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The Geometry of Earthquake Shaking: A Probabilistic Model for Response-Spectrum
Directionality

Rajesh Rupakhety', Victor M. Hernandez-Aguirre’
Abstract:

Directional variability of horizontal response spectra is commonly characterized through
rotation-invariant measures such as RotD50 and RotD100, yet the statistical behaviour of the
underlying directional field remains poorly understood. This study shows that a substantial
fraction of the observed directional variability can be explained by a finite-sample effect: when a
record contains few statistically independent response cycles, covariance estimates become
inherently variable, producing apparent anisotropy even under isotropic excitation. Using 4690
strong-motion records from the Engineering Strong Motion database, we develop a probabilistic
model for the RMS anisotropy parameter k.. The model expresses the effective sample size,
N, as a function of the duration-to-period ratio, ¥, through three physically motivated regimes:
a lower floor associated with the few-cycle regime of covariance estimation, an intermediate
narrowband-scaling regime, and a short-period saturation imposed by the finite bandwidth of the
excitation. Despite containing only a single calibrated parameter, the model reproduces the
observed ks distributions across the full period range considered. Residual analyses indicate
that much of the apparent dependence of anisotropy on earthquake magnitude and source-to-
site distance is removed after conditioning on this stochastic baseline. Pulse-like motions and
site response contribute genuine physical anisotropy but remain secondary to the duration-
controlled stochastic baseline. When combined with an existing stochastic model for directional
peak-factor variability, the framework enables simulation of directional response spectra and
reproduces the principal features of observed directional response. The results support
reinterpreting directional variability as a bounded stochastic geometric phenomenon governed
primarily by the duration-to-period ratio. This perspective provides a physically grounded basis
for directional ground-motion modelling, record selection, and probabilistic seismic hazard
analysis, and suggests that compact, low-dimensional stochastic representations of horizontal
ground-motion fields are an achievable goal.

Keywords: response spectra, rotation-invariant measures, covariance anisotropy, ground-
motion directionality, effective sample size

1. Introduction

Horizontal ground motion is a two-component vector process. Consequently, the intensity
experienced along a structural axis depends on the orientation of that axis with respect to the
horizontal ground-motion field, and this dependence can be substantial (Hong and Goda, 2007;
Poulos and Miranda, 2022). Such behaviour arises from a combination of source, path, and site
effects, including rupture directivity (Huang et al., 2008; Somerville et al., 1997), radiation pattern
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(Kotha et al., 2019; Poulos and Miranda, 2023), wave-propagation complexity, directional
topographic amplification (Spudich et al., 1996), and heterogeneities in the near surface (Baena-
Rivera et al., 2024; Pischiutta et al., 2018). As aresult, horizontal response spectra are orientation
dependent rather than intrinsically scalar. These effects are increasingly considered in record
selection(Nievas and Sullivan, 2018), seismic assessment (Skoulidou et al., 2019), and loss
estimation (Feng et al., 2021; Lagaros, 2010; Poulos and Miranda, 2025). Yet probabilistic seismic
hazard analysis (PSHA), ground-motion modelling, and structural design are formulated almost
entirely in terms of scalar intensity measures. The directional response field is therefore typically
condensedinto one or afew scalar summaries thatretain only selected features of the underlying
directional structure.

Rotation-invariant measures provide a useful and reproducible basis for this reduction. RotD50,
defined as the median pseudo-spectral acceleration (PSA) over all orientations (Boore, 2010),
and RotD100, the corresponding maximum, have become the standard horizontal-component
definitions in modern ground-motion modelling and in the design procedures built upon them
(Boore et al., 2014; Bozorgnia et al., 2014). Their ratio, RotD100/RotD50, is bounded between

unity for an isotropic response and V2fora perfectly polarized response, and is widely interpreted
as a measure of ground-motion directionality.

However, these quantities are summaries of the directional response field (Rupakhety, 2026).
Geometrically, replacing an anisotropic response field by a rotation-invariant measure is
equivalent to replacing it with a circle of prescribed radius. RotD50 represents a typical
directional level, whereas RotD100 corresponds to a maximum-direction or resultant-envelope
quantity. Neither preserves the shape or orientation of the original response field. Preserving
orientation dependence is also relevant in urban risk analysis, where common building
orientations can increase the correlation and variance of aggregate losses (Poulos and Miranda,
2025).

More fundamentally, RotD100/RotD50 does not isolate a unique form of anisotropy. Directional
PSA can be separated into a root mean square (RMS) response field and an orientation-
dependent peak factor (Rupakhety and Hernandez-Aguirre, 2026a), analogous to the classical
random-vibration-theory separation between RMS response and finite-duration peak formation
(Vanmarcke and Lai, 1980). The RMS field is determined by the covariance structure of the two
horizontal oscillator-response histories and therefore possesses s an exact elliptical second-
order geometry. The peak factor introduces an additional angular modulation associated with the
stochastic formation of temporal extremes (Rupakhety and Hernandez-Aguirre, 2026b).
Consequently, RotD100/RotD50 reflects the combined influence of RMS anisotropy and
stochastic variability of directional peak formation rather than a single underlying state variable.

Existing empirical treatments of ground-motion directionality can be organised into three broad
groups. The first relies on conversion models between scalar horizontal-component definitions.
Period-dependent relationships for RotD100/RotD50 and related quantities allow intensity
measures to be translated from one rotational percentile to another (Boore and Kishida, 2017;
Shahi and Baker, 2014a). These models are practical and compatible with established ground-
motion modelling workflows, but their targets are selected scalar functionals of the directional
field rather than the underlying geometric field. Because RotD100/RotD50 is bounded, additional
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assumptions are required when modelling its residual variability probabilistically, particularly in
the tails of the distribution where physical bounds become relevant.

The second group characterises spectral ordinates at arbitrary orientations relative to the
realised direction of maximum response. Poulos and Miranda (2022) developed probabilistic
models for spectral ordinates normalised by RotD50 or RotD100 as functions of angular distance
from the RotD100 axis. Their framework models the means, dispersions, correlations, and
bounded distributions of these ratios and therefore retains substantially more angular
information than a conversion between two scalar percentiles. However, the formulation remains
descriptive: directional distributions are modelled directly rather than through an underlying
state variable governing their evolution. As a result, directional variability is characterised as a
function of oscillator period, but the physical quantities controlling that variability are not
explicitly identified.

The third group incorporates directional variability into the aleatory variability of ground-motion
models (GMMs) through component-to-component variability terms (Baker and Cornell, 2006;
Beyer and Bommer, 2006; Girmay and Miranda, 2026). This approach is convenient for prediction
and hazard calculations because directional effects can be represented through additional
variability within existing GMM frameworks. However, directional variability remains represented
as an additional source of variability rather than as the consequence of an underlying state
variable governing the directional response field.

Taken together, these approaches provide increasingly detailed descriptions of directional peak
response, but none supplies a predictive model for geometric anisotropy that exists before peak
extraction. A natural variable for this purpose is the normalised contrast between the principal
eigenvalues of the two-component response covariance matrix, denoted here by Kyns
(Rupakhety and Hernandez-Aguirre, 2026). It is bounded and scale invariant, is zero for a circular
RMSfield, and increases as the response covariance becomes concentrated along one direction.
It therefore isolates geometric elongation independently of the overall response amplitude and
of the subsequent angular modulation introduced by peak formation.

Importantly, non-zero k., does not necessarily imply a persistent physical preferred direction.
Even when the population excitation is isotropic, a covariance matrix obtained from a finite-
duration response history generally has unequal eigenvalues. Finite covariance sampling
therefore produces realisation-dependent anisotropy. Under the isotropic Gaussian reference
model, the distribution of ks is governed by the amount of effectively independent covariance
information in the oscillator response, represented by N (Rupakhety and Hernandez-Aguirre,
2026).

Previous work established the distributional basis of k., and derived a first-order narrowband
approximation relating N.¢ to oscillator period, damping, and energetic response duration
(Rupakhety and Hernandez-Aguirre, 2026). That approximation captures much of the observed
period and duration dependence over an intermediate period range, but it is not a population-
level predictive model for recorded ground motions. At short periods, Nggcannot increase
indefinitely because the oscillator inherits the finite bandwidth of the excitation. At long periods,
it cannot decrease indefinitely because a two-dimensional covariance estimate possesses a
minimum admissible number of degrees of freedom. Recorded motions also differ in duration,
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bandwidth, temporal correlation, and possible persistent physical anisotropy, so their variability
cannot generally be represented by one common effective sample size.

The remaining problem is therefore to model how N¢, and hence the conditional distribution of
Krms, Varies across real strong-motion records. Such a model should preserve the intermediate-
period scaling implied by the covariance framework while accommodating the finite-bandwidth
behaviour at short periods and the few-cycle behaviour at long periods.

This study develops a probabilistic model for the geometric anisotropy of directional response
spectra. It derives a composite model for the effective sample size governing covariance
fluctuations, calibrated using a large strong-motion database. The resulting formulation yields
period- and duration-dependent distributions of k., establishes a stochastic baseline for
directional anisotropy, and enables a generative representation of the full directional-spectrum
field. The model is validated through distributional diagnostics and used to examine departures
associated with persistent physical directionality.

2. Directional field and anisotropy

At a fixed oscillator period, PSA can be viewed as a stochastic field defined on the circle. The
purpose of this section is to identify the geometric quantity governing that field and to distinguish
it from anisotropy measures based directly on spectral peaks. Directional anisotropy enters first
through the response covariance, and once the covariance structure is specified, the dominant
geometry of the directional field follows immediately.

