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Bidirectional Path Integral Monte Carlo Simulation of Quantum Circuits

Luis Paulo Santos"[] and Thomas Bashford-Rogers?[f]

YHASLab, INESC TEC / Universidade do Minho / INL, Portugaﬂ
2 Warwick Manufacturing Group, Warwick University, Coventry, United Kingdonﬁ

We propose an approximate classical algorithm for estimating quantum circuits’ transition am-
plitudes, (¥ f|U |¥o), based on Monte Carlo sums over bidirectionally sampled Feynman paths. The
algorithm generates Feynman paths, i.e., sequences of intermediate computational basis states, by
combining information from random walks initiated at both the input and output states, ¥o and ¥y,
respectively. It further combines this bidirectional approach with Multiple Importance Sampling, a
powerful variance reduction technique that avoids variance peaks caused by divisions by the very
low sampling probabilities associated with hard to reach paths. Empirical data demonstrate the su-
perior convergence rate exhibited by the bidirectional algorithm over a unidirectional, forward-only
sampling approach. This superiority is due to the effectiveness of the proposed algorithm in finding
and weighting paths with non-zero amplitude in an extremely sparse path space. Sum of paths al-
gorithms exhibit very favourable space complexity. Monte Carlo replaces exhaustive enumeration of
the exponentially large path space by stochastic sampling, the computational cost being determined
by the variance of the estimator. This work demonstrates these two features by presenting results

on very large quantum circuits, with up to 4096 qubits.

I. INTRODUCTION

Current quantum computing platforms are scarce and
noisy, with performance limited by decoherence. Exe-
cution of quantum circuits is therefore expensive, due to
scarcity, and limited to shallow circuits due to short deco-
herence times. Classical simulation of quantum circuits is
a fundamental capability enabling researchers and practi-
tioners to validate algorithms, study quantum advantage,
and benchmark quantum solutions. Simulating arbitrary
circuits requires time and/or space that grow exponen-
tially with circuit size, given by the number of qubits
n and gate depth L, motivating research efforts to effi-
ciently simulate families of quantum circuits. These tech-
niques exploit characteristics exhibited by most quantum
circuits, such as structure, redundancy, and low magic,
among others.

This paper proposes an approximate classical algo-
rithm for estimating quantum circuits transition ampli-
tudes, (U ¢|U|¥0), based on Monte Carlo sums over bidi-
rectionally sampled Feynman paths. The algorithm is
inspired by current practice in physically based global
illumination. Bidirectional Path Tracing (BDPT) is a
Monte Carlo algorithm [24] 38| that excels at finding low-
probability light paths connecting the light source to the
camera. Similarly, this work shows that a bidirectional
approach to the Path Integral Monte Carlo (PIMC) prob-
lem, within the context of simulating a quantum circuit
described by a time-evolution operator U, efficiently finds
low-probability paths connecting |¥¢) to [¥y). Chal-
lenges raised by the sparsity of the Feynman path space
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are efficiently handled by the bidirectional sampling pro-
cedure.

Simulation algorithms based on summing over Feyn-
man paths allow for the classical evaluation of transi-
tion amplitudes (¥ ¢|U|¥o) with O(nL) space complex-
ity, since the simulator only maintains data on the circuit
itself and a running sum over all Feynman paths’ ampli-
tudes. The corresponding path space, P, has cardinal-
ity |P| = 27*(E=1). The exponential advantage in space
complexity, compared to Schréodinger-based approaches,
comes at the cost of increased time complexity associated
with P’s exponentially large number of paths.

Monte Carlo (MC) techniques evaluate the estimator
I ~ (U;|U|¥,) using N stochastically generated sam-
ples, each sample being a classical path from |¥g) to
|Us), Z; € P, i =0...N — 1. The goal is to overcome
the curse of dimensionality problem by evaluating many
fewer samples than the total number of paths in the path
space, N < |P|.

For a finite number of samples, the MC estimator will
exhibit variance, whose magnitude depends on three ma-
jor factors: i) how effectively contributing paths, f(z;) #
0, are found within a often very sparse path space, ii) how
well samples’ contributions, f(Zz;), are weighted, and iii)
destructive interference among paths with mutually can-
celling contributions, referred to as the numerical sign
problem.

The proposed Monte Carlo estimator improves the
variance associated with path space sparseness and paths’
weighting, thus addressing items i) and ii) above. The
bidirectional approach samples path space by combin-
ing random walks initiated from both |¥o) and |[¥),
thus increasing the probability of finding non-zero paths
within a highly sparse domain. The paths’ contributions
are weighted using Multiple Importance Sampling (MIS),
further improving the MC convergence rate by avoiding
divisions by the very small probabilities associated with
hard to find paths in P.


mailto:psantos@di.uminho.pt
mailto:Thomas.Bashford-Rogers@warwick.ac.uk
https://luisps.github.io/
https://thomasbashfordrogers.com/

This paper details the proposed bidirectional sampling
(BS) approach and provides empirical evidence support-
ing the following three hypotheses:

H1 — Convergence rate:: BS achieves better conver-
gence than a unidirectional forward sampling algo-
rithm.

H2 — Simulation of large circuits:: BS allows esti-
mating transition amplitudes for very large quan-
tum circuits (e.g., 4096 qubits) because its memory
complexity is O(nL) and it efficiently finds non-zero
paths in a very large and sparse path space.

H3 — Sparsity and numerical sign problem:: BS
improvements in the convergence rate, over the
unidirectional approach, are due to a more efficient
sampling of the sparse path space, rather than to
a better handling of destructive interference, i.e.,
MC’s numerical sign problem.

The document is structured as follows. The next sec-
tion presents the most important related work; section
[ reviews Monte Carlo integration, bidirectional and
multiple importance sampling. Section [[V] describes the
proposed approach, the following section describes the
experimental methodology and section [VI] analyses ex-
perimental results. Section [VII] concludes the paper.

II. RELATED WORK

Classical simulation of quantum circuits is a central
problem in quantum computing, underpinning algorithm
validation, benchmarking of near-term devices, and the
study of quantum advantage. The computational cost
of simulating a quantum system typically grows expo-
nentially with the number of qubits in the worst case
[8], motivating a diverse set of simulation techniques
that exploit structure, approximations, redundancy, low
magic, or alternative representations. Simulation meth-
ods can be broadly categorized by the representation of
quantum mechanics they are based upon, including the
Schrédinger, Feynman, and Heisenberg perspectives.

