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Abstract

Multi-dimensional classification (MDC) generalizes multi-class and multi-label
classification by considering the simultaneous prediction of multiple class vari-
ables for each instance. In this paper, we revisit probabilistic MDC approaches for
mixed data, where both discrete and continuous attributes are present, and exam-
ine their potential strengths and limitations when extended to handle incomplete
data, a setting that remains largely underexplored. We then propose a novel
approach to provide more scalable and robust probabilistic classifiers. We detail
both the learning and prediction phases of our approach, deriving theoretical
results that underpin the design of efficient algorithms for each phase. Empiri-
cal evidence is then presented to illustrate the robustness of this solution under
different missingness scenarios.

Keywords: Probabilistic multi-dimensional classification, Probabilistic graphical
models, Mixed data, Incomplete data, Supervised learning

1 Introduction

Multi-label classification predicts several binary outcomes simultaneously for each
instance; multi-dimensional classification extends this framework to handle multiple
outcomes that can each take more than two categorical values. MDC applies to vari-
ous domains (Gil-Begue et al, 2021; Jia and Zhang, 2024; Ma and Chen, 2018), such



as predicting multiple related health indices. The categorical indices can be nomi-
nal, such as mutually exclusive disease subtypes (Din et al, 2019; Ferreira et al, 2020;
Garcia-Aymerich et al, 2011; Hoshida et al, 2007), or ordinal, such as graded disease
severity (Dadu et al, 2022; Lynch et al, 2015). Another example is predicting antimi-
crobial resistance phenotypes (susceptible, intermediate, resistant) for multiple drugs
based on the genomic sequences of bacterial strains (Do et al, 2024; Moradigaravand
et al, 2018).

Graphical models are a go-to choice to perform MDC, called Probabilistic MDC
(PMDC), yet learning and inference in probabilistic graphical models are generally
NP-hard (Cooper, 1990; Chickering, 1996). Moreover, MDC faces amplified challenges
restricting its applicability, as the number of class configurations grows exponentially
with the number and cardinality of class variables. This amplifies several issues related
to data sparsity, scalability, and interpretability.

In this context, discriminative MDC (DMDC) (Nguyen et al, 2023) balances scal-
ability and expressiveness. This model handles properly mixed features (discrete and
continuous) by constraining discrete—continuous dependencies. It optimizes a joint
conditional distribution; however, inference remains NP-hard in the number of discrete
variables. This model can achieve strong predictive performance when all features are
observed, but it is not designed to natively handle incomplete data.

Yet, data may be missing either during training or at prediction time in many
practical applications. Such a setting has already been investigated, mostly under
assumptions that exclude mixed feature types and multiple class variables (Garcia-
Laencina et al, 2010). This work tackles the underexplored challenge of missing
discrete variables in mixed data scenarios, which is particularly challenging in settings
where both scalability and model expressivity are critical.

We extend DMDC by relaxing the structural constraint on discrete-continuous
links, which allows for the processing of incomplete data. We provide optimality results
that extend the ones already known for DMDC (Nguyen et al, 2023), with an imple-
mentation that can simply rely on any learning algorithm for probabilistic multi-class
classification, provided it supports instance weights. Our prediction algorithms retain
the computational complexity of DMDC while improving robustness to missing dis-
crete variables. We also derive the Bayesian-optimal predictors for the Hamming and
0/1 losses, showing that they reduce to maximum a posteriori (MAP) inference in
several cases.

This work extends our previous contribution (Do et al, 2026), which introduced
Hybrid MDCs (HMDCs) and developed learning and inference under the assump-
tion that missingness occurs only at prediction time. The present paper substantially
expands that work in several respects. First, it introduces a new learning framework
for incomplete training data. Second, it provides a more comprehensive experimental
evaluation covering a wider range of missing-data scenarios during both training and
prediction. For readability, all formal results (propositions) are stated without proofs,
which are deferred to the Appendix B.

The paper is organized as follows. Section 2 reviews probabilistic MDCs for mixed
data, covering the general framework, existing classifier subfamilies, and the hypothe-
sis space of the proposed model, Hybrid MDCs (HMDCs). Section 3 then presents the



missingness scenarios and the principles governing the different options for learning
and inference with incomplete data. Sections 4 and 5 respectively discuss the learning
and prediction tasks for HMDCs under these various scenarios. Section 6 presents the
experimental setup and results. Finally, Section 7 concludes the paper.

2 Probabilistic MDCs

PMDCs are essentially Bayesian networks (BNs). As such, their three key components
are representation, learning, and inference. This section discusses how represen-
tation affects learning and inference, first reviewing the standard generative and
discriminative approaches, then introducing our hybrid method.

2.1 Generalities

Let X := X! x...x X9 denote the feature space, and let X = {X!,..., X9} be a finite
set of features. In the mixed-feature setting, the feature variables consist of two disjoint
sets: discrete features X?, and continuous features X¢, such that X = XP U X¢,
where XP = {X!, ... XP}and X¢ = {XP+ ... X@

Next, let Y := P! x ... x V¥ be the set of possible outcomes, and let Y =
{Y!, ..., Y&} be the set of the K class variables. For any k € [K] := {1,..., K}, let
V= {yk .. 7y]’“wk} be the set of possible outcomes that Y* can take. The cardinality
of the class variable Y* is M}, = |V*|, for k € [K]. Finally, we also define the shorthand
notations Z =X x), Z=YUX and ZP = YU XP.

The distribution of a PMDC is represented by a directed acyclic graph (DAG) G,
where nodes are variables and directed edges model conditional dependencies between
them, and are parameterized by 6. For all z € Z, the distribution factorizes as:

pc.o)(z) = [[ P2’ =2 |pa(Z’) = pa(z)))
ZIi€eZ

: H P(G,e)(2j|Pa(Zj)) )

zieZi

where pa(Z7) denotes the parent set of Z7 in the DAG G, while pa(z7) is the specific
configuration of pa(Z7) specified by z. The set of distributions that can be repre-
sented can be restricted by constraining the type or number of dependencies between
variables, leading to different PMDC types as detailed below.