2.1 Geometric anisotropy from the response covariance

Let a(t) be two orthogonal horizontal components of an oscillator's pseudo-acceleration
response at period T. Along orientation 8, measured from the direction of the first component,
the response is the projection

a(t,0) =u(@Ta(t), u(8) = (cosh,sinh)T. (1)

The variance of the projected response depends on orientation because the two horizontal
components are generally correlated and need not have equal variance. The variance over the
record is 62(8; T) = u(8)"C(T)u(8), where C(T) is the response covariance matrix. Writing its
eigenvalues as 4, and A,, with 1; = 1,, and choosing 6, along the principal axis associated with
A4, the variance assumes the familiar elliptical form

02(6,T) = 02(T)[1 + ;s (T) cos 2(8 — 6,)] (2)
with
— A+ A A=A
JL%:T' Krms=/11+lz: OSKrms<1 (3)

The parameter k., measures the geometric anisotropy of the covariance ellipse. Because it
depends only on the covariance structure, it is unaffected by how response peaks are extracted.
This makes it a natural candidate for a state variable describing directional anisotropy.
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2.2 The directional spectrum as a modulated ellipse
Directional PSA, defined as PSA(6,T) = méixla(t, 0)|, can be decomposed into a geometric

component associated with the covariance ellipse, and a stochastic component associated with
the directional variation of response peaks: PSA(8,T) = 0,(6,T)p(6,T).

The logarithm of the directional peak factor, p(6, T), can be in turn decomposed into a mean level
and adirectional fluctuation, Inp(0) = u, + £(8), where £(0) is m-periodic, has zero median, and
is dominated by its first angular harmonic (Rupakhety and Hernandez-Aguirre, 2026b).
Substituting this representation into the directional spectrum and expressing it in squared form
gives

S(0,T) = So(T)[1 + kpms(T) cos(2(6 — 6,))] exp(2e(6,T)) (4)

Equation (4) is the fundamental representation used throughout this paper. The bracketed term
is the RMS ellipse, governed entirely by the covariance anisotropy k5. The exponential term is
the peak-factor field, which introduces directional fluctuations around that ellipse. The scale
factor So(T) controls the overall amplitude of the field and is distinct from its directional
structure. The present work is concerned with the latter. In practical applications, the scale may
be supplied externally, for example by a GMM for RotD50 or another rotation-invariant intensity
measure. The remaining quantities, K,ns, 89, and €(8), then determine how that amplitude is
distributed over orientation. The directional PSA field may therefore be viewed as the product of
a scalar intensity model and a stochastic directional-shape model.

2.3 Two measures of anisotropy

The covariance anisotropy ks iS not the only way to quantify directional variability. An anisotropy
measure can also be defined directly from the directional spectrum by comparing amplitudes
alongits principal axes,

_ S(69) —S(6p +1/2)
KPSA = S(0,) + S(8, + 1/2)

)

This quantity measures the anisotropy of the directional spectrum itself. However, as shown by
Rupakhety and Hernandez-Aguirre (2026), kpgp reflects both the covariance geometry and the
directional fluctuations of the peak-factor field; these

two sources of variability cannot be separated from spectral amplitudes alone. On the other
hand, ks isolates the geometric component associated with the covariance structure. Since the
directional spectrum can be reconstructed from k., and the peak-factor field through Eq. (4),
K:ms Provides the more fundamental quantity to model. The remainder of this paper is therefore
concerned with its stochastic behaviour.

3. Effective degrees of freedom

The covariance model of Rupakhety and Hernandez-Aguirre (2026) reduces the problem of
geometric anisotropy to a single quantity: the effective number of independent samples
contributing to the covariance estimate, Ny . For an isotropic process of finite duration, the
Wishart distribution (Muirhead, 2009) leads to
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Negr—1
K2, ~ Beta (1,%). (6)

N, measures how many statistically independent fluctuations of the oscillator response
contribute to the covariance estimate. Long response durations provide more information and
therefore larger values of N.g. Strong temporal correlation reduces the amount of independent
information and therefore decreases it. Directional anisotropy is ultimately governed by the
balance between these two effects. For a lightly damped oscillator with period T and damping
ratio & observed over duration D, Rupakhety and Herndndez-Aguirre (2026) show that

D
Negr ~ 4mg

This result explains the familiar increase of directionality with period reported by various
empirical studies (Bradley and Baker, 2015; Shahi and Baker, 2014a). Within the covariance
framework, the period dependence arises because longer-period oscillators provide fewer
effectively independent response fluctuations from which the covariance structure can be
estimated. This expression, however, applies only when the oscillator undergoes many effectively
independent cycles. At short oscillation periods, the finite bandwidth of the excitation limits the
growth of Ng. At long periods, the effective sample size cannot decrease indefinitely, and the
asymptotic narrowband approximation eventually breaks down. The derivation below provides a
general expression for Nog, from which the narrowband regime, the short-period ceiling, and the
long-period floor emerge naturally.

3.1 The covariance window

Anisotropy is inferred from the response covariance, so the first question is over what part of the
record that covariance should be estimated. The relevant duration is not the duration of the
ground motion itself, but the duration over which the oscillator accumulates most of its response
energy. Let X;(t) and Y;(t) denote the two horizontal response components at period T, with
resultant ag 7 (t), its energetic duration (Rupakhety and Hernandez-Aguirre, 2026) is defined as

Di(T) = M (7
Jagr(®) dt

This quantity is a participation ratio that characterizes how concentrated the response energy is
in time. It is large when response energy is distributed across many cycles and small when that
energy is concentrated into a few dominant excursions. The covariance is evaluated over the
window of length D (T) containing the largest response energy. Because the resultant response
is rotation invariant, this window is independent of the choice of horizontal axes. Within this
window beginning at time t,, the cross-covariance estimate is

e 1 to+Dg(T)
D = 5775 f Xp(6) Yo(t) dt. ®)
to

3.2 Effective sample size from covariance uncertainty

The effective sample size answers how many independent samples would produce the same
uncertainty in the covariance estimate as the correlated oscillator response. The variance of the
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covariance estimator under the isotropic Gaussian process (null) is used as a measure of such
uncertainty. Within the energetic window, let the response components satisfy E[X,(t)] =
E[Y7(t)] =0, Var[X;(t)] = Var[Yr(t)] = 62, and Corr[X;(t), X7 (s)] = Corr[Yy(t), Yr(s)] =
pr(t —s). Under the isotropic Gaussian reference model, the two horizontal response
components are taken as independent realisations of the same process, giving

Cov[Xr()Yr (), Xr(s)Yr(s)] = o7 pF(t — ).

The square of the correlation function appears because covariance estimation depends on
products of the response process rather than on the response itself. Correlation therefore enters
through pairwise products, causing the memory of the covariance estimator to decay as p%.
Using Eq. (8), and changing variables to T =t — s, the variance of the covariance estimator
becomes

ot Dg(T)
Var Gy (D] = —— [ (04(1) = ek ©)
(Dj(T))"/-Di(m

The weighing factor Dz (T)—| t | counts the number of observation pairs separated by lag 7. For
7 = 0, every sample contributes a pair. As | T | increases, fewer pairs remain within the window.
The weighting therefore decreases linearly to zero at the window boundaries. For N independent
samples, the corresponding covariance variance is simply a{‘f/N. Equating this expression with
Eq. (9) therefore defines the effective number of independent samples,

DA(T) _ j””“” (1 __I
Netw(T)  J_pyr Dr(T)

)p%(f) dt (10)

Equation (10) shows that the effective sample size is determined not by the number of recorded
points, but by the amount of effectively independent covariance information contained within
the energetic response window.

3.3 Asymptotic regimes and composite model

Evaluation of Eq. (10) requires knowledge of the response autocorrelation function. Additional
insight can be obtained by examining its limiting behaviour. When the energetic window contains
many correlation lengths, the factor D;(T) — |t| varies slowly over the range where p?(7) is
significant. The function Dz(T)—I| t | may then be approximated by the constant value Dy (T),
reducing Eq. (10) to

Dr(T)
I

T

oo
Nen(T) = =5 =2, with I = | ph(odr an
—00
The quantity I is the correlation timescale of the covariance estimator. It measures how long
covariance information remains redundant. The effective sample size is therefore the ratio of
available duration to covariance memory. A lightly damped oscillator retains memory over many
oscillation cycles. Its autocorrelation is approximately

pr (1) = el cos(w,T) (12)
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witha = 2né/T,w; = w./ (1 — &%), and w = 27 /T. Substituting into Eq. (11) gives I; = T /(4m¢),
and therefore

Dr(T)

Negt(T) =~ 4mé T

Dr (T)> (13)

= 4mée?, lpzln( T

This recovers the narrowband result of Rupakhety and Hernandez-Aguirre (2026). In this regime,
the effective sample size is proportional to the number of effectively independent oscillator
cycles contained within the energetic window. This asymptotic form is denoted by Ny.. The
opposite limit occurs at short periods. As T decreases, the oscillator becomes increasingly
transparent to the excitation, and the response approaches the ground acceleration itself. The
response autocorrelation therefore approaches that of the ground motion, pr(7) — py(7), and
the covariance timescale converges to

g = j_wpé(r) dt = (14)

Here B 4 is the effective bandwidth of the ground motion,

4
ZO'g

[7 PE() df (15)

Beff,g =

computed from the combined horizontal power spectral density F,(f) = Py(f) + Py (f) within
the energetic window of the record. The equivalence of the time-domain and frequency-domain
expressions follows from Parseval's theorem. The effective sample size therefore approaches the
finite limit

Noo = D; Beff,g . (16)

This ceiling reflects a simple physical constraint. A ground motion record contains only a finite
number of statistically independent fluctuations. Once the oscillator becomes faster than the
correlation timescale of the excitation, further reductions in period cannot create additional
independent samples.

The effective sample size is therefore constrained by two mechanisms. Oscillator memory limits
the number of statistically independent response cycles at intermediate and long periods, while
ground-motion bandwidth imposes a finite ceiling at short periods. The effective sample size
must satisfy both constraints simultaneously. Since N = D /I, reciprocal effective sample
size is proportional to covariance memory per unit duration. If oscillator memory and ground-
motion memory contribute independently to the total covariance memory, their contributions
add. This leads naturally to,

LI . (17)
Neff Nosc Noo

Using Eq. (16) and the definition of N4 gives
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Typev A= B=y (49

Neg() =

This expression is the simplest form consistent with both asymptotic limits. When oscillator
memory dominates, it reduces to the narrowband scaling. When ground-motion bandwidth
dominates, it approaches the ceiling N,.

The large-window approximation underlying Eq. (18) eventually breaks down when Dg(T)/T
becomes small. In this regime, the energetic window contains only a fraction of an effective
response cycle, and the large-window asymptotic scaling is no longer valid. The effective sample
size instead approaches a finite lower bound. The lower limit follows directly from the anisotropy
distribution.

