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ABSTRACT 

Coating flows of electro-conductive functional magnetic nanofluids external to both wedge and 
cone shapes embedded in porous media under external magnetic field modulation are 
investigated theoretically and numerically. Chemical reaction, thermal radiation, heat 
generation and activation energy effects are included in the mathematical model. Buongiorno’s 
two-component nanoscale model is deployed to evaluate mass diffusion phenomena of the 
nanoparticles under thermophoretic and Brownian motion effects. A separate species equation 
is included for reactive solute diffusion. By making use of suitable similarity transformation 
techniques, the original system of partial differential equations is reduced to a system of 
nonlinear ordinary differential equations with suitable wall and free stream boundary 
conditions. The MATLAB 'bvp4c' solver is used to numerically solve the nonlinear 
dimensionless ordinary differential boundary value problem. Verification with previous studies 
is included. The influence of key emerging parameters on velocity and temperature is displayed 
graphically. Response Surface Methodology (RSM) is then deployed to conduct statistical 
analysis and optimize the transport process for skin friction, Nusselt number (heat transfer rate), 
solutal Sherwood number (solute mass transfer rate) and nanoparticle Sherwood number. The 
results show that for both the cone and wedge geometries, flow acceleration is produced with 
decreasing Richardson numbers. Increasing Brownian motion parameter generates strong 
micro-convection currents in the base fluid, increasing the overall thermal conductivity and 
enhancing temperature and associated thermal boundary layer thickness. Increasing 
thermophoresis parameter intensifies thermal diffusion and elevates temperatures, reduces 
nanoparticle volume fraction and decreases nanoparticle species boundary layer thickness. An 
elevation in internal heat-generating and Rosseland radiation-conduction parameter both 
contribute significantly to the dramatic rise in temperature. With enhanced R² values of 98.56% 
for the cone and 99.04% for the wedge, the nanoparticle Sherwood number achieves a high 
level of prediction accuracy. The simulations are relevant to coating flows of biochemical 
engineering devices with functional nano-liquids.   

KEYWORDS: Nanofluid, MHD, thermal radiation, cone and wedge, heat source, activation 

energy, nano-coating manufacture, chemical reactions, RSM. 
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NOMENCLATURE:  

Cf  Skin friction Ri  Richardson number 

Cp  Specific heat of the fluid 
(J/kgK) 

Sc  Schmidt number 

,wC C  Wall and ambient concentration 
conditions (kg/m3) 

,wT T  Wall and ambient temperature 
conditions (K)  

BD  Brownian diffusion coefficient 
(m2/s) 

Nt  Thermophoresis parameter 

TD  thermophoretic diffusivity 
(m2/s) 

G Temperature function   

E  Activation energy H Solute concentration 
g  Acceleration due to gravity 

(m/s2) 
S Nanoparticle concentration 

Gr  Grashof number Greek letters 
K  Porous medium permeability 

(m2) 
  Heat capacities of 

nanoparticles to the fluid ratio 
Kr  Chemical reaction parameter 

f  Nanofluid density (kg/m3) 

fk  Thermal conductivity (W/mK)   Non-dimensional coordinate 

Le  Lewis number 
f  Electrical conductivity (S/m) 

M  Magnetic field  ,w   wall and ambient nanoparticle 
concentration conditions 

Nb  Brownian motion parameter 
f  kinematic viscosity (m2/s) 

Nc  buoyancy ratio parameter of 
species 

f  Dynamic viscosity (kg/ms) 

Nr  nanoparticle buoyancy ratio 
parameter 

Subscripts 

Pr  Prandtl number tnf  Ternary nanofluid 

Q  Heat source parameter hnf  Hybrid nanofluid 

R  Thermal radiation parameter nf  nanofluid 

Re  Reynolds number f  Base fluid 

   

         1.INTRODUCTION 

Fluid dynamics is a large field of study since it has applications in practically every engineering 

discipline, including aerospace, chemical, civil, mechanical and biomedical engineering. 

Coating flow of cones and wedges [1] describes how viscous fluids (like paints, liquid foods, 

or polymers) spread over surfaces that are angled or conical. The fluid spreads driven by 

gravity, centrifugal force, or pressure, balancing viscous resistance and surface tension. These 

flows differ fundamentally in boundary layer shape, velocity profile, and heat/mass transfer 

rates. Significant interest in coating fluid dynamics of cones/wedges and also cone-wedge 

hybrid geometries has been stimulated by the relevance of such geometries to a range of 

chemical, biochemical and process mechanical engineering systems [2, 3].  
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Magnetohydrodynamics (MHD) is the study of electrically conducting fluids (like molten 

metals and ionized gases) in magnetic fields. In manufacturing, it is a critical technology used 

to control, pump, stir, and shape liquid metals without physical contact, drastically improving 

efficiency and material quality [4]. Magnetohydrodynamics (MHD) in coating flow involves 

applying a transverse magnetic field to electrically conductive, Newtonian or non-Newtonian 

fluids during processes like wire, blade, roll or enrobing coating [5]. This technique uses 

Lorentz forces to exert precise, contactless control over the fluid velocity and pressure gradient, 

allowing engineers to finely regulate final coating thickness and homogeneity. When managing 

an MHD coating system, one can essentially balancing the fluid viscous/elastic resistance 

against the applied magnetohydrodynamic (Lorentzian) drag. By tuning the magnetic field, 

engineers can directly adjust the volume of fluid transferred to the substrate. Stronger magnetic 

fields typically result in a thicker, heavier coating load depending on the coater geometry [6]. 

MHD acts as a stabilizing mechanism for these complex viscoelastic fluids, helping to prevent 

dripping or uneven pooling before the coating is cured. External boundary layer flows from 

wedges are often termed Falkner-Skan flows. Wedge flows introduce a pressure gradient 

governed by the wedge angle parameter (Hartree pressure gradient). The geometry accelerates 

or decelerates the boundary layer, altering the local skin friction and heat transfer differently 

depending on whether the flow is a favourable or adverse pressure gradient. A conical geometry 

tends to restrict the boundary layer thickness more than flat plates, leading to distinct heat 

transfer rates and temperature gradients. A number of interesting studies have addressed 

magnetohydrodynamic coating flows of cones and or/wedge geometries. Vajravelu and Nayfeh 

[7] examined the external hydromagnetic coating flow of a viscous Newtonian liquid on a 

vertical cone or wedge with free convection and heat generation/absorption. They deployed a 

finite difference method and showed that heat source and magnetic field strength produce 

significant modifications in boundary layer characteristics. Chamkha [8] extended the model 

in [7] to consider porous media drag effects. Gaffar et al. [9] considered non-isothermal wall 

effects in electromagnetic tangent hyperbolic polymer flow from an upright porous cone. 

Gaffar et al. [10] further studied the effects of convective wall heating on Falkner-Skan flow 

of magnetic non-Newtonian polymers along a wedge with variable wall temperature and mixed 

convection.  

In recent years, engineers have explored the use of nanomaterials in coating technologies. 

Nanoparticles in coating flows provide critical rheological control and structural 

reinforcement. They act as nano-ball-bearings to improve flowability during application and 
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form dense networks that cure into multifunctional, durable thin films. Nanoparticles may be 

metallic (e.g. zinc, copper etc), metallic oxides (magnesium oxide, iron oxide etc) or carbon-

based (graphite, graphene, graphene oxide, silica, silicon dioxide etc) or combinations of these 

types.  Their judicious integration revolutionizes surface protection, scratch resistance, and 

optical clarity. he extremely high surface-area-to-volume ratio of nanoparticles affects 

interfacial forces. Adding the correct surface functionality (via specific resins or ligands) 

allows nanoparticles to disperse uniformly, preventing clumping and stabilizing the liquid 

before it sets. Nano-coatings [11] offer numerous advantages, including surface hardness, 

adhesive strength, long-term and/or high-temperature corrosion resistance, the enhancement of 

tribological properties, etc. In addition, nano-coatings can be applied in thinner and smoother 

thickness, which allows flexibility in equipment design, improved efficiency, lower fuel 

economy, lower carbon footprints, and lower maintenance and operating costs. Nano-coatings 

are utilised efficiently to reduce the effect of a corrosive environment. A nanocoating is a 

coating that either has constituents in the nanoscale or is composed of layers that are less than 

100 nm. The fine sizes of nanomaterials and the high density of their ground boundaries enable 

good adhesion and an excellent physical coverage of the coated surface. An important category 

of nanomaterials known as nanofluids have emerged as a significant area of interest in the 21st 

century.  Nanofluids are engineered suspensions of nanoparticles in base liquids and are 

revolutionizing coatings by enhancing properties like thermal conductivity, corrosion 

resistance, and hydrophobicity. Compared to traditional coolants, nanofluids exhibit vastly 

superior thermophysical properties. Since nanoparticles have an exceptionally high surface-

area-to-volume ratio, they act as miniature heat carriers and create micro-convection currents 

within the fluid [12]. Key developments in nanofluid technology were pioneered by Choi [13]. 

Important models for simulating nanofluids are the Buongiorno model [14] and Tiwari-Das 

model [15]. The Buongiorno nanofluid model is a widely used two-component mathematical 

framework in thermal engineering. Developed by MIT professor Jacopo Buongiorno in 2006, 

it explains how nanoparticles (usually under 100 nm) enhance heat and mass transfer in base 

fluids, primarily focusing on two key mechanisms: Brownian motion (random, chaotic 

collision and movement of nanoparticles suspended in the liquid occur and this micro-mixing 

improves thermal conductivity and energy dispersion) and thermophoresis (movement of 

nanoparticles from hotter regions to cooler regions due to temperature gradients. The 

Buongiorno model is particularly useful as it incorporates these slip-mechanisms, which 

traditional single-phase fluid models such as the Tiwari-Das model cannot account for. The 

Tiwari-Das nanofluid model is a single-phase mathematical framework which assumes that the 
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solid nanoparticles are uniformly dispersed within a base fluid. It focuses on how the 

nanoparticle solid volume fraction of these nanoparticles alters the overall thermophysical 

properties of the working fluid but does not feature the sophisticated slip mechanisms of the 

Buongiorno model, although it is a more robust approach for studying specific nanomaterial 

types. Both models have been extensively reviewed by Bég [16] in the context of coating flows, 

emphasizing that nanoparticles allow coatings to dissipate heat, withstand harsh environments, 

and self-clean without adding significant weight or bulk. Incorporating nanofluids into coating 

formulations creates specialized, multi-functional surfaces with high-performance 

characteristics. Suspensions of metallic oxides (alumina, titania etc) or carbon-based 

nanoparticles in resins boost the thermal conductivity of the coating, effectively dissipating 

heat from electronics, automotive parts, and industrial machinery. Hybrid nanofluids (like 

Copper-MXene composites) control the release of toxic ions and lower surface energy to 

prevent bacterial or marine organism adhesion as noted by Huang et al. [17]. While nanofluids 

deploying different nanoparticles and base fluids (lubricants, polymers etc) offer remarkable 

performance gains, they face a few key challenges. High concentrations can increase the 

viscosity of the coating material, which complicates application and raises costs, as 

nanoparticle formulations span a wide pricing spectrum. Furthermore, maintaining long-term 

suspension stability to prevent sedimentation and agglomeration requires careful formulation. 

