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All confirmatory performance tables in Sections S.1-S.2 are independently regenerated from the final validated Recall@20-compliant 45-run experiment set. Section S.3 reports exploratory frozen-graph knockout and post-hoc dataset-structure summaries. Sections S.4-S.5 contain post-hoc checkpoint, influence, equivalence, and Bayesian analyses performed after the final H1 result; they do not alter the prospectively locked decision rule and did not involve additional training. Results from superseded implementations are retained only for reproducibility documentation and are not used in the final validated tables below.
[bookmark: Xb984ebd905031c1638436b8743695aa576da097]S.1 Full main-results tables (all 4 metrics)
Table S1a - Baby.
	Condition
	Recall@10
	Recall@20
	NDCG@10
	NDCG@20

	control
	0.03248 +/- 0.00081
	0.05090 +/- 0.00113
	0.01805 +/- 0.00056
	0.02277 +/- 0.00065

	treatment
	0.02663 +/- 0.01383
	0.04175 +/- 0.02146
	0.01479 +/- 0.00781
	0.01866 +/- 0.00976

	lightgcn_floor
	0.03853 +/- 0.00044
	0.06180 +/- 0.00063
	0.02080 +/- 0.00038
	0.02677 +/- 0.00039


Table S1b - Sports.
	Condition
	Recall@10
	Recall@20
	NDCG@10
	NDCG@20

	control
	0.02347 +/- 0.00140
	0.03704 +/- 0.00221
	0.01286 +/- 0.00083
	0.01635 +/- 0.00096

	treatment
	0.02350 +/- 0.00148
	0.03701 +/- 0.00217
	0.01286 +/- 0.00084
	0.01633 +/- 0.00095

	lightgcn_floor
	0.03118 +/- 0.00073
	0.04787 +/- 0.00087
	0.01716 +/- 0.00032
	0.02148 +/- 0.00033


Table S1c - Clothing.
	Condition
	Recall@10
	Recall@20
	NDCG@10
	NDCG@20

	control
	0.02679 +/- 0.00172
	0.04151 +/- 0.00217
	0.01426 +/- 0.00084
	0.01799 +/- 0.00095

	treatment
	0.02677 +/- 0.00162
	0.04151 +/- 0.00214
	0.01430 +/- 0.00077
	0.01803 +/- 0.00089

	lightgcn_floor
	0.01858 +/- 0.00067
	0.02989 +/- 0.00134
	0.00975 +/- 0.00033
	0.01261 +/- 0.00049


Source: independently recomputed from the per-run metric files of the final validated Recall@20 experiment set.
[bookmark: X0b030e5d9e60da3a4286feaa5c3628457661d46]S.2 Full multimodal-vs-LightGCN statistical table (all 24 comparisons)
To keep the table compact, + denotes significant favorable multimodal performance at p<0.01, - denotes significant unfavorable performance, and No denotes not significant at p<0.01.
	Dataset
	Cond.
	Metric
	Delta vs floor
	p-value
	Sig. direction

