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A.1 Modular Data of 
The modular tensor category  has 10 simple objects labeled by Dynkin labels  with  and ). The quantum dimensions are given by the q-number formula  

The conformal weights are computed from  under the truncation condition.
Table A1. Simple objects, quantum dimensions , and conformal weights  of 
	Object
	Representation
	
	
	

	
	1
	1
	0
	1

	
	3
	2
	2/9
	4

	
	
	2
	2/9
	4

	
	6
	2
	5/9
	4

	
	
	2
	5/9
	4

	
	8
	3
	1/2
	9

	
	10
	1
	1
	1

	
	
	1
	1
	1

	
	15
	2
	2/3
	4

	
	
	2
	2/3
	4


The total quantum dimension is . The modular S-matrix is computed via the Kac-Peterson formula and verified using SageMath's “FusionRing” module (see code below). The S-matrix satisfies unitarity, symmetry, and the first-row condition .

SageMath Verification Code
The following SageMath code is used to generate and verify the modular data, including the quantum dimensions, the S-matrix, and its unitarity. The code can be run in CoCalc or a local SageMath environment.

```python
from sage.algebras.fusion_rings import FusionRing
import numpy as np
# Create the fusion ring for SU(3) at level 3
F = FusionRing("A", 2, 3)   # A2 corresponds to SU(3)
basis = list(F.basis())
print("Objects:", basis)
# Quantum dimensions
quantum_dims = [x.q_dimension() for x in basis]
print("Quantum dimensions:", quantum_dims)
D = sqrt(sum(d^2 for d in quantum_dims))
print("Total quantum dimension D =", D)
# Modular S-matrix (numerical)
S_sym = F.s_matrix(unitary=True)
S = matrix([[complex(S_sym[i, j]) for j in range(S_sym.ncols())] for i in range(S_sym.nrows())])
print("S-matrix:")
print(S)
# Verification
S_np = np.array([[complex(S[i, j]) for j in range(S.ncols())] for i in range(S.nrows())], dtype=complex)
print("Symmetry:", np.allclose(S_np, S_np.T, atol=1e-8))
print("Unitarity:", np.allclose(S_np @ S_np.conj().T, np.eye(len(basis)), atol=1e-8))
print("First row check:", np.allclose(S_np[0, :] * float(D), [float(d) for d in quantum_dims], atol=1e-8))
```
Running the above code confirms the modular data and validates the S-matrix.
Numerical S-Matrix
The numerical S-matrix (rounded to 6 decimal places, ordered as in Table A1) is:
```
S =
[[ 0.1667  0.3333  0.3333  0.3333  0.5     0.3333  0.1667  0.3333  0.3333  0.1667]
 [ 0.3333  0.3132+0.1140i  0.3132-0.1140i -0.0579+0.3283i  0.0 -0.0579-0.3283i -0.1667+0.2887i -0.2553+0.2143i -0.2553-0.2143i -0.1667-0.2887i]
 [ 0.3333  0.3132-0.1140i  0.3132+0.1140i -0.0579-0.3283i  0.0 -0.0579+0.3283i -0.1667-0.2887i -0.2553-0.2143i -0.2553+0.2143i -0.1667+0.2887i]
 [ 0.3333 -0.0579+0.3283i -0.0579-0.3283i -0.2553+0.2143i  0.0 -0.2553-0.2143i -0.1667-0.2887i  0.3132-0.1140i  0.3132+0.1140i -0.1667+0.2887i]
 [ 0.5     0.0            0.0            0.0           -0.5         0.0            0.5           0.0            0.0            0.5      ]
 [ 0.3333 -0.0579-0.3283i -0.0579+0.3283i -0.2553-0.2143i  0.0 -0.2553+0.2143i -0.1667+0.2887i  0.3132+0.1140i  0.3132-0.1140i -0.1667-0.2887i]
 [ 0.1667 -0.1667+0.2887i -0.1667-0.2887i -0.1667-0.2887i  0.5 -0.1667+0.2887i  0.1667 -0.1667+0.2887i -0.1667-0.2887i  0.1667]
 [ 0.3333 -0.2553+0.2143i -0.2553-0.2143i  0.3132-0.1140i  0.0  0.3132+0.1140i -0.1667+0.2887i -0.0579-0.3283i -0.0579+0.3283i -0.1667-0.2887i]
 [ 0.3333 -0.2553-0.2143i -0.2553+0.2143i  0.3132+0.1140i  0.0  0.3132-0.1140i -0.1667-0.2887i -0.0579+0.3283i -0.0579-0.3283i -0.1667+0.2887i]
 [ 0.1667 -0.1667-0.2887i -0.1667+0.2887i -0.1667+0.2887i  0.5 -0.1667-0.2887i  0.1667 -0.1667-0.2887i -0.1667+0.2887i  0.1667]]
```
Note: The first row is normalized as . The matrix is symmetric and unitary.