The asymptotic interpretation of N as an effective number of independent covariance
observations loses meaning once the available information becomes comparable to the three
independent parameters of the two-dimensional covariance matrix. This transition naturally
occurs at Ny = 3. Consistently, the isotropic-null anisotropy distribution becomes uniform in
K2 at Noge = 3, while smaller values lead to a singular concentration towards perfectly polarised
covariance ellipses. We therefore adopt Ny,;,, = 3 as a natural lower limit of the effective-sample-
size closure. Incorporating this constraint gives the final model,

Ae¥

in!W)’ A= 4‘”5' B =—, Nmin =3 (19)

Neff(lp) = max <Nm

3.4 From the effective sample size to a distribution

Once the effective sample size has been specified, the distribution of anisotropy follows directly.
From Eqg. (6), the squared anisotropy is Beta distributed, with shape parameter determined by
N,g. Transforming from k2, to ks gives a Kumaraswamy (1980) distribution,

N, -1
Krms ~ Kumaraswamy(2,b), b = % . (20)

Its cumulative distribution is

Fik)=1—-(1—-k*)P. (21)

The parameter b controls the concentration of the distribution near isotropy. As N increases,
the distribution contracts toward k.,s = 0, reflecting the increasing stability of the covariance
estimate. Records containing many effectively independent response fluctuations therefore tend
to exhibit weaker apparent anisotropy than records containing only a few.

Equations (20)—(21) define the distribution for an individual record once its energetic duration,
and hence its value of 1, is known. The population distribution is obtained by recognising that
different records have different durations and therefore different effective sample sizes. At a fixed
oscillator period, the observed anisotropy is therefore a mixture of Kumaraswamy distributions

POIT) = 23 [1- =k, by = P2 @)

=1
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The central problem therefore shifts from modelling anisotropy directly to modelling the
distribution of effective sample sizes across records. This mixture distribution represents the
stochastic baseline expected under the isotropic null. The extent to which observations depart
from it provides a direct measure of anisotropy beyond that expected from finite-sample
covariance fluctuations alone.

4 Data and processing

This study is based on 4690 horizontal-component strong-motion recordings obtained from the
European Strong Motion (ESM) database (Lanzano et al., 2021). These recordings correspond to
417 earthquake events and 1304 recording stations, spanning a broad range of magnitudes,
source-to-site distances, faulting styles, and site conditions. Figure 1 shows the distribution of
the dataset in terms of moment magnitude M,, and Joyner-Boore distance R;g.

Records are classified according to the ESM fault-mechanism code. Normal-faulting events
constitute the largest subset (2564 records, 55%), followed by strike-slip events (1200 records,
26%) and thrust events (926 records, 20%). The broad coverage of magnitudes and distances
allows anisotropy to be examined across a wide range of source and propagation conditions.

A subset of 121 recordings is identified as pulse-like using the procedure of (Shahi and Baker,
2014b). These records occur predominantly at moderate-to-large magnitudes and short-to-
intermediate distances (Figure 1). Because pulse-like motions represent a physically distinct
class of ground motion, they are examined separately in later sections.

Microtremor HVSR (horizontal to vertical spectral ratio) measurements are available for 421
stations, corresponding to approximately 32% of the recording sites. These data are used to
investigate possible associations between site resonance, frequency-dependent amplification,
and spectral anisotropy.

For each record, directional PSA fields are computed using linear elastic single-degree-of-
freedom response analysis. One hundred logarithmically spaced oscillator periods between 0.01
s and 10 s are considered, with a viscous damping ratio of 5% of critical. For each record and
period, the squared directional spectrum S(8; T) is evaluated, the principal axes of the response
covariance are determined, and the covariance anisotropy k¢ is calculated according to Eq. (3).

To avoid artefacts associated with long-period filtering, periods exceeding Ty.x = 0.8/fy, are
excluded from the analysis, where fhp is the corner frequency of the high-pass filter applied
during record processing. This criterion ensures that anisotropy estimates at long periods are
based only on spectral ordinates that remain reliably constrained by the recorded signal.

10
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Figure 1. Distribution of the 4690 ESM records analysed in this study in terms of moment magnitude M,, and Joyner—Boore
distance R;g. Records are colored by faulting mechanism (normal, strike-slip, thrust). Pulse-like near-fault records (n = 121)
are indicated by open circles. For visualization on a logarithmic scale, records with R;g = 0 km are plotted at 0.05 km.

5 Calibration and validation of the stochastic anisotropy model

Section 3 derived a stochastic model for covariance anisotropy in terms of a dimensionless
variable ¥ = log(Dx(T)/T), which controls the effective sample size and, through it, the
distribution of k.,,s. The purpose of this section is to examine whether the behaviour predicted by
the theory is present in the data, to calibrate the parameters of the model, and to assess the
extent to which the resulting distribution reproduces the statistics of the ESM dataset.

5.1 Empirical effective sample size

The theory developed in Section 3 predicts that the effective sample size should exhibit three
distinct regimes: a lower floor associated with finite information content of covariance
estimation, a narrowband scaling regime in which N, grows approximately as e¥, and an upper
ceiling imposed by the finite bandwidth of the ground motion. Before calibrating the model, it is
therefore useful to examine whether these behaviours are present in the observations.

For a sample k;, the maximum-likelihood estimator of the Beta shape parameter b is

n
n )
Zj=1 log(1 —«})
The estimator is evaluated within bins of Y, aggregating all valid observations across records and
oscillator periods that fall within each bin. Because both k,,,,; and i are computed from the same

b=—

]veff = ZB + 1 (23)

energetic response window but arise from independent parts of the theory, agreement between
the empirical estimates and the narrowband prediction provides a stringent test of the covariance
framework.

Figure 2 compares the empirical estimates Ny () with this prediction. The agreement is good
over the intermediate range 2 < Y < 3, where the empirical estimates closely follow the
predicted exponential trend. This confirms the central theoretical result that the effective sample
size is governed by the ratio of energetic duration to oscillator period. The empirical trend
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therefore supports Y =In(Dg/T)as the primary state variable organising the observed
anisotropy.

Outside this range, however, systematic departures emerge. At large 1, corresponding to short
oscillator periods or long response durations, the growth of IVe\ff slows and eventually approaches
a finite ceiling. At smally, corresponding to long periods or short durations, the effective sample
size no longer decreases and instead approaches a lower bound near three.

These departures are not random scatter around the narrowband prediction. Rather, they reveal
two distinct saturation regimes that are absent from the asymptotic scaling. Figure 2 therefore
serves two purposes. First, it provides direct empirical confirmation of the narrowband scaling
over its range of validity. Second, it demonstrates the existence of upper and lower saturation
regimes that require a more general description. These observations provide the empirical basis
for the composite effective-sample-size model developed in Section 3.

—e— Empirical Nesr (MLE) -
103' - Neﬁ=4n§e“‘ //’
: Nmin=3 /’/
P
”
P s
£ 1023 >
=4 sz
”
101_
. Narrowb ;i\f]‘ Upper saturation
,
100 T T T T T

0 2 4 6 8
w=1log(Dg (T)/T)

Figure 2. Empirical effective sample size Ny estimated by maximum likelihood from binned values of ks as a function of .
The dashed line shows the narrowband prediction Neg = 4mée¥, and the dotted horizontal line indicates Ny, = 3. Three
regimes are evident: a lower saturation regime at small y, an intermediate regime consistent with the narrowband scaling,
and an upper saturation regime at large .

5.2 Model calibration and interpretation of the saturation level

The model is calibrated from the individual k., observations. With A = 4n€ and N,;, = 3 fixed,
the composite model contains a single free parameter, N,,. This parameter is estimated by
maximising the likelihood of the full set of ks observations across all records and oscillator
periods as inferred by Equation (20). The resulting estimate is N, = 30.4. Figure 3 compares the
calibrated model with the empirical effective sample sizes of Figure 2. Although these binned
estimates are not used in the calibration itself, they provide a convenient visual summary of the
agreement between the model and the observations. The model reproduces the narrowband
regime as well as the transition into both saturation limits.
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Figure 3. Empirical effective sample size N, rr and fitted composite model as functions of .

The theoretical prediction N, = Dj B4 for isotropic null provides the expected saturation
level. The population mean of this quantity across the dataset is approximately 59, with a
harmonic mean of approximately 36, both substantially exceeding the fitted N, =~ 30. This
indicates that real ground motions depart systematically from the ideal isotropic reference
process. The fitted saturation parameter should therefore be interpreted as an effective
population-level quantity rather than a direct estimator of the isotropic bandwidth limit of
individual records.

The predictor ¥ simultaneously governs the magnitude of the stochastic finite-sampling baseline
and the detectability of physical directional structure. At small Y, Nq¢ is small and stochastic
variability is large, masking any physical directional structure. At large 1, N is large and the
stochastic baseline becomes progressively weaker, increasing the visibility of directional
structure that is not explained by finite-sample covariance fluctuations alone. The fitted N
therefore characterises the effective information capacity of the observed ground-motion
population rather than the theoretical isotropic limit of individual records. Residual departures
from the calibrated model, examined in the following sections, provide a means of identifying
systematic directional effects beyond those captured by the duration-controlled stochastic
baseline. Accordingly, the calibrated model should be viewed as a population stochastic
reference model rather than a pure isotropic null model.

5.3 Validation of the anisotropy distribution

Figure 4 compares the empirical histogram of ks against the predicted mixture density at three
representative oscillator periods. At T = 0.05s, where Y,eq = 5.1, the predicted mixture closely
matches the empirical distribution. The distribution is concentrated at small x5, with mode
near 0.2, reflecting the large effective cycle count at short periods. At T = 0.50s, the distribution
broadens and shifts rightward; the model captures the peak location well but slightly
underestimates the right tail. At T = 3.05s, the distribution is broad and right-skewed; the model
overestimates the concentration of records at large k.. The progressive rightward shift of the
distribution with increasing period, reflecting the decrease in ) and the associated reduction in
effective cycle count, is correctly reproduced by the model in all three panels.
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Figure 5 presents a global comparison of the model and empirical 16th, 50th, and 84th
percentiles of k.5 as functions of oscillator period. The model tracks the empirical percentiles
closely, confirming that the composite N (1) model reproduces the principal features of the
observed anisotropy distribution. Residual discrepancies are expected because the model
provides a duration-controlled stochastic population baseline and therefore cannot capture all
sources of directional structure present in individual records.

