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Abstract5

Viscous dissipation in a deforming drop is a result of internal velocity gradients, and so direct measurement has6

therefore required optical or computational access to the drop interior. For sessile drops undergoing predominantly7

single-mode oscillations, we show that the volumetric viscous dissipation rate is proportional to the time rate of change8

of a scalar measure of silhouette deformation. The dissipation rate per unit volume is proportional to the dynamic9

viscosity and the square of the rate of change of the drop silhouette deformation. We obtain this result by decomposing10

the silhouette deformation into data-driven modes and reconstructing the associated interior strain-rate field. We11

validate our theoretical approach against measured ring-down dissipation over a 33-fold range of viscosity. For a12

steady, oscillatory forcing, an energy balance combined with a base-excited oscillator analogy and a Stokes boundary-13

layer correction predicts the power transmitted from a vibrating substrate. The model reproduces measurements for a14

withheld fluid in the drop pre-resonance regime. We identify the ratio of Stokes penetration depth to drop height as15

the parameter governing volumetric energy transfer from the vertically oscillating substrate into the drop, and predict16

that transfer is non-monotonic in both viscosity and drop size. A thin shear layer engages too little of the drop,17

while a layer spanning the drop height homogenizes the velocity field and suppresses shear. Cantilever ring-down18

experiments confirm our predictions. Our measurement approach, which requires only the drop silhouette, estimates19

the bulk dissipation that inviscid sessile-drop theory structurally omits in systems where the interior is optically or20

practically inaccessible.21

Keywords: [cantilever, internal flow, sloshiness, sessile drops, viscosity]22

1 Introduction23

Drop dynamics are governed by inertia1,2, capillarity3, viscosity4, and wetting5. A sessile drop (Fig. 1a) on a vibrating24

surface behaves as a miniaturized resonator that temporarily stores and subsequently dissipates mechanical energy6. A25

fraction of the vibration energy from the underlying surface is transferred into the liquid bulk, generating internal flows26

and deformation of the liquid–gas interface7,8. This energy is partly and reversibly stored as surface energy through27

changes in interfacial area and partly dissipated by internal viscous stresses and contact-line friction at the three-phase28

boundary9,10.29

Understanding how vibration energy is transmitted to a drop and how that energy is dissipated is pertinent to a broad30

range of physical systems, which we organize into three categories. First, dissipation measurements underpin several31

fundamental characterization techniques. In oscillatory rheology, Lissajous curves representing the energy dissipated32

per deformation cycle are used to measure the rheological properties of complex liquids11, and the damping rate of33

an oscillating drop can be used to determine the dynamic viscosity, surface tension, and rheological properties of the34

liquid12. Second, accurate estimation of viscous dissipation due to internal friction13 is critical to predict the physics35

behind drop-impact outcomes, such as deposition, partial rebound, rebound, jetting, and splashing14. For example,36

with respect to a drop impacting a non-compliant surface, an improved viscous energy estimation significantly reduces37

inaccuracies when numerically predicting the maximum spreading diameter of the drop15. Third, dissipation plays38
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a key role in several engineering applications. Vibration-driven internal flows can excite non-axisymmetric modes39

and accelerate the mixing of biological reagents16; designing vibration-based decontamination systems for critical40

surfaces on robotic platforms requires characterizing the energy dissipated by sessile drops17; and the relationship41

between dissipation and resonant transitions can be used to control the transport and deposition morphology of colloidal42

particles during drop evaporation18.43
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Figure 1: Drop silhouettes. (a) 5 �L drop on a vertically oscillating substrate with amplitude 0 and vibrating frequency !. (b)

Sloshiness () as the exclusive difference ratio of a deformed drop relative to its sessile reference.

Despite the importance of quantifying energy dissipation in a drop, doing so remains difficult because the de-44

pendence on velocity gradients within the liquid19,20. We note that viscous dissipation represents the conversion of45

mechanical energy into heat at the scales over which velocity gradients vary, and such scales for oscillatory flows are set46

by the viscous penetration depth20,21 �v =
√
2�∕! , where � is the kinematic viscosity and ! is the angular frequency47

of oscillation. Conventional measurement techniques for resolving velocity gradients at length scales comparable to48

the size of a drop require high spatial resolution and expensive experimental setups22,23. Particle image velocimetry49

(PIV), whose accuracy depends strongly on the size of the interrogation window and the characteristic gradient length50

scale, is one of the most widely used experimental methods for estimating velocity fields24. Given that PIV provides51

a spatially filtered average of particle displacement, resolving velocity gradients accurately requires an interrogation52

window small compared to the length scale over which the flow varies25. Shrinking the window, however, also reduces53

the number of tracer particles it contains, degrading the reliability of the underlying correlation25. This trade-off is54

especially relevant for a drop, in which the relevant gradient length scale, the viscous penetration depth �v, can reach55

tens of micrometers, requiring interrogation windows of comparable size. Achieving even this resolution requires56

specialized micro-PIV instrumentation26, whose measurement accuracy often benefits from ensemble averaging over57

multiple realizations of nominally identical flow fields27,28, an approach that is not applicable to a single, non-repeating58

transient event. PIV’s shortcomings are further exacerbated in a liquid drop by optical refraction and reflection at the59

curved interface, which distort the path of the laser light and misplace the velocity vectors29. Although ray-tracing60

corrections are applicable to stationary drops, they are impractical for oscillating drops whose surface contour changes61

continuously30. Additionally, Brownian motion of tracer particles in creeping flows often found within micro-scale62

drops is a significant source of measurement uncertainty31.63

Beyond velocity-field measurements, several alternative approaches have been used to estimate viscous dissipation,64

though most were developed for drop-impact problems rather than oscillating sessile drops. The analytical energy-65

balance method applies conservation of energy to predict post-impact behavior32 while assuming that drops adopt a66

simple geometric shape at maximum spread13,14. In contrast, high-speed imaging and computational results show that67

real drop shapes and internal flows are considerably more complex14. Scaling-law analysis offers a complementary68

empirical perspective, but does not attempt to quantify the dissipated energy directly14 and often breaks down for impact69
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velocities where dynamic wetting and contact angle effects, typically neglected in such models, become significant33.70

Weakly nonlinear theory uses perturbation expansions to solve for shape oscillations analytically, but its accuracy71

deteriorates once the deformation amplitude exceeds roughly 40% of the drop radius12. Computational methods can72

track individual energy terms in detail34, but remain computationally expensive15,34 and sensitive to the treatment of73

boundary conditions, particularly where the contact line is free to advance or recede across the solid surface rather than74

remaining pinned33. For oscillating sessile drops specifically, natural frequencies and mode shapes have been predicted75

by extending Rayleigh’s classical free-drop spectrum35 to account for substrate contact36,37, with predictions confirmed76

experimentally via high-speed imaging38. The model developed by Bostwick & Steen (2014)36 assumes an inviscid77

bulk fluid, so bulk viscous dissipation is necessarily zero throughout the analysis. A later viscous potential flow (VPF)78

correction39 improves the frequency predictions but evaluates dissipation from an assumed curl-free velocity field79

rather than a true rotational, no-slip flow. Given these limitations, an approach that infers dissipation from the visible80

deformation of the drop is valuable for providing new insights into its energetics. Therefore, given the widespread use81

of high-speed videography for tracking drop shape, we seek to establish a quantitative connection between image-based82

silhouettes of drop deformation (Fig. 1b) and viscous dissipation measurements.83

The image-based scalar, termed ‘sloshiness’ (), is introduced in our study to quantify drop deformation from the84

instantaneous silhouette of a sessile drop relative to its equilibrium geometry (Fig. 1b).85