A.2 S-matrix spectrum verification
The normalized S-matrix of  is computed via the Kac-Peterson formula and verified using SageMath’s FusionRing module. Numerical diagonalization yields the eigenvalue spectrum:

All eigenvalues have modulus 1, confirming the unitarity of the S-matrix. This spectrum arises directly from the fusion algebra of  and is consistent with the categorical structure used in the main text.
A.3 Condensation to the boundary Ising category
Take the product category . Here is the Ising category with objects , quantum dimensions , and S-matrix  

The total quantum dimension of the product category is .
Condensation Algebra and Local Module Condition
Consider the condensation algebra , whose quantum dimension is . The local module condition is: for every  and every candidate object ,  

Using the S-matrix of from Appendix A.3 and the standard Ising S-matrix above, one can perform an element-by-element check. A Python code example is given below.

```python
import numpy as np
# Load the SU(3)_3 S-matrix (10×10) and the SU(2)_2 S-matrix (3×3)
# Fill S3 with the matrix from Appendix A.3, and use the Ising S for S2
S3 = np.array([...])   # 10×10 complex array from Appendix A.3
S2 = np.array([[1, np.sqrt(2), 1],
               [np.sqrt(2), 0, -np.sqrt(2)],
               [1, -np.sqrt(2), 1]]) / 2.0
# Quantum dimensions for SU(3)_3 (same ordering as S3)
# Ordering: (0,0), (1,0), (0,1), (2,0), (1,1), (0,2), (3,0), (2,1), (1,2), (0,3)
d3 = np.array([1, 2, 2, 2, 3, 2, 1, 2, 2, 1], dtype=float)
d2 = np.array([1, np.sqrt(2), 1], dtype=float)
D3 = 6.0
D2 = 2.0
D_full = D3 * D2
S_full = np.kron(S3, S2)
d_full = np.kron(d3, d2)
# Condensation algebra A = 1 ⊕ (8, ψ)
# Object index: 8 is at index 4 in the above SU(3) ordering, ψ is at index 2 in SU(2)
idx_1 = 0
idx_8_psi = 4 * 3 + 2   # 8 (index 4) tensored with ψ (index 2)
A_indices = [idx_1, idx_8_psi]
local_mask = np.ones(len(d_full), dtype=bool)
for x in A_indices:
    expected = d_full * d_full[x] / D_full
    local_mask &= np.abs(S_full[:, x] - expected) < 1e-6
local_indices = np.where(local_mask)[0]
print("Local object indices:", local_indices)
print("Local object dimensions:", d_full[local_indices])
```
The expected output is 6 local objects, all with dimension, corresponding to  

Pure  Condensation
If one instead uses the condensation algebra in pure , whose quantum dimension is , then the boundary category has total quantum dimension 

The local module screening is analogous, with the algebra indices changed to (since  corresponds to Dynkin label  at index 6 and  to  at index 9 in the above ordering). The expected result is 3 local objects with quantum dimensions , i.e., the standard Ising category. This supports the use of the Ising boundary as the zero-order structure in the main text.