Magnetic nanoparticles are a more complex subset of nanoparticles which enable greater 

functionality of the coatings and can achieve superior durability and resilience in a plethora of 

applications including surface deposition and coatings [18, 19, 20]. Several investigators have 

studied magnetic nanofluid coating flows on wedges and cones. Gorla et al. [21] used the 

Nakamura tridiagonal method to compute Buongiorno nanofluid mixed convection boundary 

layer flow from a vertical wedge embedded in a porous medium saturated with a nano fluid. 

They showed that as Brownian motion parameter is elevated friction factor and surface mass 

transfer rates increase whereas heat transfer rate (Nusselt number) decreases, and that with 

greater thermophoresis parameter mass transfer rate (Sherwood number) decreases. They also 

noted that with greater Lewis number, heat transfer rate decreases and mass transfer rate 

increases, whereas with larger wedge angle both heat and mass transfer rates increase. 

Umavathi et al. [22] used MATLAB software to compute the steady, incompressible 

dissipative boundary-layer flow of a non-Newtonian micropolar nanofluid over a wedge-

geometry. They used the Tiwari-Das model and considered copper, diamond, silver and 

titanium dioxide nanoparticles. They noted that thermal boundary layer thickness is enhanced 

with Eringen micropolar vortex viscosity parameter and nanoparticle volume fraction and 
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velocity is boosted with increasing nanoparticle volume fraction. They further noted that 

temperature is elevated with increase in heat source but reduced with heat sink, and that skin 

friction is boosted with pressure gradient parameter whereas Nusselt number is depleted. 

Nusselt number is observed to be a maximum for diamond whereas it is a minimum for silver. 

Temperatures were also computed to be a maximum for silver and progressively lower for 

copper, diamond and with a minimum for titania. Further studies include Chamkha et al. [23] 

(on wedge flow in nanofluid-saturated porous media), Sandeep and Reddy [24] (copper-water 

nanofluid flow from cones and wedges in a magnetic field with thermal radiation flux) and Das 

et al. [25] (on slip Buongiorno gyrotactic nanofluid boundary layer flows in cone-disk systems). 

Ray et al. [26] used a homotopy method to simulate power-law non-Newtonian cone, wedge 

and plate boundary layer flows. They showed that with higher thermal and solute Grashof 

numbers strong flow acceleration is produced whereas temperature and nanoparticle volume 

fraction are reduced for all three different configurations, i.e., cone, wedge and plate. 

Furthermore, the thermal and concentration boundary layers are more dramatically modified 

for the wedge case, as compared to the plate and cone. Salawu et al. [27] computed the ternary 

Prandtl-Eyring magnetic hybrid nanofluid coating flow over a stretching wedge with spherical 

titanium dioxide, cylindrical magnesium oxide and platelet aluminium  nanoparticles.  

In nanofluid coating manufacturing processes, chemical reactions often arise. Nanocoating 

manufacture relies on precise chemical reactions to build ultrathin, functional layers at the 

atomic or molecular scale. The primary manufacturing techniques use hydrolysis, 

condensation, thermal decomposition, and polymerization to engineer these surfaces. Chemical 

reactions in coatings drive the curing process—transforming liquid paint into a solid, durable 

protective layer—rather than relying just on solvent evaporation. Key reactions include 

polyurethane crosslinking (isocyanates reacting with polyols), epoxy curing (amines or 

anhydrides opening oxirane rings), and oxidative crosslinking (alkyd resins reacting with 

atmospheric oxygen). To simulate the effects of chemical reactions, mathematical mass transfer 

(species diffusion) models are required [28]. Activation energy effects in nano-coatings are 

critical for understanding how these materials form, degrade, and interact with their 

environments. Two primary contexts define these effects: thermodynamic activation during the 

coating's formulation and the surface-level activation energy barriers during its operational use. 

During the formulation or heat treatment of a nanocoating, activation energy dictates the speed 

and temperature at which the material crystallizes, oxidizes, or cures. Nanomaterials typically 

have a high surface-area-to-volume ratio, making them susceptible to surface-initiated grain 
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growth. Nano-coatings (e.g., amorphous alumina) are often engineered with higher activation 

energy barriers intentionally designed to suppress this grain growth, stabilizing high-

performance states (like high-conductivity cubic phases) at elevated operating temperatures. 

The addition of nanoparticles (e.g. Nickel oxide) to polymer-based matrices generally 

decreases the activation energy required for thermal decomposition, meaning degradation 

initiates at lower temperatures. Precise mixing and dispersion are required to control this effect. 

In coating mass transfer, activation energy dictates the energy barrier required for chemical 

species to diffuse or react. Higher activation energy suppresses mass diffusion, slows down 

reaction rates, and causes reactant accumulation. In contrast, lower activation energy 

accelerates coating formation. Mass transfer in coating processes (such as polymer curing, 

electrodeposition, or spin-coating) typically follows Arrhenius kinetics, where the reaction rate 

or diffusion coefficient scales exponentially with temperature. The impact of activation energy 

on the coating mass transfer rate depends on whether the process is governed by chemical 

reactions (kinetically controlled) or mass transport (diffusion controlled). Several researchers 

have analysed nanofluid coating flows on wedges and cones with reactive and activation energy 

physiochemical effects.  Zainal et al. [29] reported that increasing the nanoparticle volume 

from 0% to 1% raises the skin friction coefficient by 1.6% to 3.2%. However, including 

activation energy in the model reduces the mass transfer rate and flattens the concentration 

curve. Singh et al. [30] simulated MHD sodium alginate ternary nanofluid flow on both conical 

and wedge geometries. They considered exothermic/endothermic chemical reactions and 

showed that exothermic reactions typically enhance thermal energy (increasing temperature 

profiles), whereas endothermic reactions absorb heat, leading to temperature drops within the 

boundary layer. They further noted that solute concentration profiles are enhanced with 

activation energy parameter, Nusselt number at the wall is reduced with increasing chemical 

reaction rates and is 48.68% higher for the wedge than the cone geometry for the exothermic 

case and 35.57% in the endothermic case. They additionally observed that Sherwood number 

(mass transfer rate) for the cone exceeds that for the wedge by 7.83% in the exothermic case 

and 19.27% in the endothermic case. Further investigations of reactive coating flows include 

Krishna and Reddy [31] (who considered viscoplastic magnetic fluids), Shammari et al. [32] 

(on oscillatory coating flow of a cone in non-Darcy porous media), Zhang et al. [33] (on 

spectral computation of magnetized nanofluid coating with activation energy and wall suction), 

Shanmugapriya et al. [34] (on viscoelastic Jeffrey ternary hybrid nanofluid wedge coating flow 

with catalytic reactions) and Li et al. [36] (on tangent hyperbolic bioconvection nanofluid flow 

from a magnetic sensor wedge with wall suction).  These studies have confirmed that chemical 
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reactions and Arrhenius kinetics exerts a significant role in coating transport processes of 

conical bodies and wedge geometries. Other complex multi-physics studies of cone and wedge 

geometries have featured rough wall effects [36], graphene oxide combined with molybdenum 

disulfide hybrid nanoparticles [37] and thermal relaxation (non-Fourier heat conduction) [38].  

In modern coating processes, the presence of a porous medium produces resistance to the 

motion of the fluid, which influences the velocity distribution and its transport characteristics 

[39]. This can be exploited in filtration-based control in nano-coatings. Porous media control 

coating flows by leveraging permeability and capillary action to regulate fluid velocity, 

distribute liquid evenly, and filter out defects. They prevent film rupture and stabilize the 

coating bead, ensuring a uniform, defect-free layer [40]. Controlling coating flows with porous 

media relies on two main mechanisms: passive flow resistance (slowing flow speed) and active 

capillary penetration (absorbing or redistributing liquid). Porous media hydrodynamic models 

are diverse and include drag force, spatially periodic, volume averaged and others. The Darcy 

model and Darcy-Brinkman models remain the most popular approach in coating boundary 

layer flows due to their simplicity and accuracy at low Reynolds numbers. Recent studies 

implementing these models include Padmaja et al. [41] (on copper-aqueous magnetic 

nanofluids in vertical cone spin coating in Darcy-Brinkman porous media), Uddin et al. [42] 

(on pseudoplastic/dilatant nanofluid coating flow in Darcian porous media with heat source 

effects) and Bég et al. [43] hydromagnetic convective boundary layer flow from a spinning 

cone in anisotropic permeable porous media). 

An inspection of the literature has shown that computational studies investigating the 

composite effects of activation energy, chemical reaction, magnetic field modulation, thermal 

and multi-species buoyancy (associated with nanoparticles and solute), thermal radiation and 

internal heat source on external coating hybrid electroconductive functional nanofluid flows 

on either wedge or cone geometries embedded in porous media, are very sparse. These are the 

novelties and focal points of the present work. Buongiorno’s two-component nanoscale model 

is deployed to evaluate mass diffusion phenomena of the nanoparticles under thermophoretic 

and Brownian motion effects. A separate species equation is included for reactive solute 

diffusion. Via appropriate similarity transformations, the primitive nonlinear partial differential 

conservation equations with wall and free stream boundary conditions are rendered 

dimensionless and converted into a strongly coupled, ninth order nonlinear ordinary differential 

boundary value problem. A computational solution is presented via the robust MATLAB 
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'bvp4c' solver [44]. Validation with previous studies is included. The impact of all key 

emerging parameters on velocity, temperature, skin friction, Nusselt number (heat transfer 

rate), solutal Sherwood number (solute mass transfer rate) and nanoparticle Sherwood number 

is visualized graphically. Response Surface Methodology (RSM) [45] is then deployed to 

conduct statistical analysis and optimize the nanofluid coating transport process.  

2. MATHEMATICAL FORMULATION  

Magnetic nanofluid functional coating boundary layer flow external to two different stretching 

geometries i.e. a wedge and a cone. Laminar, steady-state, incompressible mixed convective 

transport is assumed. Velocity aligned with the cone/wedge wall in the x-direction is designated 

by u and velocity transverse to the wall in the y-direction is denoted by v, respectively, in this 

study. Figure 1 displays the physical model and coordinate system. The geometric features 

encompass the half-angle (γ), full-angle (χ) and radius (r) of the wedge and cone, respectively.  

 

Figure 1: Physical model for functional nanofluid coating flow on a cone and wedge. 