Here, we connect the time rate of change of drop silohuette deformation to the volumetric viscous dissipation rate86

and the transmitted power for Newtonian drops formulated by a mixture of water and glycerol. In doing so, we demon-87

strate how the rich physics within a drop interior are encoded in the drop silhouette. Mixture ratios and drop properties88

are tabulated in Table 1. A base-excited spring-mass-damper analogy is employed to develop a semi-empirical model89

used to determine the relation between transmitted power and excitation frequency, substrate amplitude, liquid proper-90

ties, and drop geometry. To experimentally test our model, plucked-cantilever experiments are used to measure energy91

transfer from the vibrating substrate to the drop, thus providing an experimental test of the use of image-based silhou-92

ettes to quantify energy dissipation and transmission during drop deformation. We present our experimental methods93

for substrate excitation, drop formulation, drop deformation, silhouette visualization, and plucked cantilever experi-94

ments in Section 2. Results and theoretical considerations are presented in Section 3, and the implications of this work95

discussed in Section 4. We conclude the study in Section 5.96

2 Experimental methods97

A schematic of our experimental setup is shown in Fig. 2. Drops are vibrated atop a 1.5 × 1.5-cm 1000-grit sandpa-98

per mounted to a Modal Shop K2007E01 electrodynamic shaker that receives a 225 mV sine waveform signal from a99

Koolertone JDS6600–15 MHz digital signal generator, corresponding to a measured substrate displacement amplitude100

of 2.2 mm. Excitation frequencies range from 50 to 155 Hz with 15 Hz increments. For increased resolution near reso-101

nance, the frequency increment is reduced to 5 Hz in the vicinity of each drop natural frequency. Substrate temperature102

is monitored in real time using an Etekcity LaserGrip 1080 infrared thermometer and experiments are halted if this103

temperature deviates by more than ±1◦C from room temperature (23◦C) to maintain experimental consistency across104

replicate trials.105

Table 1: Physical properties of [W]ater and [G]lycerol mixtures used as sessile drops.

Mixtures
Mixture Ratio Density, � Dynamic Viscosity, � Contact Angle, �

(water:glycerol) (g∕cm3) (mPa⋅s) (◦)

1W0G 1:0 1.00 0.88 ± 0.02 85.5 ± 0.8

3W1G 3:1 1.06 2.26 ± 0.54 79.0 ± 1.6

1W1G 1:1 1.13 6.48 ± 1.15 86.6 ± 2.2

1W3G 1:3 1.20 29.44 ± 2.02 84.8 ± 0.4

0W1G 0:1 1.26 393.50 ± 3.49 87.2 ± 1.8

Drops are formulated by mixing different proportions of water and glycerol. The reference dynamic viscosities of106

water and glycerol in our possession are � = 0.88 mPa⋅s and � = 395.50 mPa⋅s, respectively. Viscosity measurements107
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(N = 3) for the formulated mixtures are obtained using a TA Instruments Discovery HR-20 rheometer in steady-shear108

mode, with a custom concentric cylindrical geometry, a bob diameter of 10.10 mm, and a cup diameter of 10.84 mm at109

room temperature. Equilibrium contact angles (N = 3) are measured photographically from the sessile drop method40.110

Here, three solutions are used, in addition to pure water (1W0G) and pure glycerol (0W1G): 3 parts water to 1 part111

glycerol (3W1G); 1 part water to 1 part glycerol (1W1G); and 1 part water to 3 parts glycerol (1W3G). Mixtures are112

tested in three sessile drop volumes: 3, 5, and 7 �L. The relevant properties of our drop mixtures are summarized in113

Table 1.114

Sloshing experiments are recorded at 12,000 frames per second with two orthogonally positioned Photron NOVA115

S6 high-speed video cameras fitted with SIGMA 105-mm lenses. The experimental frame rate provides 77 − 240116

frames per oscillation cycle, corresponding to the tested range of excitation frequencies. Neewer NL-288A RC LED117

light panels are used to create drop silhouettes by backlighting experiments. Recorded videos are decomposed into118

individual images, which are then binarized in MATLAB with no imposed dilation or erosion. Each experimental119

condition has five replicates. To quantify drop kinematics, spatial measurements are smoothed using a Savitzky–120

Golay filter41,42 to reduce high-frequency image-processing noise before numerical differentiation40,43–45. The chosen121

Savitzky–Golay filter performs local least-squares third-order polynomial smoothing within a 21-point moving window.122

Savitzky–Golay filters act as approximate low-pass filters whose cutoff frequency is jointly set by window length and123

polynomial order42. For these parameters and a frame rate of 12,000 fps, the resulting cutoff frequency is ≈ 795 Hz46,124

approximately an order of magnitude above the 50−155 Hz driving range and well below the Nyquist frequency. This125

separation ensures that the oscillatory signal is preserved while high-frequency image-processing noise is attenuated.126

To corroborate the role of drop volume and viscosity in our semi-empirical model, we conduct experiments with127

a plucked free cantilever with length 28 mm and width 17 mm, following the methods of Alam et al. (2021)17. The128

cantilever, made with the same material as our vibrating substrate, is gently pushed downward by a plucker placed129

horizontally on a height-adjustable stage and time-dependent deflections captured once the cantilever releases from the130

plucker.131

A
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Figure 2: The schematic of the experimental setup used for capturing the deformation of the drop on an oscillating surface controlled

by a signal generator. (A) orthogonally positioned Photron NOVA S6 high-speed video cameras fitted with SIGMA 105-mm lenses.

(B) Koolertone JDS6600–15 MHz digital signal generator sending 225 mV sine waveform signal to (C) Modal Shop K2007E01

electrodynamic shaker on which (D) a 1.5 × 1.5-cm 1000-grit sandpaper is mounted. (E) Neewer NL-288A RC LED light panels

are used to provide the backlighting creating contrast between the silhouette and the background.

3 Results132

We present our experimental and modeling results in two steps. First, we consider how silhouettes can be employed133

to quantify viscous dissipation in drops undergoing ring-down from a perturbed state. Second, we consider a drop on134

a surface with sinusoidal vertical oscillation. We show how silhouettes can quantify the rate of energy transmission to135
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the drop, which, on average over a cycle, equals the dissipation rate. The model developed in this second step suggests136

that the ability of a drop to dissipate energy is non-monotonic with drop size and viscosity.137

3.1 Sloshiness-rate-based quantification of drop energy dissipation138

We represent the binarized images from two orthogonal camera views at time t as matrices Fx(t) and Fy(t), in which139

pixels inside the drop projection are assigned a value of one and all others are zero. The matrices at the initial frame,140

Fx(0) and Fy(0), correspond to the undeformed state of the drop. Each matrix Fx(t) and Fy(t) is registered such that141

its origin coincides with the midpoint of the two-dimensional contact line between the drop and the surface, at every142

time t. Therefore, sloshiness is defined as143

(t) = a2
∑

i

∑
j |Fx(t)i,j − Fx(0)i,j| + b2

∑
i

∑
j |Fy(t)i,j − Fy(0)i,j|

a2
∑

i

∑
j Fx(0)i,j + b2

∑
i

∑
j Fy(0)i,j

, (1)

where a and b are pixel-to-length conversion factors for each orthogonal view. Each element of the matrices Fx and Fy144

corresponds to an individual pixel, so sloshiness  is a dimensionless, image-based scalar that quantifies instantaneous145

drop deformation relative to its equilibrium sessile shape. While sloshiness is quantifiable with imaging, its connection146

to liquid properties is not yet established.147

Sloshiness is defined directly from pixel data (Eq. (1)) and its simplicity is why it remains the quantity used through-148

out this work. Its connection to the underlying physics of dissipation, however, is not evident from its definition alone.149

We therefore turn to singular value decomposition (SVD), a data-driven modal decomposition, to establish this con-150

nection. SVD, equivalently proper orthogonal decomposition47, has previously been applied to images of oscillating151

sessile drops to extract modal frequencies and to provide the first experimental validation of a spring-mass-damper152

analogy for the drop fundamental mode48. Here, we use this decomposition to derive the viscous dissipation rate di-153

rectly in terms of the sloshiness rate ̇(t). For each video, the deformation field is assembled into a matrix � ∈ ℝ
M×N ,154

where M is the number of tracked points on the drop contour and N is the number of video frames. Each column of X155

contains the displacement of all tracked surface points from the equilibrium sessile shape. The reference (equilibrium)156

positions of the points, measured from the drop centroid, are denoted r(0) = {r
(0)

k
}M
k=1

. Applying SVD gives49,50
157

X = U	VT , (2)

where U ∈ ℝ
M×P and P is the number of modes present in the deformation. The pth column of U, denoted up, is a158

spatial mode whose entries indicate the relative displacement amplitude of each tracked point for that mode. Values159

near ±1 correspond to maximal deformation, and values near zero indicate pinned (non-deforming) regions. Three160

representative cases—sessile, +90◦ phase, and −90◦ phase relative to the start of oscillation—are shown in Fig. 3.161