2.2 Generative and Discriminative PMDCs

Generative PMDCs (GMDCs) (Van Der Gaag and De Waal, 2006) are BNs whose
DAGs are restricted by excluding arcs originating from features and directed to
class variables, as illustrated in Figure 1. They are adjusted by maximizing the joint
likelihood over data

N
H p(G,e)(Zn) )
n=1



X’D XC
Hybrid (HMDC)
Fig. 1: Examples of DAGs illustrating the PMDC types: GMDC, DMDC, and HMDC

where S := {2, })_, = {(n, yn)})_; is the training set. While the model is expres-
sive, exact MAP inference over ) is NP-hard, and scalability requires additional
structural constraints to mitigate the computational complexity of both learning and
inference (Benjumeda et al, 2018; Bielza et al, 2011; Van Der Gaag and De Waal,
2006).

Discriminative PMDCs (DMDC) (Nguyen et al, 2023) are BN classifiers whose
DAGs are restricted by excluding class-to-feature arcs and feature-to-feature arcs from
class to feature variables, as illustrated in Figure 1. They are adjusted by maximizing
the conditional likelihood over the training data

N

H P(g,0) (yn | wn) .

n=1

The decomposability of the conditional log-likelihood, combined with efficient struc-
ture learning algorithms (Bartlett and Cussens, 2017; Cussens, 2020), allows DMDC
to handle mixed data.

For mixed data, DMDCs further forbid arcs between continuous and discrete
features. Exact MAP inference remains NP-hard in the number of class variables,
although it remains computationally tractable for the MDC problems considered in
this work.

2.3 Hybrid PMDCs

GMDCs model the joint distribution p(g,e)(Z) and are the most general family, but
their application to mixed data is tricky. Extensions to continuous variables usually
require strong assumptions, such as Gaussianity of variables and linearity of rela-
tionships. Discretization is a common but often crude a workaround (Sucar, 2021).



Moreover, GMDCs optimize the joint likelihood, which is not discriminant and may
thus perform poorly for classification purposes, where the data distribution cannot be
represented with the BN (Roos et al, 2005).

DMDCs are discriminant in the sense that they model the conditional distribution
pco (Y] XP X¢), and they are computationally efficient. Yet they cannot naturally
handle missing discrete features at prediction time, as this requires an estimate of
P@:.o)(Y, XP|X).

2.3.1 Structural Constraints

To address these limitations, we introduce Hybrid PMDCs (HMDCs), a minimal
extension of DMDCs that can naturally handle missing discrete features or class vari-
ables. HMDCs relax DMDCs’ structural constraints by allowing arcs into discrete
features from class or continuous variables, while still prohibiting arcs into continuous

features from discrete variables. The model is trained by maximizing the conditional
likelihood

N
I pco(yn =l |25) , (1)
n=1

where P and € are respectively the discrete and continuous features of @,. An
example of HMDC is shown in Figure 1.

This design, inspired by causal sufficiency (Pearl and Mackenzie, 2018), ensures
that each potentially missing variable has at least one observed parent, allowing the
model to predict missing features directly rather than imputing them, thereby improv-
ing robustness in MAP-based inference. As an intermediate between GMDCs and
DMDCs, HMDCs trade off representational flexibility and computational complexity:
exact inference remains NP-hard in the number of discrete variables, namely class
variables and discrete features. To mitigate this, grouping methods (Parviainen and
Kaski, 2017) can be applied; here, we adopt simple random grouping, leaving optimal
grouping strategies for future work.

2.3.2 Learning Objective

HMDCs are adjusted by maximizing the conditional likelihood (1), which is equivalent
to maximizing the conditional log-likelihood

N
La(G,0|8) = log (pc.o) (Yn,xl | 25)) (2)

n=1

with € the parameter space.

This design, positioned between GMDCs and DMDCs, targets deployment with
mixed features and possibly missing discrete variables. Like DMDCs, and unlike
GMDCs, HMDCs do not model the distribution of continuous features. Although not
purely discriminative, HMDCs can be viewed as a mixture of discriminant models via



the decomposition
P.o)(Un, T2 | 25) = pc.o)(yn | 2L, 25) PGo) (2l |2S) |

where the discriminant components p(y,, | 2, x$) are weighted by p(x? |z¢). This
mixture structure provides the flexibility to predict outcomes with missing dis-
crete variables directly, without requiring their imputation. Compared to GMDCs,
HMDCs avoid modeling continuous inputs, reducing both training complexity and
data requirements.

3 Missingness

HMDC enables us to extend existing approaches for handling incomplete discrete data
to the MDC setting. Our framework covers several practical situations:
(i) missing observations of some classes: for some instances, some class variables are
observed, and the others are missing;
(if) incomplete discrete features: for some instances, some discrete features are
missing;
(iii) combined scenarios.

We consider missingness during both the training and inference phases. Through-
out this paper, we assume that data are Missing At Random (MAR). Although the
validity of the MAR assumption depends on the application, it is widely adopted in
the missing-data literature. It avoids specifying a particular missingness mechanism
(which would itself be application-dependent), and provides a principled basis for the-
oretical analysis and experimental evaluation. Moreover, addressing MAR missingness
is a necessary first step before tackling more complex missingness mechanisms.

Before presenting the proposed learning and inference procedures, we introduce
the notation used throughout the paper for MDC with mixed features and incomplete
data. We emphasize that all subsequent notions are defined on an instance-by-instance
basis, i.e., they are specific to the instance z.