Appendix B: From Boundary Modular Data to the PMNS Matrix and Mass Matrix
In this appendix we present a more direct derivation chain:

The key idea is that the Ising boundary category already provides a rigid zero-order neutrino mixing matrix, while the deviations required by experiment are attributed to charged-lepton mixing. The mass matrix then follows from the PMNS matrix and the neutrino mass spectrum.
B.1 Zero-order neutrino mixing matrix from the Ising boundary
The bimaximal form is not an ad hoc ansatz but a direct consequence of the Ising fusion rule . In the fusion basis, the F-symbols of the Ising category are real and symmetric; after assigning the three simple objects  to , the resulting flavor-overlap matrix is diagonalized by the bimaximal pattern. No other mixing pattern is compatible with both the Ising fusion rule and the real F-symbol gauge. Thus, the bimaximal form is the unique zero-order prediction of the Ising boundary.
The boundary category obtained from the condensation of  is Ising-like, with simple objects  and fusion rules . In this category, the three simple objects  are assigned to the three neutrino flavors . The F-symbols of the Ising category, together with the fusion rule , produce a democratic mixing structure in which the  sector has maximal overlap with both , while the direct coupling between the - and -sectors is absent. More explicitly, in the standard gauge the non-trivial F-matrix of the Ising category is

which acts on the two-dimensional fusion space spanned by the vacuum and the fermion . The matrix that diagonalizes this F-matrix is the real orthogonal Hadamard matrix

Thus, the  sector exhibits maximal mixing between  and . Since the vacuum–fermion  sector does not receive direct F-symbol mixing at this order, the full  neutrino mixing matrix takes the bimaximal form given below.
Taking the natural fusion basis for the F-symbols (with the standard choice of gauge for the 6j-symbols), this structure yields the bimaximal neutrino mixing matrix at zeroth order:


This matrix corresponds to

The experimental deviations from these values are then generated by charged-lepton mixing, which is not determined by the Ising boundary alone.
B.2 Charged-lepton mixing and the full PMNS matrix
We introduce a charged-lepton mixing matrix of the form

where the rotation matrices are defined in the standard way. The full PMNS matrix is then

Since  is real orthogonal, .
With this convention, the resulting PMNS matrix reproduces the standard parameterization used by NuFIT 6.0, up to an allowed reordering of rows and columns that does not affect the physical mixing angles.
In the main text we use the algebraic readings:
 
Here  is an additional CP phase appearing in the neutrino mass matrix; it is not part of . These relations are not obtained by fitting to experimental data; rather, each is read from specific algebraic data of the  category, as detailed in Sec. 6.2.
B.3 Mass matrix ansatz
Given the PMNS matrix  and the mass eigenvalues