Point A is pinned, therefore, the corresponding element u1 would be 0. If point B is the most mobile point, its element162

would be ±1, and point C has the opposite sign because when point B displaces in one direction, point C displaces in163

the opposite direction. 	 is a diagonal matrix whose pth diagonal entry, �p, quantifies the strength of the corresponding164

mode up. SVD modes are extracted empirically from image data and are not constructed to match any theoretically165

predicted spherical-harmonic mode shape, such as those classified by polar and azimuthal wavenumber [k,l] (respec-166

tively the degree and order of the spherical harmonic) for sessile drops36,38. A given spatial mode up may therefore167

represent a single [k,l] mode, a mixture of several, or neither. The single-mode approximation used below requires168

only that one such empirical pattern dominates, not that it be identified with any particular [k,l] mode.169

+"#
°

−"#
°

A

B

C

Figure 3: Schematic representation of sessile-drop deformation during vibration. The initial sessile drop shape is depicted by the

dashed outline. Points A, B, and C indicate representative material points.
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The columns of V (equivalently, the rows of VT ) are temporal coefficient vectors qp(t) that modulate the spatial170

modes frame by frame. The diagonal entries of 	, ordered by mode, quantify the relative importance of each mode. A171

rapid decay of successive singular values indicates that few modes dominate the deformation. Assuming the deforma-172

tion is dominated by the first SVD mode (i.e., �1 ≫ �2), the deformation matrix can be approximated by,173

X ≈ u1�1 q
T
1
, (3)

where u1 is the dominant spatial deformation pattern and q1 is its temporal coefficient vector. The optimality property of174

the singular value decomposition51 guarantees that, among all possible rank-one approximations of X, the truncation175

u1�1q
T
1

minimizes the mean-square reconstruction error, ‖X − u1�1q
T
1
‖2
F

=
∑

i≥2 �2i , in the sense of the energy176

norm47 ‖X‖2
F

=
∑

k,j X
2
kj

=
∑

i �
2
i

. This optimality means no other single spatial pattern could achieve a smaller177

reconstruction error than u1�1q
T
1

. In our experiments, the first mode captures around 75–80 % of the total energy178

(�2
1
∕
∑

i �
2
i
), supporting the single-mode approximation. Therefore, the deformation field at frame j can be written as179

�(tj) ≈ u1�1 q1(tj) , (4)

where � denotes the deformation, defined as the displacement from the equilibrium sessile shape. Using the definition180

of sloshiness in Eq. (1), the instantaneous deformation is normalized by the fixed equilibrium drop size
∑M

k=1
|r(0)
k
|,181

(t) =

M∑
k=1

|�k(t)|
M∑
k=1

|r(0)
k
|
. (5)

Substituting Eq. (4) into Eq. (5) gives182

(t) =
�1 |q1(t)|

M∑
k=1

|u1k|
M∑
k=1

|r(0)
k
|

= � |q1(t)|, � =

�1

M∑
k=1

|u1k|
M∑
k=1

|r(0)
k
|
. (6)

The corresponding reduced-order interior velocity field can be approximated as the time derivative of the displacement183

field,184

wi(x, t) =
)�i

)t
= u1i(x) �1 q̇1(t) , (7)

where wi denotes the internal velocity field in the direction of i. Note that since u1�1 and the reference positions r(0)185

are time-independent, the time derivative acts solely on q1(t). We construct w by extending the dominant surface mode186

into the drop volume, motivated by the classical result that, for low-order modes, interior flow is closely coupled to187

surface deformation52,53. Unlike the potential-flow construction used in these classical treatments, which guarantees a188

divergence-free field by solving Laplace’s equation, our extension of u1 is not obtained this way and is not guaranteed189

to satisfy ∇ ⋅ w = 0 everywhere in the drop.190

For a general Newtonian fluid, the viscous dissipation rate is20
191

Φ(t) =
1

V ∫V
[
2�D′

ij
(x, t)D′

ij
(x, t) + � Θ(x, t)2

]
dV , (8)

where � is the dynamic (shear) viscosity, � is the bulk viscosity, V is the drop volume, and the strain-rate tensor (Dij),192

its trace (the local dilatation rate) (Θ), and its deviatoric (trace-free) part (D′
ij

) are20,54,55
193

Dij(x, t) =
1

2

(
)wi

)xj
+

)wj

)xi

)
, Θ(x, t) = Dkk = ∇ ⋅ w, D′

ij
= Dij −

1

3
�ijΘ. (9)
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The local dilatation rate Θ is expected to be negligible for two independent reasons. First, the flow inside the194

liquid drop is at low Mach number56 (Ma < 0.3), as an example using the speed of sound in water (c ≈ 1481 m/s57,195

Ma = U∕c ∼ 10−3–10−4) across our tested frequency range is well below the conventional Ma < 0.3 threshold for196

incompressible-flow treatment, as the relative density perturbations in a low-Mach-number flow20,58 scale as O(Ma2).197

Second, the liquids should be nearly incompressible materially. Comparing the capillary (Young–Laplace) pressure198

driving the oscillation, �∕H0 ∼ 60 Pa, using � ≈ 0.072 N/m for water20,57,59, to water’s bulk modulus, K ≈ 2.2 GPa57,199

gives an expected fractional density change of ��∕� ∼ ΔP∕K ∼ 10−8 20. Both estimates indicate that Θ is negligible200

for the mechanical shape oscillation studied here, as opposed to a genuine compressional (acoustic) disturbance58,201

which makes the dilatational term (� Θ(x, t)2) in Eq. (8) negligible regardless of the value of � itself. Neglecting this202

term gives203

Φ(t) =
2�

V ∫V D′
ij
(x, t)D′

ij
(x, t) dV . (10)

Eq. (10) remains a good approximation regardless of the true value of � and coincides exactly with the incompressible204

form Φ = (2�∕V ) ∫
V
DijDij dV whenever Θ ≈ 0.205

Substituting Eq. (7) into Eq. (9) gives206

Dij(x, t) = �1q̇1(t)Eij(x, P ), Eij(x, P = 1) =
1

2

(
)u1i(x)

)xj
+

)u1j(x)

)xi

)
, (11)

where Eij is a purely geometric, time-independent quantity. Because the trace is a linear operation, the deviatoric part207

inherits the same separation of time and space,208

D′
ij
(x, t) = �1q̇1(t)E

′
ij
(x, P ), E′

ij
= Eij −

1

3
�ij

(
∇ ⋅ u1

)
. (12)

To express this in terms of ̇(t), we note from Eq. (6) that ̇(t) = � sgn(q1) q̇1(t), so that �1q̇1(t) = sgn(q1) (�1∕�) ̇(t)209

and210

D′
ij
(x, t) =

�1

�
⏟⏟⏟

C

sgn(q1) ̇(t)E′
ij
(x, P ) = C sgn(q1) ̇(t)E′

ij
(x, P ), (13)

where211

C =
�1

�
=

M∑
k=1

|r(0)
k
|

M∑
k=1

|u1k|
(14)

is a finite constant set by the equilibrium drop size and the dominant mode shape. The sign factor sgn(q1) is immaterial212

for the dissipation because Φ depends on D′
ij
D′

ij
and is therefore quadratic in ̇ . Substituting Eq. (13) into Eq. (10)213

gives214

Φ(t) = 2� C2 ̇(t)2
(

1

V ∫V E′
ij
(x, P )E′

ij
(x, P ) dV

)
. (15)