For an instance z, let Y and Y© denote the sets of missing and observed class
variables, respectively. Similarly, let X and X© denote the sets of missing and
observed discrete features, with X? = XM U X©. We define ZM = YM U XM and
Z° = YO U XO as the sets of missing and observed discrete variables, respectively,
so that ZP = ZMUZ®. We also define the shorthand notations 2" = y™ @ M and
29 =y @ 29, where @ stands for vector concatenation.

Under missing data, the conditional log-likelihood in (2) is no longer directly
applicable. Nevertheless, several decision principles can be considered for resolving
the uncertainty induced by the missing data (Guillaume et al, 2017; Hiillermeier and
Beringer, 2006; Hiillermeier et al, 2019; Koller and Friedman, 2009; Nguyen et al,
2018, 2021; Utkin and Coolen, 2011; Cooper and Herskovits, 1992): the optimistic,
pessimistic, and averaging principles. Let

s=11II 12’ (3)

zeS jeM



be the number of completed data sets (i.e., imputed data sets) {3(5) 5 | that can
be constructed from the incomplete training set S. The optimistic, pessimistic, and
averaging principles can be implemented as follows, respectively:

(GOpt,OOpt) € argmax max Lq(G,0 | g(s)> (@)
(G,0) s€{l....S}
(GP5,0P%°) € argmax min  Lqo(G, 0] S‘(S)) (5)
(G,0) se{1,...,S}
s
(Ga,ve’ 0ave) e argmaXZLQ(G7 0 | S(s)) . (6)
(G,G) s=1

Note that the optimistic and pessimistic principles are akin to imputation-based
approaches, as they return both an optimal classifier and a completed dataset, either
maximally or minimally consistent with the selected model. The averaging principle
only returns an optimal classifier and can be linked to a Laplacian assumption where
all completions are uniformly distributed, which usually do not correspond to any
specific completed dataset. In this work, we will mainly focus on the optimistic and
averaging principles, for two main reasons: they are computationally friendlier than
the max/min formulation of the pessimistic one, and they correspond better to situ-
ations where missingness is non-adversarial, and where one seeks to obtain the best
predictive power from the model rather than a model robust to possibly adversarial
imputations.

4 Learning Phase

4.1 Learning from Complete Data

The goal of the learning phase is to maximize the conditional likelihood (2). To further
mitigate overfitting in this data-hungry setting, we optimize a regularized conditional
log-likelihood

LQ(G, 0 | S) = L(G7 0 | S) - Q(G,S) ) (7)

where Q(G,S) is a decomposable regularization term that quantifies the model
complexity:

G, S) =Y w(Z,pa(Z'),S) .

jeD

Common choices for Q(G,S) are the Akaike Information Criterion (AIC) and
Bayesian Information Criterion (BIC), which differ in penalty strength (Murphy, 2023,
Sec. 3.8.7). We adopt definitions that account only for the complexity of the sub-DAG
induced by the discrete variables when computing these penalties, since they are used
exclusively to constrain this part of the Bayesian network:



w(Z?,pa(27),8) = ~(|127| = 1)|pa”(Z7)] (AIC) ,
w(Z?,pa(Z7),8) = =0.5(1Z7] = 1)|pa”(Z7)| log(N) (BIC) ,

where paP(Z7) is the set of the discrete variables among the parents of Z7, |Zj\ is the
cardinality of Z7, and |paP(Z7)| is the number of possible configurations of pal(Z7).
Overall, these choices result in Q(G,S) = —Dim(G) for AIC and and Q(G,S) =
—0.5 Dim(G) log(N) for BIC, where Dim(G) = 3=, (127|=1)|paP(Z7)]. In this paper,
we adopt BIC and additionally report experimental results obtained with AIC.

In the following, we show that (7) can be optimized exactly under standard
assumptions, and that existing learning strategies (Nguyen et al, 2023) extend to our
more general setting with minimal changes.

Proposition 1. For any z € Z, the structure constraints of HMDC's ensure that

pc.o) (v z” |2€) =[] pco) (2 Ipalz))) .
JED

Proposition 1 implies that the estimation of p( e)(y,? | ) is not affected by
arcs among continuous features, allowing to exclude them in the DAG search, without
loss of predictive power.

Proposition 2. For any j € D and any finite training set S, let

U(pa(Z7),0;]S) ZZlog PG.0)(= | pal))) (®)
Lo(pa(27),0; | S) :=( a(27),0;|8)~w(Z’,pa(Z?),S) 9)

the structure constraints of HMDC's ensure that, for any HMDC (G, 0), we have the
decomposition:

a(G,0]8)=> " La(pa(2’),6,]S) ,

jE€ED

which only depends on the local structure and parameters (pa(Zj),Bj) defining the
local distribution model at each node. _

Proposition 3. Let 22\%" denote the power set of Z\ Z7, and let Pa(Z7) c 22\{%"}
denote the set of possible parent sets of Z7, for each j € D. Given a training set
S, mazimizing the regularized conditional log-likelihood (7) over all HMDC's decom-
poses into independent local learning problems, one for each admissible parent set,
together with a BN structure learning problem. Concretely, training the model reduces
to training a collection of local probabilistic multi-class classifiers. Each local classifier

hpa(Zj) : X zk Alzfl (10)
{k:Z*epa(z7)}



maps every configuration of the parent set pa(Z7) € Pa(Z7) to a probability distribu-
tion over the levels of Z7 € ZP, with A1Z’| being the probability simplex of dimension
|Z7|. The optimal local classifier hy,.(z4) is parameterized by

9 € argmax ((pa(27),0;|S) | (11)
Bj E@j

with {(pa(Z7),0;|S) defined in (8). Each admissible parent set pa(Z7?) is then asso-
ciated with its optimal score Lq(pa(Z7),07|S) (9). Finally, any score-based BN
structure learning algorithm can be used to identify an optimal DAG G*, defined by the
optimal parent sets pa*(Z7) for each j € D. Combined with the corresponding optimal
parameters 0% := {07 | j € D}, this yields the optimal HMDC (G*,0%).