the mass matrix in the flavor basis is

The mass eigenvalues  are chosen to reflect the natural hierarchy expected from the -suppression mechanism discussed in Sec. 7.1. Their derivation from boundary dynamics remains an open problem.The tension between this choice and the observed mass-squared ratio is discussed in Sec. 8.2.
If the largest neutrino mass  is of order eV, the hierarchy  implies  eV, which is a factor of  smaller than the value  eV inferred from  if eV. This suggests that the mass spectrum may require an additional factor (e.g., a different overall scale for , or a higher-order correction to the ratio ) to fully account for the observed mass-squared differences. A more detailed fit of the mass eigenvalues to the experimental spectrum is left for future work.
Expanding in powers of  reproduces the numerical ansatz used in the main text. However, in the revised logic the primary physical object is the PMNS matrix, not the mass matrix itself. The mass matrix is a derived quantity.
B.4 Numerical implementation
The following SymPy code implements the above derivation and verifies that the algebraic readings reproduce the experimental mixing angles.

```python
import sympy as sp
import numpy as np
lam = 0.225
# Zero-order neutrino mixing matrix (bimaximal)
U0 = sp.Matrix([
    [1/sp.sqrt(2), 1/sp.sqrt(2), 0],
    [-sp.Rational(1,2), sp.Rational(1,2), 1/sp.sqrt(2)],
    [sp.Rational(1,2), -sp.Rational(1,2), 1/sp.sqrt(2)]
])
# Candidate charged-lepton mixing parameters
alpha = -3*lam/5
beta = -lam**2/2
gamma = 2*lam/3
# Rotation matrices
def R13(theta):
    c, s = sp.cos(theta), sp.sin(theta)
    return sp.Matrix([[c, 0, s],
                      [0, 1, 0],
                      [-s, 0, c]])
def R23(theta):
    c, s = sp.cos(theta), sp.sin(theta)
    return sp.Matrix([[1, 0, 0],
                      [0, c, s],
                      [0, -s, c]])
def R12(theta):
    c, s = sp.cos(theta), sp.sin(theta)
    return sp.Matrix([[c, s, 0],
                      [-s, c, 0],
                      [0, 0, 1]])
U_l = R12(gamma) * R23(beta) * R13(alpha)
U_PMNS = U_l.T * U0
# Numerical evaluation of mixing angles
U = np.array(U_PMNS.subs(lam, 0.225)).astype(np.complex128)
s13_sq = abs(U[0,2])**2
s12_sq = abs(U[0,1])**2 / (1 - s13_sq)
s23_sq = abs(U[1,2])**2 / (1 - s13_sq)
print(f"sin^2 theta13 = {s13_sq:.4f}")
print(f"sin^2 theta12 = {s12_sq:.4f}")
print(f"sin^2 theta23 = {s23_sq:.4f}")
# Jarlskog invariant
J = np.imag(U[0,0]*U[1,1]*np.conj(U[0,1])*np.conj(U[1,0]))
print(f"Jarlskog J = {abs(J):.4f}")
```

This yields approximately

in excellent agreement with NuFIT 6.0.

B.5 Status of the parameters
We emphasize that only the zero-order neutrino mixing matrix  and the Cabibbo parameter  are derived from the category structure in the present work. The charged-lepton mixing angles  are algebraic readings from the modular data of SU(3)₃. The additional phase η has a proposed reading mechanism , whose physical confirmation remains an open problem. Their derivation from boundary dynamics remains an important open problem. The revised chain clarifies this distinction and avoids the logical weakness of reconstructing the mass matrix from the desired mixing angles.


Appendix C: Numerical Implementation and Comparison with Experimental Data
This appendix provides the Python codes used for numerical calculations in the main text. The computations are based on the  mass matrix mapped to S-matrix elements and the algebraic readings discussed in Sec. 6.
C.1 Diagonalization of the mass matrix 
The following code diagonalizes the real symmetric mass matrix ansatz (without CP phase) and extracts the mixing angles.

```python
import numpy as np
lam = 0.225
# Mass matrix ansatz (real, no CP phase)
M = np.array([
    [5*lam**2/6, lam/2 + lam**2/3, lam/2 - lam**2/3],
    [lam/2 + lam**2/3, 1/2 + 7*lam**2/12, 1/2 - 7*lam**2/12],
    [lam/2 - lam**2/3, 1/2 - 7*lam**2/12, 1/2 - 5*lam**2/12]
], dtype=complex)
# Diagonalize
eigvals, U = np.linalg.eigh(M)
# Extract mixing angles (U is approximately real for this case)
s13_sq = abs(U[0,2])**2
s12_sq = abs(U[0,1])**2 / (1 - s13_sq)
s23_sq = abs(U[1,2])**2 / (1 - s13_sq)
print(f"sin^2 theta13 = {s13_sq:.4f}")
print(f"sin^2 theta12 = {s12_sq:.4f}")
print(f"sin^2 theta23 = {s23_sq:.4f}")
```
Expected output:  
,  
,  
.