T=0.055s, Yneg=5.1, N=4690 T=0.50s, Ynea=3.0, Nn=4690 T=3.05s, Yneg=2.1, n=4503
16F
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Figure 4. Empirical distributions of ks at three oscillator periods compared against the predicted mixture density (Equation
22). At each period, the mixture is computed from the per-record values of \; through the fitted Nog(\) model. The progressive
rightward shift of the distribution with increasing period reflects the decrease in effective cycle count as Pdecreases.
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Figure 5. Period-dependent 16th, 50th, and 84th percentiles of K.ms: model predictions (shaded band and solid black line)
versus empirical estimates from the dataset (dashed blue band and solid blue line). Model percentiles are derived from the
mixture cumulative distribution function (Equation 22) evaluated at each period using the record-specific ;values.

5.4 Probability integral transform diagnostics

The preceding analyses assess the model in the original k., space. A more stringent test is
provided by the probability integral transform (PIT), which evaluates whether the fitted
distribution correctly describes the observations across the full range of oscillator periods. For
each valid observation (Krms,i,l/)i), the Kumaraswamy cumulative distribution function is
evaluated at the observed value using the record-specific shape parameter b(y;) derived from
the fitted composite Neg (1) model:
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Ui=F (Krms,i; 2, b(lpl)) =1- (1_K1?ms,i)b(¢i) (24)

Under correct model specification, U; should be uniformly distributed on (0,1). Mapping to
normal scores via z; = ®~1(U;) yields a variable that should follow a standard normal
distribution. This transformation removes the period-dependent marginal structure including
boundedness, skewness, and heteroscedasticity and places all observations on a common
unbounded scale suitable for subsequent physical analysis.

Figure 6 presents the resulting distributions of z at three representative oscillator periods and for
the dataset across all valid periods. The transformed variables are approximately centred near
zero and exhibit standard deviations close to unity. The aggregated distribution yields u = —0.093
and g = 1.032, indicating close but not exact agreement with the standard normal form. The
close agreement with the standard normal form indicates that the composite model provides a
satisfactory marginal description of k., across the full oscillator period range. The transformed
residual z therefore provides a convenient measure of anisotropy beyond the stochastic baseline.
Unlike iy, itis largely free of period-dependent scaling and bounded-support effects, making it
suitable for investigating the influence of source, path, and site characteristics. This residual is
used in the physical analyses that follow.
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n = 4690
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Figure 6. Probability integral transform diagnostics for the fitted Kumaraswamy marginal model. Histograms show normal
scores z = 1 (FK (Krms ; 2, b(l,b))) at three representative oscillator periods and collected across all valid periods. The black

curve denotes the standard normal density.

15



458

459
460
461
462
463
464

465
466
467

468

469
470
471
472
473
474
475
476
477

478
479

480

481
482
483
484
485

486
487
488
489
490

491
492
493
494
495
496

6. Physical regime diagnostics

Sections 3-5 showed that a large fraction of the variability in spectral anisotropy can be explained
as a finite-sampling effect governed by the effective sample size N (). The probability integral
transform provides a convenient way to remove this stochastic baseline. The resulting normal
score zy, measures anisotropy relative to that expected under the calibrated stochastic baseline
model. Systematic departures from N(0, 1) therefore indicate directional structure not captured
by the stochastic baseline

The analyses that follow are diagnostic rather than predictive. Their purpose is not to develop new
regression models, but to identify where physically meaningful directional structure remains
after accounting for the dominant duration-controlled component of anisotropy.

6.1 Near-fault pulse effects

Near-fault directivity pulses arise from constructive interference when rupture propagates
toward a recording site, producing coherent velocity transients that concentrate energy along a
preferred orientation (Rupakhety et al., 2011; Somerville et al., 1997). Such records are expected
to exhibit elevated k., because the contrast between the principal response variances is
amplified when energy is preferentially directed. In the following, the pulse period T; is defined
as the oscillator period at which pseudo-spectral velocity along the principal response axis
attains its maximum (Rupakhety et al., 2011); it characterises the dominant timescale of the
velocity pulse. The dataset contains 121 pulse-like records from 29 events, with a median T; =
0.87s and arange of 0.16-8.70 s.

The left panel of Figure 7 compares pulse-like and non-pulse records through the mean
anisotropy difference

Ak (T) = E[ kppns(T) | pulse | — E[ kpms(T) | non-pulse |.

Pulse-like records are more anisotropic at all periods. The difference is approximately 0.05 at
short periods, rises sharply between T = 0.1 sand T = 1 s, reaches a maximum of about 0.18
nearT = 1 s, and gradually decreases thereafter. The location of the peak is consistent with the
median pulse period of the dataset (T; = (.87 s), suggesting that directional effects are strongest
when the oscillator period matches the dominant pulse timescale.

The elevated anisotropy of pulse-like records appears to rise from two contributions. The first is
genuine directional polarization arising from rupture directivity. The second is a duration effect.
Pulse-like motions concentrate their energy into a shorter time window than ordinary broadband
records, resulting in smaller values of D;(T) and therefore smaller values of i, implying fewer
effective samples and hence larger anisotropy even under the isotropic null.

To separate these contributions, two residual measures are considered. The first, Zys is the
duration-conditioned normal score defined above. Because the model already accounts for the
reduced effective sample size associated with short-duration motions, z,, isolates anisotropy
that exceeds the duration-adjusted expectation. The second, denoted z;, is obtained by
transforming ks to normal scores separately at each oscillator period using empirical period-
specific distributions (see Figure 4). This removes the overall period dependence of anisotropy
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but does not condition on duration. Consequently, zr contains both duration-mediated and
polarization-mediated contributions, whereas z,, retains only the latter.

The right panel of Figure 7 shows the mean values of z; and z,, for pulse-like records as a function
of the normalised period T /T,,. Scaling by T, collapses records with different pulse periods onto
a common axis, so that T/T; = 1 corresponds to resonance with the pulse timescale. Both
residuals exhibit a clear maximum near T/TI’,k =~ 1, confirming that pulse-induced anisotropy is
strongly period matched. The peak mean value of z; is approximately 1.3, whereas the peak
mean value of z,, is approximately 0.5. Thus, a substantial fraction of the observed pulse
anisotropy is absorbed by the duration-conditioned stochastic baseline. The remaining signal is
smaller but clearly non-zero, indicating a genuine polarization effect associated with rupture
directivity.

At periods shorter than the pulse period (T/T,;‘ < 0.5), the duration-conditioned residual
becomes negative. This occurs because pulse-like records have relatively small i, causing the
stochastic model to expect elevated anisotropy at all periods. At sub-pulse periods, however,
directional concentration is weak and the observed anisotropy falls below that expectation.

The decomposition shown in Figure 7 suggests that much of the anisotropy commonly attributed
to near-fault directivity is mediated indirectly through energetic duration. Directivity not only
concentrates energy along a preferred direction, but also concentrates it in time, reducing the
effective sample size available to estimate covariance structure. The duration-mediated
contribution appears to dominate the total signal, while a smaller period-matched residual
remains after conditioning on 1. The persistence of a residual peak near T/T, =1 after
conditioning on Y indicates that duration alone cannot explain the pulse effect. Some
component of the observed anisotropy is therefore directly associated with the directional
structure of the pulse itself.

This result may help explain why the principal axis of observed near-fault anisotropy is often less
stable than would be expected from a purely deterministic directivity picture. When the effective
response duration is short, covariance anisotropy can be amplified by finite-sampling effects,
making both its magnitude and orientation more sensitive to stochastic variability. The fault-
normaldirection in strike slip earthquakes may therefore not always emerge as the dominant axis
in a single-record observation, even when rupture directivity is present.
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Figure 7. (Left) Mean difference Ak.ns(T) between pulse-like (n = 121) and non-pulse records across oscillator period.
(Right) Mean normalised anisotropy for pulse records as a function of T /T;, where Ty is the pulse period. The T-conditioned
residual zy retains all duration and polarization contributions, the y-conditioned residual zy, isolates polarization above the
stochastic baseline. Both peak near T /T, =~ 1. Error bars are 11 standard error.

6.2 Source and path dependence

Earthquake magnitude and source-to-site distance are among the strongest predictors of
ground-motion intensity and duration. The question addressed here is whether they exert an
independent influence on spectral anisotropy, or whether their apparent effects are already
captured by the duration-controlled stochastic baseline developed in Section 5. Pulse-like
records are excluded from this analysis. As shown in Section 6.1, their residual anisotropy
contains a directivity-related polarization component that is distinct from the source and path
effects considered here. The analysis is therefore restricted to the remaining 4569 non-pulse
records. For each oscillator period, the linear model

zy(T) = c(T) + Br(T)logR;g + By (T)(M,, — 5.5) + ¢ (25)

is fitted by ordinary least squares. The coefficient Bz (T) measures the sensitivity of zy, to the
logarithm of distance, and B, (T) measures the sensitivity to magnitude. The coefficient of
determination R? quantifies the fraction of total variance in zy, explained jointly by these two
predictors. The same regression is applied to the T-conditioned residual z; from Section 6.1,
which serves as the reference.

Figure 8 compares Bz (T), By (T), and R?(T) between the two residual definitions. In the T-
conditioned case, both fields show clear and physically interpretable period dependence. The
distance coefficient BR(T) is negative throughout, reaching approximately —0.8 near T = 0.1s:
near-field records are more anisotropic and far-field records less so. The magnitude coefficient
,BM(T) is negative at short periods and increases monotonically with period, reaching
approximately +0.3 at long periods: larger earthquakes are associated with reduced short-period
anisotropy and enhanced long-period anisotropy. These patterns are broadly consistent with the
known dependence of ground-motion duration on earthquake magnitude and source-to-site
distance (Afshari and Stewart, 2016). Larger earthquakes and more distant records generally
produce longer-duration response, corresponding to larger D5 (T), larger ¥, and therefore larger
N, which reduces the stochastic baseline anisotropy predicted by the model.