Allowing arbitrary parent sets Pa(Z7) C 2Z\{Z”} results in a very large hypothesis
space, which may be computationally prohibitive and yield models that are difficult
to interpret. Model complexity constraints can be incorporated by restricting the
admissible parent sets for each Z7 € ZP, enabling the search for the best model within
a prescribed complexity class.

We employ GOBNILP (Bartlett and Cussens, 2017; Cussens, 2020), which is a
globally optimal BN learning framework using integer linear programming, to solve
the structure learning problem. We also adapt the pruning rule of de Campos et al
(2018) to discard unnecessarily large candidate parent sets pa(Z7) € Pu(Z7) that
cannot serve as the parent set of Z7 in any optimal DAG G*. The following proposition
implies that this pruning does not require the ﬁtting of the local classifier hy,,(zs)-
Proposition 4. For any j € D and any pa’(Z7) D pa(Z?), if

Lﬂ(pa(zj)>6j |S) > —w(Zj7pa/(Zj)73> )

then pa’(Z7) cannot be a parent set of Z7 in any optimal DAG G*,

This property reduces computations, leveraging GOBNILP’s flexibility in handling
additional constraints on the set of candidate DAGs.

So far, we have assumed that for any possible pair (Z7, pa(Z7)), the conditional dis-
tribution p(¢,e)(Z’ | pa(Z7)) can be modeled by a probabilistic classifier hy, 7y (10).
A theoretically sound approach is required to define and train these local probabilistic
multi-class classifiers hy,,(z;) when pa(Z7) includes both discrete and continuous vari-
ables. We adopt an input partitioning strategy (Nguyen et al, 2023) to learn hy,,(zs).It
enables local feature selection, either through the construction of local regulariza-
tion terms or by employing probabilistic multiclass classifiers, such as random forests,
which typically select a subset of features during training. As a result, irrelevant
continuous features can be effectively discarded from pa(Z7).

For each possible candidate parent set pa(Z7), let paP(Z7) denote the set of the
discrete variables among the parents of Z7, and let

PaP(Z7) == X zk

{k:ZkepaP(Zi)}



be the set of all possible configurations of paP(Z7). We partition X into |PaP(Z7)|
regions, one per possible configuration paP(Z7) € PaP(Z7), where a local probabilistic
multi-class classifier )
hp.peiy X6 — AIZ (12)
is used to model p(g g)(Z7 | paP(Z7) = paP(z?), X€).
For any paP(27) € PaP(Z7), let

UpaP(27).6,S) = > log (p(c,0) (24 | pa(27),25)) . (13)
{zn €S:paP(zd)=paP(Z7)}

The |PaP(Z7)| classifiers (12) can be estimated independently because

l(pa(Z7),8;]S) = Y Upal(),6;15) .

paP(z3)ePaP(Z7)

Altogether, the entire training phase is summarized in Algorithm 1. In this algo-
rithm, any score-based BN structure learning algorithm can be used to identify an
optimal DAG G* using Lq(pa(Z7), 07 |S) (9). In this paper, we use GOBNILP.
Proposition 5. Given any finite training set S, Algorithm 1 returns an optimal
HMDC (G*,0%) mazimizing the regularized conditional log-likelihood (9), provided
that, for every possible pair (Z7,pa(Z7)), and every paP(z?) € PaP(Z7), the corre-
sponding local classifier h,,p(ziy (12) can be learned optimally by mawimizing (13)
under the feature-selection option.

While doing both structure and parameter learning can be costly, it is needed to
detect and incorporate conditional (in)dependencies Z¢ — X < Z7 and Z° < X¢ —
Z73, which might be difficult to detect even for domain experts, into the DAG structure,
thanks to the relation between unconstrained DAGs and their I-maps (Koller and
Friedman, 2009) under structural constraints imposed for Hybrid PMDCs. Moreover,
as will be shown later, when the base classifiers h,,p(.;), such as logistic regression,
can provide good estimates of the local conditional probability distribution, the DAGs
provided by our framework seem to capture reasonable dependencies in the datasets.

4.2 Learning from Incomplete Data
4.2.1 EM Approach

A standard approach to handling missing data is the EM algorithm (Dempster et al,
1977), which relies on expected sufficient statistics. Lauritzen (1995) first applied
EM to parameter estimation in Bayesian networks with incomplete data, assuming a
known structure. Structure learning from incomplete data has since followed two main
directions (Scutari, 2020). The first iteratively imputes missing values and applies
conventional structure learning methods for complete data (Friedman, 1997, 1998;
Adel and de Campos, 2017). The second develops scoring functions that can be eval-
uated directly on incomplete data, such as the variational approximation of BIC and
p(S | G) proposed by Beal and Ghahramani (2003). For learning both structure and

10



Algorithm 1 Learning an optimal HMDC (G*, %)

1: input: Training data S = {zn}rlyzl, possible parent sets Pa(Z7), j € D, and hypothesis
spaces for local classifiers hy,, 75y (12).

2: for j € D do

3 Sort pa(Z7) € Pa(Z7) s.t. |pa(Z7)| increases

4 for pa(Z’) € Pa(Z’) do

5: for paP(z7) € PaP(Z7) do

6 Train a local classifier hy,,p(.; (12)

7 end for

8 Store optimal set 87 (11) of hy,,() (10)

9 Compute optimal score Lo (pa(Z7), 07 15) (9)

10 Prune all pa’(Z7) D pa(Z7) satisfying Proposition 4
11: end for

12: end for

13: Find optimal DAG G* using L (pa(Z7), 07 1S) (9).