(UelUwo) = f) = Y
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This formulation avoids storing the full state vector
but incurs a combinatorial explosion in the number of
paths [I} [13]. Practical algorithms rely on path pruning
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A. The Schrodinger Picture

In the Schrodinger picture, the quantum state evolves
under the action of time evolution unitary operators U.
Simulation methods in this paradigm explicitly repre-
sent or approximate the full state vector |¥) of size
2", updating it gate by gate [28]. Single- and two-qubit
gates correspond to sparse linear transformations Ug ap-
plied to |¥). This is a conceptually simple and exact
approach. Memory requirements, however, grow expo-
nentially with system size (O(2")), limiting simulations
to roughly 30-50 qubits depending on available resources.

Tensor network approaches exploit the structure in-
herent in limited-entanglement quantum circuits [9, 26].
The circuit is mapped to a network of tensors, and the
simulation reduces to contracting this network. The cost
depends on the complexity of the contraction rather than
the number of qubits. Tensor networks enable the simu-
lation of systems that are significantly larger than those
possible with state-vector approaches. Common tech-
niques include matrix product states (MPS), projected
entangled pair states (PEPS), and more general con-
traction schemes optimized via graph partitioning [I5].
Highly entangled circuits, such as random circuits, re-
quire large intermediate tensors, bringing back exponen-
tial requirements.

Decision diagrams represent quantum states and op-
erators as compressed graph structures that exploit re-
dundancy and regularity in amplitudes |21}, [43]. Opera-
tions correspond to graph manipulations, often yielding
substantial memory savings. Efficiency depends critically
on the amount of structure present; highly random or
chaotic circuits degrade compression, leading to expo-
nential growth. Nevertheless, decision diagrams provide
a powerful alternative when the quantum circuits exhibit
repeating patterns or symmetries.

B. Feynman Path Integral Methods

In the Feynman picture, amplitudes are expressed as
sums over computational paths. Each path z =
(so = ¥o,81,...,5L = Uy), with length L, corresponds
to a sequence of intermediate basis states and the total
amplitude is obtained by summing contributions from all
paths z € P:
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(

or on hybrid Schréodinger-Feynman methods, in which
the circuit is partitioned into subcircuits that are simu-
lated independently and recombined. Exact Feynman-



based approaches are particularly effective for circuits
with small width or for simulations that trade memory for
time. They underpin some of the most powerful classical
simulations of random quantum circuits used in bench-
marking quantum advantage experiments.

C. Heisenberg Picture Methods

In the Heisenberg picture, operators evolve backward
through the circuit while the state remains fixed. A
prominent approach is Pauli propagation [33]. Observ-
ables are decomposed into sums of Pauli operators, and
each Pauli term is propagated through the circuit using
conjugation rules. For Clifford circuits, Pauli operators
remain Pauli under conjugation, enabling efficient simu-
lation via stabilizer techniques. For general circuits, non-
Clifford gates cause Pauli operators to expand into linear
combinations, leading to exponential growth. Trunca-
tion strategies that yield approximate estimates were pro-
posed to mitigate exponential growth [34]. Pauli-based
methods are particularly useful for estimating expecta-
tion values.

Stabilizer simulation tableau-based methods consti-
tute the canonical Heisenberg approach for Clifford cir-
cuits [2,[19]. Operators are represented implicitly via sta-
bilizer generators, with evolution corresponding to sym-
plectic updates of the tableau. The algorithm tracks how
a basis of Pauli operators transforms under conjugation,
rather than tracking a single observable.

Pauli Transfer Matrix approaches propagate oper-
ators using a linear map in operator space [20]. Repre-
senting quantum channels as matrices acting on the Pauli
basis makes these algorithms particularly suited for sim-
ulating noisy circuits. The Matrix Product Operator
(MPO) Heisenberg Evolution is the Heisenberg analog of
tensor networks, with observables represented as MPOs
[32]. The rationale is to exploit the fact that operator
entanglement often, but not always, grows slower than
state entanglement.

D. Monte Carlo and Approximate Simulation

Monte Carlo methods provide a framework for approx-
imate simulation, estimating amplitudes or expectation
values via stochastic sampling. General PIMC can be
broadly described as stochastically sampling N paths
z;, with probability p(z;), over path space P, evaluat-
ing samples’ values f(z;), and linearly combining these
with weights ﬁ The PIMC estimator, ch, takes the
form

(2)
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Typical approaches importance sample Feynman
paths according to some probability distribution, yield-

ing unbiased estimators with variances that depend on
the paths’ interference structure [35] 86]. Alternative ap-
proaches use quasi-probability decompositions, ex-
pressing non-Clifford gates as linear combinations of Clif-
ford operations with signed weights [11l [30]. Sampling
over these decompositions enables simulation using effi-
cient stabilizer methods, at the cost of a variance over-
head quantified by the negativity of the Clifford weights.
Hybrid methods combine Monte Carlo with tensor net-
works or decision diagrams, sampling over contraction
orders or diagram branches [I7]. These approaches can
significantly extend the reach of classical simulation, par-
ticularly for circuits with moderate non-Clifford content
(i.e., low magic). A key challenge is controlling variance,
which can grow exponentially with the circuit’s depth,
non-classicality, and, most importantly, with the numer-
ical sign problem that emerges from destructive inter-
ference among paths [7]. Techniques such as importance
sampling, control variates, and stratified sampling have
been proposed to improve efficiency [23], but are ineffec-
tive against the exponential sampling requirements im-
posed by destructive interference patterns.

E. Simulation Hardness

Classical simulation of quantum circuits is widely be-
lieved to be intractable in general, meaning that it re-
quires resources (space and/or time) that grow exponen-
tially with circuit size. The metrics used to quantify this
hardness depend on the underlying algorithm: the effi-
ciency of the different simulation paradigms depends on
distinct structural properties of the quantum state or cir-
cuit. Accordingly, a variety of metrics has been proposed,
each capturing the challenges faced by a specific class of
simulators.