A transverse (or radial) magnetic field B0 is imposed external to the wedge or cone and is static 

and uniform. Magnetic induction effects are neglected. It is presumed that the spherically 

shaped TiO₂, Cu and Fe₂O₄ nanoparticles are distributed throughout propylene glycol (C₃H₈O₂) 

base fluid. The coating transport problem is described by generalizing and amalgamating the 

earlier models of Hussain et al. [46], Hassanien et al. [47] and Kulkarni et al. [48]: 
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Continuity equation: 

( ) ( ) 0m m

x y
ur vr+ =

,          (1) 

Momentum equation: 𝑢𝑢௫ + 𝑢௬ݒ = +௧௡௙𝑢௬௬ߥ ݃(1 − ߶∞) ܶ)௧ߚ] − ∞ܶ) + ܥ)௖ߚ − (∞ܥ − ௣ߩ) − ௙ߩ௙ߩ ) (߶ − ߶∞)]  (ߛ)ݏ݋ܿ
− ఓ೟೙೑ఘ೟೙೑௄∗𝑢 − ఙ೟೙೑஻02ఘ೟೙೑ 𝑢,            (2) 

Energy equation: 

( ) ( ) ( ) ( ) ( )2
11T

x y tnf yy B y y y r y
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T C C
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  


 
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Solute concentration equation: 

( ) 1

*

2
1 *

1
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n

a
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ET
uC vC D C K C C

T K T




 − 
+ = − −         ,     (4) 

Nanoparticle volume fraction conservation equation: 

T

x y B yy yy

D
u v D T

T
  



+ = +
,         (5) 

Here all parameters are defined in the notation. In Eqn. (4), Ea defines activation energy, K1 

is the pre-exponential factor, which constitutes the constant rate of homogenous chemical 

reaction, k* = 8.61 × 10− 5J/K denotes the Boltzmann constant and n is the temperature power-

law exponent. The following boundary constraints at the wall and the freestream are imposed 

[49]: 

Wall: 𝑢 = ܷ௪(ݔ) + 1ܤ 𝑢௬, ݒ = 0, ܶ = ௪ܶ, ܥ = ,௪ܥ ߶ = ߶௪ , at 0y =   

Freestream: 0, 0, , ,u v T T C C    → → → → →  as y → .     (6) 

Here B1 is the wall stretching rate. Next, the following similarity transformations are invoked 

[46, 47, 48]: 

( )
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f f

w

w w
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v f u f G

l l T Tl
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H S

C C

 
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 
 

 





 

 

− + −
= = = =

−

− −
= =

− −      (7) 
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Here f is stream function, G is dimensionless temperature, H is dimensionless solute 

concentration, S is dimensionless nanoparticle volume fraction,  is transverse similarity 

variable (dimensionless y-coordinate), l is the length of the wedge/cone wall, m is the Hartree 

pressure gradient parameter. The model incorporates two distinct geometries, namely the 

wedge and the cone, under the following assumptions: 

0m =  and 0  →Wedge 

1m =  and 0  →Cone        (8) 

Substituting the scaling variables from Eq. (7), into Eqns. (2) to (5) leads to the dimensionless 

velocity, thermal, solute and nanoparticle concentration boundary layer equations, and the mass 

conservation equation is automatically satisfied: 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )

( ) ( )

21

2

31

2 2

''' 1 '' ' cos

' ' 0

A
F m F F F Ri G NcH NrS

A

AA
KF MF

A A

       

 

+ + − + + −

− − =
  (9) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )24

5 5

'' Pr 1 ' ' ' ' 0
A R Q

G m F G NbS G Nt G G
A A

      
+  

+ + + + + = 
   (10) 

( ) ( ) ( ) ( ) ( )( ) ( )( )( )'' 1 ' 1 exp / 1 0
n

H Sc m F H ScKr G E G      + + − + − + =
           (11) 

( ) ( ) ( ) ( ) ( )'' 1 ' '' 0
Nt

S Le m F S G
Nb

   + + + =
              (12) 

Here A1…A5 are nanofluid property ratios. The emerging non-dimensional boundary 

conditions are:  

(ߟ)ܨ = 0, (ߟ)′ܨ = 1 + ,(ߟ)′′ܨ1ܤ (ߟ)ܩ = (ߟ)ܪ,1 = 1, (ߟ)ܵ = 1 at 0 =  

( ) ( ) ( ) ( )' 0, 0, 0, 0F G H S   → → → →
 as  →     (13) 

Here the non-dimensional parameters take the following definitions: 

ݎܰ = ߩ) − ௙)(߶௪ߩ − )௧ߚ௙ߩ(∞߶ ௪ܶ − ∞ܶ)(1 − ߶∞) , ܰܿ = ௪ܥ)௖ߚ − )௧ߚ(∞ܥ ௪ܶ − ∞ܶ) , ݎܲ = ௠ߙ௙ߥ , ݁ܮ = ஻ܦ௙ߥ , ܴ݅ = 2ܴ݁ݎܩ , ܵܿ = ஻ܦ௙ߥ , ܧ = ∗1ܭ∗௔1ܧ ∞ܶ , ݎܭ = ௙ߥ12ܭ2݈ , ܾܰ = ஻݈2(߶௪ܦ߬ − ௙ߥ(∞߶ , ܯ = ௙ߥ௙ߩ02݈2ܤ௙ߪ , ܭ = ܭ2݈ ∗, 
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ݐܰ  = ఛ஽ಳ௟2(்ೢ − ∞்)∞்ఔ೑ , ݎܩ = ௚ఉ೟(்ೢ − ∞்)(1−థ∞)௫3௩೑2 , ܴ = 16ఙ∗ ∞்33௞∗௞೑ , ܳ = ொ1௟2(ఘ஼೛)೑ఔ೑                         (14) 

In Eqn. (14) Nr is buoyancy ratio (nanoparticle buoyancy force to thermal buoyancy force 

ratio), Nc is solute buoyancy ratio (solute buoyancy force to thermal buoyancy force ratio), Pr 

is Prandtl number, Le is Lewis number, Ri is Richardson number, Sc is Schmidt number, E is 

activation energy parameter, Kr is first order homogenous chemical reaction parameter, Nb is 

Brownian motion parameter, M is a magnetic interaction parameter (ratio of Lorentzian 

magnetic force to inertial body force), Nt is thermophoretic parameter, Gr is thermal Grashof 

number, K is permeability parameter, R is the radiation-conduction number and Q is heat 

source parameter.  

Important wall characteristics for coating flows are the wall shear stress, heat transfer rate, 

solute mass transfer rate and nanoparticle mass transfer rate. These are defined as follows.  

Wall shear stress: 

12
Re ''(0)w

f w

Cf A f
u




= =
        (15) 

Rate of heat transfer (Nusselt number) 

( )
1/2

4Re '(0)w

f w

xq
Nu A G

k T T

−



= = −
−

       (16) 

Rate of solute mass transfer (solute Sherwood number) 

( )
1/2Re '(0)w

B w

xJ
Sh H

D C C

−



= = −
−

       (17) 

Rate of nanoparticle mass transfer (nanoparticle Sherwood number): 

( )
1/2Re '(0)w

B w

xp
Shn S

D  
−



= = −
−

       (18) 

Here actual wall shear stress, heat flux (Fourier), solutal mass flux and nanoparticle mass flux 

are defined respectively as: 

 0 0 0

, ,w tnf w tnf w Bq K J D
y y yu T C = = − = −

   0
w BP D

y= −
    (19) 

3. MATLAB NUMERICAL PROCEDURE AND VALIDATION 
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Equations (9) to (12) with their accompanying boundary conditions (13) are first reduced to a 

system of first-order ordinary differential equations via suitable substitutions. This reduced 

system is then solved numerically using the MATLAB solver bvp4c which is a built-in 

numerical solver used to compute solutions for two-point boundary value problems (BVPs) for 

ordinary differential equations. It uses a finite difference code that implements a three-stage 

Lobatto IIIa formula, providing a fourth-order accurate continuous solution across your 

integration interval [22, 25]. The procedure is summarized in Fig. 2. Assuming: (ߟ)ܨ = ϒ1, (ߟ)ܩ = ϒ4, (ߟ)ܪ = ϒ6, (ߟ)ܵ = ϒ8(ߟ)′ܨ = ϒ2, (ߟ)′ܩ = ϒ5, (ߟ)′ܪ = ϒ7, (ߟ)′ܵ = ϒ9(ߟ)′′ܨ = ϒ3, (ߟ)′′ܩ = ϒ5′, (ߟ)′′ܪ = ϒ7′, (ߟ)′′ܵ = ϒ9′(ߟ)′′′ܨ = ϒ3′ } 
 

    (20) 

The following first-order differential equations are formulated from the original system of 

nonlinear differential equations giving: 

( ) ( ) ( )2 32 1
3 1 3 2 4 6 8 2 2

1 2 2

' 1 cos
AA A

m Ri Nc Nr K
A A A


 

 = − +   −  +  +  −  −  −  
          (21) 

( ) ( ) 25
5 1 5 9 5 5 4

4 5

Pr
' 1

A Q
m Nb Nt

A R A

 −
 = +   +   +  +  +                  (22) 

( ) ( )( )( )7 1 7 1 4 1 4' 1 exp / 1
n

Sc ScKr E  = −   − +   − +  
              (23) 

( )9 1 9 5' 1 '
Nt

Le m
Nb

  = − +   +  
                    (24) 

2 1 4 6 8

2 4 6 8

1, 0, 1, 1, 1

0, 0, 0, 0

a a a a a

b b b b

 =  =  =  =  = 
 →  →  →  →                  (25) 

To validate the MATLAB bvp4c code, we benchmark against previous works. Husaain et al. 

[46] used a hyperbolic tangent nanofluid model to examine activation energy and viscosity on 

wedge geometries. Their results showed that increasing thermal and nanofluid Grashof 

numbers slows the fluid, while solutal Grashof number increases velocity.  Hassanien et al. 

[47] studied power-law fluids over stretched sheets. Kulkarni [48] analysed binary chemical 

reactions in cone and wedge shapes using liquid hydrogen and found that increased activation 

energy and Schmidt numbers reduce mass diffusivity and lead to more efficient mass transfer.  
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Fig. 2: MATLAB bvp4c solution methodology  

Table 2 shows the current MATLAB solutions compared with all three quoted benchmark 

studies [46], [47], [48] for Nusselt number computed at different Pr with 

E=Nc=Nt=Nb=Nr=Ri=Sc=M=K=R=Q=Sc=Le=Kr=0. Excellent agreement is demonstrated 

and confidence in the present MATLAB code is therefore justifiably very high.  

Table 2: Comparison of result for Nusselt number values of Pr with 

E=Nc=Nt=Nb=Nr=Ri=Sc=M=K=R=Q=Sc=Le=Kr=0. 

Pr MATLAB 

Solution  

Kulkarni [48] Hussain et al. 

[47] 

Hassanien et al. 

[46] 

0.72 0.46339 0.46342 0.46317 0.46325 

1 0.58196 0.58198 0.58198 0.58198 

3 1.16530 1.16526 1.16522 1.16525 

5 1.56811 1.56809 1.56808 ___ 

7 1.89546 1.89544 1.89548 ___ 

10 2.30819 2.30812 2.30821 2.30801 

100 7.76248 7.76252 7.76249 7.74495 

4. MATLAB RESULTS AND DISCUSSION 

Figs. 3-9 depict the numerical solutions and illustrate the influence of different parameters e.g. 

radiation-conduction parameter, the Richardson number, the magnetic parameter, the 
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activation energy, and the permeability parameter on velocity F/(), temperature (ߟ)ܩ, solute 

concentration (ߟ)ܪ, and nanoparticle volume fraction ܵ(ߟ) for both wedge and cone cases. 