Under the single-mode assumption, the dimensionless constant (K = C2V −1 ∫
V
E′
ij
(x, P )E′

ij
(x, P ) dV ) depends on215

the dominant mode drop shape and the drop size. K is not evaluated from the silhouette, but rather empirically fitted216

to the data. For unsteady Stokes flow, the interior structure carries a Stokes-layer dependence, so K is generally a217

function of frequency and geometry rather than a universal constant. Nevertheless, our experiments suggest that its218

frequency dependence is weak under the conditions tested. Thus, retaining additional SVD modes replaces the single219

scalar dissipation coefficient K with a modal dissipation matrix. The diagonal terms describe the dissipation associated220

with individual modes, whereas the off-diagonal terms account for coupling between modes. Although SVD modes221

are orthogonal under the image-space inner product, this orthogonality does not generally require the corresponding222

strain-rate fields to be orthogonal under the volume integral above; therefore, the cross-mode terms need not vanish.223
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Eq. (14) is likewise specific to the single-mode approximation. For multiple modes, the measured sloshiness is224

(t) =
∑

k
|||
∑

p �pupkqp(t)
|||∑

k |r(0)k
|

. (16)

Therefore, in general, it cannot be written as a sum of independent modal sloshiness amplitudes because the absolute225

value is applied after the modal contributions are combined. Consequently, there is no general scalar replacement for226

C in Eq. (14); a multi-mode formulation must retain the individual temporal modal coordinates qp(t), together with227

their modal dissipation coefficients and cross-mode coupling terms. For the present study, we therefore retain the228

dominant-mode approximation and treat229

Φ(t) = 2K� ̇(t)2. (17)

as the reduced-order representation of the full modal dissipation. This approximation is supported by the strong domi-230

nance of the first SVD mode and by the experimentally observed collapse of independently measured dissipation with231

(̇2), while the implications of the omitted modes are discussed in Section 4.2.232

Our data suggest that the dependence of K on oscillation frequency is weak, and we therefore treat K as constant233

in our experiments. As such, for a Newtonian drop undergoing a dominant repeating deformation mode, the viscous234

dissipation rate per unit volume is proportional to the dynamic viscosity and to the square of the sloshiness rate,235

Φ(t) ∝ � ̇(t)2 (18)

A test of Eq. (18) requires independent quantification of viscous dissipation apart from sloshiness. We quantify236

the viscous dissipation rate from decay of the drop center-of-mass displacement scm upon the impulsive stop of our237

vibrating drop platform. Since the drop oscillates on a stationary, rigid, flat surface with a pinned contact line, and238

under the single-mode approximation, the translational kinetic energy and deformational (internal rotation) kinetic239

energy decay at the same rate60. Two orthogonal camera views are used to track the centroidal displacement, yielding240

two measurements s1 and s2. A representative ring-down of the drop center-of-mass is shown in Fig. 4a. The amplitude241

of the envelope formed by oscillation peaks is A(t) = A0e
−�!nt, where A0 is the initial amplitude, � is the damping242

ratio, !n = !d(1 − �2)−1 is the undamped natural frequency, and !d is the damped natural frequency. Damped natural243

frequencies and damping ratios for drops with various volumes and viscosities are shown in Fig. 5. Natural frequency244

generally decreases with increasing drop volume (Fig. 5a), while the damping ratio increases strongly with viscosity245

within our test range (Fig. 5b).246
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Figure 4: Kinematic response of a sessile drop following the impulsive stop of the vibrating platform. (a) Drop center-of-mass

displacement s versus time during ring-down. Dashed curve depicts envelope formed by oscillation peaks. (b) Centroid velocity

components obtained from two orthogonal camera views, ṡ1(t) and ṡ2(t). (c) Drop center-of-mass kinetic energy Ecm(t) versus time,

corresponding to the results of Eq. (19).

The temporal kinetic energy of the drop during ring-down is approximated by tracking the velocity of the center-247

of-mass. We use the average measured from two orthogonal views,248

Ecm(t) ≈
1

4
m
(
ṡ1(t)

2 + ṡ2(t)
2
)
, (19)
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where m is the drop mass, and ṡ1(t) and ṡ2(t) are orthogonal, centroid velocity components. The net decay of the kinetic249

energy of the drop provides a proxy for viscous dissipation since we consider scenarios in which the contact line is250

pinned, and, once forcing ceases, the net loss of oscillation energy must be due to viscous dissipation. Representative251

plots of the centroid velocity during ring-down and the corresponding kinetic energy are shown in Fig. 4b,c.252

3 3.5 4 4.5 5 5.5 6 6.5 7

V [ L]

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.88 mPa.s

2.26 mPa.s

6.48 mPa.s

29.44 mPa.s

10
0

10
1

  [mPa.s]

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18
3 L

5 L

7 L

10
0

10
1

  [mPa.s]

80

100

120

140

160

180

200

d
 [

H
z
]

3 L

5 L

7 L

3 3.5 4 4.5 5 5.5 6 6.5 7

V [ L]

80

100

120

140

160

180

d
 [

H
z
]

0.88 mPa.s

2.26 mPa.s

6.48 mPa.s

29.44 mPa.s

a b

c d

Figure 5: Measured damped natural frequency !d and damping ratio � for drops with different volumes V and viscosities �. (a)

!d versus V . (b) !d versus �. (c) � versus �. (d) � versus V .

Once the substrate motion ceases, viscous dissipation causes the envelope of the drop’s oscillation to decay mono-253

tonically, evident in the shrinking peak-to-peak amplitude of the centroid displacement (Fig. 4a). The instantaneous254

kinetic energy, in contrast, continues to oscillate each cycle as it is reversibly exchanged with interfacial energy, falling255

to near zero at each turning point before rising again to a peak that is itself lower than the previous cycle (Fig. 4c). The256

experimental proxy −Ėcm(t)∕V oscillates within each cycle as kinetic energy is reversibly exchanged with interfacial257

energy , and only its net over a cycle reflects irreversible loss . We therefore summarize it using a time-average over the258

recording time, denoted Φ̄ = 1∕T ∫ T

0
(−Ėcm(t)∕V )dt, which cancels the reversible contribution over the oscillation259

cycles. To compare experiments across different drop sizes and fluids, we form dimensionless variables,260

X =

1

T ∫
T

0

(̇(t))2 dt

!2
d

, (20)

and261

Y =
Φ̄

�!2
d

. (21)

We employ !d to nondimensionalize Eqs. (20) and (21) because it is the dominant frequency of our freely vibrating262

drops. Expressing Eqs. (20) and (21) in terms of Eq. (18) we obtain,263

Y ∝ X. (22)
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Figure 6: Normalized dissipation rate Y = Φ̄∕(�!2
d
) as a function of normalized sloshiness rate X = (1∕T ∫ T

0
(̇2)dt)∕!2

d
. Best fit

curve (R2 = 0.89) supports theoretical prediction that viscous dissipation scales with the square of the sloshiness rate.

We plot normalized dissipation rate Y versus normalized sloshiness rate X in Fig. 6 and show that measurements264

support Eq. (22) across approximately two orders of magnitude of sloshiness rate with a correlation coefficient R2 =265

0.89. This agreement provides an independent experimental test, as ̇ is obtained from silhouette pixel counting,266

whereas Φ̄ is determined independently from the decay envelope of the centroid velocity. The two axes of Fig. 6267

therefore derive from separate measurements of the same experiment. The correlation confirms that Eq. (18), derived268

under the single-mode approximation, holds as an empirical scaling relationship across our tested range of drop volume269

and viscosity, and it retroactively justifies treating K as approximately constant, as if K was varied substantially with270

!d across our conditions, the collapse of Y onto a single linear trend would not be expected. This validation permits271

the use of ̇(t), a purely image-based quantity, as a proxy for viscous dissipation throughout the remainder of this272

work, including the energy-transmission model developed in Section 3.2. Approximately 11% of the variance in Fig. 6273

remains unexplained. This residual should not be equated directly with the 20 − 25% of deformation variance not274

captured by the dominant SVD mode. The former quantifies scatter about the experimentally observed dissipation–275

̇2 relationship, whereas the latter quantifies deformation variance represented by higher SVD modes. Since viscous276

dissipation depends on the squared strain-rate field rather than directly on deformation variance, the contribution of277

higher modes to dissipation need not scale in proportion to their SVD variance. Thus, the 75–80% variance captured278

by the dominant mode is consistent with, but does not quantitatively determine, the 11% residual in the dissipation279

correlation. Higher-mode deformation, non-axisymmetric mode mixing, residual contact-line dissipation, and image-280

processing uncertainty may each contribute to this remaining scatter, as discussed in Section 4.2.281