Vanilla full-state Schréodinger approaches’ cost scales
as O(2") in both space and time. This is a worst-case
metric that does not capture potential improvements
from exploiting the quantum circuit’s structure. Low-
entanglement states admit efficient representations (e.g.,
matrix product states), suggesting that bipartite en-
tropies or the maximum Schmidt rank can serve as prox-
ies for simulation efficiency in tensor network approaches
[26], 29, [42]. Entanglement alone, however, does not char-
acterize classical hardness: stabilizer states can exhibit
high entanglement while remaining efficiently simulable
due to their strong algebraic structure. Additional re-
sources — such as magic, phase complexity, or lack of
redundancy — are necessary to capture the full computa-
tional difficulty. Additionally, treewidth — a measure of
how well the tensor network graph can be decomposed
into a tree of small overlapping clusters — is often used
to characterize contraction complexity.

Decision diagram simulators exploit redundancy by
sharing identical substructures. Their complexity is mea-
sured by the compression ratio, ]\?—]:D, with Npp the num-
ber of nodes in the diagram. It quantifies the redundancy



of the amplitude tensor, i.e., the number of distinct sub-
tensors in its recursive decomposition [14, 4I]. Highly
structured states (e.g., stabilizer states) exhibit strong
compression, whereas generic states lead to Npp ~ 2".

Clifford circuits can be efficiently simulated using sta-
bilizer formalisms. The challenge is the presence of non-
Clifford resources, quantified by magic, often defined as
the stabilizer extent:

§(¢)) = min (Z Ckl) )= clow),  (3)
k

k

with |¢) being stabilizer states. If |[¢)) is a stabilizer
state, then £ = 1. Otherwise, £ grows (often exponen-
tially) with the number of T gates. Since the simulation
cost in many stabilizer decomposition algorithms scales
polynomially with £, it is a key hardness metric [25]. Ad-
ditional measures of magic include robustness of magic
[22] and mana [40].

Approaches based on the sum of Feynman paths ex-
press the amplitude (7| U [¢y) as a sum over exponen-
tially many computational paths. Hardness arises from
the number of contributing paths (i.e., path space den-
sity) and the lack of degeneracy, i.e., few paths share
identical contributions [I6]. This connects directly to re-
dundancy. If many paths have identical, eventually zero,
contributions, they can be grouped; otherwise, the sum
is irreducible.

The complexity of Heisenberg-based methods depends
on the growth of the Pauli support and on the num-
ber of Pauli terms generated under conjugation as ob-
servables are propagated backward through the circuit
[18]. Clifford circuits preserve Pauli structure, but non-
Clifford gates cause a proliferation of terms. This growth
is closely related to magic and can be understood as its
operator-space analog.

The efficiency of Path Integral Monte Carlo methods
depends on two key factors [30] [36, B7]: how effectively
the method finds contributing paths in the highly sparse
path space, and how hard the numerical sign problem is,
caused by destructive interference among paths. The lat-
ter is often quantified by resorting to the inverse squared
average phase, yp = (') 5> [4, [44].

The amplitude of a path Z can be written as f(z) =
|f(Z)]ei*=; trivially, the respective phase is given by

err = ek ‘P’s average phase is defined as

[ Seep /)
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If the phases of contributing paths oscillate, then the
numerator above becomes small due to destructive inter-
ference and (e’?)p approaches 0, indicating a hard nu-
merical sign problem.

The inverse squared average phase [3] is given by

(eyp €[0...1]. (4)

N
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xp is often used to quantify the Monte Carlo simulation
hardness because for highly oscillatory path spaces it is
closely related to the estimator’s relative variance:

Var(ch) ~ 1 _ Xl (6)
(Ellmc])? N3 N

For fixed relative variance and highly oscillatory path
spaces, sampling requirements scale as N O((ew>7§2) =
O(xp)-

These metrics are deeply connected. Magic can be
thought to induce phase randomness, destroying redun-
dancy in the amplitude tensor, increasing Pauli complex-
ity, and leading to an exponentially large inverse-squared
average phase.

RVar(Iye) =

III. MONTE CARLO PATH INTEGRATION

A path integral is an integral over a space of functions,
which are referred to as paths, trajectories, histories, etc.,
depending on the context. The path integral is typically
denoted by

I= /P F(2(x)) du(z(x) (7)

where P is the space of paths zZ(x), F(z(z)) is a func-
tional that assigns a value to the entire path, and du(2)
is a measure over P. In the context of this work, we con-
sider fixed-length discretized paths consisting of L tran-
sitions and represented by a sequence of L + 1 states
(zo,21,...,25-1,21). The corresponding integral over
paths of length L is

IL:/ F(zo,...,zr)dzg ... dor. (8)
PL

Quantum circuits already entail a discretization of the
quantum state time evolution into L time intervals, where
L is the circuit’s depth. The problem being addressed is
therefore of the form depicted by equation

Computing (¥ f\f] |¥o) entails integrating over the
path space

73[, = {(80,...

with & being the set of all possible states at each vertex
along the path. This work integrates over paths defined
in the computational basis, therefore S = {0...2" — 1}
is discrete, with n being the number of qubits in the
circuit. Given that there are L — 1 intermediate states
(or path vertices, excluding sy and sz ), then P = St—1
and |P| = 2"*(L=1)_ A path is therefore a classical object,
denoting a history of the system evolution over classical
states along L time intervals, each corresponding to a
layer of quantum gates.
The transition amplitude is given by a sum:

(Us|U[Wo) =T =Y f(z), (10)

z; €P

ys1) 80 =Vo,sp = Vg, s1..0-1 €S} (9)



and f(Z;) : P — C is evaluated according to the sum-
mand in equation

Monte Carlo integration enables efficient estimation of
equation [10| by stochastically drawing N < |P| samples
(paths) from P, as given by:

_ N T :iNflf(fi)
I=3 fE) ~Iuc= ), O
zZ,EP i=0 ¢

where p(z;) is the probability with which the path z; is
sampled. The variance of the estimator is given by

N=1 ,,_ 9
Var(Iyc) = % (Z Q((i)) _ I2> (12)
i=0 !

Since the standard error is the square root of the variance,
it decreases with the reciprocal of the square root of the

VVar(lue) = O(J5).

number of samples: oy ¢ =

A. Forward Importance Sampling

Figure[I] depicts an example of a quantum circuit with
3 qubits and 4 layers. It also includes a path connect-
ing the initial computational state 0 to the final state 0,
through intermediate states (7,3,4).
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Figure 1: A path from |000) to |000) across a circuit
with depth L = 4).