	Baby
	control
	Recall@10
	-15.70%
	0.000251
	-

	Baby
	control
	Recall@20
	-17.64%
	0.000080
	-

	Baby
	control
	NDCG@10
	-13.24%
	0.001814
	-

	Baby
	control
	NDCG@20
	-14.93%
	0.000485
	-

	Baby
	treatment
	Recall@10
	-30.88%
	0.122835
	No

	Baby
	treatment
	Recall@20
	-32.45%
	0.099482
	No

	Baby
	treatment
	NDCG@10
	-28.92%
	0.150122
	No

	Baby
	treatment
	NDCG@20
	-30.29%
	0.127370
	No

	Sports
	control
	Recall@10
	-24.73%
	0.000141
	-

	Sports
	control
	Recall@20
	-22.62%
	0.000736
	-

	Sports
	control
	NDCG@10
	-25.05%
	0.000264
	-

	Sports
	control
	NDCG@20
	-23.91%
	0.000369
	-

	Sports
	treatment
	Recall@10
	-24.64%
	0.000159
	-

	Sports
	treatment
	Recall@20
	-22.69%
	0.000685
	-

	Sports
	treatment
	NDCG@10
	-25.05%
	0.000267
	-

	Sports
	treatment
	NDCG@20
	-23.98%
	0.000344
	-

	Clothing
	control
	Recall@10
	+44.21%
	0.001101
	+

	Clothing
	control
	Recall@20
	+38.88%
	0.001661
	+

	Clothing
	control
	NDCG@10
	+46.30%
	0.000882
	+

	Clothing
	control
	NDCG@20
	+42.64%
	0.001082
	+

	Clothing
	treatment
	Recall@10
	+44.11%
	0.000924
	+

	Clothing
	treatment
	Recall@20
	+38.87%
	0.001588
	+

	Clothing
	treatment
	NDCG@10
	+46.63%
	0.000660
	+

	Clothing
	treatment
	NDCG@20
	+42.95%
	0.000877
	+


Source: independently recomputed from the final validated per-run metric files.
[bookmark: Xb4980e4a9319a0b775f7fed5e65424593945e63]S.3 Frozen-graph knockout diagnostic and post-hoc dataset heterogeneity
The corrected architecture propagates item-ID embeddings through a frozen multimodal graph built from raw modality features. Accordingly, the knockout diagnostic intervenes on graph construction by ablating one raw modality and rebuilding the graph for inference. It is a sensitivity analysis of the fixed multimodal graph, not a direct intervention on the trainable projection-width manipulation.
Table S3a - Median-test-performance-seed knockout examples from the final validated experiment set.
	Dataset
	Cond.
	Text drop R@10
	Image drop R@10
	Run/seed

	Baby
	control
	-0.0039604
	+0.0000629
	R002/123

	Baby
	treatment
	-0.0041573
	+0.0000429
	R008/2024

	Sports
	control
	-0.0017570
	-0.0000086
	R020/999

	Sports
	treatment
	-0.0017195
	+0.0001693
	R025/999

	Clothing
	control
	+0.0008040
	-0.0001058
	R035/999

	Clothing
	treatment
	+0.0009309
	-0.0000423
	R040/999


Negative “drop” values mean the ranking metric improved after the modality was removed. The median seed is defined by NDCG@20 within each dataset-condition cell, consistent with the preserved reporting implementation. Because the frozen graph is condition-invariant for a fixed dataset but collaborative embeddings are trained separately, graph-knockout effects need not be identical across control and treatment.
Table S3b - Dataset structure.
	Dataset
	Density
	Mean interactions/item
	Interaction share from items <=10 interactions

	Baby
	0.1173%
	22.81
	14.2%

	Sports
	0.0453%
	16.14
	24.4%

	Clothing
	0.0307%
	12.10
	36.8%


Table S3c - Five-seed control-condition utility and knockout means.
	Dataset
	Control vs LightGCN R@10
	Text-knockout R@10 drop
	Image-knockout R@10 drop

