
Appendix A The origin of Lattice Boltzmann
Method

The Lattice Boltzmann Method originates from the continuous Boltzmann equation,
Eqn. (A1).
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The collision operator (Ω) is a highly complex term whose fundamental role is
to restore the system to the Maxwellian state by directing f toward its Maxwell-
Boltzmann equilibrium distribution (feq). The operator vanishes when the system
reaches its equilibrium (f = feq) [1]. For ideal gas, this thermodynamic equilibrium
state is formulated in Eqn. (A2).
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where ρ and u are the mixture density and velocity, respectively. D is the spatial
dimension, T is the temperature, and r̄ is the gas constant of the mixture.

r̄ =
R

W̄
W̄ =

1∑︁N
k=1 Yk/Wk

(A3)

The gas constant of the mixture is formed with the universal gas constant (R = 8.3145
kJ/kmol/K), and the mixture molecular weight (W̄ ), Eqn. (A3).
The fluid physics derived from the BE at the macroscale is consistent with the
Navier-Stokes equations. This indicates that the individual atoms are no longer dis-
tinguishable nor of primary interest. The Chapman–Enskog expansion connects the
Boltzmann formulation to the macroscopic Navier–Stokes equations [2].
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where the pressure can be approximated by the ideal gas law (p = ρr̄T ).
The zeroth and first order moments of the velocity distribution function f yields

the local density (ρ), and momentum ρu(x, t), respectively.

ρ(x, t) =

∫︂
f(x, ξ, t)dξ

ρu(x, t) =

∫︂
f(x, ξ, t)ξdξ

(A6)

Although the continuous Boltzmann equation can be applied to the mass and momen-
tum conservation laws, the high-dimensional, integro-differential nature of the VDF
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and the collision term makes direct solutions prohibitively challenging, if not impos-
sible [3]. Thus, continuous kinetic theory is discretized by evaluating the VDF along
specific discrete velocity directions. This discrete formulation decouples the fluid evo-
lution into a collision step that relaxes f toward equilibrium and a streaming step that
advects f . While discretization strategies vary (e.g., D1Q3, D2Q9, D3Q19), we select
the two-dimensional, nine-directional D2Q9 scheme for this study due to its symmet-
ric nature and low memory usage [4]. However, because the set of discrete velocities is
finite, deviations between the continuous and discrete moments arise. To counterbal-
ance these inconsistencies, an additional forcing term should be added to the evolution
of the distribution function [5].
Eqn. (A7) defines the discrete distribution functions (fi) traveling with the velocity
of ci in the discrete lattice directions. wi are the Gaussian weights, and ω(ci) is the
weighting function.

fi(x, t) =
wi

ω(ci)
f(x, ci, t) (A7)

Another cornerstone of LBM is the construction of the collision operator. Over the
years, various collision models have been developed to improve numerical performance.
The most renowned approaches include the Single Relaxation Time (SRT) model, also
called the Bhatnagar-Gross-Krook (BGK) operator [6], two-relaxation time (TRT)
models [7, 8], multi-relaxation time (MRT) models [8, 9], and regularization models
[10–12]. While the BGK operator is preferred for its simplicity, it suffers from numerical
instability in high-shear flows [13]. TRT and MRT models enhance the stability margin
by tuning the relaxation times of higher-order moments. Addressing the same stability
limitation, the regularized collision kernels extend the stability boundaries by filtering
the nonequilibrium parts of the distribution function.

Appendix B Initial Conditions and Flame Metrics

The initial thermodynamic states for the burnt and unburnt mixtures are obtained
from Cantera’s chemical equilibrium solver [14]. As a representative case, Table B1
presents the initial conditions for an equivalence ratio of unity. For the chemical kinet-
ics, we utilize the 9-species, 12-step reduced hydrogen mechanism developed by Boivin
et al. [15].

We compute the flame speed (SL) using the flame consumption speed approach
(FCS). This strategy integrates the consumption rate of the limiting reactant (fuel,
ẇF , or oxidizer, ẇO) along the flame-surface normal, and subsequently determines
SL through normalization with reactant’s consumed mass density [16]. Unlike mul-
tidimensional configurations, the one-dimensional flame front is perpendicular to the
domain axis and propagates only along this direction. This simplification reduces the
spatial integral to a simple line integral. Thus, the FCS approach is advantageous
in the 1-D case, as it captures the global flame behavior without requiring explicit
flame-front reconstruction.

2



Variables Fresh Gases Burnt Gases

T 300 K 2381 K

P 101325 Pa 101325 Pa

YH2
2.85 · 10−2 1.12 · 10−3

YO2
2.26 · 10−1 8.49 · 10−3

YH2O 0 2.39 · 10−1

YH 0 7.30 · 10−5

YO 0 4.29 · 10−4

YOH 0 5.72 · 10−3

YHO2
0 1.86 · 10−6

YH2O2
0 2.06 · 10−7

YN2
7.45 · 10−1 7.45 · 10−1

Table B1: CANTERA computed initial conditions
of Fresh and Burnt Gases

SL = − 1

ρU (YFU
− YFB

)
·
∫︂ ∞

−∞
ẇF dx when ϕ ≤ 1

SL = − 1

ρU (YOU
− YOB

)
·
∫︂ ∞

−∞
ẇOdx when ϕ > 1

(B1)

The flame consumption speed (FCS) formulation is given in Eqn. (B1). The limiting
reactant is the fuel (subscript F ) under lean conditions (ϕ ≤ 1), and the oxidizer
(subscript O) under rich conditions (ϕ > 1). The subscripts U and B denote the
unburnt and burnt states, respectively.

We also calculate the thermal flame thickness (δ) using the maximum temperature
gradient approach. This is defined as the ratio of the temperature difference between
the burnt and unburnt states to the maximum temperature gradient across the flame
front (δ = (TB − TU )/(dT/dx)max).
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