Paths can be sampled in many different ways. A rel-
atively simple, yet surprisingly effective, approach is to
use forward importance sampling. A path is stochasti-
cally generated across L — 1 layers, from the initial state
|[¥o) to the next-to-last state, sy, 1. The output classical
state s; € S after each intermediate layer U,_; is sam-
pled from the probability distribution p(s;|s;—1, Ul,l) =
|(s1]TU1_1]s1—1)|?, with so = ¥p and [ =1...L — 1. Since
the final state is fixed, the probability of connecting sr,_1
to Wy is 1, although its amplitude (¥ ;|Uz_1|sz_1) might
be 0 — see figure 2}

A layer has depth 1, with each gate operating on a
subset of 1 or 2 qubits, and each qubit being acted upon,
at most, by a single gate. The layer’s unitary is given by
the tensor product of the gates’ unitaries U; = ®j G5
where j is a tuple identifying the qubits the gate acts
upon.
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Figure 2: Forward importance sampling: up to layer
L — 1 (green arrows) the path is guaranteed to have
both non-zero amplitude and probability. The
deterministic connection to the final state (orange
dashed arrow) has probability 1, but its amplitude

(\Iff\UL_1|sL_1> can be zero.

The output classical state s; after layer U,_, is sam-
pled on a per gate basis from the probability distribution
defined by equation — note that the short notation
Pu,v 18 used to denote p(v’ v, U), to improve readability.

Psi 1.y s = P(SL)Is1-1,(), Gi-1,())

) (13)
= [{s1,(»|Gi=1, ¢yl s1—1, )1

Consider, for example, the Hadamard operator, H =

% E _11] and input state s;_; = |1), which acts as
a column selector in the operator matrix. In this exam-
ple, that corresponds to the rightmost column, and the
amplitudes of the output state are given by %[17 -1)7.
The output classical state s; is sampled from {|0), |1)} us-
ing the probability distribution obtained from squaring
the magnitudes of the elements of the selected column:
- 1 5 1 5 11
p|1),sz_p(sl||1>’H)_[|\/§| ?| \/§| ]_[27 2]

Layer U_1’s joint sampling distribution is given by
Psicrs = | [ P(s1.)ls1-1.) Gir.(h))-
J

A path sampling probability p(z) and amplitude f(z)
are given by the respective products across all layers (ex-
cept the last for p(z) since p,, , v, = 1):

L-1

p(z) = ] psilsio1,Uin) (14)

=1

L . 2
f(,?) :H‘<3l|Ul71|5l—1>‘ , So = Yo, SLZ‘I’f. (15)
=1

The Forward Importance Sampling Monte Carlo (FS) es-
timator is given by

=

~

1
N %

(%) (16)

(U4 U|y) &~ Ipg = “
! p(Z)

Il
=}



Algorithm [1| details Forward Importance Sampling in
pseudo-code.

Algorithm 1: Forward Importance Sampling

Data: U[.|, L, n, ¥o, Uy, N
Result: Amplitude (f)
1 50 Vo ;5L Uy

2 f<0.41i0.;50;
3 while (s < N) do // sample each path Z
4 p(Z) 1.5 f(2) + 1. 4140 ;
5 isZero <« false ;
6 Se <= S0 ; // current state
7 for (1+0...L—1) and (not isZero) do
8 p(sn) < 1; // S, next state
9 if I<L-1 then // sample next state
10 | si41,p(sn) < SampleU (U[], I, sc);
11 end
12 Sc € S1; Sn < Si4+1;
13 fi < EvalU (U[.], I, sc, sn) ;
14 if fi==0 then // early termination
15 ‘ isZero < true;
16 else
17 p(2) < p(z) = p(sn);
18 f(Z) < f(2) = fi;
19 end
20 end
21 if not isZero then f « f+ £(<27
22 s+ -+
23 end
24 f % ; // average

25 return f // amplitude

Forward importance sampling convergence rate de-
pends on how likely it is to forward sample a path seg-
ment leading to a next-to-last state, |s;—1), which con-
nects to the final state with non-zero amplitude, i.e.,
(Us|Up—1]|sr—1) # 0. If such segments are very unlikely,
then the non-zero paths have very low probability. When
they occur, their contribution to the estimator is large
because the amplitude is divided by a small probability
(« 1), leading to a high-variance Monte Carlo estimate.

The Bidirectional Sampling Monte Carlo estimator
proposed next addresses this challenge, minimizing the
impact of zero-amplitude deterministic connections to
fixed states, such as ¥y and ¥y.

IV. BIDIRECTIONAL MONTE CARLO PATH
INTEGRATION

Bidirectional Monte Carlo (BMC) algorithms aim to
overcome the challenge of hard-to-access final states by
exploiting path reversibility. This paper proposes apply-
ing BMC techniques to quantum circuit simulation.

A quantum circuit time evolution operator is described
by a unitary matrix U, implying that U~ = UT. Paths
can therefore be reversed, implying that transition am-
plitude estimates can be computed based on paths start-

ing from either ¥q or ¥y, and, in fact, on combinations
thereof.

BMUC strives to build paths that successfully connect
the initial and the final states by combining both forward
(from ¥g) and backward (from ¥¢) sampling.

A. Bidirectional Importance Sampling

A bidirectional sample consists of a pair of two path
segments, (Zp,Zp), forward and backward sampled, re-
spectively, with length L — 1, each. The forward segment
is given by

Zr = (so = Yo,51,...,50-1),

each next state, up to s;_1, being sampled according
to equation The final deterministic connection from
sp—1 to Wy across Ur_; is not included.

The backward segment, labelled using t vertices start-
ing from the final state ¢y = ¥y, is given by

Zp = (tp—1,...,t1,to = ¥y),

each previous state, up to t;,_1, being sampled according
to equation which uses the layers’ unitaries adjoints.
The final deterministic connection from ¢;,_; to ¥y across
Uy is not included.
= p(tL—l—1|UlT+17 tr—1—2)

Ptr_i_oti_11

= [(tr—1-1|0), [t—i—a) |, te{z—2...0}
(17)

Figure[3|presents an example of sampled path segments
for L = 4. Each of these path segments is guaranteed to
have non-zero amplitude and probability.
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Figure 3: Forward (green) and backward (red)
importance sampled path segments for L = 4.