	Baby
	-15.70%
	-0.003847
	-0.000106

	Sports
	-24.73%
	-0.000870
	+0.000172

	Clothing
	+44.21%
	+0.001645
	+0.000141


Clothing is the sparsest and most item-cold dataset and is the only dataset on which both multimodal conditions strongly outperform LightGCN. The sign of the control-condition text-knockout effect mirrors the dataset-level utility pattern: text removal improves Baby and Sports but degrades Clothing. With only three datasets, this is descriptive evidence for a future hypothesis rather than a formal dataset-level causal test.
[bookmark: X0604498ef1b70609ece8fe4955320639daf4b69]S.4 Post-hoc causal-channel and checkpoint-selection diagnostic
[bookmark: s.4.1-diagnostic-design]S.4.1 Diagnostic design
The diagnostic was run on the best Recall@20-selected checkpoints for all 15 matched dataset-seed control-treatment pairs (3 datasets x 5 seeds). No training was repeated. For each model:
· a deterministic common sample of 2,048 items was used to compute projected visual/text representations, hidden activations, effective rank, and control-treatment representation differences;
· a deterministic training batch of up to 512 interactions was used to decompose gradients from the main BPR objective and the weighted auxiliary objective;
· gradients were measured with respect to modality-projection parameters, user embeddings, and item-ID embeddings;
· direct score sensitivity was measured by differentiating a fixed full-sort score probe with respect to the projection parameters.
Because this analysis was designed after the confirmatory result, all quantities in S.4 are explanatory/post hoc. Relative Frobenius difference is ||X_treatment - X_control||_F / ||X_control||_F on aligned tensors. A hidden unit is active when its mean absolute activation across the common sample exceeds 1e-8. The auxiliary/main gradient ratio is the norm of the weighted auxiliary-objective gradient divided by the norm of the main-loss gradient on the same shared-embedding tensor and deterministic probe batch.
[bookmark: s.4.2-structural-gradient-result]S.4.2 Structural gradient result
Across 15/15 matched probes:
· main BPR loss -> modality-projection gradient norm = 0;
· direct prediction score -> modality-projection gradient norm = 0;
· weighted auxiliary objective -> modality-projection gradient norm = non-zero.
This is the empirical signature of the corrected architecture’s auxiliary-only direct causal pathway.
Table S4a - Projection-level intervention and local gradient pathway, mean +/- SD across five seeds per dataset.
	Dataset
	Visual proj. diff
	Text proj. diff
	Treatment text active units
	Aux/main user grad
	Aux/main item grad

	Baby
	89.54 +/- 6.27%
	124.63 +/- 6.77%
	100.00%
	0.231%
	0.095%

	Sports
	97.27 +/- 3.83%
	122.04 +/- 8.55%
	100.00%
	0.494%
	0.219%

	Clothing
	76.95 +/- 6.55%
	114.95 +/- 11.68%
	99.06%
	0.355%
	0.182%


The weighted auxiliary/main loss ratio ranges from 0.0167% to 0.0200% across the 15 treatment probes. Thus, the intervention is large at the projection level and the extra text capacity is active, but its direct training route to shared recommendation state is small.
[bookmark: s.4.3-checkpoint-selection-amplification]S.4.3 Checkpoint-selection amplification
The Recall@20-compliant rerun shows that a weak local gradient channel need not imply uniformly small differences at the final selected checkpoint. Twelve of 15 matched control-treatment pairs select the same best Recall@20 epoch; three select different epochs.
Table S4b - Downstream embedding divergence and best-epoch selection.
	Dataset
	Same best epoch
	Median user/item diff, all pairs
	Mean user/item diff, same-epoch pairs

	Baby
	3/5
	0.57% / 0.50%
	0.53% / 0.45%

	Sports
	5/5
	0.86% / 0.74%
	0.89% / 0.74%

	Clothing
	4/5
	1.75% / 1.67%
	1.67% / 1.59%


The three selection-divergent pairs are:
	Dataset
	Seed
	Control best epoch
	Treatment best epoch
	User/item embedding diff

	Baby
	123
	250
	1
	95.9% / 91.9%

	Baby
	2024
	208
	250
	35.3% / 32.5%

	Clothing
	7
	288
	232
	33.5% / 31.1%


Across all 15 pairs, absolute best-epoch difference is associated with user-embedding divergence (Pearson r=0.979, p=2.20e-10; Spearman rho=0.694, p=0.0041). This correlation is post hoc and is driven by a small number of high-leverage selection-divergent pairs; it is used only as a mechanism diagnostic.
Baby seed 123 is the most extreme case: the control selects epoch 250 whereas treatment selects epoch 1, producing approximately 95.9%/91.9% user/item embedding divergence and the large negative Baby treatment-control mean. The run remains in the confirmatory analysis because it follows the locked Recall@20 stopping rule and shows no corruption or NaN failure. The correct interpretation is therefore that the auxiliary pathway is weak instantaneously but can be nonlinearly amplified by discrete model selection.
[bookmark: Xc341faf948c8909c311e69e380434fbeee1a100]S.5 Post-hoc statistical strengthening of H1
The paired t-test p-values below are the pre-specified confirmatory tests applied to the final validated experiment set. Effect sizes, confidence intervals, leave-one-seed-out summaries, TOST, and Bayesian ROPE quantities were added post hoc to characterize magnitude, uncertainty, and influence.
No SESOI was pre-specified. Therefore equivalence is reported as a margin sensitivity analysis, not a confirmatory equivalence claim. For relative margin m, paired TOST bounds are +/-m x control_mean on the raw treatment-minus-control difference, with alpha=0.05. The Bayesian sensitivity uses the paired differences with a Jeffreys location/scale prior and reports posterior mass inside the same relative ROPE.
Table S5a - Effect magnitude and uncertainty.
	Dataset
	Metric
	Relative delta
	Cohen dz
	95% CI raw delta
	Confirmatory p