  
(a) (b) 

Figure 3: Influence (a) magnetic parameter (M) and (b) permeability parameter (K) on 

velocity. 

  
(a) (b) 

Figure 4: Influence (a) solutal buoyancy parameter (Nc) and (b) nanoparticle buoyancy 

parameter (Nr) on velocity. 
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Figure 5: Influence of Richardson number (Ri) on velocity. 

  
(a) (b) 

Figure 6: Influence of (a) radiation-conduction parameter (R) and (b) heat source parameter 

(Q) on temperature. 

  
(a) (b) 

Figure 7: Influence of thermophoresis parameter (Nt) (a) temperature and (b) nanoparticle 
concentration profiles. 
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(a) (b) 

Figure 8: Influence of Brownian motion parameter (Nb) on (a) temperature and (b) 
nanoparticle concentration profiles. 

  
(a) (b) 

Figure 9: Influence of (a) chemical reaction parameter (Kr) and (b) activation energy (Ea) on 

solute concentration distributions. 

Fig. 3 depicts the impact of (a) magnetic parameter (M) and (b) permeability parameter (K) on 

velocity. A strong damping is induced in the velocity field with increasing magnetic field 

strength in Fig. 3a. Slightly greater magnitudes of velocity are computed for the wedge 

compared with the cone. Asymptotically smooth decays are computed for the velocity field 

from the wall to the free stream confirming that convergence is achieved and the infinity 

boundary condition is adequately large in the MATLAB code. The magnetic parameter M is a 

modified Hartmann number which expresses the ratio of electromagnetic forces to viscous 

forces in the nanofluid. It is primarily used to understand how magnetic fields affect the flow 

of electrically conducting fluids. It features in the negative body force, − ஺3஺2(ߟ)′ܨܯ in the 

reduced momentum eqn. (9) which is linear.  This is the Lorentz drag force associated with the 

magnetic field, which strongly counteracts the nanofluid motion. For both the wedge and the 
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cone, larger modified Hartmann magnetic number corresponds to progressively more intense 

magnetic field which decelerates the flow and increases momentum boundary layer thickness, 

although the cone produces a thicker momentum boundary layer. The impact of magnetic field 

is consistent at all locations transverse to the wedge/cone surface. Flow reversal is never 

induced, and velocity values remain positive. For M < 1, Lorentzian magnetic body force is 

dominated by viscous hydrodynamic force and at M = 0.5 maximum velocity is computed. 

However, for M > 1, Lorentzian force exceeds the viscous force and at M = 2.5 (strongest 

magnetic field case), minimal velocity is computed. In coating processes, magnetic field can 

therefore be exploited as a non-intrusive mechanism for regulating the flow velocity, coating 

thickness, and particle alignment. Magnetic fields cause nanoparticles to align and form chain-

like structures. This temporarily increases the nanofluid effective viscosity, which resists 

levelling and can impact the smoothness of the final coating. Engineers can therefore fine-tune 

the Lorentz force orienting the suspended magnetic particles, creating directional structural 

properties as the coating cures [6]. Fig. 3b displays the influence of the permeability parameter, 

K on velocity evolution. ܭ is directly related to actual porous medium permeability and features 

in the Darcian drag force, − ஺1஺2(ߟ)′ܨܭ in the momentum boundary layer eqn. (9). As K is 

increased, actual permeability is reduced which implies an increase in quantity of solid fibers. 

The nanofluid percolation is suppressed in the less permeable medium and this accentuates the 

Darcian drag leading to strong flow deceleration. Porous media fibers influence coating flow 

by altering fluid hydrodynamics at the substrate interface, inducing pressure gradients, and 

driving liquid penetration. The fiber matrix creates capillary suction, affects the apparent 

viscosity of the coating, and limits the thickness of the entrained film. In modern coating 

systems, nanofluid flow through flexible fibrous structures can cause the fibers themselves to 

bend, compress, or realign, which actively changes the local permeability and flow pathways. 

However, this requires a more sophisticated porous medium model which is beyond the scope 

of the present work but is being considered for future simulations. It is again noteworthy that 

the wedge produces marginally greater velocity magnitudes than the cone. A wedge restricts 

flow to two dimensions, meaning fluid displaced by the coating substrate can only move in a 

restricted fashion. For the cone, improved lateral spreading is possible which enables the 

coating nanofluid to diverge sideways and lose more kinetic energy producing stronger 

deceleration and a thicker hydrodynamic boundary layer. The lack of lateral spreading in a 

wedge generally imposes a stronger compression and a steeper favourable pressure gradient in 
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the direction of motion, which acts to accelerate the fluid locally and produces a thinner 

momentum boundary layer than for a cone.  

Fig. 4a, b visualizes the influence of a) solutal buoyancy (Nc) and (b) nanoparticle species 

buoyancy parameter (Nr) on velocity profiles. Both parameters feature in the term, +ܴ݅((ߟ)ܩ + (ߟ)ܪܿܰ − ((ߟ)ܵݎܰ  in eqn. (9). In Fig. 4b, as Nc is elevated there is a (ߛ)ݏ݋ܿ

strong damping in velocity i.e. flow retardation is induced and momentum boundary layer 

thickness of the nanofluid coating is increased.  ܰܿ = ఉ೎(஼ೢ−஼∞)ఉ೟(்ೢ − ∞்)  and expresses the ratio of the 

solute buoyancy force to the thermal buoyancy force. In anti-corrosion nano-coatings, the 

solute is often oxygen, hydrogen or may be an organic molecule (e.g., acetic acid or toluene). 

Mass transfer is driven by solubility and sorption parameters of the solute within the nano-

coating matrix. For Nc > 1 as examined here in Fig. 4a, the solutal buoyancy force dominates 

the thermal buoyancy force (natural convection). When combined with thermal buoyancy 

(thermo-solutal convection), the relative strength and direction of solutal buoyancy dictate 

whether it will assist or oppose the overall flow. Clearly stronger solutal buoyancy mitigates 

momentum diffusion and decreases velocity magnitudes. It also interacts with Brownian 

motion and thermophoresis to prevent nanoparticle agglomeration. This hydrodynamic 

stability promotes a more uniform distribution of micro-nano structures on the substrate. Again, 

larger velocity magnitudes are associated with wedge geometry compared with the cone 

geometry at all locations. Fig. 4b shows that the opposite trend is computed with increment in 

nanoparticle species buoyancy parameter (Nr). This parameter is defined as ܰݎ =(ఘ−ఘ೑)(థೢ−థ∞)ఘ೑ఉ೟(்ೢ − ∞்)(1−థ∞) and produces an acceleration effect in the nanocoating boundary layer. For 

Nr = 1 both nanoparticle buoyancy force and thermal buoyancy force are equivalent. However, 

for Nr > 1, as considered here, nanoparticle buoyancy force exceeds the thermal buoyancy 

force. This dominant buoyancy increases fluid velocity near the coating interface, continually 

renewing the concentration boundary layer and increasing the nanoparticle deposition rate. The 

nanoparticle species buoyancy force is modulated by fluid motion driven by density variations 

from nanoparticle concentration gradients. It accelerates nanocoating mass transfer by inducing 

natural convection. As nanoparticles diffuse, they alter local fluid density, creating buoyant 

forces that agitate the fluid, enhance mixing, and transport functional materials more efficiently 

toward the coating surface. Again, greater velocity is observed for the wedge relative to the 

cone i.e. thinner hydrodynamic boundary layers are associated with the wedge geometry. 

Effectively the increased upward force caused by the density difference between the base fluid 
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and the nanoparticles causes the fluid velocity to be elevated in both wedge and cone 

geometries. Momentum diffusion is assisted in both cases, although it is more dramatic for the 

wedge case.  

Fig. 5 depicts the impact of Richardson number on velocity distribution. Richardson number 

(Ri) dictates the balance between buoyancy-driven (natural) convection and shear-driven 

(forced) convection. In nanocoating flows (e.g. enrobing), Ri determines whether the coating 

liquid spreads via mechanical inertia or thermal/solutal buoyancy, directly impacting layer 

uniformity and nanoparticle distribution. Ri = Gr/Re2 and features explicitly in the 

hydrodynamic boundary layer eqn. (9) i.e. in the terms  ܴ݅((ߟ)ܩ + (ߟ)ܪܿܰ ((ߟ)ܵݎܰ−  ,In Fig. 5a, b we consider scenarios wherein Ri > 1. For Ri <1 (not examined) .(ߛ)ݏ݋ܿ

forced convection dominates. Inertial forces and shear from the substrate speed completely 

override buoyancy. The flow is smooth and predictable, driven purely by mechanical 

movement. However, this range of Richardson number is only ideal for thin-film uniformities 

(e.g., spin coating). However, if shear rates are too high, they can cause flow-induced defects 

or particle alignment. In enrobing coating flows, as considered here, Ri > 1 and thermal 

buoyancy force therefore dominates. Temperature or density differences (due to nanoparticle 

concentration gradients or evaporation cooling) generate strong natural convection currents, 

and this suppresses the velocity field and produces enhanced control of the coating enabling 

homogeneity to be achieved in surface finishing. Momentum boundary layer thickness is 

therefore increased with larger Richardson number. It is also pertinent to mention that for the 

intermediate case Re ~1, again not plotted here, the thermal buoyancy and mechanical shear 

are evenly matched. However, in practical nano-coating operations, the flow structures are 

rendered very complex. Nanoparticles are subject to both forced advection and thermally 

driven thermophoresis (particle migration due to temperature gradients). This can produce 

cause undesirable variations in coating thickness if the thermal environment is unstable. 

However, engineers may be able to actively tune Ri ≈ 1 in heated chambers to intentionally 

create specific, self-assembling nanoparticle patterns, although this is very expensive [6].  

Figure 6a, b visualizes the distribution of temperature, G ()  for various values of (a) radiation-

conduction parameter (R) and (b) heat source parameter (Q). An upward trend in the 

temperature is observed with increment in R. Higher temperatures correspond to the wedge 

case relative to the cone case. Higher radiative heat flux thickens the thermal boundary layer 

but reduces the momentum boundary layer, impacting how the coating spreads and levels out 
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on a substrate (i.e. cone or wedge surface). The Rosseland radiative flux model augments 

thermal conductivity in the term  
(஺4+ோ)஺5  in the heat eqn. (10). It therefore simplifies (ߟ)′′ܩ

radiative heat transfer for optically thick nano-coatings [6] by treating radiation as a diffusion 

process. Instead of calculating complex photon paths, it adds a radiative conductivity to the 

standard thermal conductivity, bypassing the need to solve computationally expensive 

transport equations. The parameter, ܴ = 16ఙ∗ ∞்33௞∗௞೑   expresses the relative contribution of thermal 

radiation heat transfer to thermal conduction heat transfer. It is also known as Stark number or 

Boltzmann number in thermal fluid dynamics. When R = 0 radiative heat flux vanishes. For R 

= 1, both thermal radiation and conduction contribute equally. For R > 1, radiative heat 

dominates. Thermal radiation increases the temperature of the nanocoating, which boosts fluid 

velocity and modifies the thickness of the thermal boundary layer. This effect depends on both 

the radiative heat flux intensity and nanoparticle volume fraction. These interactions govern 

how heat diffuses during drying and curing processes. Rosseland’s model correctly predicts 

the energization of the nano-coating and temperature boost. However, it does have limitations.   