L full paths are built by deterministically connecting
Zr's state s; to zZg’s state t,_;_1, with[ =0...L—1 and
Ds;.tr_,_, = 1 since the connection is deterministic. The
sampling probability of such path Zz; is given by

-1 L—1
p(z) = H(st,sjﬂ) * H (pthj’thjfl),l:OA..L—l
Jj=0 j=l+1

(18)



and its amplitude is

-1
fz) = H(<33’+1|Uj\3j>) s(tr_1_1|U1s1) *
=0
JLfl A
H (<tL7j‘U;'r|tL7jf1>),l:O...L71

j=l+1

(19)

Figure [4] illustrates the 4 paths built from the example
in figure

(b) Connect across L1

i 000
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® 011
* 100
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®110
®111

(d) Connect across L3

(c) Connect across L2

Figure 4: Paths generated by connecting forward and
backward path segments. The dashed dark orange
arrow represents the deterministic connection.
Non-used path segments are dimmed to gray.

The potential advantage of Bidirectional Importance
Sampling (BIS) over FS stems from the fact that each of
these L paths is more likely to have a non-zero contribu-
tion than forward only paths, since it combines bidirec-
tional data. Veach shows that the BIS estimator, given
by equation is unbiased [38, Chapter 9].

1 f(Zig)

N L = = p(Zin)

Igis = (20)

Algorithm [2] depicts this approach in pseudo-code.

B. Multiple Importance Sampling

The previous section generated complete paths by pro-
gressively connecting two path segments. While this is
effective, variance can be further reduced via the use of
Multiple Importance Sampling (MIS) [38]. This is a pow-
erful variance reduction technique that further improves
the Iprs estimator by considering all the ways the path
could have been generated.

Paths sampled with low probability are the major
sources of variance for the previously described Monte
Carlo estimators. If a connection within a path is sam-
pled with very low probability, then the whole path sam-
pling probability is very low, p(z) ~ 0. Vanilla Monte

Algorithm 2: Bidirectional Importance
Sampling

Data: U[|, L, n, ¥o, ¥y, N

Result: Amplitude (f)
1 f+0.4+40. ;50
2 while (s < N) do
// pathF - forward Zr = (to,...SL—1)
// pF[l] - probability from %y to s
// aF][l] - amplitude from %o to s
3 pathF,pF,aF + GPathF (U[.], L, n, ¥y) ;
// pathB - backward zZp = (tr—1,...,%y)
// pB[L-i1-1] - probability Wy — tr_;_1
// aBlL—i1-1] - amplitude Wy — ¢r_;_1
4 pathB,pB,aB < GPathB (U[.], L, n, ¥y) ;
5 for (1+<-0...L—1)do

// connect across layer [

6 aC < Connect (U[.], I, pathF, pathB) ;
7 f(z) < aFll] *aC * aB]l] ;
8 p(2) « pF[l] * 1.0 x pBJl];
9 f+ f+ z{g; ; // accummulate
10 end
11 S+ +;
12 end
13 f « ﬁ ; // average

14 return f // amplitude

f(2)

- > p(E)
which overestimates the average value, Iz > I, result-
ing in large variance, thus requiring a large number of
samples, N, to converge.

Carlo estimators evaluate z’s contribution as Iz =

Each bidirectional path is built by deterministically
connecting a forward path segment with a backward path
segment across a specific layer U;. MIS exploits the fact
that the same path could have been generated by de-
terministically connecting across any other layer, which
would result in L different sampling strategies, by mov-
ing the deterministic connection through the layers. The
same path is therefore associated with L different sam-
pling probabilities, p4(Z), d=0...L—1, each resulting from
deterministically connecting sg4 to t;,_4—1. d indexes the
layer U, associated with the hypothetical deterministic
connection. Each probability py(Z;) is given by:

d—1 L—-1
pa(z) = H(pqv+1»‘Iv) * H (pqv,qu+1)ad:0~~L*1 (21)
v=0 v=d+1
with {QO7~-~,QL} = {807"')Slathlfla"'7t0}' Note

that the path amplitude f(Z;) is independent of d, since
only sampling probabilities change.

Figure [5] illustrates, for the path depicted in figure
[4D] and effectively created by a deterministic connection
across Uy, | = 1, the 4 different manners in which it could
have been generated. The respective probabilities (equa-



tion [21)) are:
pd:O zZ)= 1 *ptg,sl *ptg,tl *ptl,tg
= Psiyso ¥ 1 ¥ Dioty * Dey st

(2)
(2)

pd=2(z) :psl,so *th,Sl * 1 *ptl,t()
(2)
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(c) Connected across L2 (d) Connected across L3
Figure 5: L different manners the same path, originally
deterministically connected across L1 as depicted by the
blue arrow (see figure , could have been generated by
shifting the deterministic connection (dark orange
dashed arrow).

The MIS estimator combines the L different sampling
probabilities, py4(z), for each sampled path z, to allow
for a robust estimate. Equation [22| adds an weight term
w(Zz;) to the MC estimator introduced with equation

f(z)
p(Zi)’

N-1
. - 1 B
(U g[U[%o) ~ Tare = + Z; w(Z) (22)
with p(Z;) standing for the probability with which z; was
actually sampled. The balance heuristic [38] proposes

weights w(z;) that make the sample contribution inde-
pendent of p(Zz;):

_ p(%)
w(z) = =g

> d—o Pa(Z:)

By substituting[23]into equation[22] we get the Multiple
Importance Sampling (MIS) estimator

(23)

R <Y C)
L - N w(Z;) ==
MIS = 77 2 ()
I ) &) o1
N =0 25;01 pd(Z) p(zz ( )
1 N-—1 f 21)

The denominator ZdL;Ol pa(Zi) in equationis always
larger than or equal to the denominator of the non MIS
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estimator (equation [22| with w(Z;) = 1), therefore Tvrs
is numerically more stable, exhibiting a better variance
convergence rate.

Veach and Guibas [39] show that the balance heuristic
is near-optimal in the sense that its variance is bounded
relative to that of other valid MIS estimators.