	Baby
	R@10
	-18.015%
	-0.419
	[-2.32e-02, 1.15e-02]
	0.4014

	Baby
	R@20
	-17.982%
	-0.429
	[-3.56e-02, 1.73e-02]
	0.3914

	Baby
	N@10
	-18.074%
	-0.417
	[-1.30e-02, 6.46e-03]
	0.4044

	Baby
	N@20
	-18.056%
	-0.423
	[-1.62e-02, 7.97e-03]
	0.3981

	Sports
	R@10
	+0.116%
	+0.276
	[-9.50e-05, 1.49e-04]
	0.5704

	Sports
	R@20
	-0.085%
	-0.354
	[-1.42e-04, 7.92e-05]
	0.4728

	Sports
	N@10
	+0.000%
	+0.002
	[-2.05e-05, 2.05e-05]
	0.9968

	Sports
	N@20
	-0.095%
	-0.464
	[-5.68e-05, 2.59e-05]
	0.3580

	Clothing
	R@10
	-0.067%
	-0.167
	[-1.51e-04, 1.15e-04]
	0.7281

	Clothing
	R@20
	-0.007%
	-0.051
	[-7.76e-05, 7.15e-05]
	0.9152

	Clothing
	N@10
	+0.226%
	+0.313
	[-9.58e-05, 1.60e-04]
	0.5226

	Clothing
	N@20
	+0.215%
	+0.388
	[-8.52e-05, 1.63e-04]
	0.4347


All 12 95% and 99% confidence intervals include zero.
Table S5b - Post-hoc +/-1% practical-equivalence sensitivity.
	Dataset
	Metric
	TOST equiv.?
	Posterior mass in +/-1% ROPE

	Baby
	R@10
	No
	2.38%

	Baby
	R@20
	No
	2.38%

	Baby
	N@10
	No
	2.37%

	Baby
	N@20
	No
	2.37%

	Sports
	R@10
	Yes
	99.34%

	Sports
	R@20
	Yes
	99.92%

	Sports
	N@10
	Yes
	99.99%

	Sports
	N@20
	Yes
	99.96%

	Clothing
	R@10
	Yes
	99.48%

	Clothing
	R@20
	Yes
	99.99%

	Clothing
	N@10
	Yes
	95.30%

	Clothing
	N@20
	Yes
	97.90%


Across all 12 comparisons, TOST equivalence is supported in 2/12 at +/-0.25%, 5/12 at +/-0.5%, 8/12 at +/-1%, and 8/12 at +/-2%. The Sports and Clothing results are compatible with small practical differences under the +/-1% sensitivity; Baby is not, because one highly influential seed produces wide paired uncertainty.
[bookmark: Xf6fdb2e53de729fd5704fa52400d760a107e017]S.5.1 Leave-one-seed-out influence analysis for Baby
The pre-specified five-seed analysis is the primary analysis and no run is excluded. To quantify influence only, we repeated the paired summary after omitting Baby seed 123:
	Metric
	All-five relative delta
	Omit seed 123 relative delta
	Omit-seed p

	Recall@10
	-18.02%
	+1.19%
	0.264

	Recall@20
	-17.98%
	+0.74%
	0.382

	NDCG@10
	-18.07%
	+1.31%
	0.325

	NDCG@20
	-18.06%
	+1.03%
	0.385


Omitting the influential seed reverses the Baby mean direction but does not make any comparison significant. This sensitivity therefore argues against interpreting the all-five Baby mean as a stable harmful effect while leaving the confirmatory H1 conclusion unchanged.
[bookmark: s.6-corrected-formal-specification]S.6 Corrected formal specification
Notation.
	Symbol
	Meaning
	Trainable?