It cannot account for scattering effects in a medium. It also lacks directional capability since it 

assumes isotropic radiation propagation and therefore cannot accommodate highly directional 

radiation fluxes. Alternative radiative transfer models such as Chandrasekhar’s discrete 

ordinates method (DOM) and the P1 approximation are more accurate but computationally 

expensive. Fig. 6b indicates that increasing heat generation (source) i.e. Q also strongly 

accentuates temperature magnitudes. Higher magnitudes again correspond to the wedge case 

compared with the cone case. A faster rate of temperature decay from the substrate surface 

accompanies the cone case. The presence of a heat source i.e. the term, + ொ஺5  ,in eqn. (10) (ߟ)ܩ

dictates the phase state, velocity, and thermal degradation of nanomaterials. Nanocoating 

manufacturing utilizes several heat sources depending on the specific deposition and curing 

requirements. For thermal spray, physical vapor deposition, and curing of nanocomposite 

films, manufacturers commonly rely on high-energy lasers, thermal plasmas, and microwave 

or infrared radiation to achieve nanometer-scale precision and structural uniformity [6].  

Fig. 7a, b illustrates the response in (a) temperature and (b) nanoparticle concentration profiles 

to variation in thermophoresis parameter (Nt). In both the wedge and cone scenarios, Nt 

significantly affects both temperature and nanoparticle concentration, but the influence is 

different. Thermophoresis is the migration of nanoparticles in response to a temperature 

gradient. Its overall effect is the creation of a steady-state concentration gradient that alters the 
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local concentration of the nanoparticles across the system. Nanoparticles may be thermophobic 

or thermophilic. Thermophobic nanoparticles migrates from the hot region to the cold region 

which produces a depletion in the hot area and an accumulation of solute in the cold area. This 

elevates thermal diffusion and boosts temperatures as observed in Fig. 7a.  In nanofluid 

coatings, the thermophoretic body force combined with Brownian motion drives the targeted 

delivery of nanoparticles. This regulates thermal resistance and enhances heat transfer 

efficiency, significantly improving the performance of the nanocoating. This mobilization 

depletes the concentration of nanoparticles, S() and produces a thinner nanoparticle species 

boundary layer as observed in Fig. 7b. Thicker thermal boundary layers are produced with 

higher values of Nt. It is also noteworthy that thermophilic nanoparticles (not considered here) 

biomolecules in certain buffers) move from the cold region to the hot region. This results in a 

net nanoparticle concentration increase in the hotter areas. 

Fig. 8a, b displays the evolution in (a) temperature and (b) nanoparticle concentration profiles 

with modification in Brownian motion parameter (Nb). In nanofluid coatings, Brownian 

motion drives the random, zig-zag movement of nanoparticles within the liquid base. This 

nanoscale convection enhances heat transfer, promotes uniform particle dispersion, and 

prevents rapid settling before curing. However, excessive motion can lead to nanoparticle 

agglomeration, altering the coating's structural and thermal properties. The erratic jiggling of 

the nanoparticles which are smaller than 100 nm in dimension, creates micro-convection 

currents in the base fluid, increasing the overall thermal conductivity. This manifests in an 

escalation in temperature and associated thermal boundary layer thickness, as shown in Fig. 

8a.  The rapid energy exchange allows for a more uniform temperature distribution across the 

coated surface. Brownian motion is therefore extremely beneficial for intensifying heat 

diffusion in nano-coatings and produces higher temperatures for the wedge case. Fig. 8b shows 

that increasing Brownian motion parameter suppresses the nanoparticle volume fraction 

(concentration). Brownian motion causes nanoparticles to constantly jitter and disperse 

throughout a liquid coating. This random motion counteracts gravity, preventing rapid settling 

and maintaining a more uniform nanoparticle volume fraction. However, over time, this 

diffusion causes particles to migrate toward areas of lower concentration, altering the coating's 

structural properties. The volume fraction of nanoparticles (the ratio of nanoparticle volume to 

the total volume of the coating matrix) is heavily governed by particle-to-particle dynamics 

and their interaction with the surrounding base fluid.  Continuous collisions with fast-moving 

solute molecules generate random, erratic movements (Brownian motion). This process 



23 

 

provides a natural repulsive force that keeps nanoparticles suspended. According to Fick's laws 

of diffusion, this random jitter naturally drives nanoparticles away from dense clumps and 

toward regions of lower concentration. This ensures the volume fraction remains homogeneous 

during the wet phase. If Brownian motion is weak i.e. Nb <<1 (e.g., particles are too large or 

the suspension is unstable), Van der Waals attractive forces dominate, causing the 

nanoparticles to cluster together. When clustering occurs, the effective local volume fraction 

drops as particles fall out of suspension, leading to poor scratch resistance and uneven 

coloration. In the Buongiorno model larger Nb implies smaller nanoparticle dimensions and 

vice versa. A higher nanoparticle volume fraction generally increases the viscosity of liquid 

coatings. Strong Brownian motion helps mitigate extreme viscosity spikes by keeping the 

particles efficiently spaced apart. If the volume fraction becomes too high, the Brownian 

motion is restricted, which can result in a brittle or poorly levelled dry coating. 

Fig. 9a, b displays the impact of (a) chemical reaction parameter (Kr) and (b) activation energy 

(Ea) on solute concentration distributions, H (). Both chemical parameters feature in the term, −ܵܿ1)ݎܭ + ௡((ߟ)ܩߜ ݌ݔ݁ 1)/ܧ−) +  .in the solute concentration boundary layer eqn (((ߟ)ܩߜ

(11). Figure 9a clearly demonstrates that solute concentration diminishes as the chemical 

reaction parameter has been increased. Since a homogenous destruction chemical reaction is 

taking place in the nanofluids, more solute is consumed and this produces a depletion in 

concentration magnitudes. Solute species boundary layer thickness is therefore also reduced. 

Higher solute concentration magnitudes are produced for the wedge geometry and slightly 

lower values for the cone geometry. Figure 9b shows the concentration curves for various 

activation energy E values. Assigning the maximum value to E results in the solute 

concentration reaching its maximum level. Activation energy is the minimum energy required 

for a chemical reaction to occur. It acts as a barrier that reactants must overcome to transform 

into products, often involving the formation of a transition state or an intermediate structure 

that is higher in energy than the reactants. This energy can vary significantly between different 

reactions and is crucial in determining reaction rates, as described by the Arrhenius 

equation.  In processes like thermal curing or nano-coating deposition, a high activation energy 

means the reaction is highly sensitive to temperature. If the temperature drops or activation 

energy is too high, the activation barrier is not overcome, stalling the coating formation and 

dropping the mass transfer rate. In diffusion-controlled coating (low activation energy), such 

as drying processes, the barrier for reactant molecules to move through the already-coated layer 

dictates the speed. When the activation energy for diffusion is low, coating molecules can 
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transport rapidly to the surface without relying heavily on extreme temperature increases. An 

increase in activation energy generally imposes a stronger energetic barrier that suppresses 

mass diffusion and therefore reactants fail to diffuse as deeply into the substrate, slowing the 

reaction and causing an accumulation (or higher concentration) of unreacted species near the 

coating surface, and a concomitant decrease in solute concentration across the boundary layer, 

as observed in Fig. 9b. Managing activation energy is crucial for optimizing manufacturing 

line speeds, minimizing defects, and controlling film thickness. Engineers typically manipulate 

the coating formulation or ambient conditions to balance the mass transfer barrier: Increasing 

the ambient or substrate temperature exponentially increases the kinetic energy of the 

molecules. This ensures a greater fraction of molecules can overcome the activation energy 

barrier, thus accelerating the coating mass flux to the wall and curing rates, but lower solutal 

concentration boundary layer thickness. It is noteworthy that in nanocoating synthesis, adding 

catalysts effectively lowers the activation energy of the curing reaction. This allows high-

quality cross-linking to occur at much lower temperatures or at much faster speeds on a 

production line.  

5. RESPONSE SURFACE METHODOLOGY (RSM) 

Having established a robust numerical solution to the nanocoating transport problem in section 

4, here we examine the sensitivity of the model to different multi-physical parameters. 

Response Surface Methodology (RSM) is an excellent tool for studying processes with 

multiple variables. It furnishes insight into the input components that have different degrees of 

impact on the results. By mapping how independent variables (e.g.  magnetic field intensity) 

affect a response (e.g., Nusselt number), RSM identifies optimal operating conditions without 

requiring exhaustive, full-scale experimental or numerical testing. It has been successfully 

deployed in recent years in multiple thermal fluid dynamics applications including magnetic 

nanofluid fuel cell porous media enclosure flows [50, 51], nanofluid tribological squeezing 

[52], thermo-magnetic viscoplastic Casson hybrid nanofluid bilinear stretching with Joule 

magnetic dissipation [53] and Sisko non-Newtonian hybrid nanofluid transport from biaxial 

stretching surfaces in porous media [54]. RSM is therefore very versatile and is implemented 

in the present study to explore how different input factors. We examine for both wedge and 

cone geometries: 

(i)The influence of M, K, and Nc on skin friction. 

(ii)The impact of R, Q, and Nt on Nusselt number influences, 
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(iii) The effect of Kr, E, and Sc on solute Sherwood number. 

(iv)The consequence of Nt, Nb, and E on nanoparticle Sherwood number. 

As shown in Tables 3, 6, 9, and 12, input parameters were adjusted within specified ranges, 

with three levels being evaluated for each.  Tables 4, 7, 10, and 13 demonstrate the generation 

and execution of the statistical model 20 times after selecting the input parameters. A second-

order polynomial is used to simulate the interaction effects of the response and input variables. 

This model is constructed using a second-order polynomial, where J0 denotes the intercept, Ji 

the linear coefficients, Jii the quadratic coefficients, and Jij the interaction coefficients. 

Regression coefficients, which measure the connections between the input parameters, alter 

these terms. To fit the polynomial and measure these connections, Central Composite Design 

(CCD) is employed. CCD is the most widely used experimental design for mapping and 

optimizing complex, non-linear processes. It allows engineers to build a comprehensive 

quadratic model using significantly fewer experimental runs than a full three-level factorial 

design. CCD successfully captures the main effects, interactions, and quadratic (curved) 

responses necessary to identify the true optimal settings for a process. CCDs are typically 

constructed to be rotatable, meaning the precision of the predicted response remains constant 

at all points equidistant from the centre of the design space as elaborated by Anderson and 

Whitcomb [55]. For a total of twenty separate trials, this layout includes 6 axial points, 8 cube 

points, and 6 centre points. Its design improves factor space exploration and allows for efficient 

regression coefficient estimation [50-55]. 