Applying MIS to the BMC simulation of quantum cir-
cuits results in the final Bidirectional Sampling estimator

(BS):

2
L
h
L

7 1 f(Zig)
Ips = =1 - (25)
NxL i=0 1=0 d:o1 pa(Zi1)

Algorithm [3] illustrates the approach in pseudo-code.
Each of the L paths built by bidirectional sampling (line
@ requires the sum of L different path generation prob-

abilities (line [10)).

Algorithm 3: Bidirectional Multiple Importance
Sampling (BS)

Data: U[.|, L, n, o, ¥y, N

Result: Amplitude (f)
1 50 Vo ;s ¥y
2 f+0.41i0.; s+ 0;
3 while (s < N) do
// pF[l] - probability from g to s
// aF|[l] - amplitude from %o to s
4 pathF,pF,aF + GPathF (U[.], L, n, Wy) ;
// pB[L—i-1] - probability Wy — t1_;_1
// aBlL-i-1] - amplitude Wy — tr_;_1
5 pathB,pB,aB < GPathB (U[.], L, n, ¥y) ;
6 for 1+0...L—1)do

// connect across layer [

7 aC <+ Connect (U[.], I, pathF, pathB) ;

8 f(2) < aF[l] xaC xaBJl] ;

9 sumProb < 0 ;
10 for (d<0...L—1)do

11 p(Z) < pF[d] 1.0 x pBId];

12 sumProb <+ sumProb + p(Z) ;
13 end
14 f«f+ 75111{1%;01) ; // accumulate
15 end
16 S+ +;
17 end
18 f + ﬁ ; // average

19 return f ; // amplitude

MIS plays a fundamental role in increasing BMC con-
vergence rate. Using a sum of probabilities in the esti-
mator’s denominator steers the computation away from
divisions by small probabilities, which would otherwise
yield large ratios and therefore introduce peaks in the
variance. It is a robust, unbiased estimator often used
by the computer graphics community to render physi-
cally based high quality images. We claim that it can be
equally applied to the simulation of quantum circuits.



V. EXPERIMENTAL METHODOLOGY

This section describes the experimental methodology
used to corroborate or falsify the three hypotheses formu-
lated in section[ll The Monte Carlo simulators were writ-
ten in C++, using gcc 12.3.0 together with OpenMP to
exploit multithreading parallelism and MPI to distribute
the workload across multiple computing nodes. Jobs were
executed on the Deucalion supercomputer) using up to 16
Intel x86 nodes, with 128 physical processing cores each.

A. H1 — Convergence rate

Ips achieves better convergence than Irs when esti-
mating transition amplitudes for quantum circuits.

To corroborate or falsify this hypothesis, experimen-
tal results are obtained by running both estimators on a
range of circuits.

Monte Carlo’s convergence is measured by the variance
of the estimator, given by

sl
-

Var;y = % (I — fe)2 (26)

I
o

where E is the number of experiments, I is the true value
of the integral and I, is the estimate of the e experi-
ment. We use £ = 5.

The two algorithms’ convergence rates are compared
using two different metrics: variance as a function of the
number of samples N, and variance as a function of exe-
cution time T'.

Data is collected using two different families of cir-
cuits, representative of different features and challenges
concerning quantum state evolution:

Instantaneous Quantum Polynomial: (IQP ) -
kernel inversion test for two vectors encoded using
the IQP kernel. The overlap is estimated by the
probability of measuring |0). IQP circuits are most
likely hard to simulate classically [12] 27].

Random: (RND ) — generated by randomly sampling
gates from the Clifford+T gate set, according to the
rules defined in [10]. Random circuits are known to
be exponentially hard to simulate classically (in the
ideal, noise-free case) [6].

For each circuit family, three different sizes are used,
differing in the number of qubits (n) and depth (L). Ta-
ble [l presents detailed data on each circuit. See section
[VIII| for data availability. For each circuit, we also report
the total number of paths connecting |¥) to [¥y) and
the number of such paths that actually have non-zero
amplitude (#NZ), allowing quantification of path space
sparsity. Evaluating #NZ is a computationally very de-
manding task — values are not available (n.a.) for larger
circuits.

(ID, n,L)  #paths /| #NZ

(IQP5,5,17) 1624/ 32
(IQP15,15,55) 7E243/ ~ 3E4
(IQP25,25,95) 1E830 / n.a.

(RNDS 8,9) 2E19/ 512

(RND10,10,13)
(RND12,12,15)

1E43/ ~ 2E5
1E61/ ~ 1E9

Table I: Circuits for experimental assessment of the
convergence rate (n - qubits, L - layers, #paths - total
number of paths, #NZ — number of non-zero paths).

B. H2 — Simulation of large circuits

Ips allows estimating transition amplitudes of very
large quantum circuits (e.g., 4096 qubits) because its
memory complezity is O(nL) and it efficiently finds non-
zero paths in a very large and sparse path space.

Evaluating (U ;|U|W,) for circuits with hundreds or
thousands of qubits is not possible using commonly avail-
able classical simulators. To verify the correctness of
the proposed algorithms, experiments are performed us-
ing deterministic Hidden Shift Circuits (HSC ), which
prepare a classical state, |¥y) = j, je{o,...2"~1} that is
known a priori [3I]. The simulator’s output can thus
be verified against the correct, known output. Table [[]
presents detailed data on each used Hidden Shift Circuit.

(ID, n,L) #paths
(HSC256,256,43) 1E3600
(HSC1024,1024,43) 1E14400
(HSC4096,4096,43) 1E57400

Table II: Large Hidden Shift Circuits (n - qubits, L -
layers, #paths - total number of paths.

C. H3 — Sparsity and numerical sign problem

fBS improvements on the convergence rate, over fFS,
are due to a more efficient sampling of the sparse path
space, rather than to a better handling of destructive in-
terference, i.e., MC’s numerical sign problem.

To assess the impact of non-classicality on simula-
tion performance, an additional set of 500 random cir-
cuits is used. All circuits have the same shape: 8
qubits and depth 9. Gates are randomly drawn from
a pool of X, H, T, and CX gates, with probabilities
[0.28,0.28,0.28,0.16], respectively, whilst simultaneously
making sure that each qubit is acted upon by exactly
9 gates. All circuits share several properties, such as
shape and total number of paths associated with any
(U4 U[We) (27~ = 264). The different gates’ lay-


 https://deucalion.acnca.pt/pt/

outs, however, result in wide ranges of sparsity and in-
verse squared phase, x — see section|[I E| The ratio 537:;2
will be used to assess the impact these properties have
on the estimators’ relative convergence rates. Figure [f]

illustrates one such circuit.