14: for j € D do .

15: Extract pa“(Z”) from G* and its optimal parameter set 6.
16: end for

17: return: (G*,0%), where 6" := {0 |j € D}

parameters, two EM variants are commonly considered. Soft EM computes expected
sufficient statistics by averaging over all possible completions, but its computational
cost grows exponentially with the number of missing values. Hard EM instead imputes
the most likely completion at each iteration (Sriperumbudur et al, 2010), making it
substantially more scalable. Although EM-based methods for Bayesian network learn-
ing have been studied extensively, scalability remains a major challenge, particularly
for Soft EM (Bodewes and Scutari, 2021). These methods can nevertheless be extended
naturally to our setting. In particular, Hard EM becomes

(GEM gFM) ¢ ai%r%?xsef?é.%} Lao(G,0]89) | (14)

which is exactly the optimistic approach.

To the best of our knowledge, no EM-like algorithm guarantees convergence to the
global maximizer of the regularized log-likelihood for Bayesian networks with mixed
discrete and continuous variables. The main difficulty is ensuring that each local model
is optimized at every iteration, a prerequisite for convergence of the global model.

4.2.2 Averaging Approach

We now show that an HMDC optimal with respect to the averaging principle (6)
can be obtained under a set of commonly adopted assumptions, analogous to those
typically made for complete training data.

11



Proposition 6. Let S be the extended data set that consists of the unique elements
of the completed data sets S®)
S
S — U S

s=1

and for any Z,, € S, we define

[9))

w(zn) = ¢ lom € 8] .

s=1

Under the averaging principle, the learning criterion

s
ave - G(s)
LE(G,0]8) : Sz:: a(G,0]8%)
decomposes as
Ly(G.01S) =Y Ly°(pa(Z7),0;|S) (15)
JjE€D
where
L§<(pa(Z7),0;18) = £ (pa(Z7),0; | S)~w(Z,pa(Z),S) (16)
e (pa(27),0;18) = Y w(zm)log (P(c.0) (71, |Pa(Zh,))) - (17)
zZm€S

Moreover, for any z,, € S, we have

. [z5 = 2°]
W(Zy) = . 18
(Z) = ;HJGMW (18)
Proposition 7. For any j € D, let 22\MZ’} be the set of all the subsets of Z\ {Z7}.
Let Pa(Z7) € 22\MZ°} be any set of possible parent sets for Z7. Given a training set S,
the task of learning an optimal HMDC (G*¢,0*V°) mazimizing the reqularized condi-
tional log-likelihood (15) can be decomposed into independent local learning problems,
followed by a Bayesian network structure learning problem.

Specifically, it reduces to training a collection of local probabilistic multi-class
classifiers: each classifier

hpa(zf) : X zk Alzfl (19)
{k:Z*epa(29)}

estimates the conditional distribution of a variable Z7 € ZP given each admissible
parent set pa(Z7) € Pa(Z7) and is specified by an optimal parameter set

12



67" € argmax (*°(pa(Z7),0;|S) , (20)
0;,c0;

with (¥ (pa(Z7),0; | S) defined in (17). Each possible parent set pa(Z7) is then associ-
ated with its optimal score Lo(pa(Z7), 03V | S) (16). Finally, any score-based Bayesian
network structure learning technique can be employed to identify an optimal DAG
G specified by the optimal parent sets pa®™%(Z7). This DAG G®¢, together with the
optimal parameters 6 := {03*° | j € D}, define an optimal HMDC (G™°¢,0*°).
Proposition 8. For any j € D and pa’(Z7) D pa(Z7), if

L (pa(Z7),0;|S) > —w(Z7,pa(27),S)

then pa’(Z7) cannot be a parent set of Z7 in any optimal DAG G®°

We then adopt the input partitioning strategy previously described for complete
data to learn hy,, (), for all j € D. Altogether, the entire training phase is summarized
in Algorithm 2.
Proposition 9. Given any finite training set S, Algorithm 2 returns an optimal
HMDC (G®¢,02¥¢) maximizing the reqularized conditional log-likelihood (15), provided
that, for every pair (Z7,pa(Z7)), and every parent configuration paP(Z7) € PaP(Z7),
a local optimal classifier hy,p(ziy satisfying (12) can be learned by maximizing

CPPZ),0;18) = S w(zm)log (piaey(E, | PR(Z0),55)) (1)

{Zm €8:paPl(z],)=PaP(Z7)}

under the feature-selection option.

5 Inference Phase

5.1 Inference from Incomplete Data

We now address the prediction of class variables for query instances z where some
discrete features and class variables are missing.

Let u: YM x YM — R, be any utility quantifying the reward for predicting g
when the ground-truth is y™. The expected utility is defined as

Epgo 0@,y 2] = Y @™ yM)pe(zM, 27 | 2°)

yM eyM

For reasons mentioned in Section 3, we will only consider the optimistic and averaging
principles, that can respectively be implemented as follows:

Pt € argmax max Ep ., [u(@™ yM) |z | (22)

gMeYM zMexM

]
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Algorithm 2 Learning an optimal HMDC (G¥¢, 82V¢) from incomplete training data

1: input: Training data S = {2, })_; = {(xn, yn)}_;, possible parent sets Pu(Z7),
J € D, and hypothesis spaces for local classifiers hy,,(zi) (12).