5.1 Influence of M, K and Nc on skin friction (Cf). 

Table 3: Effects of varying Skin friction parameters. 

Parameter Symbol  Level 

-1 0 1 

0.5 2.5M   W1 0.5 1.5 2.5 

0.5 3.5K   W2 0.5 2 3.5 

1.2 2Nc   W3 1.2 1.6 2 

 

The skin friction correlation used is:  

2 2 2
0 1 2 3 11 22 33 12 13 14* * *Cf J J M J K J Nc J M J K J Nc J M K J M Nc J K Nc= + + + + + + + + +  (26) 
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The ANOVA is used to ensure that the suggested model is both appropriate and effective. 

According to the results in Table 5, parameters that have p-values below 0.05 are considered 

to possess statistical significance, whilst those with greater p-values are considered non-

significant. 

Table 4: CCD approach for skin friction (Cf) 

 

In the wedge configuration, Nc, M2 and K2 are not significant, and in the cone configuration, 
K, M2, and the interaction term M*K have no major impact. The model is highly accurate, 
with coefficient of determination (R2) values of 99.73% for the wedge and 98.45% for the 
cone. The findings show a clear link among the input parameters M, K, and Nc and the skin 
friction values, as follows: 

Run Code values Real values Response 

W1 W2 W3 M  K  Nc  /Cf Wedge /Cf Cone 

1 -1 -1 1 0.5 0.5 2 0.372822 6.11998 

2 -1 0 0 0.5 2 1.6 4.13431 4.36525 

3 0 0 0 1.5 2 1.6 8.37435 15.4817 

4 -1 -1 -1 0.5 0.5 1.2 6.96685 5.71708 

5 0 0 0 1.5 2 1.6 8.37435 15.4817 

6 0 0 0 1.5 2 1.6 8.37435 15.4817 

7 0 -1 0 1.5 0.5 1.6 4.15668 4.23505 

8 1 -1 1 2.5 0.5 2 41.7006 12.8021 

9 1 -1 -1 2.5 0.5 1.2 0.117422 8.52675 

10 1 0 0 2.5 2 1.6 12.8807 24.4266 

11 1 1 1 2.5 3.5 2 9.40541 8.82613 

12 0 0 -1 1.5 2 1.2 7.55869 9.43011 

13 0 0 0 1.5 2 1.6 8.37435 15.4817 

14 1 1 -1 2.5 3.5 1.2 5.18991 8.6701 

15 0 0 0 1.5 2 1.6 8.37435 15.4817 

16 -1 1 1 0.5 3.5 2 1.58913 8.25167 

17 -1 1 -1 0.5 3.5 1.2 7.15968 10.8121 

18 0 0 1 1.5 2 2 2.64396 6.62527 

19 0 1 0 1.5 3.5 1.6 4.07712 15.2103 

20 0 0 0 1.5 2 1.6 8.37435 15.4817 
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(݁݃݀݁ݓ)݂ܥ  = 7.20 + ܯ4.91 − ܭ2.59 − 0.33ܰܿ2 − ܯ3.58 ∗ ܭ + ܯ7.25 ∗ ܰܿ − ܭ4.54 (݁݊݋ܿ)݂ܥ (27) ܿܰ∗ = 14.39 + ܯ2.80 − 0.05ܰܿ − 2ܭ3.02 − 4.71ܰܿ2 + ܯ0.82 ∗ ܰܿ − ܭ0.89 ∗ ܰܿ
 (28) 

Table 5: Analysis of Variance (ANOVA) of Cf . 

Source D
F 

Adjusted SS Adjusted MS F-value p-value Coefficient 
Wedg
e 

Cone Wedg
e 

Cone Wed
ge 

Con
e 

Wed
ge 

Con
e 

Wed
ge 

Con
e 

Model 9 1106.
54 

305.0
87 

122.9
49 

33.89
86 

14.0
9 

11.6
8 

0.01
9 

0.01
4 

- - 

Linear 3 390.3
2 

98.99
5 

130.1
08 

32.99
85 

13.3
3 

9.64 0.03
4 

0.04
2 

7.20 14.3
9 

    M 1 240.8
0 

78.31
9 

240.7
99 

78.31
94 

18.0
1 

33.8
9 

0.01
8 

0.00
7 

4.91 2.80 

    K 1 67.05 20.64
8 

67.04
5 

20.64
78 

20.2
3 

1.03 0.01
6 

0.33
5 

-2.59 1.44 

    Nc 1 82.48 0.028 82.48
0 

0.028
2 

2.74 11.0
0 

0.12
9 

0.00
7 

2.87 -
0.05 

Square 3 28.66 179.1
06 

9.554 59.70
21 

0.32 2.97 0.81
2 

0.00
4 

- - 

    M*M 1 25.98 7.518 25.97
6 

7.518
2 

0.86 0.37 0.37
5 

0.55
5 

3.07 1.65 

    K*K 1 4.77 25.07
8 

4.771 25.07
79 

0.16 19.2
5 

0.69
9 

0.02
0 

-1.32 -
3.02 

    
Nc*Nc 

1 0.30 61.13
0 

0.305 61.13
05 

0.01 13.0
4 

0.92
2 

0.01
2 

-0.33 -
4.71 

2-way 
interacti

on 

3 687.5
5 

26.98
6 

229.1
84 

8.995
3 

7.62 0.45 0.00
6 

0.72
5 

- - 

    M*K 1 102.4
7 

15.28
9 

102.4
73 

15.28
86 

23.4
1 

0.76 0.00
5 

0.40
4 

-3.58 -
1.38 

    
M*Nc 

1 419.9
7 

5.427 419.9
67 

5.426
7 

13.9
6 

9.27 0.00
4 

0.01
5 

7.25 0.82 

    
K*Nc 

1 165.1
1 

6.270 165.1
13 

6.270
5 

5.49 10.3
1 

0.04
1 

0.02
9 

-4.54 -
0.89 

Error 10 300.7
3 

201.2
59 

30.07
3 

20.12
59 

          

Lack-
of-Fit 

5 300.7
3 

201.2
59 

60.14
6 

 * * * *   

Pure 
Error 

5 0.000 0.00 0.000 0.000
0 

      

Total 19 1407.
27 

506.3
46 
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Figs. 10 and 11 provide respectively the difference between residual and observation for Cf for 

the wedge and the cone. 

 

Figure 10: The difference between residual and observation for (݁݃݀݁ݓ) ݂ܥ. 
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Figure 11: The difference between residual and observation for ( )Cf cone . 

5.2 Influence of R, Q and Nt on Nusselt number (Nu) 

Next, we consider the Nusselt number, Nu. 

Table 6: The impact of different parameter values for Nusselt number.  

Parameter Symbol  Level 

-1 0 1 

0.5 1.5R   W1 0.5 1 1.5 

2 6Q   W2 2 4 6 

0.5 0.9Nt   W3 0.5 0.7 0.9 

 

The Nusselt number correlation used is: 

2 2 2
0 1 2 3 11 22 33 12 13 14* * *Nu J J R J Q J Nt J R J Q J Nt J R Q J R Nt J Q Nt= + + + + + + + + +

 (29) 
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Table 7: An approach to research grounded upon CCD. 

 

The ANOVA is used to confirm the model's validity and practical applicability, with the results 

shown in Table 8. Parameters that have p-values below 0.05 are considered to have statistical 

significance. In the wedge case, R2 and Q*Nt are non-significant and in the cone case, R, R2, 

and Nt2 are not statistically significant. The model is very reliable, with coefficients of 

determination (R2) of 99.85% for the wedge and 97.65% for the cone. The data analysis shows 

a strong connection between the input parameters R, Q and Nt and the Nusselt number values, 

as follows: 

Run Code values Real values Response 

W1 W2 W3 R  Q  Nt  /Nu Wedge /Nu Cone 

1 -1 -1 1 1 4 0.9 1.57548 1.79307 

2 -1 0 0 1.5 6 0.5 3.04686 0.830585 

3 0 0 0 1 4 0.7 1.57042 1.85335 

4 -1 -1 -1 1.5 2 0.9 1.56352 4.19221 

5 0 0 0 1 4 0.7 1.57042 1.85335 

6 0 0 0 1 4 0.7 1.57042 1.85335 

7 0 -1 0 1 4 0.7 1.57042 1.85335 

8 1 -1 1 1.5 6 0.9 0.0654954 2.565 

9 1 -1 -1 1.5 2 0.5 1.56015 2.89134 

10 1 0 0 0.5 6 0.5 4.46344 2.3688 

11 1 1 1 1 2 0.7 1.57121 3.48555 

12 0 0 -1 1 4 0.7 1.57042 1.85335 

13 0 0 0 1 6 0.7 3.61383 2.62172 

14 1 1 -1 1.5 4 0.7 1.56135 2.02408 

15 0 0 0 0.5 2 0.9 1.58168 3.47373 

16 -1 1 1 1 4 0.7 1.57042 1.85335 

17 -1 1 -1 0.5 6 0.9 5.58098 3.00723 

18 0 0 1 0.5 2 0.5 1.58042 3.14851 

19 0 1 0 1 4 0.5 10.4168 1.95573 

20 0 0 0 0.5 4 0.7 1.99998 1.55538 
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2 2( ) 2.268 0.741 0.891 1.07 0.72 2.68 0.862 * 0.512 *Nu wedge R Q Nt Q Nt R Q R Nt= − + − − + − −    (30)

2( ) 1.883 0.5798 0.3836 1.127 0.305 * 0.259 * 0.093 *Nu cone Q Nt Q R Q R Nt Q Nt= − + + − + +

 (31) 

Table 8: Analysis of Variance (ANOVA) of ܰ𝑢.  