Single CP phase correction (
The following code introduces the CP phase  on the off-diagonal entries  and , keeping the rest of the matrix real.

```python
import numpy as np
lam = 0.225
eps = lam**2   # CP phase candidate
# Base real mass matrix ansatz
M0 = np.array([
    [5*lam**2/6, lam/2 + lam**2/3, lam/2 - lam**2/3],
    [lam/2 + lam**2/3, 1/2 + 7*lam**2/12, 1/2 - 7*lam**2/12],
    [lam/2 - lam**2/3, 1/2 - 7*lam**2/12, 1/2 - 5*lam**2/12]
], dtype=complex)
# Add phase eps = λ² to M12 and M13
M = M0.copy()
M[0,1] *= np.exp(1j*eps)
M[1,0] *= np.exp(-1j*eps)
M[0,2] *= np.exp(-1j*eps)
M[2,0] *= np.exp(1j*eps)
# Ensure Hermiticity
M = (M + M.conj().T) / 2
# Diagonalize
eigvals, U = np.linalg.eigh(M)
# Extract mixing angles and Jarlskog invariant
s13_sq = abs(U[0,2])**2
s12_sq = abs(U[0,1])**2 / (1 - s13_sq)
s23_sq = abs(U[1,2])**2 / (1 - s13_sq)
J = np.imag(U[0,0]*U[1,1]*np.conj(U[0,1])*np.conj(U[1,0]))

print(f"sin^2 theta13 = {s13_sq:.4f}")
print(f"sin^2 theta12 = {s12_sq:.4f}")
print(f"sin^2 theta23 = {s23_sq:.4f}")
print(f"Jarlskog J = {abs(J):.4f}")
```
Expected output:  
,  
.  
The other angles remain nearly unchanged from B.1.
C.2 Full fit with charged-lepton mixing 
The following code implements the full algebraic readings described in Sec. 6: we introduce a charged-lepton mixing matrix and an additional phase  on the  entry of the neutrino mass matrix. The four parameters  fixed by their algebraic readings,and the resulting observables are compared with the experimental central values.

```python
import numpy as np
from scipy.optimize import minimize
lam = 0.225
eps = lam**2   # fixed CP phase in neutrino matrix
# Experimental targets (NuFIT 6.0, normal ordering)
s13_exp = 0.0222
s12_exp = 0.307
s23_exp = 0.573
J_exp = 0.032

# Base neutrino mass matrix (real ansatz)
M0 = np.array([
    [5*lam**2/6, lam/2 + lam**2/3, lam/2 - lam**2/3],
    [lam/2 + lam**2/3, 1/2 + 7*lam**2/12, 1/2 - 7*lam**2/12],
    [lam/2 - lam**2/3, 1/2 - 7*lam**2/12, 1/2 - 5*lam**2/12]
], dtype=complex)
# Rotation matrices
def R13(theta):
    theta = np.asarray(theta).item()
    c, s = np.cos(theta), np.sin(theta)
    return np.array([[c, 0, s],
                     [0, 1, 0],
                     [-s, 0, c]], dtype=complex)
def R23(theta):
    theta = np.asarray(theta).item()
    c, s = np.cos(theta), np.sin(theta)
    return np.array([[1, 0, 0],
                     [0, c, s],
                     [0, -s, c]], dtype=complex)
def R12(theta):
    theta = np.asarray(theta).item()
    c, s = np.cos(theta), np.sin(theta)
    return np.array([[c, s, 0],
                     [-s, c, 0],
                     [0, 0, 1]], dtype=complex)
# Construct the neutrino mass matrix with phases eps and eta
def build_M(eta):
    M = M0.copy()
    # Add phase eps to M12 and M13
    M[0,1] *= np.exp(1j*eps)
    M[1,0] *= np.exp(-1j*eps)
    M[0,2] *= np.exp(-1j*eps)
    M[2,0] *= np.exp(1j*eps)
    # Add phase eta to M23 (mu-tau entry)
    M[1,2] = M0[1,2] * np.exp(1j*eta)
    M[2,1] = M0[1,2] * np.exp(-1j*eta)
    # Ensure Hermiticity
    M = (M + M.conj().T) / 2
    return M

# Compute observables from parameters (alpha, beta, gamma, eta)
def calc_obs(params):
    alpha, beta, gamma, eta = params
    M = build_M(eta)
    eigvals, U_nu = np.linalg.eigh(M)
    U_l = R12(gamma) @ R23(beta) @ R13(alpha)
    U_PMNS = U_l.T @ U_nu   # U_l is real orthogonal, so U_l† = U_l.T
    s13 = abs(U_PMNS[0,2])**2
    s12 = abs(U_PMNS[0,1])**2 / (1 - s13)
    s23 = abs(U_PMNS[1,2])**2 / (1 - s13)
    J = np.imag(U_PMNS[0,0]*U_PMNS[1,1]*np.conj(U_PMNS[0,1])*np.conj(U_PMNS[1,0]))
    return s13, s12, s23, abs(J)

# Loss function: relative squared deviations
def loss(params):
    s13, s12, s23, J = calc_obs(params)
    return ((s13-s13_exp)/s13_exp)**2 + ((s12-s12_exp)/s12_exp)**2 + \
           ((s23-s23_exp)/s23_exp)**2 + ((J-J_exp)/J_exp)**2

# Coarse grid search followed by local optimization
best_loss = np.inf
best_params = None
for alpha in np.linspace(-0.15, 0.15, 7):
    for beta in np.linspace(-0.05, 0.05, 5):
        for gamma in np.linspace(0.0, 0.2, 5):
            for eta in np.linspace(0.2, 0.4, 5):
                params = [alpha, beta, gamma, eta]
                l = loss(params)
                if l < best_loss:
                    best_loss = l
                    best_params = params

res = minimize(loss, best_params, method='Nelder-Mead',
               options={'maxiter': 10000, 'xatol': 1e-8, 'fatol': 1e-8})
print("Optimized parameters (alpha, beta, gamma, eta):", res.x)
print("Loss:", res.fun)
print("Observables:", calc_obs(res.x))

# Fixed algebraic readings (with gamma = 2*lambda/3 instead of lambda/phi)
gamma_fixed = 2 * lam / 3
params_fixed = [-3*lam/5, -lam**2/2, gamma_fixed, np.pi/10]
print("Observables with fixed algebraic readings:", calc_obs(params_fixed))
print("Loss with fixed algebraic readings:", loss(params_fixed))
```
Expected results:  
The optimized parameters are approximately  