2: Initialize S = 0, WeS = ()

3. for n € [N] do

4: Create [[;cpq [27| completed 2z, from z with the weight We = YT en 120
5: Increase the weight of seen instances z by We

6: Enlarge S and WeS with the emerging instances Z and their weight We

7: end for

8: for j € D do

9: Sort pa(Z7) € Pa(Z?) in the increasing order of [pa(Z7)]

10: for pa(Z7) € Pu(Z?) do

11: for paP(Z7) € PaP(Z7) do

12: Train a local classifier hy,,p(z;) (12) to optimize (21)
13: end for

14: Store the optimal parameter set 637 (20) of hp,(ziy (19)
15: Compute the optimal score L*(pa(Z7), 05 |S) (16)

16: Prune all pa/(Z7) D pa(Z7) satisfing Proposition 8

17: end for

1s: end for

19: Find an optimal DAG G*° using L& (pa(Z7), 82% | S) (16).

20: for j € D do

21 Extract pa™%(Z7) from G®° and its optimal parameter set o7ve.
22: end for

23: return: (G*¢,0%¢), where V¢ .= {03 | j € D}

y*'° € argmax Z Epco [u(ng, ™M) | :cc] . (23)
gMeyM aMecxM

We study optimal prediction under the optimistic and averaging principles for the two
evaluation metrics most commonly used in MDC:

subset 0/1 accuracy uo/l('gM, yM) = [[ﬁM = yM]] ) (24)
Hamming accuracy uH(y ,y : |YM| Z [g™ (25)
meM

5.2 Algorithmic Solutions

Let GP denote the sub-DAG of G* induced by the discrete variables Z?, which is the
same for any query z. For each j € D, let pal (Z7) denote the parents of Z7 in G*.
Let PaP”(Z7) denote the set of all possible configurations of pal” (Z7). Given a query
z, we construct the discrete BN (GP,x€) over ZP. For each j € D, the conditional
probability table (CPT) p(gp ge)(Z7 | pal” (Z7)) contains [PaP"(Z7)| rows, one for
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each parent configuration paP(z7) € PaP*(Z7):

p(GD,mC)<Zj |PaD(Zj)) = P(G*,e*)(zj |paD(Zj)a 336)
= hpa‘p(zj)(ilﬁc) 5

where hp,,p(.;) is the optimal local classifier associated to the configuration pal(z7).
The following propositions ensure that optimal predictions under the averaging or

the optimistic principles, when coupled with the commonly used 0/1 and Hamming

accuracies, can be computed by MAP queries on (GP,xC).

Proposition 10. Let u be the 0/1 accuracy ugs, (24). For any z € Z, and for any

HMDC (G*,0*), we have

9°Pt @ 2™ € argmax p(G”Dva,C)(ZM 12°) , (26)
zMezZM

y*¥® € argmax p(GD’mC)(yM |z9) . (27)
yM eyM

Proposition 11. Let u be the Hamming accuracy ugy (25). For any z € Z, and for
any HMDC (G*,0%), §°P (22) is estimated by finding, V k € M,

coptk o 4 k o
Pt @ M e argmax  p(ap )y LM 29) |
(yk eM)eYrx XM

and g*¥° (23) is obtained by finding, ¥ k € M,

~ave,k

J € ar;gmixp(ngq(yk |29) . (28)
€

ykey

From now on, we refer to the optimistic and averaging approaches as HMDC-OP
and HMDC-AV, respectively. Given that HMDC-OP can be costly when the total
number of missing discrete variables and their cardinalities increase, we also propose
HMDC-MI, which is an approximation of HMDC-OP. HMDC-MI first imputes the
missing discrete features using the most probable levels from their observed distri-
butions in the training data, and then uses these imputed values, together with the
observed discrete features and class variables, as evidence in MAP queries to predict
the missing class variables.

Inference with complete data can be viewed as a special case of inference with
incomplete data, where M = () and yM = y.

6 Experiments

6.1 Experimental Settings

We experiment on three mixed-feature MDC tabular datasets from the literature (Jia
and Zhang, 2024): Adult, Default, and Thyroid (see Table 1). On the Thyroid dataset,
we group the 22 discrete features into 8 (meta) discrete features, each with a cardi-
nality of 8, except for the last one that has a cardinality of 6. On the Adult dataset,
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Table 1: Summary of dataset characteristics: number of instances N,
number of class variables K, cardinalities of class variables {|V*|}< |

number of discrete features |X?|, number of continuous features |X¢|

Dataset N K {IV* I}, |XP| |XC|
Adult 18,419 4 7,7, 5 2] 5 5
Default 28,779 4 2,7, 4, 2] 6 14
Thyroid 9,172 7 5,5, 3, 2, 4, 4, 3] 22 7

we partition the 40 categories of the discrete variable into two groups: the major-
ity category and all remaining categories, which account for (88.57%) and (11.43%)
of the observations, respectively. We also exclude the optimistic approach from the
comparison on this dataset, since performing MAP queries becomes computationally
infeasible (given our computational resources) due to the multiple discrete variables
with relatively large cardinalities.

We limit each discrete variable to have at most two parents, as increasing this
number to three substantially increases the computational cost without yielding a
significant improvement in predictive performance (Do et al, 2026).

In addition to the Hamming (25) and 0/1 (24) accuracy measures, to assess
whether modeling conditional dependencies alleviates class imbalance in MDC, we
adapt the balanced accuracy measure proposed for multiclass classification by Gosgens
et al (2021):

1
R. ky._ Z =k
ec(i‘/m) |T(y7kn)‘ - - [[y ym]]
yr)
1
BA(YF) = — Rec(y*) | 29
()= 3 Reclun) (29)

where T (yF,) denotes the set of test instances for which Y* is missing and whose true
value is y* . All experiments use 10-fold cross-validation. For each fold and missingness
scenario, we report the average of the three accuracy metrics across the 10 folds.