3.2 Drop energy transmission in steady-state oscillation282

We now consider the case where the drop is driven by a steady, vertically oscillating surface, rather than the impulsively283

stopped substrate and subsequent ring-down of the drop. After an initial transient, the drop reaches a periodic steady-284

state. At steady state, temporal averaging over any number of complete oscillation cycles gives,285

P̄in = Φ̄, (23)

where P̄in is the time-averaged power transmitted from the oscillating surface to the drop per unit of volume. Using286

the dissipation scaling derived in Eq. (17), the time-averaged dissipation becomes287
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Φ̄ = 2�K ̇̄S2. (24)

We note that, for steady periodic oscillations, ̇̄S2 = RMS(̇)2. As such, average power transmitted to the drop from288

the oscillating substrate can be written as289

P̄in = 2�K × RMS(̇)2. (25)

Eq. (25) states that the steady-state power density transmitted from the vibrating surface to the drop can be estimated290

directly from the measured sloshiness dynamics, enabling the quantification of energy transmission from image-based291

measurements without requiring access to the internal velocity field. We model the pinned drop as a simplified point–292

mass system connected to a surface with amplitude (t) = 0 sin(!t) (Fig. 1) whose dynamics are well-known,293

where ! is the vibration frequency. The drop centroid has a displacement relative to its equilibrium position as Z(t) =294

Z0 sin(!t+�), where � is the phase of the centroid motion relative to the surface. In this simplified physical analogy,295

surface tension acts as the restoring spring force and internal viscous stresses provide damping, mirroring the reduced296

spring–mass–damper operator structure derived for the driven, viscous sessile drop considered in previous studies9,38.297

Rather than deriving the inertia, capillarity, and dissipation operators from first principles, we use a single empirically298

measured natural frequency !d and damping ratio � , obtained directly from free-decay data (Section 3.1).299

The definition of sloshiness in the drop corresponds to Z(t)∕H0 in the spring–mass–damper system, where H0 is300

the equilibrium height of the drop. However, there is a rheological difference between a dynamically scaled point mass301

and a drop, due to the absence of a velocity gradient in the former. Therefore, the proposed relation (t) ∼ Z(t)∕H0302

requires modification to account for the non-uniformity of internal velocity across the drop. We introduce a coefficient303

Γ(!), formally derived below, that measures how uniformly the drop’s internal velocity is distributed across its height.304

Physically, fluid immediately adjacent to the oscillating substrate must move with it. Because the drop’s contact line305

is pinned, its footprint diameter is fixed, which by continuity constrains the vertical velocity away from the substrate306

to be nearly independent of height. We refer to this height-independent value as the bulk velocity. The near-wall fluid307

transitions from the substrate’s velocity to this bulk value over some length scale, which can be small or large relative308

to the drop height depending on viscosity and driving frequency. When this transition length scale is small relative309

to the drop height, the transition is confined to a thin region near the substrate, and most of the drop moves at the310

same bulk velocity, that in this limit, Γ → 0. When the transition length scale instead approaches or exceeds the drop311

height, the velocity has not settled to the bulk value anywhere within the drop, and the entire profile varies continuously312

from substrate to free surface, and also in this limit, Γ → 1. The quantity 1 − Γ(!) therefore measures the degree of313

internal non-uniformity, and is applied as a correction factor in Eq. (26) to account for this effect in the point-mass314

approximation of sloshiness. The modified sloshiness proportionality can therefore be written as315

(t) = Cs

[|Z(t)|
H0

(1 − Γ(!))

]�
, (26)

where Cs and � are fitting parameters determined from experimental data. Given the definition of sloshiness as the316

relative magnitude of drop deformation, we employ the absolute values of Z(t) in Eq. (26). Substituting Z(t) =317

Z0 sin(!t + �) into Eq. (26) and differentiating with respect to t gives318

̇(t) = Cs�!

[
Z0 (1 − Γ(!))

H0

]�
sgn [sin(!t + �)] cos(!t + �) |sin(!t + �)|�−1 . (27)

̇ is in practice obtained as a finite difference from discrete frames acquired at 12,000 fps, and the sloshiness signal319

itself is derived from pixel-counting, which is inherently sampled. This finite sampling interval ensures ̇ is bounded.320

The root-mean-square of ̇(t) is321

RMS
(̇(t))2 = 1

T ∫
T

0

̇(t)2 dt = C� !
2

[
Z0(1 − Γ(!))

H0

]2�
. (28)

C� is a fitting coefficient that absorbs � and Cs. Completing Eq. (26) requires the amplitude Z0, which we obtain from322

the base-excited point-mass analogy introduced in Sec. 3.2. The substrate moves as (t) = 0 sin(!t), and the drop323

centroid is modeled as a damped mass at a position z(t). Because sloshiness quantifies deformation, the physically324

relevant quantity is the centroid’s motion relative to the substrate, Z(t) = z(t) − (t). A drop translating rigidly with325
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the substrate has zero relative displacement and, correctly, zero deformation, regardless of how far the substrate itself326

travels. Writing the equation of motion for this relative coordinate,327

Z̈ + 2�!dŻ + !2
d
Z = −̈ = !20 sin(!t), (29)

and solving for the steady-state response amplitude gives the relative-motion transmissibility61,328

Z0

0

=

(
!

!d

)2

√√√√
[
1 −

(
!

!d

)2
]2

+

(
2�

!

!d

)2

. (30)

This relative-motion transmissibility differs from the more commonly cited absolute-motion transmissibility (relating329

z(t) directly to (t)), which carries an additional
√
1 + (2�!∕!d)

2 factor in the numerator. That expression describes330

how much the mass moves in a fixed frame, not how much it deforms relative to its support61, and is not the quantity331

relevant here. In this equation, Z0 is assumed to oscillate at the driving substrate frequency because the centroid332

position is insensitive by construction to sectoral-type (l ≥ 2) deformation62, which justifies the harmonic assumption333

in Eq. (30).334

To estimate Γ(!), we apply a Stokes boundary-layer correction based on the classical solution for oscillatory flow335

above a vibrating plate. By applying our non-uniformity correction factor to a one-dimensional point-mass analogy,336

we neglect the full internal flow of the drop. Consider fluid velocity changes between the point of contact with the337

substrate and the drop bulk. In the near-wall region, the velocity difference between the substrate and bulk varies over338

the viscous penetration depth �v, whereas lateral variations occur over a characteristic length comparable to the contact339

radius R. Thus, the relevant gradient ratio is340

||||
)w∕)z

)w∕)x

|||| ∼
w∕�v

w∕R
=

R

�v
. (31)

For the drops tested 3−7 �L with equilibrium contact angles of 79◦−87◦, contact radius is R ≈ 1.2−1.6 mm and341

drop height is H0 ≈ 1.1−1.5 mm. In the low-viscosity regime, for example � = 0.88 mPa⋅s, �v = 43−75 �m over the342

155 − 50 Hz frequency range, giving R∕�v ≈ 16 − 36. Hence, within the near-wall region, vertical velocity gradients343

exceed lateral gradients by more than an order of magnitude, supporting the one-dimensional approximation used344

here. This scaling is progressively less restrictive as �v approaches R or H0. In particular, for the most viscous liquid345

studied (� = 393.5 mPa⋅s), �v ≈ 0.90 − 1.58 mm, which is comparable to the drop dimensions, and the assumption346

�v ≪ R, H0 is no longer satisfied throughout the drop. We therefore interpret the one-dimensional solution as a near-347

substrate boundary-layer approximation rather than a description of the complete three-dimensional velocity field. The348

resulting Γ correction accounts for the finite penetration of the near-wall shear region into the drop. Deviations from349

the one-dimensional approximation near the apex and contact line are absorbed into the empirically calibrated model350

coefficient. Therefore, the vertical momentum balance is approximated as351

�
)w

)t
= −

)p

)z
+ �

)2w

)z2
, (32)

wherew(z, t) is the vertical velocity component, p(z, t) is the dynamic pressure. Applying the incompressible continuity352

to the drop bulk yields353

)ubulk

)x
+

)vbulk

)y
+

)wbulk

)z
= 0. (33)