The median R? for z; is 0.038, indicating that magnitude and distance together explain
approximately 4% of the variance in the period-conditioned residual. However, after -
conditioning, both coefficient fields collapse substantially. The median R? decreases from 0.038
to only 0.0014. This near-complete collapse in explanatory power has a direct physical
interpretation. The apparent dependence of k.,,s on source and path predictors appears to be
overwhelmingly mediated through energetic duration and effective sample size. In effect, the
primary pathway is (MW,R]B) — Di(T) = Y = N = Kmms- Magnitude and distance influence
K,:ms Mainly through their control on energetic duration, which determines the stochastic baseline
anisotropy through Ng(y). Once this is accounted for by the y-conditioned model, very little
direct dependence on M,, or R;z remains.
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A residual distance sensitivity survives y-conditioning across the short-period range. At the
shortest periods, ﬁR(T) for both z; and zy, converge to approximately —0.4, indicating that -
conditioning absorbs little of the distance effect there. At periods longer than approximately T =
0.1 s, most of the distance dependence is absorbed by duration. The origin of the remaining short-
period distance effect is hot resolved by the present analysis. Possible contributing mechanisms
include effects related to the frequency content and coherence of near-field ground motion that
are not captured by the scalar measure Ne¢(1)). Back-transforming fr ~ —0.4 in Zy, Space to Ky
units yields a conditional mean shift of approximately 0.03-0.05. Despite its systematic
character, however, the effect remains weak in practical terms.
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Figure 8. Period-dependent sensitivity of normalised anisotropy to source and path predictors. Shown are the distance
coefficient B (T), magnitude coefficient By (T), and coefficient of determination R%(T) from regression of the T-conditioned
residual zr(grey) and the Y-conditioned residual zy (blue) on log R;g and M,,. w-conditioning reduces the median R? from
0.038 to 0.001, indicating that source and path dependence of Ky is largely mediated by ground motion duration.

6.3 Station persistence and site amplification

Substantial variability remains in z,, after excluding pulse records and establishing that source
and path predictors explain negligible additional variance. To assess whether this remaining
variability is structured by recording site or seismic event, we decompose the total variance of z,
at each oscillator period into three components: a between-station component capturing
persistent differences among recording sites across multiple events, a between-event
component capturing persistent differences among earthquakes across multiple stations, and a
record-level component representing the variability attributable to neither. Formally:

Zy (T) =u(T) + us(T) + Ve (T) + nr(T) (26)

where u,(T) and v,(T) are independent station and event random intercepts and 1,.(T) is the
record-level residual. Variance components are estimated at each period by restricted maximum
likelihood (REML).

Figure 9(a) shows the fraction of total variance attributed to each component. Station-level
variability accounts for approximately 25-30% of the total at short periods and declines steadily
with increasing period, becoming small beyond T = 1s. Event-level variability is negligible
throughout the full period range. This is consistent with the weak residual dependence of
anisotropy on magnitude and distance after i -conditioning observed in Section 6.2. Record-to-
record variability dominates at all periods. Figure 9(b) shows that the total variance of ks (T)
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increases monotonically with oscillator period, consistent with the reduction in effective sample
size at long periods arising from the decrease of 1.
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Figure 9. Period-dependent variance decomposition of zy, for non-pulse records. (a) Fraction of total variance attributed to
station, event, and record-level components estimated by crossed random-effects REML. Station-level variability is most

pronounced at short periods; event-level variability is negligible throughout. (b) Total variance of k.ms(T) as a function of
oscillator period.

The concentration of station variance at short periods motivates examination of site-specific
predictors. We first test whether the fundamental resonance frequency f, derived from
microtremor HVSR curves, available for 421 stations representing 1,126 records, carries
predictive power. Period-wise regressions of z, against log f, show no consistent period-
dependent structure, indicating that the resonance frequency is not a useful predictor of
anisotropy in this dataset.

We therefore consider whether the strength of site amplification at the oscillator frequency rather
than the resonance frequency itself is the relevant predictor. For each record and oscillator
period T, a period-matched HVSR amplitude is defined as:

Apvsa(T) = fB log HVSR(f) df 27

| Br |
where Br = [fr/V2, fr/2] is a one-octave band centred on fr = 1/T. Stations are stratified into
low, mid, and high tertiles based on their station-mean Agysr(Trer) at the short-period reference
Trer = 0.10s.

Figure 10 shows the mean zy, and mean ks for each tertile as functions of oscillator period. A
clear separation is present at short periods: stations with higher short-period HVSR amplification
exhibit systematically elevated z,, indicating that their k.5 exceeds what the isotropic null
model predicts. The separation between high and low tertiles reaches approximately 0.3 z-units,
corresponding to a difference of approximately 0.05-0.08 in k.ns. The separation diminishes
progressively with period and becomes negligible beyond T = 2s. The same ordering is confirmed
directlyin k. (T) in Figure 10(b), ruling out a transformation artifact. This behaviour is consistent
with the variance decomposition of Figure 9, which identified station-to-station variability as the
dominant structured component of the residual anisotropy at short periods.
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The observed association is physically plausible. Directionally asymmetric site effects arising, for
example, from lateral velocity contrasts, basin geometry (Baena-Rivera et al., 2024), or
anisotropic near-surface structure (Pischiutta et al., 2018) may contribute to both elevated short-
period amplification and increased covariance anisotropy.. The confinement to short periods is
consistent with the known frequency dependence of site effects: shallow site structure governs
ground motion variability primarily at high frequencies, while long-period response is less
sensitive to near-surface heterogeneity.

Unlike magnitude and distance, whose influence is largely absorbed by the duration-controlled
stochastic baseline, site amplification leaves a measurable residual signature. However, the
effect explains only part of the total variance, and HVSR measurements are available for only 421
of the 1304 stations in the dataset. The analysis should therefore be viewed as diagnostic rather
than predictive. It identifies a plausible physical mechanism contributing to short-period
anisotropy not explained by the duration-controlled stochastic baseline, but does not support
the introduction of a site-correction model with the present data.
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Figure 10. Stratification of stations by short-period HVSR amplitude. Stations are grouped into low, mid, and high tertiles
based on station-mean AHVSR(Tref) at Trer = 0.10s. (@) Mean zy, for each group. (b) Corresponding mean Kyys(T). Higher
short-period HVSR amplification is associated with elevated anisotropy at short periods; the effect diminishes toward longer
periods.

7 Practical simulations of directional spectra

While the stochastic model for k,,,,s presented earlier provides a probabilistic description of
directional anisotropy, practical applications ultimately require a model for the directional
response spectrum itself. As discussed in Section 2.2, the directional spectrum may be
represented as the product of two components: an RMS ellipse governed by k.5, and a
directional excess peak-factor field (8). The present work provides a stochastic model for the
former, while Rupakhety and Hernandez-Aguirre (2026b) provide a simple stochastic
representation of £(6). The objective of this section is to examine how far a realistic directional
spectrum can be reproduced when combining both models. Any remaining discrepancies then
provide insight into the relative contributions of anisotropy and peak-factor fluctuations to
directional spectral variability.

21



657

658
659

660
661
662
663

664

665
666
667

668
669
670
671

672

673
674
675
676
677
678
679
680

681
682
683
684
685
686
687

688
689
690
691
692

7.1 Directional spectral simulations
Taking the square root of Eq. (4) and normalising by the RotD50 amplitude yields a direct

expression for the directional PSA field relative to its rotation-invariant median level:

PSA(,T)
ROtDSO (T)

= 1+ Kps(T) cos 2(8 — 6,) exp(£(6,T)) (28)

Theright-hand side separates into two stochastic components. In the following simulations, Ky
is drawn from the Kumaraswamy (2,b) distribution with b = (Neg(y) — 1)/2. Following
Rupakhety and Hernandez-Aguirre (2026a), the peak-factor residual field is represented to first
order by a single harmonic,

€(0,T) = a,(T) cos 20 + b,(T) sin 26 (29)

where the coefficients (a,, b,) are isotropic and normally distributed with identical variances at
the population level: (a,, b,) ~ N (0,6%I). The harmonic amplitude p = /a3 + b3 is therefore
Rayleigh-distributed with scale parameter o = 0.09, reflecting the typical magnitude of
azimuthal peak-factor fluctuations observed across the ESM database.

Together, these two components provide a first-order probabilistic representation of the
directional PSA field anchored to RotD50. To generate a realisation at a given period, one (i)
computes VY (ii) evaluates Neg () and draws k., from Kumaraswamy (2, b), (iii) draws (a,, by)
independently from V' (0, oI), and (iv) evaluates Eq. (28) at the desired azimuths.

7.2 lllustrative examples

Three non-pulse-Llike records are selected from the ESM database to span the range of directional
variability: one record whose ks at T = 1s falls near the 33rd percentile of the population, one
near the 67th, and one near the median of the upper tertile. For each record and each of three
target periods (T = 0.1, 1, 3s), the observed directional PSA field is aligned to the principal axis
0, of the response covariance matrix, normalised by RotD50, and compared against 500 Monte
Carlo realisations conditioned solely on the observed . The results are compared in Figure 11.
The peak-factor residual field £(8;T) is displayed in the central inset as 1+ 2.5 £(6) so that
azimuthal fluctuations of typical amplitude o = 0.09 are legible at the inset scale.

The mostimmediate observation is how strongly period governs the width of the simulation band.
This behaviour emerges almost entirely from the period dependence of N,¢f, without requiring any
period-dependent tuning of the peak-factor field. At T = 0.1s, ) exceeds 4.4 for all three records,
placing Ng¢r near its saturation value N,,. The Kumaraswamy distribution for k5 is consequently
narrow and skewed toward zero, and the band is nearly circular across all three k.5 tertiles. By
T = 1sand T = 3s, 1 has fallen by one to two units, Ngg is well below saturation, and the band
has widened and elongated.