We conduct two sets of experiments. First, we consider the setting in which miss-
ingness occurs only during inference (Section 5.1), while learning is performed on
complete data (Section 4.1). For each train-test split, an HMDC is learned from the
complete training data using Algorithm 1. Missing values are then introduced into
discrete features and class variables of the test set under the MAR assumption. We
consider missingness rates of 30% and 80% for discrete features, and 30%, 70%, 80%,
90% and 100% for class variables, resulting in 10 distinct missingness scenarios.

Second, we consider missingness during both learning (Section 4.2) and inference
(Section 5.1). For each train-test split, missing values are introduced into both the
training and test sets according to a MAR mechanism. Missing values in the training
data are handled using Algorithm 2. During learning, we consider two missingness
settings, corresponding to 5% and 10% missing rates for both discrete features and
class variables.
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Overall, to facilitate a clearer and more concise presentation and comparison of the
results, both experimental settings are expressed within the more general framework
in which missingness may occur during both learning and inference. The learning-
phase missingness settings are therefore (0%, 0%), corresponding to complete training
data, (5%, 5%) and (10%, 10%). The results are presented in Section 6.4 and the
Supplementary Results provided online, together with the source code used in our
experiments, at https://github.com/telagment/HMDC_ Missing.

6.2 Base Classifiers

The local conditional distributions p(g ¢)(Z7 | pap(Z7) = Pa(Z7),XC) can be esti-
mated using standard base classifiers, such as Logistic Regression (LR), Naive Bayes,
and Random Forest. The choice of base classifier substantially impacts predictive
performance. We use LR throughout our experiments because LR consistently out-
performs Naive Bayes and Random Forest while yielding reasonably sparse DAGs (Do
et al, 2026). Ensemble learning methods generally achieve better predictive perfor-
mance than individual models. We therefore investigate whether bagging can improve
performance when used with logistic regression as the base learner. Stratified bag-
ging trains multiple base models on class-stratified bootstrap samples and aggregates
their predictions to reduce variance and improve robustness. We implement a bagging
version of logistic regression and refer to it as Stratified Bagging Logistic Regression
(SBLR).

We compare the performance of the optimistic (HMDC-OP), approximate opti-
mistic (HMDC-MI), and averaging (HMDC-AV) approaches against two baselines.
The first baseline is a Random classifier (RandC) that randomly predicts an outcome
vector drawn uniformly from the set of possible outcomes. The second baseline is
Mode imputation (MI) that predicts the most frequently observed outcome in S for
each missing class variable.

6.3 Baselines and Oracle Classifiers

As shown in Appendix C, the pairwise correlations between discrete variables are
often strong for the three datasets. However, as discussed in Section 4, the condi-
tional dependencies may still be sparse. In such cases, a learning algorithm should
return sparse DAGs. To assess the role of the conditional dependencies, we include
another baseline: Binary Relevance (BR), which enforces an empty DAG structure. BR
decomposes the MDC problem into independent classification tasks with all discrete
variables as targets for prediction, one for each discrete variable based on the contin-
uous variables. Despite its simplicity, BR can be competitive (optimal) on datasets
with weak (no) conditional dependencies.
We also include a few oracle classifiers, which are expected to provide upper bounds
on possible performances:
* First, we include a Reference Classifier (RefC), which is similar to HMDC-MI,
except that missing discrete features are replaced by their true values. Since
RefC has access to the true values of missing features, it is expected to provide
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an optimistic estimate of achievable performance for approaches dealing with
missing features.

¢ Additionally, we implement four reference HMDC-based classifiers, denoted by
R-HMDC-MI, R-HMDC-OP, R-HMDC-AV, and R-RefC. These classifiers use
DAGs selected by optimizing the conditional log-likelihood score on the test set.
They can therefore be viewed as oracle classifiers that have access to test-set
information when selecting the dependency structure. They can therefore serve
as reference models quantifying the performance gap by selecting models with
BIC. Note that we use the log-likelihood score for this oracle selection because
Hamming and subset 0/1 scores are not decomposable over a Bayesian network
and thus cannot be directly optimized during the learning phase.

In the following sections, we report the average hamming and subset 0/1 scores.
To reduce visual clutter and improve readability, each figure shows only the best-
performing result among R-HMDC-MI, R-HMDC-OP, and R-HMDC-AV, denoted by
R-HMDC.

6.4 Experimental Results

In this section, we present results for general scenarios in which missingness occurs dur-
ing both the learning and inference phases, restricting DAGs to at most two discrete
parent variables. We examine how missingness introduced during learning interacts
with inference-time missingness and assess its impact on predictive performance.

Figures 2—4 summarize the results for each of the three datasets for models trained
on either complete or incomplete data and evaluated under different missingness set-
tings at inference time. Comprehensive results, including the remaining experiments
with both LR and SBLR classifiers and the corresponding optimal DAGs G? are
provided as Supplementary Results.

Overall, HMDC-based methods using the BIC pruning score achieve better pre-
dictive performance than those using the AIC pruning score. The only exception is
the Thyroid dataset, for which the two pruning scores yield comparable performance.
Among methods using the BIC pruning score, HMDC-based methods, i.e., HMDC-MI,
HMDC-OP, HMDC-AV, and RefC, generally outperform their corresponding oracle
HMDC-based variants, i.e., R-HMDC-MI, R-HMDC-OP, R-HMDC-AV, and R-RefC.
In addition, with AIC, each HMDC-based method and its corresponding reference
HMDC-based method yield almost identical predictive performance. The observation
that an oracle variant may perform similarly to, or even slightly worse than, its corre-
sponding non-oracle variant can be explained. Although the oracle classifier is allowed
to select a dependency structure that yields a higher test-set log-likelihood, this cri-
terion does not directly optimize either the Hamming or subset 0/1 score. Therefore,
an improvement in test-set log-likelihood does not necessarily translate into improved
predictive performance under these evaluation metrics.