	U, I
	users and items
	fixed sets

	x_v(i) in R^4096, x_t(i) in R^384
	raw visual/text features
	fixed

	P_v, P_t
	visual/text projection networks
	trainable

	h_v, h_t
	projection hidden widths; manipulated variable
	fixed per condition

	d=64
	shared embedding dimension
	fixed

	E_u^(0), E_i^(0)
	user and item-ID embeddings
	trainable

	A_v, A_t
	frozen modality-specific item-item graphs built from raw x_v/x_t
	fixed after construction

	A_mm
	0.1 A_v + 0.9 A_t
	fixed after construction

	A_ui
	denoised user-item adjacency
	epoch-specific

	reg_weight
	auxiliary objective weight (=1e-4)
	fixed


Projection branches.
e_v = P_v(x_v)
e_t = P_t(x_t)
Frozen multimodal graph.
A_v  = KNN(raw x_v)
A_t  = KNN(raw x_t)
A_mm = 0.1*A_v + 0.9*A_t

h_mm^(0) = E_i^(0)
h_mm^(l+1) = A_mm h_mm^(l)
Thus the normal frozen-graph propagation payload is the trainable item-ID embedding, not e_v/e_t.
Collaborative propagation and score.
[E_u^collab, E_i^collab] = LightGCN(A_ui, E_u^(0), E_i^(0))
E_i^final = E_i^collab + h_mm
E_u^final = E_u^collab
score(u,i) = <E_u^final(u), E_i^final(i)>
Training objective.
L_main = BPR(E_u^final, E_i^final)

L_aux_v = BPR(E_u^final, e_v)
L_aux_t = BPR(E_u^final, e_t)

L_total = L_main + 1e-4*(L_aux_v + L_aux_t)
The projection networks therefore have no direct role in the score equation under the corrected architecture; their only remaining route to shared recommendation state is through the training-mediated auxiliary losses.
Locked capacity budget.
Control:   h_v=64, h_t=64
Treatment: h_v=58, h_t=128

4096*h_v + 384*h_t = 286,720 first-layer weights in both conditions.
This equality excludes biases and second-layer parameters by the pre-specified definition. The full projection modules contain 295,168 parameters (control) and 298,938 parameters (treatment), a +1.277% treatment difference.
[bookmark: s.7-corrective-amendment-chronology]S.7 Chronology of implementation and protocol corrections
Initial implementation. The original implementation built the frozen graph from randomly initialized projected features and propagated live projected representations. Verification against the reference design identified this as a construct-validity defect.
Correction 1. The reference FREEDOM-style design was restored by constructing the frozen graph from raw modality features and propagating item-ID embeddings through it. Frozen-graph knockout was moved to graph-level modality ablation. Results produced by the superseded implementation were retained only for reproducibility documentation.
After the first correction. Subsequent verification identified a matched-seed fairness defect: condition-specific projection shapes consumed different numbers of random draws before collaborative embeddings were initialized.
Correction 2. The backbone was reseeded immediately before collaborative embedding initialization, making initial user/item-ID embeddings depend on dataset and seed rather than projection shape. Results produced before this correction were excluded and the affected experiments were repeated.
After the second correction. The resulting 45-run experiment set was initially treated as final. During later pre-submission verification, however, the prospectively locked analysis plan was compared with the training implementation and revealed a third discrepancy: the plan specified validation Recall@20 for early stopping, whereas those experiments used NDCG@20 for both stopping and best-checkpoint selection. The discrepancy was confirmed by reanalysis of the preserved training logs.
Correction 3. All 45 results from the preceding experiment set were excluded. The pre-specified Recall@20 criterion was restored for both best-checkpoint selection and early stopping, while datasets, seeds, architectures, capacity allocation, patience, outcomes, and the H1 decision rule were held fixed. This discrepancy was identified after those test outcomes were known; however, the direction of the correction was determined by the earlier locked analysis plan rather than selected from alternative post-outcome rules.
Final validated experiments after the third correction. All 45 pre-specified runs completed successfully under Recall@20 selection. The checkpoint-dependent causal-channel diagnostic was then repeated on the resulting best checkpoints. Results from earlier implementations remain superseded reproducibility records and are not used in the confirmatory tables or inferential claims.
[bookmark: s.8-capacity-fixing-sweep]S.8 Capacity-fixing sweep
	Delta
	h_v
	h_t
	Validation NDCG@20
	Improvement over control