—HE

3
:
1

Ly o
—EBE o
EHE-

Figure 6: Example random circuit used to assess how
sparsity and destructive interference impact MC
estimators’ convergence.

VI. RESULTS

Empirical data were collected using the two algorithms

for the different circuits. Results’ analysis is organized
into a comparison of the algorithms’ convergence, han-
dling of very large circuits, and the impact of the numer-
ical sign problem.
_ To facilitate visual interpretation data obtained for the
Irs estimator is presented in shades of red. In contrast,
data for the Igg estimator is presented in shades of green.
The saturation of the respective hue represents the size
of the circuit associated with each curve: smaller circuits
are depicted with less saturated colors.

A. H1 — Convergence rate

Figure [7] illustrates how variance varies with the num-
ber of samples, N. BS outperforms FS for similar sam-
pling counts, and this trend gets more significant as cir-
cuits get larger. For the RND12 and IQP25 circuits,
BS ’s variance is smaller than F'S ’s by 2 and 5 orders of
magnitude, respectively. It must be kept in mind, how-
ever, that each BS sample gives rise to L paths.

Figure [§| shows that, for the same execution time, BS
consistently outperforms F'S, as initially hypothesized.
For one sample, FS evaluates one forward path, whereas
BS assesses a pair of (forward, backward) connections
corresponding to L paths. Assessing these L paths is
quite eflicient, resulting in variance gains ranging from
one to six orders of magnitude as the circuits’ sizes in-
crease.
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IQP: variance vs #samples

1,E+00

1,E-02

1,E-04

1,E-06

variance

1,E-08

1,E-10

5qb (FS) 5qb (BS)
1,E-12 —15qb (FS) ——15qb (BS)
——25qb(FS) ——25qb (BS)

1E-14
1,E+06 1,E+07 1,E+08 1,E+09 1,E+10 1,E+11

#samples
(a) IQP 5, 15 and 25 qubits

RND: variance vs #samples

1,E+01

1,E-01
1,E-03
1,E-05

variance

8qb (FS) 8qb (BS)
1,E-07
——10gb(FS) ——10gqb (BS)
—12qb(FS) ——12qb(BS)
1,E-09
1,E+06 1,E+07 1,E+08 1,E+09 1,E+10 1,E+11 1,E+12
#samples

(b) RND 8, 10 and 12 qubits

Figure 7: Variance as a function of the number of
Monte Carlo samples

BS achieves superior convergence because it is more
successful than FS in the discovery of non-zero ampli-
tude paths, as illustrated in figure [0] For IQP25 and
the same number of samples, BS finds around six orders
of magnitude more non-zero paths than FS, whereas for
RND12 the gain is about two orders of magnitude. The
bidirectional approach, by connecting forward and back-
ward generated paths, is much more successful at build-
ing viable paths. Using MIS to evaluate the weights
ensures good convergence.

B. H2 — Simulation of large circuits

The motivation for Feynman sum of paths algorithms
is their space complexity, which is O(nL), opening up
the possibility of simulating very large circuits. Table
m compares the memory footprint of the state vector
(Qiskit 2.3.0) and the path summing simulators for IQP
circuits (section with varying numbers of qubits.
The exponential space complexity of the former versus
the linear complexity of the latter is well demonstrated.

Table [[V] presents the results of estimating transi-
tion amplitudes for the Hidden Shift Circuits (HSC)
described in table [[Il These have 256, 1024 and 4096
qubits, which would be impossible to process with a naive



IQP: variance vs time

1,E+00

1,E-02

1,E-04

1,E-06

variance

1,E-08

1,E-10
——15qb (FS) —15qb (BS)

1,E-12
——25qb (FS) —25qb (BS)

1,E-14
1,E+06 1,E+07 1,E+08 1,E+09 1,E+10

time (ms)
(a) IQP 15 and 25 qubits

RND: variance vs time

1,E400 —12qb(FS) ——12qb (BS)

1,E-02

variance

1,E-04

1,E-06
1,E+07 1,E+08 1,E+09 1,E+10
time

(b) RND 12 qubits

Figure 8: Variance as a function of time

RSS MiB
n 5 15 20 25 27 35 45
State vector|{109.0 131.0 217.0 2595.0 10267.0 — —
Feynman 1.2 1.8 20 2.0 2.4 2.5 2.8

Table III: RSS (resident set size) in MiB for IQP
circuits with varying number of qubits, using the state
vector and the Feynman sum of paths simulators.

Schrodinger-type simulator with exponential memory re-
quirements. 4, 8, and 16 computing nodes, with 128
physical processing cores each, have been used to simu-
late the three circuits, respectively. The number of sam-
ples, i.e., pairs of forward and backward path segments,
is 224,

The data show that BS is capable of estimating the
desired transition amplitude by finding some non-zero
paths. These are very sparse path spaces; the FS al-
gorithm did not find any non-zero path for up to 226
samples.

The capability to simulate a 4096-qubit circuit is quite
remarkable. A Schrédinger-based approach would re-
quire memory proportional to O(24%96), which is unfea-
sible.

HSC have been shown to be efficiently simulable using
classical resources [5]. Our empirical results’ observed
execution time and resource usage, presented in Table[[V]
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IQP: NZ vs #samples

1,E+12
5qb (FS) 5qb (BS)

16#0 | ——150b(FS) ——15qb(BS)

—25qb(FS)  ——25qb (BS)
1,E+08

1,E+06
1,E+04 /
1,402 /
1,E+06 1,E+07 1,E+08 1,E+09 1,E+10 1,E+11
#samples

non-zero paths

(a) IQP 5, 15 and 25 qubits

RND: NZ vs #samples

1,E+12
8qb (FS) 8qb (BS)

1e+10  ——100b(FS) ——10qb(BS)
—12qb(FS) ——12qb(BS)

1,E+08

1,406

1E404 /

1,402

non-zero paths

1,E+00
1,E+06 1,E+07 1,E+08 1,E+09 1,E+10 1,E+11 1,E+12
#samples

(b) RND 8, 10 and 12 qubits
Figure 9: Number of non-zero amplitude paths as a

function of the number of samples

are consistent with polynomial, rather than exponential,
scaling over the tested range.

computing time

#qb  nodes (m:s) #NZ Var
256 4 6m5ls 511 de(—6)
1024 8 13m56s 502 He(—4)
4096 16 29m31s 501 4e(—3)

Table IV: BS simulation of very large HSC — N = 224

C. H3 — Sparsity and numerical sign problem

Figure presents the logarithm of the ratio 557:?;
as a function of the logarithms of y and sparsity, for all
500 circuits described in section [V'Cl and for constant
execution time. Sparsity is defined as the logarithm of
the ratio of the number of non-zero paths over the total
number of paths — more negative values indicate sparser
path spaces.