Source D
F 

Adjusted SS Adjusted MS F-value p-value Coefficient 

Wedg
e 

Cone Wedg
e 

Cone Wed
ge 

Con
e 

Wed
ge 

Con
e 

Wed
ge 

Cone 

Model 9 54.02
71 

11.51
82 

6.003
0 

1.279
80 

1.47 14.1
8 

0.27
9 

0.00
0 

- - 

  Linear 3 24.88
49 

4.943
7 

8.295
0 

1.647
91 

18.0
3 

18.2
6 

0.01
7 

0.00
0 

2.26
8 

1.88
3 

    R 1 5.489
5 

0.110
3 

5.489
5 

0.110
34 

11.3
4 

1.22 0.02
4 

0.29
5 

-
0.74
1 

-
0.10
5 

    Q 1 7.945
3 

3.361
7 

7.945
3 

3.361
69 

10.9
4 

37.2
4 

0.01
4 

0.00
0 

0.89
1 

-
0.57
98 

    Nt 1 11.45
01 

1.471
7 

11.45
01 

1.471
70 

12.8
0 

16.3
0 

0.02
5 

0.00
2 

-
1.07
0 

0.38
36 

  Square 3 20.66
76 

5.223
0 

6.889
2 

1.741
01 

1.68 19.2
9 

0.23
3 

0.00
0 

- - 

    R*R 1 6.475
8 

0.051
5 

6.475
8 

0.051
50 

1.58 0.57 0.23
7 

0.46
7 

-1.53 -
0.13
7 

    Q*Q 1 1.436
3 

3.493
2 

1.436
3 

3.493
18 

14.3
5 

38.7
0 

0.00
7 

0.00
0 

-0.72 1.12
7 

    
Nt*Nt 

1 19.76
53 

0.007
5 

19.76
53 

0.007
49 

14.8
3 

0.08 0.00
3 

0.77
9 

2.68 -
0.05
2 

  2-Way 
Interacti

on 

3 8.474
6 

1.351
4 

2.824
9 

0.450
48 

0.69 4.99 0.57
9 

0.02
3 

- - 

    R*Q 1 5.940
3 

0.745
3 

5.940
3 

0.745
27 

16.4
5 

8.26 0.02
6 

0.01
7 

-
0.86
2 

-
0.30
5 

    R*Nt 1 2.098
0 

0.536
5 

2.098
0 

0.536
46 

7.51 5.94 0.04
9 

0.03
5 

-
0.51
2 

0.25
9 

    Q*Nt 1 0.436
4 

0.069
7 

0.436
4 

0.069
71 

0.11 8.77 0.75
1 

0.04
0 

-
0.23
4 

0.09
3 

Error 10 40.93
73 

0.902
6 

4.093
7 

0.090
26 
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  Lack-
of-Fit 

5 40.93
73 

0.902
6 

8.187
5 

0.180
52 

* * * *   

  Pure 
Error 

5 0.000
0 

0.000
0 

0.000
0 

0.000
0 

      

Total 19 94.96
43 

12.42
08 

        

 

Figures 12, 13 document the difference between residual and observation for ܰ𝑢 (݁݃݀݁ݓ) and ܰ𝑢 (ܿ݁݊݋). 

 

Figure 12: The difference between residual and observation for ܰ𝑢 (݁݃݀݁ݓ). 
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Figure 13: The difference between residual and observation for ܰ𝑢 (ܿ݁݊݋). 
5.3 Influence of Kr, E and Sc on solutal Sherwood number (Sh) 

Now we address solutal Sherwood number (Sh). 

Table 9: The impact of different parameter values for Sherwood number.  

Parameter Symbol  Level 

-1 0 1 

0.5 1.5Kr   W1 0.5 1 1.5 

0.5 2.5E   W2 0.5 1.5 2.5 

0.6 0.8Sc   W3 0.6 0.7 0.8 

 

The solutal Sherwood number (Sh) correlation adopted is: 

2 2 2
0 1 2 3 11 22 33 12 13 14* * *Sh J J Kr J E J Sc J Kr J E J Sc J Kr E J Kr Sc J E Sc= + + + + + + + + +

 (32) 

Table 10: An approach to research grounded upon CCD. 

Run Code values Real values Response 
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Analysis of variance (ANOVA) is used to evaluate the adequacy and realism of the constructed 

model, with the findings shown in Table 11. parameters that have p-values below 0.05 are 

considered to have statistical significance, whilst those with larger values are regarded as 

insignificant. For the wedge, there is no significant statistical link between Sc, Sc2, and the 

interaction term E*Sc. Similarly, for the cone, Kr, Sc2, and E*Sc are non-significant. The 

wedge and cone have coefficient of determination (R2) values of 98.57% and 97.76%, 

respectively, confirming the model's correctness. Further investigation reveals a strong 

correlation between solutal Sherwood number (Sh) values and the input parameters Kr, E, and 

Sc of the form: 

W1 W2 W3 Kr  E  Sc  /Sh Wedge /Sh Cone 

1 -1 -1 1 1.5 2.5 0.8 1.21146 1.72661 

2 -1 0 0 1 1.5 0.8 1.1839 1.88571 

3 0 0 0 1 1.5 0.7 1.2245 1.79873 

4 -1 -1 -1 1 2.5 0.7 0.00526889 1.76025 

5 0 0 0 1 0.5 0.7 1.76235 3.19715 

6 0 0 0 1.5 2.5 0.6 0.236285 1.64276 

7 0 -1 0 1 1.5 0.7 1.2245 1.79873 

8 1 -1 1 0.5 0.5 0.8 0.578401 3.20273 

9 1 -1 -1 1 1.5 0.6 0.509385 1.59652 

10 1 0 0 1.5 0.5 0.6 1.63875 2.504 

11 1 1 1 1.5 1.5 0.7 1.14446 0.596043 

12 0 0 -1 1 1.5 0.7 1.2245 1.79873 

13 0 0 0 1 1.5 0.7 1.2245 1.79873 

14 1 1 -1 1 1.5 0.7 1.2245 1.79873 

15 0 0 0 0.5 1.5 0.7 0.521364 1.70754 

16 -1 1 1 1.5 0.5 0.8 1.50873 2.83837 

17 -1 1 -1 0.5 2.5 0.8 0.42783 1.92299 

18 0 0 1 1 1.5 0.7 1.2245 1.79873 

19 0 1 0 0.5 2.5 0.6 0.486412 0.947402 

20 0 0 0 0.5 0.5 0.6 1.16925 1.79827 
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2 2( ) 1.109 0.2556 0.429 0.103 0.052 0.108 * 0.187 *Sh wedge Kr E Kr E Kr E Kr Sc= + − − − − +

 (33) 

2 2( ) 1.755 0.5541 0.3087 0.538 0.789 0.02 * 0.245 *Sh cone E Sc Kr E Kr E Kr Sc= − + − + + −

 (34) 

Table 11: Analysis of Variance (ANOVA) of ܵℎ. 

Source D
F 

Adjusted SS Adjusted MS F-value p-value Coefficient 

Wedg
e 

Cone Wedg
e 

Cone Wed
ge 

Con
e 

Wed
ge 

Con
e 

Wed
ge 

Cone 

Model 9 3.501
45 

6.673
14 

0.389
05 

0.741
46 

3.95 8.46 0.02
2 

0.00
1 

- - 

  Linear 3 2.569
87 

4.030
31 

0.856
62 

1.343
44 

8.70 15.3
3 

0.00
4 

0.00
0 

1.10
9 

1.75
5 

    Kr 1 0.653
53 

0.007
35 

0.653
53 

0.007
35 

6.64 0.08 0.02
8 

0.77
8 

0.25
56 

-
0.02
71 

    E 1 1.840
60 

3.069
72 

1.840
60 

3.069
72 

18.6
9 

35.0
2 

0.00
2 

0.00
0 

-
0.42
90 

-
0.55
41 

    Sc 1 0.075
73 

0.953
24 

0.075
73 

0.953
24 

0.77 10.8
8 

0.40
1 

0.00
8 

0.08
70 

0.30
87 

  Square 3 0.223
39 

2.100
92 

0.074
46 

0.700
31 

0.76 7.99 0.54
4 

0.00
5 

- - 

    
Kr*Kr 

1 0.029
35 

0.796
87 

0.029
35 

0.796
87 

8.30 9.09 0.00
7 

0.01
3 

-
0.10
3 

-
0.53
8 

    E*E 1 0.007
55 

1.710
22 

0.007
55 

1.710
22 

10.0
8 

19.5
1 

0.02
7 

0.00
1 

-
0.05
2 

0.78
9 

    
Sc*Sc 

1 0.022
07 

0.007
16 

0.022
07 

0.007
16 

0.22 0.08 0.64
6 

0.78
1 

-
0.09
0 

0.05
1 

  2-Way 
Interacti

on 

3 0.708
20 

0.541
90 

0.236
07 

0.180
63 

2.40 2.06 0.12
9 

0.16
9 

- - 

    Kr*E 1 0.093
82 

0.003
11 

0.093
82 

0.003
11 

6.95 0.04 0.03
5 

0.00
4 

-
0.10
8 

0.02
0 

    
Kr*Sc 

1 0.279
22 

0.481
10 

0.279
22 

0.481
10 

12.8
4 

5.49 0.01
2 

0.04
1 

0.18
7 

-
0.24
5 

    E*Sc 1 0.335
16 

0.057
70 

0.335
16 

0.057
70 

3.40 0.66 0.09
5 

0.43
6 

0.20
5 

-
0.08
5 
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Error 10 0.984
80 

0.876
49 

0.098
48 

0.087
65 

          

  Lack-
of-Fit 

5 0.984
80 

0.876
49 

0.196
96 

0.175
30 

* * * *   

  Pure 
Error 

5 0.000
00 

0.000
00 

0.000
00 

0.000
00 

      

Total 19 4.486
26 

7.549
62 

        

 

Figs. 14 and 15 depict the difference between residual and observation for ܵℎ (݁݃݀݁ݓ) and ܵℎ (ܿ݁݊݋). 

 

Figure 14: The difference between residual and observation for ܵℎ (݁݃݀݁ݓ). 
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Figure 15: The difference between residual and observation for ܵℎ (ܿ݁݊݋). 
5.4 Impact of Nb, Nt and Le on the nanoparticle Sherwood number (Shn) 

Finally, we examine nanoparticle Sherwood number (Shn). 

Table 12: The impact of different parameter values for nanoparticle Sherwood number.  