	control
	64
	64
	0.0015598
	-

	32
	61
	96
	0.0012741
	-0.0002857

	64 (selected)
	58
	128
	0.0015695
	+0.0000097

	96
	55
	160
	0.0013200
	-0.0002398


The sweep used Baby, seed 42, 30 epochs, validation data only, before confirmatory test evaluation. It was intentionally bounded and far short of convergence; it selected the fixed delta=64 candidate but does not constitute a converged sensitivity analysis. The final post-hoc causal-channel probe shows that delta=64 creates large projection-space changes, making insufficient intervention magnitude a less plausible explanation than weak direct causal transmission. The validation NDCG@20 value in this preliminary capacity-fixing sweep is a candidate-selection statistic and is distinct from Correction 3, which concerns the prospectively locked Recall@20 stopping/checkpoint criterion used during the 45 confirmatory runs.
[bookmark: s.9-complete-project-bibliography]S.9 Extended bibliography
An extended bibliography covering the broader literature corpus is maintained in the companion reproducibility package. The main manuscript contains the cited subset relevant to the reported claims.
[bookmark: s.10-efficiency-and-operational-summary]S.10 Computational efficiency summary
	Dataset
	Mean logged epochs
	Min
	Max

	Baby
	172.1
	21
	271

	Sports
	135.4
	50
	187

	Clothing
	232.2
	103
	308


The final Recall@20-compliant experiment set ran sequentially on a single NVIDIA RTX 4060 Ti and completed 45/45 runs in approximately 15.25 h total wall-clock time; the sum of per-run completion durations is 15.25 h, consistent with the near-continuous sequential computation. The unusually short minimum on Baby is the treatment seed-123 run discussed in Sections S.4-S.5.
[bookmark: s.11-glossary]S.11 Glossary
· h_v, h_t - hidden widths of the visual/text projection networks; the manipulated independent variable.
· A_mm / mm_adj - the condition-invariant frozen item-item graph built from raw content features after the first implementation correction.
· Frozen-graph knockout - rebuilding the frozen graph after ablating one raw modality, then measuring ranking change without retraining.
· Auxiliary-only causal pathway - the corrected architecture’s property that projection widths affect the recommender only through the 1e-4-weighted auxiliary objectives, not directly through the main scoring equation.
· Secondary multimodal-vs-LightGCN comparison - the pre-specified comparison of multimodal conditions against the non-multimodal LightGCN floor.
· SESOI - smallest effect size of interest; not pre-specified in this study.
[bookmark: s.12-reproducibility-notes]S.12 Reproducibility notes
The final validated experiments used Python 3.14.6, PyTorch 2.13.0+cu126, CUDA-enabled computation, and a single NVIDIA RTX 4060 Ti. Before the final experiments, the complete experiment implementation test suite passed all 90 tests without failure; six non-failing runtime warnings were recorded. The nine protocol documents were hash-locked locally on 2 September 2026 before final test-set evaluation.
The protocol was not deposited in an independent external preregistration registry, and the original codebase was not under version control during the earlier experiment runs, so no public registration identifier or original commit hash binds every historical run to an exact code state. Reproduction instead relies on preserved protocol hashes, configuration files, documented implementation and protocol corrections, experiment metadata records, checkpoints, raw result JSON files, verification records, and archived superseded results.
The third correction restored compliance with the pre-specified model-selection criterion: the final implementation used Recall@20 for both best-checkpoint selection and early stopping. Inspection of all 45 final training logs is consistent with patience 20 and strict-improvement semantics.
The post-hoc causal-channel diagnostic is deterministic conditional on the preserved final checkpoints/configuration: it uses the best Recall@20 checkpoint for each matched pair, a deterministic 2,048-item sample, and a deterministic gradient-probe batch. It does not overwrite the confirmatory results or protocol.
Per-run metric files and checkpoint-diagnostic outputs are preserved separately in the companion reproducibility materials. Results from superseded implementations are archived separately and are not part of the reported final evidence.
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