The vertical axis indicates how many orders of magni-
tude is Varpgg smaller than Varpg — negative values in
the vertical axis indicate that the F'S algorithm achieved
smaller variance than BS, which happens for a reduced
number of circuits.



The variance ratio’s logarithm for each circuit is dis-
played as a colored circle. Circles are yellow for unit
ratios and get greener (respectively, redder) as the ra-
tio increases (respectively, decreases). The circles’ radii
increase with the absolute value of the ratio logarithm.

logso (VarRatio)

-2

logso (VarRatio)

sparsity
(b) Variance ratio versus sparsity

Figure 10: Variance ratio as a function of sparsity and
average phase - logarithmic scales

Visual inspection confirms that the variance ratio is
significantly less sensitive to x than to sparsity. Pear-
son’s coefficients of the variance ratio relative to y and
to sparsity are &~ —0.02516 and ~ —0.13890, respectively.
These results are consistent with the hypothesis that the
advantage of bidirectional multiple importance sampling,
over forward sampling, comes from its capability to more
effectively find and weight non-zero paths, rather than by
handling the numerical sign problem caused by destruc-
tive interference among paths.
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VII. CONCLUDING REMARKS

This paper proposes a bidirectional multiple impor-
tance sampling Monte Carlo estimator for transition am-
plitudes (¥ ¢|U|¥¢), where U represents a quantum cir-

cuit. This estimator, denoted by Ipg, is inspired by the
Bidirectional Path Tracing algorithm [38] and its con-
vergence rate is experimentally compared to that of a
forward-only, unidirectional estimator, denoted by Irg.

Empirical data on the convergence of the proposed es-
timator were collected using a wide range of quantum
circuits and assuming noise-free, ideal conditions. These
data confirm the superiority of the bidirectional algo-
rithm, corroborating the three hypotheses proposed in
the introduction.

H1 — Convergence rate:: the variance of the bidirec-
tional estimator is shown to decrease faster than
that of the unidirectional estimator, as both a func-
tion of the number of samples and execution time;

H2 — Simulation of large circuits:: the O(nL) mem-
ory requirements of the PIMC approach compound
with the bidirectional algorithm’s efficient path
sampling and weighting to allow the simulation of
very large quantum circuits (estimation of transi-
tion amplitudes for 4096 qubits’ circuits demon-
strated in this work);

H3 — Sparsity and numerical sign problem:: the
demonstrated convergence rate improvements,
over the unidirectional approach, are due to a
more efficient sampling of the sparse path space,
rather than to a better handling of destructive
interference, i.e., MC’s numerical sign problem.

A. Future work

This work focused on ideal, non-noisy systems. Fu-
ture work entails addressing real, noisy systems, under-
standing under which conditions does reversibility holds
and whether bidirectional sampling maintains its supe-
rior convergence properties.

It has been shown that bidirectional multiple impor-
tance sampling of Feynman paths achieves better conver-
gence rates than unidirectional sampling, being able to
effectivelly sample within a very sparse path space. How-
ever, the main challenge of PIMC algorithms is the nu-
merical sign problem. As destructive interference among
paths’ amplitudes becomes more significant, the sam-
pling requirements grow exponentially. Figure [11| shows
how the variance of the bidirectional estimator increases
with the inverse squared average phase (x) for a constant
number of samples and the same 500 random circuits de-
scribed in section [V Cl

Figure[I2]illustrates how x captures the strength of the
numerical sign problem. Two random circuits, with ex-
actly 128 non-zero paths in the path space associated
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Figure 11: Var;,  as a function of inverse squared
average phase (x); each data point corresponds to the
execution of each of the circuits described in section
[VC and for a constant number of samples - logarithmic
scales

with (0|T7]0) but exhibiting different x, were selected
among those described in section [V C|

The width of each lobe is proportional to the number
of non-zero paths with that particular phase (this num-
ber is displayed next to the corresponding marker). The
length of the lobe is equal to the sum of the magnitudes
of all paths with the same phase. The (0|U|0) transition
amplitude, depicted in red, is given by the sum of the
contributions of all paths. Figure [[2a]illustrates the case
for x = 4.7. The lobes within the first quadrant concen-
trate most of the total amplitude. Destructive interfer-
ence is not very strong and the Monte Carlo estimator
exhibits low variance. Figure [I2B on the other hand, il-
lustrates the case for larger x. Paths amplitudes are now
distributed across all quadrants and destructive interfer-
ence among paths dominates the whole process, leading
to high Monte Carlo sampling requirements.

The above analysis raises the following research ques-
tion: can alternative path representations be used to alle-
viate the numerical sign problem? Paths in this work are
sequences of intermediate states represented in the com-
putational basis. Many alternative representations are
possible, such as stabilizer states or quasiprobability de-
compositions, for example. Can different representations
lead to different distributions of the paths amplitudes
lobes in the polar phase diagram, hopefully reducing de-
structive interference? Studying how the path represen-
tation impacts on Monte Carlo sampling requirements
can lead to a deeper understanding of the dynamics of
path sum simulators. A related question is whether a
metric can be found that suggests what representation
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Paths Polar Diagram
S

128 non zero paths}

(a) x = 4.7

Paths Polar Diagram
05

(b) x = 38.8

Figure 12: Polar diagrams for circuits with 128 non zero
paths and different inverse squared average phases ()

to use for every particular problem. Computing, or esti-
mating, this metric must be computationally efficient.

VIII. DATA AVAILABILITY

The quantum circuits analysed during the cur-
rent study are available in the Experimental-
Data git repository: https://github.com/luisps/
ExperimentalData.git.
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