Given that lateral flow is small compared to vertical flow due to the pinning of the contact diameter, we obtain354

)wbulk

)z
≈ 0. (34)

As such, bulk vertical velocity is independent of the z-direction and can be denoted as Wbulk. Considering oscillatory355

motion, the velocity field takes the form W (z)ei!t, which can be decomposed and expressed as356
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W (z) = Wbulk + W̃ (z), (35)

where Wbulk is the velocity amplitude of the bulk region and W̃ (z) is the difference between fluid velocity in the bulk357

region and near the surface. Consistent with this harmonic velocity ansatz, we similarly write the dynamic pressure as358

p(z, t) = P (z)ei!t, with P (z) its amplitude. Substituting w(z, t) = W (z)ei!t and p(z, t) = P (z)ei!t into Eq. (32) and359

canceling the common factor ei!t gives360

i!�W (z) = −
dP

dz
+ �

d2W

dz2
, (36)

Following standard boundary-layer treatment, the pressure gradient dP∕dz is imposed by the outer (bulk) flow and is361

treated as uniform across the thin near-wall region63, so it takes the same value in both the bulk and near-wall equations362

that follow. Since Wbulk is independent of z (Eq. (34)), the viscous term in Eq. (36) vanishes in the bulk, reducing the363

vertical momentum balance there to364

i!�Wbulk = −
dP

dz
. (37)

This expression isolates the pressure gradient driving the bulk motion. Substituting Eq. (35) into the full near-wall365

form of Eq. (32) yields366

i!�
(
Wbulk + W̃

)
= −

dP

dz
+ �

d2W̃

dz2
. (38)

Substituting Eq. (37) into Eq. (38) yields367

i!�W̃ = �
d2W̃

dz2
. (39)

This is a linear, constant-coefficient ODE, with � = �∕�, whose general solution is W̃ (z) = Ae�z + Be−�z, where368

� =
√
i!∕� =

1 + i√
2�∕!

=
1 + i

�v
, (40)

using
√
i = (1+i)∕

√
2, Eq. (40) gives the viscous penetration depth, or Stokes penetration depth20 �v =

√
2�∕!. Since369

Re(�) > 0, the term Ae�z grows without bound away from the substrate. Because W̃ represents the velocity difference370

between the near-wall and bulk regions, and this difference must vanish far from the substrate, physical boundedness371

requires A = 0, leaving W̃ (z) = Be−�z. The remaining constant B is fixed by the no-slip condition at the substrate372

(z = 0), where the fluid must move with the substrate velocity W (0) = Wbulk + W̃ (0) = W0, giving B = W0 −Wbulk373

and therefore374

W̃ (z) = (W0 −Wbulk) e
−�z. (41)

The full velocity solution is therefore375

w(z, t) = Re
{[
Wbulk + (W0 −Wbulk) e

−�z
]
ei!t

}
, (42)

Eq. (42) indicates the velocity gradually changes from the wall velocity to the bulk velocity over the length scale �v.376

We now formalize Γ using the velocity decomposition of Eq. (35). Because W̃ (z) is, by construction, the entire height-377

dependent part of the velocity field, its magnitude at each height directly measures how far the fluid remains from the378

single shared bulk value, so that W̃ (0) = W0−Wbulk is maximal at the substrate and decays with height over the length379

scale �v. Whether this deviation is confined to a thin fraction of the drop or persists across its entire height depends380

on �v relative to H0, so we define Γ as the average of the normalized deviation W̃ (z)∕(W0 − Wbulk) over the drop’s381

own finite extent, z ∈ [0,H0]. When �v ≪ H0, the near-wall deviation occupies only a small fraction of the averaging382

window and is diluted toward zero, and when �v ≫ H0, the deviation remains close to its maximum across the entire383

window. Evaluating this average analytically gives384

Γ =
1

H0 (W0 −Wbulk) ∫
H0

0

Re
[
W̃ (z)

]
dz =

�v

2H0

[
1 − e−H0∕�v

(
cos

H0

�v
− sin

H0

�v

)]
. (43)

Plugging Eq. (43) into Eq. (26), the sloshiness is then expressed as385
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(t) =
[|Z(t)|

H0

(
1 −

�v

2H0

[
1 − e−H0∕�v

(
cos

H0

�v
− sin

H0

�v

)])]�
. (44)

Substituting Eqs. (44), (30), and (28) into Eq. (25), we obtain386

P̄in = 2KC��
(1 − Γ(!))2�

H2�
0

!22�
0

⎡⎢⎢⎢⎢⎢⎢⎣

(
!

!n

)2

√√√√
[
1 −

(
!

!n

)2
]2

+

(
2�

!

!n

)2

⎤⎥⎥⎥⎥⎥⎥⎦

2�

. (45)
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Figure 7: (a) Predicted versus measured transmitted power trained on � = 0.88 and 6.5 mPa⋅s and tested on the unseen fluid � = 2.3

mPa⋅s, across the full frequency range. The dashed line represents the ideal prediction (Measured P̄ = Predicted P̄ ). Predicted P̄

is calculated by Eq. (45) (solid/dashed curves) re-fitted on the full range of frequency for the two fitting fluids: (b) � = 0.88 mPa⋅s,

(c) � = 6.5 mPa⋅s, and (d) the unseen test fluid � = 2.3 mPa⋅s. (b-d) Solid markers denote pre-resonance data (f ≤ fn) and

faded hollow markers denote post-resonance data (f > fn), which lie outside the validity range of the model. Vertical dashed lines

represent the natural frequency of drops.
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Equation (45) establishes the functional form of the transmitted power, relating P̄in to driving frequency, substrate387

amplitude, liquid viscosity, drop geometry, and the drop’s own measured natural frequency and damping ratio. The388

exponent � and C� , however, are not determined by the derivation itself and must be estimated from experimental389

data before Eq. (45) can be used for prediction. We therefore test whether the model, once calibrated using a subset390

of our measurements, can predict the transmitted power for drop conditions not included in the calibration data, as391

shown in Fig. 7. We divide the experimental data into two groups, a fitting set and a test set, to empirically fit and392

evaluate the utility of Eq. (45) for predicting the rate of energy transmission into a liquid drop. The determination of393

fitting parameters for Eq. (45) using experimental measurements for � = 0.88 and 6.5 mPa⋅s across the full frequency394

range yields � = 0.159. A result of � ≠ 1 precludes S ∼ |Z|∕H0, which may reflect contributions from higher-mode395

deformation and the restricted centroid motion imposed by the pinned contact line. We test the model for � = 2.3mPa⋅s.396

For each driven-oscillation trial, we obtain an experimental estimate of P̄in by extracting ̇(t) directly from the drop397

silhouette (Eq. (1)), computing RMS(̇)2 over the trial, and evaluating Eq. (25) using the fluid’s known viscosity �.398

This estimate is compared against the model prediction of Eq. (45), plotted in Fig. 7a. Because both quantities depend399

on the same fitted K , this comparison tests whether the base-excitation and boundary-layer corrections (Eq. (30),400

Eq. (43)) correctly predict the sloshiness response, given K as established independently from free decay, rather than401

testing K itself. The corresponding R2 values for the fitting and test sets are poor at 0.7 and 0.53, respectively. To402

probe further, prediction curves for the transmitted power are plotted alongside experimental measurements for the full403

frequency range in Fig. 7b-d. We observe that Eq. (45) fails to capture the reduction in transmitted energy observed404

at frequencies above resonance. We consider several candidate explanations for this reduction, which carry differing405

degrees of quantitative support.406

The leading candidate is that the drop lacks sufficient time to restore its equilibrium shape before the substrate com-407

pletes each oscillation cycle, progressively suppressing its sloshiness. This hypothesis predicts that suppression should408

begin once the viscocapillary relaxation time64, �H0∕� , becomes comparable to the substrate oscillation period, 1∕f .409

For our most viscous fluid at our highest driving frequency, these timescales are indeed comparable (�H0∕� ∼ 7 ms410

versus 1∕f ≈ 6.5 ms at 155 Hz), consistent with this mechanism, whereas for our lower-viscosity fluids, �H0∕� re-411

mains one to three orders of magnitude smaller than 1∕f throughout our tested range, so this mechanism does not, by412

itself, account for the same qualitative suppression observed at lower viscosities.413

