi and Ebadzadeh (2019);
Keijzer (2003); Pennachin et al. (2010).

¢ bm2 (Rational Bivariate Function): The bm2 benchmark is defined as

1 1
T1,xy) = —— + ————.
f( 1 2) 1+ 371411 1+ %
The training inputs are defined on the grid x1, 2 € [=5 : 0.4 : 5], while testing uses

the grid [—6 : 0.24 : 6] \ 0. This benchmark evaluates approximation of nonlinear
rational relationships over a broader test domain Astarabadi and Ebadzadeh (2019).

Zhttps://github.com/trevorstephens/gplearn
3https://github.com/jespb/Python- GSGP
“https://github.com/jespb/Python-M3GP

5 https://github.com/hengzhe-zhang/EvolutionaryForest
6https://github.com/ffx-org/ffx
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keijzer5: The keijzer5 benchmark is a three-variable SR problem defined by

- 301}0{1}2
f(iEvalva) - (.130 — 10).%‘%

The input variables are independently sampled according to

.’EONu[fl,l], I Nu[l,?], T2 Nu[fl,”,
with 2,000 generated instances. The problem combines multiplicative and rational
relationships and is widely used as a SR benchmark Astarabadi and Ebadzadeh
(2019); Pennachin et al. (2010); Keijzer (2003); Qi et al. (2023).
X05Y1Z15: The X05Y1Z15 benchmark is defined as

f(z1, 22,23) = (1 + 295 4 :102_1 + x§1'5)2 .
The three input variables are sampled uniformly from [1,6], resulting in 1,216
instances. The function combines fractional and inverse powers with nonlinear
interactions among the input variables Astarabadi and Ebadzadeh (2019).
Concrete Compressive Strength: The Concrete Compressive Strength dataset
is a real-world regression dataset from the UCI Machine Learning Repository Yeh
(1998). It contains 1,030 instances and eight quantitative input variables describ-
ing concrete composition and age. The target variable is compressive strength,
and the dataset contains no missing values. It has been widely used in regression
research Hien and Hoai (2012); Hien et al. (2011); Amir Haeri et al. (2015); Amini
et al. (2020); Azad and Ryan (2011); Zegklitz and Posik (2020); La Cava and Moore
(2020); Zojaji and Ebadzadeh (2018); Ruberto et al. (2020).
Pollen: The Pollen dataset originates from the StatLib Datasets Archive and was
generated by David Coleman. It contains 3,848 observations and five variables
StatLib (2025). Four variables describe geometric and physical characteristics of
pollen grains (ridge, nub, crack, and weight), while density is the target variable.
The dataset has been used in regression and symbolic modeling studies Amir Haeri
et al. (2015); Amini et al. (2020); Nguyen et al. (2016); Zojaji and Ebadzadeh (2018).
RatPol2D: RatPol2D is a two-dimensional synthetic SR benchmark defined by

(.’El — 3)4 + (.’EQ — 3)3 - (.’EQ — 3)
J(@1 w2) = (22— 2)2 1 10 '

The training and validation sets each contain 50 samples drawn from [0.05, 6.05].
The test set is generated on the grid [—0.25 : 0.2 : 6.35]. The benchmark combines
polynomial and rational components with nonlinear interactions and has been used
in previous symbolic regression studies Amir Haeri et al. (2015); Amini et al. (2020);
Zojaji and Ebadzadeh (2018); Hien and Hoai (2012).

Toxicity (LD50): The Toxicity dataset is a high-dimensional chemical regression
problem containing 1,216 instances and 626 molecular descriptor variables. The
target variable is the LD50 value. It provides a relatively high-dimensional set-
ting for evaluating symbolic feature construction and selection Haeri et al. (2017);
Amir Haeri et al. (2015); Amini et al. (2020); Zojaji and Ebadzadeh (2018); Castelli
et al. (2011).
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® Real Estate Valuation: The Real Estate Valuation dataset is a real-world regres-
sion dataset from the UCI Machine Learning Repository Yeh (2018). It contains 414
instances and six input variables representing transaction date, house age, distance
to the nearest MRT station, number of nearby convenience stores, latitude, and
longitude. The target variable is house price per unit area. The original UCI doc-
umentation reports a random split of approximately two-thirds of the observations

for training and one-third for testing.

The nine datasets cover a broad range of regression characteristics. The synthetic
benchmarks (bm1, bm2, keijzer5, X05Y1Z15, and RatPol2D) provide explicitly defined
mathematical functions and controlled input domains, covering summation, ratio-
nal, polynomial, multiplicative, fractional-power, and nonlinear interaction structures.
The real-world datasets (Concrete, Pollen, Toxicity, and Real Estate Valuation)
introduce measured-data problems with different sample sizes and input characteris-
tics. Their dimensionality ranges from four to 626 input variables, and their sample
sizes range from 414 to 3,848 observations. Several of these datasets have also been

used in SR and GP research La Cava et al. (2019); Silva et al. (2016); Ruberto et al.
(2021); Ma and Gao (2020b,a).

Table C1: Dataset specifications used in the experimental evaluation.

Dataset Type / Source Function / Description Input Specification Total Instances
T
1
bm1l Synthetic flx) = Z - Train: = € {1,...,50}; Test: z € {1,..., 120} 120
i
i=1
T T 5 5
bm2 Synthetic — Train: [~5: 0.4 : 5]2; Test: [~6: 0.24 : 6]\ {0} 3176
Lt 14
» - 30072
k 5 Synthet; — ro ~U[=1,1]; 21 ~U[L,2]; 22 ~ U[-1,1 2000
keijzer5 ynthetic (0 — 10).17% o [ Y [1,2]; @2 [ ]
X05Y1Z15 Synthetic (1+a9° + 25" +a3"") T, 22,73 € [L,6] 1216
Concrete UCI Yeh (1998) Concrete compressive strength 8 input variables, 1 target 1030
Pollen Synthetic; StatLib StatLib (2025) Pollen density regression 4 input variables, 1 target 3848
. 21 —3)7 3)° —(x2 -3 .
RatPol2D Synthetic @ ) (+ 10 (@2 ) Train: 50; Validation: 50; Test: 11567 12561
Ty —2
Toxicity Real-world Chemical toxicity (LD50) 626 input variables, 1 target 1216
Real Estate Valuation UCI Yeh (2018) Real estate price prediction 6 input variables, 1 target 414

t The grid [—0.25 : 0.2 : 6.35] contains 1,156 points. If this grid was used exactly as specified, the total
number of RatPol2D instances is therefore 1,256 (50 training + 50 validation + 1,156 test). The final
values should be verified against the actual experimental files.
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