The high-k.,s row reveals a progressive departure between the observed field and the model that
becomes instructive on closer reading. Where v is large and k., is small (the upper left panel),
the model median tracks the observed field closely, the peak-factor residual inset is nearly
circular, and the direction of maximum PSA coincides with the major axis of the RMS ellipse. This
is the regime in which the isotropic residual assumption is well supported: the peak-factor field
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adds only small, approximately symmetric fluctuations on top of the geometric anisotropy, and
the RMS axis is a reliable predictor of the maximum-response direction.

As the period increases and k.5 grows, this alignment deteriorates. The residual field £(6)
develops pronounced azimuthal structure whose amplitude is concentrated away from the RMS
major axis, rotating the direction of maximum PSA away from 8, by an amount that varies from
record to record. In the most anisotropic cases, the residual field displays a multi-lobe pattern
with significant energy in harmonics beyond the first, none of which are aligned with the RMS
axes. The consequence is visible in the observed PSA field itself: a notched suppression
perpendicular to the maximum-response direction that the single-harmonic, isotropic model
cannot reproduce. The model median, which averages over an isotropic ensemble of &
realisations, remains close to the RMS ellipse and misses this structure.

== Observed =—— Model median Model 16-84th pct ---- RMS ellipse

T=0.1s T=1s T=3s

LOowW Kips
EMSC-20200122_0000127
PRK

Mid Kimns
EMSC-20160824 0000008
MMP1

IT-2012-0010
VRL

High Kims

Krms = 0.22
=443

Figure 11. Aligned directional PSA fields for three representative non-pulse-like records. Columns correspond to oscillator
periods T = 0.1, 1, and 3s. In each panel the observed field PSA(6)/RotD50, aligned to the principal axis 0, is shown in
black; the RMS ellipse in red dashed; and the model median and 16th—84th percentile band from 500 Monte Carlo realisations
conditioned on the observed Y in blue. The central inset shows the peak-factor residual field displayed as 1 + 2.5 €(0): the
unit shift centres the field on the RotD50-normalised reference circle (dotted), and the scale factor of 2.5 amplifies the small
azimuthal fluctuations whose typical amplitude is o = 0.09 to make them visually distinguishable from the unit circle. Grey
and blue curves show the observed and median simulated residual fields respectively. ESM event identifier and recording
station code are given in the right margin, values of K.s and Y at each period are annotated below each panel.
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These observations point to three related limitations of the first-order model. First, although the
peak-factor residual field is approximately isotropic at the population level (Rupakhety and
Hernandez-Aguirre, 2026b), individual records can exhibit strong azimuthal organisation,
particularly at long periods and large k5. Second, the alignment of the residual field with the
RMS axes is period- and k,.,s-dependent, suggesting a coupling between the two components.
Third, multi-lobe patterns require higher harmonics, and the relative importance of those
harmonics appears to grow with ;-

7.3 Dataset-level distributions

Figure 12 compares the empirical and simulated distributions of two population-level quantities
at three oscillator periods. The top row shows the marginal distribution of PSA(T, 8)/RotD50(T)
aggregated over all valid non-pulse records and all 180 azimuths (1° increment); the bottom row
shows the distribution of RotD100(T)/RotD50(T). In both rows the observed distribution is
shown as a filled histogram and the model as a smooth kernel density estimate conditioned on
the observed 1) values, using the same Monte Carlo procedure as described in Section 7.1.

The top row shows two features that evolve with period. First, the distribution widens
progressively from T = 0.1s to T = 3s, reflecting the -mediated growth of k.5 as Neg falls
below its saturation value N,. The model reproduces this widening accurately at short periods,
where k.ns is small and the isotropic residual assumption is well supported. Second, the
observed distribution develops a pronounced right-side asymmetry at longer periods: the upper
tail is increasingly truncated as it approaches the V2 limiting case of perfectly unidirectional
motion, while the lower tail remains relatively extended.

The present model approaches but cannot enforce the V2 limit because the peak-factor residual
€(0) is drawn independently of k.ns. When k.ys is close to unity the geometric term
[1 4 Kyms cos 20]/2 already approaches v/2 at the major axis; any positive ¢ at that azimuth then
pushes the simulated PSA/RotD50 above V2. The independence assumption between Krms and
¢ is a likely contributor to the ceiling violation. A more sophisticated residual model that
conditions € on anisotropy may alleviate this behaviour.

The bottom row shows that the RotD100/RotD50 distribution broadens and flattens with period,
driven by the increasing record-to-record variance in k.5 as Negf moves away from saturation.
The model captures this progressive broadening well. The 84th percentile of the observed
distribution rises from 1.31 at T = 0.1s to 1.36 at T = 3s, remaining comfortably below the v2
ceiling throughout. The model tracks the observed 84th percentile closely at short periods (1.30
vs. 1.31 at T = 0.1s) but overestimates it at longer periods (1.44 vs. 1.36 at T = 3~s), a bias of
approximately 6% that grows with period as k., increases. Both the growing asymmetry in the
top row and the 84th-percentile bias in the bottom row share the same origin: the factored,
independent treatment of ks and & breaks the joint constraint imposed by the two-dimensional
nature of horizontal ground motion.

24



750

751
752
753

754
755
756
757
758
759
760
761
762
763

764
765
766
767
768
769
770
771
772
773
774

775

T=0.1s T=1s T=3s

Observed L LI = iR
3.5 V2 a5l iv2 V2
= Model i : i i
301 i i 20 i
i 2.0 | i i
20 F i | |
b=y i i %2 i
2 20F i 15 | |
8 15t ' : 10} !
' ! 1.0 - ! ’ !
| | Ny |
i 05 i =T i
0.5 H . h
! } !
0.0 0.0 L 1 i 1 | 0.0 L 1 i 1 |
’ 0.50 0.75 1.00 1.25 1.50 . 0.50 0.75 1.00 1.25 1.50 . 0.50 0.75 1.00 1.25 1.50
PSA(T, 68) /RotD50(T) PSA(T, 8)/RotD50(T) PSA(T, 8) /RotD50(T)
i P Nk
al [ Psa: 1.31 (obs) 3.0 ! | Pea: 1.35 (obs) 3.0 ! ! Pga: 1.36 (obs)
1.30 (mod) : ! 1.39 (mod) : ! 1.44 (mod)
25F 11 2.5 | 1
1 1 1
11 1
20 \ 2.0 i\
1 1 1
I\ 1 1
1 1 1
151 L 15 o}
1 | |
OO ¢ 1 1
1.0 e 1.0 bl
o | |
)t 1 1
0.5 K I 0.5 s ]
LAY ) 1 1
11 1 1
O 1 i 1 00 1 1 1 1 00 1 1t 1 1
1.0 1.2 1.4 1.6 1.0 1.2 1.4 1.6 1.0 1.2 1.4 1.6
RotD100/RotD50 RotD100/RotD50 RotD100/RotD50

Figure 12. Distributions of PSA(T, 8)/RotD50(T)(top) and RotD100(T) /RotD50(T)(bottom) at three oscillator periods for
all non-pulse-like ESM records: observed (grey histogram, open-ended bins) and model (blue KDE). The dash-dot line marks
the \2 physical ceiling; dashed vertical lines in the bottom row mark the 84th percentile, with values annotated alongside.

Figure 13 extends this comparison continuously across all 100 log-spaced periods from 0.01 to
10s. At short periods both panels show close agreement between observed and model bands. As
period increases, the model band widens faster than the observed in both panels: in the left panel
the 84th and 16th percentile curves diverge symmetrically above and below the unit median,
while in the right panel the model median and 84th percentile rise progressively above their
observed counterparts, with the model 84th percentile exceeding V2 at very long periods while
the observed remains below it. The bias is negligible at short periods. It is below 1% at T = 0.1s
and grows steadily before saturating beyond T = 5s. At long periods the model overestimates the
84th percentile of PSA(T, 8)/RotD50(T) by approximately 3%, the median RotD100/RotD50 by
approximately 3-4%, and the 84th percentile RotD100/RotD50 by approximately 6-7%.

The ceiling violation is informative because it identifies the principal limitation of the present
factorised simulation framework rather than of the anisotropy model itself. The covariance-
anisotropy model preserves the bounded geometry of the RMS response field. Exceedance
occurs only after an independent peak-factor residual field is superimposed. This indicates that
the remaining discrepancy is associated primarily with the representation of directional peak
formation rather than with the duration-controlled anisotropy model developed in Sections 3-5.
Importantly, the field-based formulation retains an explicit directional representation and
therefore admits direct enforcement of geometric constraints such as the \/fceiling. Future
refinements of the peak-factor model, including higher-order harmonic representations and
dependence between covariance anisotropy and peak-factor structure, provide a natural route
to improving the tail behaviour while preserving the parsimonious character of the framework.
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The present simulation framework is intentionally parsimonious, involving only two calibrated
parameters: N, = 30.45 and ¢ = 0.09. Despite its simplicity, it reproduces the principal features
of directional spectral variability, including the period-dependent growth of anisotropy and the
distribution of RotD amplification factors. The remaining discrepancies are confined primarily to
the extreme upper tail and are attributable to the simplified treatment of the peak-factor residual
field rather than to the anisotropy model itself. A practical engineering remedy is to impose the
physical ceiling RotD100/RotD50 < +/2, while more refined representations of £(6) may further
improve tail behaviour in future applications.
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Figure 13. Percentile spectra of PSA(T,8)/RotD50(T)(left) and RotD100(T)/RotD50(T)(right) across all non-pulse-like
records. Shaded bands span the 16th—84th percentile; solid lines show the median; dashed lines show the 16th and 84th

percentile boundaries. Grey: observed; blue: model conditioned on observed . The dash-dot line marks the \J2 physical
ceiling.

8. Conclusions

This study developed a probabilistic model for covariance anisotropy in directional response
spectra based on the effective sample size Nq¢r. Analysis of 4690 strong-motion records from the
ESM database demonstrated that the duration-to-period ratio 1 = In(Dg/T) acts as the primary
organising variable of anisotropy. Empirical estimates of N exhibit the three regimes predicted
by the theory: a long-period floor, an intermediate narrowband scaling regime, and a short-period
saturation regime associated with the finite bandwidth of the excitation. A composite model
containing a single calibrated saturation parameter reproduced these trends and the observed
anisotropy distributions across the full oscillator-period range considered.