We hypothesize that this remaining discrepancy instead reflects a limitation of the centroid-based prediction,414

rather than a failure of the underlying transmission model. Centroid position is insensitive by construction to non-415

axisymmetric (l ≥ 2) surface deformation36. The transition from harmonic, axisymmetric response to subharmonic,416

non-axisymmetric response has been linked to driving acceleration62,65 exceeding a threshold on the order of 1g. At417

fixed substrate displacement amplitude, acceleration scales as (2�f )2 and so increases sharply with frequency in our418

own experiments, plausibly bringing higher-frequency trials into this regime. If such a transition occurs, the centroid-419

based prediction of ̇ could be suppressed without a corresponding suppression of the true, silhouette-derived sloshi-420

ness rate.421

Regardless of which mechanism is responsible, this post-resonance behavior is not captured by Eq. (45), and the422

physically valid range of the model is therefore restricted to frequencies at or below the resonance frequency of the423

drop.424

Restricting fitting data to the pre-resonance regime (f ≤ fn) and re-fitting yields � = 0.171. Despite the inherent425

variability in experimental measurements, R2 values for the fitting and test sets improve substantially to 0.8 and 0.77,426

respectively, confirming that Eq. (45) provides a physically consistent and quantitatively reliable description of the427

energy transmission in the pre-resonance regime. As established by the results shown in Fig. 8, energy from the428

oscillating substrate to the drop at the natural frequency of the drop decreases per unit volume as drop volume increases.429

We validate this observation by using a simple free-vibration ring-down experiment, in which a drop is deposited430

on the tip of a plucked vibrating cantilever, as described in Section 2. A representative plot of the displacement Δ of431

the plucked cantilever tip in a ring-down experiment is shown by Fig. 9. Increasing the number of drops while keeping432

the total liquid volume constant at V = 18 �L increases the decay rate by increasing the total contact area and �v∕H0,433

as shown in Fig. 10a. Indeed, smaller drops have a larger dissipative capacity per unit volume (Fig. 8b-d). In addition,434

according to P̄in ∝ � × RMS(̇)2 (Eq. (25)), increasing viscosity increases the transmitted energy up to a threshold,435

beyond which the reduction in drop deformation at high viscosity decreases the transmitted energy. This result is also436

observed by obtaining the decay rate of the cantilever after testing drops with different viscosity but with the same437

volume V = 10 �L. As viscosity increases from 0.88 mPa⋅s [1W0G] to 29.44 mPa⋅s [1W3G], transmitted energy438

increases, while, on the other hand, it decreases from � = 29.44 mPa⋅s to � = 393.5 mPa⋅s for glycerol, as shown in439

Fig. 10b.440

15
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Figure 8: Predicted versus measured transmitted power trained on � = 0.88 and 6.5 mPa⋅s and tested on the unseen fluid � = 2.3

mPa⋅s, across the pre-resonance frequency range. The dashed line represents the ideal prediction. Transmitted power Pmeas as a

function of excitation frequency against the model prediction of Eq. (45) (solid/dashed curves) re-fitted on the pre-resonance data

Panels for (b, c) the two fitting fluids � = 0.88 mPa⋅s and � = 6.5 mPa⋅s, and (d) the unseen test fluid � = 2.3 mPa⋅s. (c-d) Solid

markers denote pre-resonance data (f ≤ fn) and faded hollow markers denote post-resonance data (f > fn), which lie outside the

validity range of the model. Vertical dashed lines represent the natural frequency of drops.
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Figure 9: Representative free-vibration ring-down response of the plucked cantilever with a 10 �L glycerol drop [0W1G] deposited

at the tip. The cantilever displacement decays exponentially after release, and the fitted envelope gives a damped natural frequency

of fd = 63.15 Hz, damping ratio of � = 0.056, and decay rate of b = 22.2 s−1.
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Figure 10: Decay rate of the cantilever free vibration. (a) Decay rate b vs individual drop volume, keeping total volume constant at

18 �L. The decay rate increases as the individual volume of 1W0G drops decreases. (b) Decay rate vs viscosity for 10 �L drops. The

decay rate initially increases with increasing viscosity but decreases at very high viscosity as drop deformation becomes suppressed.

Error bars represent ± one standard deviation.

4 Discussion441

In this study, we connect viscous dissipation and energy transmission to image-based drop silhouette deformation442

(Eq. (18)), which eliminates the need for time-resolved measurements or computations of the drop internal velocity443

field for cases where it is challenging to access the internal flow field measurement, which is true for many applications.444

Examples include opaque fluids such as crude oils and liquid metals66,67, or drops under extreme conditions, such as445

high temperatures68,69 or cryogenic temperatures70,71, in which introducing and maintaining suitable tracers is diffi-446

cult. In some cases, it is unallowable to add impurities to a sample, such as in nuclear-grade liquids72 and biofluids . We447

acknowledge that many of the aforementioned example liquids can exhibit some degree of non-Newtonian behavior.448

The applicability of our method to non-Newtonian liquids is an area for future work. Even for Newtonian, transpar-449

ent drops, the constant change in drop curvature produces optical distortion that requires post-processing correction450

to achieve accurate velocity field measurements73,74. A further practical advantage is that surface tension does not451

appear explicitly in our framework. Surface tension governs the natural frequency and damping ratio of the drop, but452

because !n and � are measured directly from free-decay ring-down data rather than predicted from liquid properties,453

our method sidesteps the need for independent surface tension measurements. Avoiding the need for a prescribed sur-454

face tension value is particularly advantageous for contaminated or multicomponent liquids, for which surface tension455

may be difficult to measure or may vary over time, such as during evaporation or chemical reactions. The trade-off is456

that the model cannot predict energy transmission for a new liquid without first performing a ring-down experiment to457

obtain !n and � .458

4.1 Physical interpretation of the energy transmission model459

The Stokes penetration depth relative to the drop height is the dimensionless parameter that controls the volumetric460

energy transmission efficiency, consistent with classical results for oscillating viscous drops; dissipation is concentrated461

in a boundary layer near the interface and can dominate the total dissipation even when bulk viscosity is weak75,76.462

When �v∕H0 is very small, a strong velocity gradient exists, but it is confined to a thin boundary layer close to the463

wall. The bulk above the boundary layer contributes to inertia and reversible energy recovery. Still, the bulk does not464

participate in meaningful dissipation, so the spatially localized shear layer hinders the substrate’s ability to perform465

irreversible work on the whole of the drop. The non-dissipating bulk thus dilutes the transmission power per unit466

volume. When �v∕H0 → 1, the viscous layer spans much of the drop, homogenizing the velocity field and, as a result,467

the viscous dissipation begins to vanish due to the diminishment of the velocity gradient. Therefore, there is a non-468
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monotonic power transfer dependence on �v∕H0 that indicates that the maximum transmission efficiency occurs when469

the shear layer is thick enough to engage a considerable portion of the drop but thin enough to maintain shear in the470

velocity field.471

Our interpretation is validated by an independent cantilever experiment shown as Fig. 10. For a low-viscosity fluid472

such as water (�v ≈ 0.05mm) that sits deep in the �v << H0 regime across the range of drop volumes, reducing the473

size of the drop increases �v∕H0 toward a peak dissipative capacity per unit volume. Further decreasing drop size474

lowers dissipation capacity as smaller drops lose the ability to slosh77. Thus, small drops behave similarly to larger,475

more viscous drops. This non-monotonic behavior, previously observed empirically for drops damping a vibrating476

cantilever17, is confirmed here in Fig. 10b, where the peak in energy transfer/dissipation from the cantilever to the477

drop occurs at an intermediate value of �v∕H0. Eq. (18) identifies the underlying mechanism as the competing roles478

of � in amplifying dissipative capacity while suppressing the sloshiness rate itself.479

In addition to drop size and viscosity, vibration frequency ! governs �v∕H0. In the pre-resonance regime, increas-480

ing ! decreases the viscous penetration depth �v while increasing the sloshiness rate (Eq. (28)). The former is weaker481

than the latter as evidenced by the 2� < 1 exponent in Eq. (45). In the post-resonance regime, a sudden decrease in482

transmission energy P̄in is observed because the drop is unable to follow the translation of the substrate, as stated by483