Parameter Symbol  Level 

-1 0 1 

0.6 1.6Nb   W1 0.6 1.1 1.6 

0.5 0.9Nt   W2 0.5 0.7 0.9 

0.5 1.5Le   W3 0.5 1 1.5 

 

The appropriate correlation is: 
2 2 2

0 1 2 3 11 22 33 12 13 14* * *Shn J J Nb J Nt J Le J Nb J Nt J Le J Nb Nt J Nb Le J Nt Le= + + + + + + + + +      (35)

  

Table 13: An approach to research grounded upon CCD. 
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The validity and practical relevance of the proposed model are assessed using an ANOVA, 

with the results summarised in Table 14. Parameters with p-values less than 0.05 are deemed 

statistically significant, whereas those over this level are regarded as inconsequential. For the 

wedge design, Nb, Nt2, and the interaction term Nb*Le are not statistically significant. In the 

cone configuration, Nb, Nt2, Nb*Nt, and Nb*Le are considered irrelevant. The model's high 

R2 values (99.04% for the wedge and 98.56% for the cone) shows its trustworthiness. A more 

detailed statistical study reveals a significant link between the Sherwood number for 

nanoparticles (Shn) and the input variables Nb, Nt and Le via the relations: 

Run Code values Real values Response 

W1 W2 W3 Nb  Nt  Le  /Shn Wedge /Shn Cone 

1 -1 -1 1 0.6 0.9 1.5 1.32672 2.60733 

2 -1 0 0 0.6 0.7 1 1.64324 1.67513 

3 0 0 0 0.6 0.5 1.5 1.3045 1.68561 

4 -1 -1 -1 1.1 0.7 1 0.920182 1.6575 

5 0 0 0 1.6 0.7 1 1.0823 1.61582 

6 0 0 0 1.1 0.9 1 1.0522 1.58775 

7 0 -1 0 1.1 0.7 1.5 0.721933 1.56931 

8 1 -1 1 1.1 0.7 1 0.920182 1.6575 

9 1 -1 -1 1.1 0.7 1 0.920182 1.6575 

10 1 0 0 1.6 0.5 0.5 0.419261 0.250753 

11 1 1 1 1.6 0.9 1.5 2.79985 2.87089 

12 0 0 -1 1.6 0.9 0.5 0.413078 0.242447 

13 0 0 0 1.1 0.7 1 0.920182 1.6575 

14 1 1 -1 1.1 0.7 0.5 0.404837 0.234846 

15 0 0 0 1.1 0.7 1 0.920182 1.6575 

16 -1 1 1 0.6 0.5 0.5 0.392905 0.22252 

17 -1 1 -1 1.1 0.5 1 0.911149 1.5978 

18 0 0 1 0.6 0.9 0.5 0.196459 0.869101 

19 0 1 0 1.1 0.7 1 0.920182 1.6575 

20 0 0 0 1.6 0.5 1.5 0.388664 0.250753 
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2 2( ) 7.20 2.59 2.87 3.07 0.33 3.58 * 4.58 *Shn wedge Nt Le Nb Le Nb Nt Nt Le= − + + − − − (36) 

2 2( ) 14.39 1.44 0.05 1.65 4.71 0.89 *Shn cone Nt Le Nb Le Nt Le= + − + − −                

(37) 

Table 14: Analysis of Variance (ANOVA) of ܵℎ݊. 

Source 
 

DF Adjusted SS Adjusted MS F-value p-value Coefficient 

Wedge Cone Wedge Cone Wedge Cone Wedge Cone Wedge Cone 

Model 9 5.14674 10.0618 0.57186 1.11797 4.92 9.01 0.010 0.001 - - 

  Linear 3 2.79153 7.2061 0.93051 2.40204 8.01 19.35 0.005 0.000 7.20 14.39 

    Nb 1 0.00573 0.3345 0.00573 0.33453 0.05 2.69 0.829 0.132 4.91 2.80 

    Nt 1 0.56256 1.7390 0.56256 1.73896 14.84 14.01 0.005 0.004 -2.59 1.44 

    Le 1 2.22324 5.1326 2.22324 5.13261 19.14 41.34 0.001 0.000 2.87 -0.05 

  Square 3 0.64272 1.6247 0.21424 0.54155 1.84 4.36 0.203 0.033 - - 

    Nb*Nb 1 0.40461 0.0258 0.40461 0.02583 13.48 19.21 0.002 0.008 3.07 1.65 

    Nt*Nt 1 0.00002 0.0054 0.00002 0.00538 0.00 0.04 0.991 0.839 -1.32 -3.02 

    Le*Le 1 0.47547 1.1493 0.47547 1.14932 14.09 9.26 0.007 0.012 -0.33 -4.71 

  2-Way 
Interaction 

3 1.71249 1.2310 0.57083 0.41033 4.91 3.31 0.024 0.066 - - 

    Nb*Nt 1 0.83155 0.1361 0.83155 0.13612 7.16 1.10 0.023 0.320 -3.58 -1.38 

    Nb*Le 1 0.01235 0.0410 0.01235 0.04102 0.11 0.33 0.751 0.578 7.25 0.82 

    Nt*Le 1 0.86859 1.0538 0.86859 1.05385 7.48 8.49 0.021 0.015 -4.54 -0.89 

Error 10 1.16174 1.2415 0.11617 0.12415           

  Lack-of-
Fit 

5 1.16174 1.2415 0.23235 0.24829 * * * *   

  Pure 
Error 

5 0.00000 0.0000 0.000 0.00000       

Total 19 6.30847 11.3032         

 

Figs. 16 and 17 depict the difference between residual and observation for ܵℎ݊ (݁݃݀݁ݓ) and ܵℎ݊ (ܿ݁݊݋). 
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Figure 16: The difference between residual and observation for ܵℎ݊ (݁݃݀݁ݓ). 

 

Figure 17: The difference between residual and observation for ( )Shn cone . 
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The residual plots for Cf, Nu, Sh and Shn for the wedge and cone designs are shown in Figures 

10–17. A normal (Gaussian) distribution for the residuals would be supported by the positive 

trend shown in the regression probability charts. Furthermore, there seems to be some structure 

in the greatest residuals, and the residual histograms have a very even distribution. It is clear 

that the suggested model works and provides a decent match when looking at the residuals' 

distribution and behaviour as a whole. All four response variables, Cf, Nu, Sh and Shn, are 

adequately captured by the quadratic model used in this statistical study. 

6. CONCLUSIONS  

A theoretical and numerical study of electro-conductive functional magnetic nanofluid 

boundary layer flow external to both wedge and cone shapes embedded in porous media under 

external magnetic field modulation has been presented. Chemical reaction, thermal radiation, 

heat generation and activation energy effects have been featured in the mathematical model. 

Buongiorno’s two-component nanoscale model has been deployed to evaluate mass diffusion 

phenomena of the nanoparticles with thermophoretic and Brownian motion effects. A separate 

species equation has been included for reactive solute diffusion. The transformed nonlinear 

ordinary differential boundary value problem has been solved with the MATLAB bvp4c 

method. Validation has been included with earlier studies neglecting nanoparticle and heat 

generation effects. Response Surface Methodology (RSM) has been utilized to conduct 

statistical analysis and optimize the transport process for skin friction, Nusselt number (heat 

transfer rate), solutal Sherwood number (solute mass transfer rate) and nanoparticle Sherwood 

number. The main findings of the present study can be summarized as follows: 

(i) Increasing Richardson number (Ri) depletes velocity field and produces enhanced control 

of the coating enabling homogeneity to be achieved in surface finishing with thinner 

hydrodynamic boundary layers. For both the cone and wedge geometries, flow acceleration is 

produced with decreasing Richardson numbers.  

(ii) An elevation in activation energy parameter (E) opposes solute mass diffusion and produces 

a reduction in solute concentration and thinner solutal boundary layers. 

(iii) An increase in homogenous destructive chemical reaction parameter (Kr) depletes the 

solute concentration. 
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(iv) Higher solute concentration magnitudes are produced for the wedge geometry relative to 

the cone geometry. 

(v) Increasing Brownian motion parameter (Nb) suppresses the nanoparticle volume fraction 

(concentration), altering the nanocoating properties. 

(vi) Increasing Brownian motion parameter (Nb) generates strong micro-convection currents 

in the base fluid, increasing the overall thermal conductivity and enhancing temperature and 

associated thermal boundary layer thickness. 

(vii) Increasing thermophoresis parameter (Nt) intensifies thermal diffusion and elevates 

temperatures. 

(viii)  Increasing thermophoresis parameter (Nt) reduces nanoparticle volume fraction and 

decreases nanoparticle species boundary layer thickness.  

(ix) An elevation in heat generation (source) parameter (Q) strongly accentuates temperature 

magnitudes with larger values computed for the wedge case compared with the cone case. A 

sharper rate of temperature descent from the substrate surface accompanies the cone case 

relative to the wedge case. 

(x) Increasing radiation-conduction parameter (R) boosts the temperature values in the regime 

and higher magnitudes are obtained for the wedge case. 

(xi) Increasing nanoparticle species buoyancy parameter (Nr) assists momentum diffusion, 

elevates velocity and reduces hydrodynamic boundary layer thickness. 

(xii) Higher values of solutal buoyancy parameter (Nc) oppose momentum diffusion, decrease 

velocity magnitudes and increase momentum boundary layer thickness. 

(xiii)Increasing permeability parameter for the porous medium (K) manifests in a decrease in, 

actual permeability and a boost in quantity of solid fibers. This circumvents nanofluid 

percolation, increases Darcian drag and decreases velocity magnitude. 

(xiv) An elevation in modified Hartmann magnetic number (M) produces a ramp up in 

Lorentzian magnetic drag which cause nanoparticles to align and form chain-like structures 

and strongly damps the flow. 
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(xv) The skin friction, Nusselt number, solutal Sherwood number, and nanoparticle Sherwood 

number regression models based on RSM all attain excellent accuracies for the wedge design, 

with R² values of 99.73%, 99.85%, 98.57%, and 99.04%, respectively.  

(xvi) Strong predictive performance is indicated via RSM simulations by the equivalent R2 

values of 98.45% for skin friction, 97.65% for the Nusselt number, 97.76% for the Sherwood 

number, and 98.56% for the nanoparticle Sherwood number for the case of a cone. 

The current simulations have demonstrated that MATLAB and RSM are powerful 

methodologies for modelling complex nanofluid coating flows. Future studies may explore 

additional multi-physics including phase change (melting) [56, 57], non-Newtonian behaviour 

e.g. micropolar coatings [58], Marangoni surface-tension effects [59], catalytic reactions [60] 

and ferromagnetic nanofluids [61]. Efforts in these directions are underway and will be 

communicated soon. 
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  N r =    ( 𝜌 −   𝜌  f )  (   𝜙  w −   𝜙 ∞ )    𝜌  f   𝛽  t  (   T  w −   T ∞ )  ( 1 −   𝜙 ∞ ) , N c =     𝛽  c  (   C  w −   C ∞ )    𝛽  t  (   T  w −   T ∞ ) ,   P r ⁡ =     𝜈  f    𝛼  m , L e =     𝜈  f    D  B , R i =   G r    R e 2 ,


  N t =   𝜏   D  B   l 2  (   T  w −   T ∞ )    T ∞   𝜈  f , G r =   g   𝛽  t  (   T  w −   T ∞ )  ( 1 −   𝜙 ∞ )   x 3    v  f 2 , R =   16   𝜎 ∗   T ∞ 3  3   k ∗   k  f , Q =     Q 1   l 2     ( 𝜌   C  p )  f   𝜈  f                                                  


       F  ( 𝜂 ) =  ϒ 1 , G  ( 𝜂 ) =  ϒ 4 , H  ( 𝜂 ) =  ϒ 6 , S  ( 𝜂 ) =  ϒ 8    F ′  ( 𝜂 ) =  ϒ 2 , G ′  ( 𝜂 ) =  ϒ 5 , H ′  ( 𝜂 ) =  ϒ 7 , S ′  ( 𝜂 ) =  ϒ 9    F ′ ′  ( 𝜂 ) =  ϒ 3 , G ′ ′  ( 𝜂 ) =  ϒ 5 ′ , H ′ ′  ( 𝜂 ) =  ϒ 7 ′ , S ′ ′  ( 𝜂 ) =  ϒ 9 ′    F ′ ′ ′  ( 𝜂 ) =  ϒ 3 ′ }


  G  ( 𝜂 )


  H  ( 𝜂 )