The calibrated model provides a duration-controlled stochastic baseline for covariance
anisotropy. Despite containing only a single calibrated population parameter, it reproduces the
principal features of the observed k.5 distributions, including the progressive increase in
median anisotropy and the associated broadening of the distribution with increasing period.
Probability-integral-transform diagnostics showed close agreement with the target standard-
normal distribution, with the aggregate transformed residual distribution exhibiting u =~ —0.09
and o = 1.03. These results indicate that a large fraction of the observed variability in directional
anisotropy can be explained as a consequence of finite covariance sampling.
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Residual analyses provided insight into the physical structure remaining after removal of this
stochastic baseline. The apparent dependence of anisotropy on earthquake magnitude and
source-to-site distance was found to be largely duration-mediated. After conditioning on v, the
explanatory power of magnitude and distance collapsed from a median R? value of
approximately 0.038 to approximately 0.001. This result suggests that source and path effects
influence anisotropy primarily through their control on energetic duration and therefore on the
effective number of independent covariance observations. Near-fault pulse-like motions remain
an important exception. Conditioning on duration removes a substantial fraction of the pulse-
induced anisotropy, but a smaller period-matched residual persists, indicating a genuine
directivity-related polarization component. Site-related effects also leave a detectable short-
period residual signature. Station-level variability accounts for approximately 25-30% of the
residual variance at short periods, and stations with stronger short-period HVSR ampilification
exhibit systematically elevated anisotropy relative to the stochastic baseline.

The proposed anisotropy model was combined with a previously developed stochastic
representation of directional peak-factor variability to generate simulations of directional
response spectra. Using only two calibrated population parameters, N, and o, the resulting
framework reproduces the principal population-level characteristics of directional spectral
variability and RotD amplification factors. Remaining discrepancies are concentrated in the
upper tail at long periods, where the assumption of independence between covariance
anisotropy and peak-factor variability leads to occasional violations of the physical \/fceiling.
Importantly, this limitation arises from the representation of the peak-factor field rather than from
the covariance-anisotropy model itself. Because the directional field remains represented
explicitly, geometric constraints such as the V2 ceiling can be imposed directly and provide a
clear target for future refinements.

The principal implication of this study is a reinterpretation of directional variability. The results
suggest that directional anisotropy is governed predominantly by duration-controlled covariance
sampling, with physical effects such as rupture directivity, radiation-pattern asymmetry, and site
amplification acting as residual modifications to that stochastic baseline. This perspective
provides a physically grounded alternative to treating directionality solely through conversion
factors or additional aleatory variability terms.

Two developments appear particularly important for future work. The first is the development of
predictive models for the energetic response duration Dz(T). In the present study, Di(T) is
computed directly from recorded response histories, but practical implementation within
simulation frameworks and probabilistic seismic hazard analysis will require predictive
relationships linking D (T) to source, path, site, and oscillator characteristics. The second is the
development of joint models for covariance anisotropy and directional peak-factor structure. The
simulation results suggest that dependence between these two components, together with
higher-order harmonic representations of the peak-factor field, may substantially improve the
representation of extreme directional response while preserving the low-dimensional character
of the framework. Together, these developments point toward a compact stochastic
representation of directional ground-motion fields suitable for future simulation and hazard-
analysis applications.
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  F  ( 𝜅 ) = 1 −    ( 1 −   𝜅 2 )  b   .


  b


    N eff


    N  eff


    𝜅  rms = 0


  𝜓


  F  (  𝜅 ∣  T ) =  1  n   ∑  i = 1  n   [   1 −    ( 1 −   𝜅 2 )  b  (   𝜓  i )   ] ,     b  (   𝜓  i ) =     N  eff  (   𝜓  i ) − 1 2   .


    M  w


    R  J B


  S  ( 𝜃 ; T )


   κ  rms


   T  max = 0 . 8 /  f hp


    f  h p


    N eff


    M  w


    R  J B


    R  J B = 0


  𝜓 =  log ⁡   (   D  R ∗  ( T ) / T )


    𝜅  rms


    N  eff


    e  𝜓


    𝜅  j


  b


    b ^ = −   n    ∑  j = 1  n  log ⁡ ( 1 −   𝜅  j 2 ) ,         N ^  eff = 2   b ^ + 1


    𝜅 rms


  𝜓


    𝜅  rms


  𝜓


      N  eff ^  ( ψ )


  2   ≲   𝜓   ≲   3


  𝜓 = ln ⁡  (   D  R ∗ / T )


  𝜓


      N  eff ^


  𝜓


      N  eff ^


    𝜅 rms


    𝜅  rms


  𝜓


    N  eff = 4 𝜋 𝜉   e  𝜓


    N  min = 3


    𝜅  rms


  A = 4 π ξ


    N  min = 3


    N ∞


    𝜅  rms


    N ∞ = 30 . 4


  𝐚  ( t )


      N ^  e f f


  𝜓


    N ∞ =   D  R ∗ ⋅   B  eff , g


      N ^ ∞ ≈ 30


  𝜓


  𝜓


    N eff


  𝜓


    N eff


    N ∞


  T


    𝜅 rms


  T = 0 . 05


    𝜓 med = 5 . 1


    𝜅 rms


  T = 0 . 50


  T = 3 . 05


    𝜅 rms


  𝜓


    𝜅 rms


    N eff  ( 𝜓 )


  𝜃


    𝜅  rms


    𝜓  i


    N  eff  ( 𝜓 )


  𝜓


    𝜅  rms


    𝜓  i


    𝜅  rms


   (   𝜅  rms , i ,   𝜓  i )


  b  (   𝜓  i )


    N eff  ( 𝜓 )


  a  ( t , 𝜃 ) = 𝐮    ( 𝜃 )  T 𝐚  ( t ) ,             𝐮  ( 𝜃 ) =    (  cos ⁡  𝜃 ,  sin ⁡  𝜃 )  T


    U  i = F    (   𝜅  rms , i ;   2 ,   b (   𝜓  i ) ) = 1 −    ( 1 −    𝜅  rms , i 2 )  b (   𝜓  i )


    U  i


   ( 0 , 1 )


    z  i =  Φ  − 1  (   U  i )


  z


  𝜇 = − 0 . 093


  𝜎 = 1 . 032


    𝜅 rms


  z


    𝜅  rms


    N  eff


   σ  a 2  ( 𝜃 ; T ) = 𝐮    ( 𝜃 ) ⊤ 𝐂  ( T ) 𝐮  ( θ )


  z =  Φ  -1  (   F  𝜅  (   𝜅  rms ;   2 ,   b  ( 𝜓 ) ) )


    N  eff  ( 𝜓 )


    z  𝜓


  N  ( 0 , 1 )


    𝜅 rms


    T  p ∗


    T  p ∗ = 0 . 87


    T  p ∗ = 0 . 87


  0 . 16


  8 . 70


  𝐂  ( T )


  Δ   𝜅 rms  ( T ) = 𝔼  [    𝜅 rms  ( T ) ∣ pulse ] − 𝔼  [    𝜅 rms  ( T ) ∣  non - pulse ]


  T ≈ 0 . 1


  T ≈ 1


  T ≈ 1


    T  p ∗ = 0 . 87


    D  R ∗  ( T )


  𝜓


    z  𝜓


    z  𝜓


    z  T


    𝜆 1


    𝜅  rms


    z  T


    z  𝜓


    z  T


    z  𝜓


  T /   T  p ∗


    T  p ∗


  T /   T  p ∗ = 1


  T /   T  p ∗ ≈ 1


    z  T


    𝜆 2


    z  𝜓


   ( T /   T  p ∗ < 0 . 5 )


  𝜓


  𝜓


  T /   T  p = 1


  𝜓


  Δ   𝜅  rms  ( T )


  n = 121


  T /   T  p ∗


    T  p ∗


    𝜆 1 ≥   𝜆 2


  T


    z  T


  𝜓


    z  𝜓


  T /   T  p ∗ ≈ 1


  ± 1


    z  𝜓  ( T ) = c  ( T ) +  β  R  ( T )   log R  J B +  β  M  ( T )  (   M  w − 5 . 5 ) + 𝜀


    𝛽  R  ( T )


    z  𝜓


    𝛽  M  ( T )


    𝜃 0


    R 2


    z  𝜓


  T


    z  T


      𝛽 ^  R  ( T )


      𝛽 ^  M  ( T )


    R 2  ( T )


  T


      𝛽 ^  R  ( T )


  − 0 . 8


   λ 1


  T = 0 . 1


      𝛽 ^  M  ( T )


  + 0 . 3


    D  R ∗  ( T )


  𝜓


    N  eff


    R 2


    z  T


  0 . 038


  4 %


    𝜎  a 2  ( 𝜃 , T ) =     𝜎  a 2 -  ( T )  [ 1 +   𝜅  rms  ( T )  cos ⁡  2  ( 𝜃 −   𝜃 0 ) ]


  𝜓


    R 2


  0 . 038


  0 . 0014


    𝜅  rms


   (   M  w ,   R  J B ) →   D  R ∗  ( T ) → 𝜓 →   N  eff →   𝜅  rms


    𝜅  rms


    N  eff  ( 𝜓 )


  𝜓


    M  w


      𝜎  a 2 - =     𝜆 1 +   𝜆 2 2 ,       𝜅  rms =     𝜆 1 −   𝜆 2    𝜆 1 +   𝜆 2 ,     0 ≤   𝜅  rms < 1


    R  J B


  𝜓


      𝛽 ^  R  ( T )


    z  T


    z  𝜓


  − 0 . 4


  𝜓


  T ≈ 0 . 1   s


  T ≈ 0 . 1   s


    N  eff  ( 𝜓 )


    𝜅  rms


      𝛽 ^  R ≈ − 0 . 4


    z  𝜓


    𝜅  rms


  0 . 03 – 0 . 05


      𝛽 ^  R  ( T )


      𝛽 ^  M  ( T )


    R 2  ( T )