Eq. (30) and shown in by Fig. 7b-d. However, the current model does not predict the suppression of the sloshiness rate484

(Eq. (28)), which constitutes a failure when the substrate vibrates faster than resonance.485

4.2 Limitations and future work486

The dissipation scaling Φ ∝ � ̇ 2 (Eq. (18)) and the transmission model (Eq. (25)) rest on assumptions whose validity487

defines the current scope of our model and whose relaxation points toward natural extensions for future work. The488

single-mode approximation (Eq. (3)) requires that the first singular value �1 accounts for the majority of the deformation489

energy. In our experiments, the first mode captures approximately 75-80 % of the total variance (�2
1
∕
∑

i �
2
i
). The490

dominance of the primary mode is expected for drops driven well below the onset frequency of higher-order shape491

modes. Near mode transitions or at high forcing amplitudes, higher modes may contribute more significantly, and the492

single-mode truncation will be less accurate. Mode mixing between a harmonic zonal component and a subharmonic493

non-axisymmetric one has been reported in the large majority (> 90%) of observations in comparable pinned, driven494

sessile-drop systems38, raising the possibility that some portion of the ∼20% of variance not captured by �1 reflects495

such coexisting content. Theory attributes the harmonic zonal response to a low-amplitude meniscus wave with no true496

excitation threshold, distinct from non-axisymmetric modes, which are genuine parametric instabilities governed by a497

threshold computable via Floquet analysis65. Viscous Floquet-based parametric instability theory has been established498

for planar interfaces78 and free spherical drops79, but no corresponding theory exists yet for a sessile drop with a pinned499

contact line, particularly across the viscosity range studied here. Extending our approach to retain multiple SVD modes500

is straightforward in principle; the dissipation would be expressed as a sum over modal contributions and would broaden501

the range of forcing conditions to which the method applies.502

The dissipation integral (Eq. (8)) requires velocity gradients throughout the drop volume, yet sloshiness is computed503

from the two-dimensional silhouette. The implicit assumption is that the surface deformation encodes the internal flow504

structure. For the dominant-mode oscillations considered here, the measured boundary deformation provides sufficient505

information to construct a reduced-order estimate of the volumetric strain-rate field. This assumption is justified when506

the drop deforms in an axisymmetric mode on a horizontal, flat substrate with uniform wettability80,81, because ax-507

isymmetry ensures that two orthogonal silhouettes fully determine the three-dimensional free-surface shape, and for508

low-order modes the internal flow is kinematically slaved to the surface motion. A sessile drop on a vertically vibrating509

flat substrate remains axisymmetric provided the driving acceleration stays below the parametric (Faraday) threshold510

for all non-axisymmetric modes65,82,83. These assumptions fail for drops on inclined or heterogeneous substrates, or511

for higher-order modes with internal recirculation not visible in the silhouette.512

The correlation between the sloshiness-rate-based dissipation estimate and the independently measured dissipation513

rate yields R2 = 0.89 (Fig. 6), leaving approximately 11 % of the variance unexplained. Three factors likely contribute514

to the less-than-perfect fit. First, contact-line dissipation is not captured by the bulk viscous scaling Φ ∝ � ̇ 2. Al-515

though the rough substrate suppresses gross contact-line motion, residual microscopic slip may still dissipate energy.516

Incorporating a contact-line dissipation term, such as the model already developed for driven sessile drops by Bostwick517

& Steen9, is likely to improve the correlation and allow its extension to drops with gross contact-line motion. Second,518

higher-mode content is not captured by the single-mode truncation and introduces deformation energy that is invisible519

to the model, an issue that could be addressed by the multi-mode extension described above. On a related note, K may520
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exhibit systematic variation due to modal frequency content and geometry. Third, image-processing noise propagates521

into both ̇ and Ėcm, adding scatter to both axes of the correlation. The relative contributions of these three sources522

are not resolved by the present study.523

The one-dimensional Stokes correction also has a geometric limitation. The derivation assumes that the near-524

substrate velocity variation occurs over the viscous penetration depth �v, while lateral variations occur over the larger525

contact-radius scale R. For the present low-viscosity cases, R∕�v ≳ O(10), supporting the neglect of lateral gradients526

within the near-wall region. However, as �v∕H0 approaches unity, the distinction between a thin boundary layer and527

the remainder of the drop becomes less pronounced, and the one-dimensional approximation becomes increasingly528

restrictive. Moreover, near the apex and contact-line regions, the local interface curvature introduces lateral length529

scales that are not represented by the planar Stokes solution. Eq. (43) should therefore be interpreted as a leading-order530

correction for the near-substrate velocity non-uniformity rather than an exact representation of the three-dimensional531

internal flow. A fully resolved treatment would require solving the coupled three-dimensional flow in the actual sessile-532

drop geometry, including the curved free surface and pinned contact line.533

The energy transmission model (Eq. (45)) is validated only in the pre-resonance regime. Above the natural fre-534

quency, the substrate oscillation period becomes shorter than the drop shape relaxation timescale, a time not quantified535

analytically, and the drop can no longer respond periodically to the forcing. The resulting suppression of sloshiness is536

not captured by the harmonic single-degree-of-freedom analogy underlying Eq. (28).537

The fitted exponent � is specific to the mapping between centroid motion and the present silhouette-based definition538

of sloshiness. The value of � is consistent across the different drop sizes and viscosities tested on the same surface,539

whereas its dependence on surface properties is not resolved by the present study.540

5 Conclusion541

We establish a physical link between the visible deformation of an oscillating sessile drop and its internal viscous542

dissipation. By decomposing the drop surface deformation into data-driven modes via singular value decomposition543

and assuming a single dominant mode, we show that the viscous dissipation rate per unit volume is proportional to the544

product of the dynamic viscosity and the square of the sloshiness rate, Φ ∝ � ̇ 2. This relationship enables estimation545

of viscous dissipation directly from drop silhouette image sequences without requiring measurements or computations546

of the internal velocity field.547

For steady-state harmonic oscillations, the time-averaged power transmitted from a vibrating substrate is balanced548

by viscous dissipation, allowing the transmitted power to be expressed in terms of sloshiness dynamics. Combining549

this energy balance with a base-excited spring–mass–damper analogy and a Stokes boundary-layer correction for the550

internal velocity non-uniformity, we develop a semi-empirical model (Eq. (45)) that predicts how transmitted power551

varies with excitation frequency, substrate amplitude, liquid viscosity, and drop size. The model is fitted using data from552

two liquids and successfully predicts the transmitted power for a withheld fluid with R2 = 0.77 in the pre-resonance553

regime (f ≤ fn). Above the natural frequency, where the substrate oscillation period becomes shorter than the drop554

shape relaxation timescale, the drop can no longer respond periodically to the forcing. The resulting suppression of555

sloshiness is not captured by the current model, restricting its validity to the pre-resonance regime.556

Independent cantilever ring-down experiments corroborate two predictions of our model. First, for a fixed total557

liquid volume, distributing the liquid among a larger number of smaller drops increases the cantilever decay rate,558

confirming that smaller drops dissipate more energy per unit volume. Smaller drops have a larger ratio of viscous559

penetration depth to drop height, which engages a greater fraction of the liquid volume in the near-wall shear layer.560

Second, the cantilever decay rate varies non-monotonically with liquid viscosity. Decay rate initially increases as561

viscosity enhances the capacity for irreversible work, then decreases at higher viscosities as the drop becomes too solid-562

like to slosh appreciably. The presence of a maximally dissipative viscosity is a direct consequence of the dissipation563

scaling Φ ∝ � ̇ 2, in which viscosity amplifies dissipation per unit deformation rate while simultaneously suppressing564

the deformation rate itself.565

Taken together, these results demonstrate that the dynamic silhouette of a sessile drop contains sufficient infor-566

mation to characterize both viscous dissipation and energy transmission without optical or computational access to567

the internal flow. The framework requires only high-speed video from two orthogonal views, making it practical for568

parametric studies within the range of Newtonian liquids, drop sizes and forcing conditions examined here.569

570
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