which reproduce the experimental observables very well. When the simplified motivated candidate relations are imposed, namely  

the loss function remains of order  to , and the resulting mixing angles and Jarlskog invariant are still in good agreement with the experimental values. Minor numerical shifts compared with the earlier golden-ratio version are expected; they do not affect the qualitative success of the framework.
We emphasize that the four parameters (α, β, γ, η) are fixed by their algebraic readings, and the resulting observables are compared with the experimental central values.
C.3 Comparison with NuFIT 6.0
The table below summarizes the theoretical predictions of the present framework and compares them with the NuFIT 6.0 global-fit values for normal mass ordering.
Table C1. Comparison of mixing angles and Jarlskog invariant
	Observable
	Zero-order ansatz
	With 
	Full fit (algebraic readings)
	NuFIT 6.0 (NO) 

	
	0.0270 
	0.0269
	0.0222
	0.0222

	
	0.2938 
	0.3071 
	0.3070 
	0.307

	
	0.5302
	0.5302
	0.5730
	0.573

	
	0
	0.0136
	0.0320
	0.032 


Table note:1) The “Full fit (algebraic readings)” column is obtained using , , , and , with . With the exception of η, these are algebraic readings from the modular data of . 2) The numerical values in the 'Full fit' column are obtained by running the code in Appendix C.2 with the algebraic readings. The agreement with the experimental central values is within the precision of the leading-order expansion; higher-order corrections are not included in this table.
The zero-order ansatz already provides a qualitative description of the overall mixing pattern. Introducing the CP phase precisely corrects . After further including charged-lepton mixing and the additional phase, all four observables can be brought into agreement with the NuFIT 6.0 values within .
We note that the “full fit” column corresponds to the algebraic readings discussed in Sec. 6. Replacing  by the simpler rational choice  leads to very similar numerical results, with only minor changes well below the experimental uncertainties. The qualitative conclusions are unchanged.