  T


    z  T


  𝜓


  𝜓


  PSA  ( 𝜃 , T ) =    max  t ⁡   | a  ( t , 𝜃 ) |


    z  𝜓


    l o g ⁡    R  J B


    M  w


    R 2


    𝜅  rms


    z  𝜓


    z  𝜓


    z  𝜓  ( T ) = 𝜇  ( T ) +   u  s  ( T ) +   v  e  ( T ) +   𝜂  r  ( T )


    u  s  ( T )


    v  e  ( T )


  PSA  ( 𝜃 , T ) =   𝜎  a  ( 𝜃 , T ) p  ( 𝜃 , T )


    𝜂  r  ( T )


  T ≈ 1


  𝜓


    𝜅 rms  ( T )


  𝜓


    z  𝜓


    𝜅  rms  ( T )


    f 0


    z  𝜓


   log ⁡    f 0


  p  ( 𝜃 , T )


  T


    A HVSR  ( T ) =  1  ∣  ℬ  T ∣   ∫   ℬ  T  log ⁡ HVSR  ( f )   d f


   ℬ  T =  [   f  T /  2 ,     f  T  2 ]


    f  T = 1 / T


    A HVSR  (   T ref )


    T ref = 0 . 10


    z  𝜓


    𝜅 rms


    z  𝜓


    𝜅 rms


   ln ⁡  p  ( 𝜃 ) =   𝜇  p + 𝜀  ( 𝜃 )


    𝜅 rms


  T ≈ 2


    𝜅 rms  ( T )


    A  HVSR  (   T  r e f )


    T  ref = 0 . 10


    z  𝜓


    𝜅  rms  ( T )


    𝜅  r m s


    𝜅  rms


  𝜀  ( 𝜃 )


  𝜀 ( 𝜃 )


  𝜀  ( 𝜃 )


    PSA  ( 𝜃 , T )  Rot  D  50  ( T ) =  1 +   𝜅  rms ( T )  cos ⁡  2  ( 𝜃 −   𝜃 0 )  exp ⁡   ( 𝜀  ( 𝜃 , T ) )


    𝜅 rms


   ( 2 , b )


  b =  (   N eff  ( 𝜓 ) − 1 ) / 2


  𝜀  ( 𝜃 , T ) ≈   a 2  ( T )  cos ⁡  2 𝜃 +   b 2  ( T )  sin ⁡  2 𝜃


   (   a 2 ,   b 2 )


   (   a 2 ,   b 2 ) ∼ 𝒩  ( 𝟎 ,    σ 2 𝐈 )


  𝜌 =    a 2 2 +   b 2 2


  𝜎 = 0 . 09


  𝜋


  𝜓


    N eff  ( 𝜓 )


    𝜅 rms


   ( 2 , b )


   (   a 2 ,   b 2 )


  𝒩  ( 𝟎 ,   𝜎 2 𝐈 )


    𝜅 rms


  T = 1


  T = 0 . 1


  1


  S  ( 𝜃 , T ) =   S 0  ( T )  [ 1 +   𝜅  rms  ( T )  cos ⁡   ( 2  ( 𝜃 −   𝜃 0 ) ) ]  exp ⁡   ( 2 𝜀  ( 𝜃 , T ) )


  3


    𝜃 0


  𝜓


  𝜀  ( 𝜃 ; T )


  1 + 2 . 5   𝜀  ( 𝜃 )


  𝜎 = 0 . 09


    N eff


  T = 0 . 1


  𝜓


    N eff


    𝜅  rms


    N ∞


    𝜅 rms


    𝜅 rms


  T = 1


  T = 3


  𝜓


    N eff


    𝜅 rms


  𝜓


    𝜅 rms


  S ₀ ( T )


    𝜅 rms


  𝜀  ( 𝜃 )


    𝜃 0


  𝜀


  T = 0 . 1


  1


  3


  PSA  ( 𝜃 ) / RotD50


    𝜃 0


  𝜓


    𝜅  rms


  1 + 2 . 5   𝜀  ( 𝜃 )


  𝜎 = 0 . 09


    𝜅  rms


  𝜓


    𝜅 rms


    𝜅 rms


    𝜅 rms


  PSA  ( T , 𝜃 ) / RotD 50  ( T )


  RotD 100  ( T ) / RotD 50 ( T )


  𝜓


    𝜅 rms


    𝜃 0


  T = 0 . 1


  T = 3


  𝜓


    𝜅 rms


    N eff


    N ∞


    𝜅 rms


   2


   2


  𝜀  ( 𝜃 )


  𝜀  ( 𝜃 )


    𝜅 rms


    𝜅 rms


     [ 1 +   𝜅 rms  cos ⁡  2 𝜃 ]  1 / 2


   2


  𝜀


  PSA / RotD 50


   2


    𝜅  rms


  𝜀


  𝜀


    𝜅  rms


  RotD 100 / RotD 50


    𝜅 rms


    N eff


  T = 0 . 1


  T = 3


   2


  T = 0 . 1


  T = 3


    𝜅 rms


    𝜅 rms


    𝜅  PSA =   S  (   𝜃 0 ) − S  (   𝜃 0 + 𝜋 / 2 )  S  (   𝜃 0 ) + S  (   𝜃 0 + 𝜋 / 2 )


  𝜀


  P S A  ( T , 𝜃 ) / R o t D 50  ( T )


  R o t D 100  ( T ) / R o t D 50  ( T )


   2


   2


  T = 0 . 1


  T ≈ 5


  PSA  ( T , 𝜃 ) / RotD 50  ( T )


  RotD 100 / RotD 50  


  RotD 100 / RotD 50


   κ  PSA


   2


    N ∞ = 30 . 45


  𝜎 = 0 . 09


  RotD 100 / RotD 50 ≤  2


  𝜀 ( 𝜃 )


  P S A  ( T , 𝜃 ) / R o t D 50  ( T )


  R o t D 100  ( T ) / R o t D 50  ( T )


  𝜓


   2


    N eff


    𝜅  rms


  𝜓 = ln ⁡  (   D  R ∗ / T )


    N eff


    𝜅 rms


  𝜇 ≈ − 0 . 09


  𝜎 ≈ 1 . 03


  𝜓


    R 2


    N ∞


    𝜎  p


   2


    𝜅  rms


   2


    D  R ∗  ( T )


    D  R ∗  ( T )


    D  R ∗  ( T )


    𝜅  rms


    N  eff


    𝜅  rms 2 ∼ Beta  ( 1 ,     N  eff   − 1 2 )


   2


    N  eff


    N  eff


  T


  𝜉


  D


    N  eff ≈ 4 π ξ   D  T


    N  eff


    N  eff


    X  T  ( t )


    Y  T  ( t )


    𝜅 rms


  T


    a  R , T  ( t )


    D  R ∗  ( T ) =      (  ∫    a  R , T 2  ( t )   d t ) 2   ∫    a  R , T 4  ( t )   d t


    D  R ∗  ( T )


    t 0


      C  X Y ^  ( T ) =  1    D  R ∗  ( T )   ∫    t 0    t 0 +   D  R ∗  ( T )    X  T  ( t )     Y  T  ( t )   d t .


  𝔼  [   X  T  ( t ) ] = 𝔼  [   Y  T  ( t ) ] = 0


  𝔼  [   X  T  ( t ) ] = 𝔼  [   Y  T  ( t ) ] = 0


  Var  [   X  T  ( t ) ] = Var  [   Y  T  ( t ) ] =   𝜎  T 2


  Corr  [   X  T  ( t ) ,   X  T  ( s ) ] = Corr  [   Y  T  ( t ) ,   Y  T  ( s ) ] =   𝜌  T  ( t − s )


    𝜅 rms


  Corr  [   X  T  ( t ) ,   X  T  ( s ) ] = Corr  [   Y  T  ( t ) ,   Y  T  ( s ) ] =   𝜌  T  ( t − s )


  Cov  [   X  T  ( t )   Y  T  ( t ) ,   X  T  ( s )   Y  T  ( s ) ] =   𝜎  T 4   𝜌  T 2  ( t − s )


    𝜌  T 2


  𝜏 = t − s


  Var  [     C  X Y ^  ( T ) ] =     𝜎  T 4     (   D  R ∗  ( T ) ) 2   ∫  −   D  R ∗  ( T )    D  R ∗  ( T )   (   D  R ∗  ( T ) −  | 𝜏 | )   𝜌  T 2  ( 𝜏 ) d 𝜏


    D  R ∗  ( T ) − ∣ 𝜏 ∣


  𝜏


  𝜏 = 0


  ∣ 𝜏 ∣


  N


    𝜅 rms


    𝜎  T 4 / N


      D  R ∗  ( T )    N  eff  ( T ) =   ∫  −   D  R ∗  ( T )    D  R ∗  ( T )   ( 1 −    | 𝜏 |    D  R ∗  ( T ) )  ρ  T 2  ( 𝜏 )   d 𝜏


    D  R ∗  ( T ) −  | 𝜏 |


    𝜌  T 2  ( 𝜏 )


    D  R ∗  ( T ) − ∣ 𝜏 ∣


    D  R ∗  ( T )


    N  eff  ( T ) ≈     D  R ∗  ( T )    I  T ,       w i t h       I  T =   ∫  − ∞ ∞    𝜌  T 2  ( 𝜏 ) d 𝜏


    I  T


    𝜌  T  ( 𝜏 ) ≈  e   ( − 𝛼  | 𝜏 | )  cos ⁡   (   𝜔  d 𝜏 )


  𝛼   =   2 𝜋 𝜉 / T


    N  eff


    𝜔  d = ω   ( 1 −  ξ 2 )


  𝜔 = 2 𝜋 / T


    I  T ≈ T /  ( 4 𝜋 𝜉 )


    N  eff  ( T ) ≈ 4 𝜋 𝜉     D  R ∗  ( T )  T = 4 𝜋 𝜉   e  𝜓 ,     𝜓 =  ln ⁡   (     D  R ∗  ( T )  T )


    N  osc


  T


    𝜌  T  ( 𝜏 ) →   𝜌  g  ( 𝜏 )


   I g =   ∫  − ∞ ∞   ρ g 2  ( τ )   d τ =  1   B  eff , g


    B  eff , g


    B  eff , g =   2   𝜎  g 4    ∫ 0 ∞    P  g 2  ( f )   d f