The Supplementary Results reveal a consistent pattern in the effect of the local
base classifier and its bagging variant on predictive performance. Overall, LR achieves
the most promising results, performing comparably to SBLR while requiring less
computation time. This behavior is consistent with the general observation that bag-
ging tends to be more beneficial for high-variance learners. Since LR is a relatively
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Fig. 2: Adult dataset, with LR base classifier and BIC regularization score. Average
Hamming and subset 0/1 accuracy scores (in %, y-axis) over 10 cross-validation folds,
plotted against the percentage of missing class variables (in %, x-axis) in the inference
phase. The learning phase missingness rates are 0% (complete training data), 5% and
10% for both discrete features and class variables. In the inference phase, the missing
rate for discrete features is either 30% or 80%. The probabilistic models are displayed
as follows: @ MI, x BR, A HMDC-MI, ¢ HMDC-OP, ® HMDC-AV, and ® RefC;
® R-HMDC, @ R-RefC.

stable, low-variance classifier, SBLR is therefore expected to provide only marginal
improvements over LR.

As expected, RefC, which has access to the missing discrete features, achieves the
best performance across most settings, and its results are invariant to rates of missing
features at inference time. A similar invariance holds for RandC. Since its results
are notably worse than the MI approach, they are deferred to the Supplementary
Results, and MI serves as a more informative baseline for the expected lower bound
of predictive performance.

We observe consistent trends in the predictive performance of HMDC-based meth-
ods compared to baselines. Our proposed robust inference methods, HMDC-OP and
HMDC-AV, consistently outperform both MI and HMDC-MI. The predictive perfor-
mances of HMDC-OP and HMDC-AV are much closer to RefC (which has access to
ground-truth values of missing features at inference time) than to MI, occasionally
surpassing RefC. Overall, HMDC-OP and HMDC-AV have indistinguishably strong
predictive scores, but HMDC-AV is computationally cheaper to use.
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Fig. 3: Default dataset, with LR base classifier and BIC regularization score. Average
Hamming and subset 0/1 accuracy scores (in %, y-axis) over 10 cross-validation folds,
plotted against the percentage of missing class variables (in %, x-axis) in the inference
phase. The learning phase missingness rates are 0% (complete training data), 5% and
10% for both discrete features and class variables. In the inference phase, the missing
rate for discrete features is either 30% or 80%. The probabilistic models are displayed
as follows: @ MI, x BR, A HMDC-MI, ¢ HMDC-OP, @ HMDC-AV, and ® RefC;
® R-HMDC, @ R-RefC.

On the Thyroid dataset, MI provides a strong baseline, with a Hamming score
of approximately 96%, largely due to the high class imbalance, with a single major
outcome, for each class variable. Nevertheless, HMDCs still perform better, close
to RefC, which achieves a Hamming score above 98%. Since the discrete features
were grouped into meta-features for this dataset, these results suggest that coupling
HMDCs with the grouping of variables in DAGs, as proposed in (Parviainen and
Kaski, 2017), could be a promising direction to manage computational complexity in
both training and inference.

Regarding the effect of missingness at inference time, the Hamming scores of
HMDC decrease moderately as the proportion of missing discrete features increases,
but change only slightly with the proportion of missing class values. In contrast, the
Subset 0/1 scores decrease substantially as the proportion of missing class values
increases, while changing only slightly with the proportion of missing discrete features.

Regarding balanced accuracy (29), the results in Figures 5-7 and the Appendix C.4
show that our HMDC-based models consistently outperform BR and other baselines
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Fig. 4: Thyroid dataset, with LR base classifier and BIC regularization score. Average
Hamming and subset 0/1 accuracy scores (in %, y-axis) over 10 cross-validation folds,
plotted against the percentage of missing class variables (in %, x-axis) in the inference
phase. The learning phase missingness rates are 0% (complete training data), 5% and
10% for both discrete features and class variables. In the inference phase, the missing
rate for discrete features is either 30% or 80%. The probabilistic models are displayed
as follows: M MI, x BR, A HMDC-MI, ¢ HMDC-OP, ® HMDC-AV, and @ RefC;
® R-HMDC, @ R-RefC.

on Adult and Thyroid, and remain competitive on Default (with very sparse DAGs).
This gain likely stems from the ability to account for dependencies among the discrete
variables when modeling the joint conditional probability distribution. By captur-
ing these dependencies, the model can better identify plausible configurations of the
class variables, thereby alleviating the bias toward majority outcomes and improving
predictions for minority outcomes.

Overall, class variables with lower cardinality tend to yield higher balanced accu-
racy, as they are generally easier to predict. This pattern can be observed for Y in
Adult; Y1, Y% in Default; and Y3, Y4, Y" in Thyroid. Within the tested range, the
missingness rates during the learning phase have little effect the performance of BR.
The per-class balanced accuracy of the HMDC methods decreases as the proportion
of missing discrete feature values increases, while remaining relatively stable when the
proportion of missing class values changes, as shown in the Supplementary Results.
In particular, HMDC-MI shows high sensitivity to changes in the missingness rate
of discrete features, likely because the method infers outcomes from unreliable or
misleading evidence.
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Fig. 5: Adult dataset, with LR base classifier and BIC regularization score. Balanced
accuracies (1), with missingness rates in the inference phase of 90% for class variables
and 30% for discrete features. The learning phase missingness rates are 0% (complete
training data), 5% and 10% for both discrete features and class variables.
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Fig. 6: Default dataset, with LR base classifier and BIC regularization score. Balanced
accuracies (1), with missingness rates in the inference phase of 90% for class variables
and 30% for discrete features. The learning phase missingness rates are 0% (complete
training data), 5% and 10% for both discrete features and class variables.
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Fig. 7: Thyroid dataset, with LR base classifier and BIC regularization score. Bal-
anced accuracies (1), with missingness rates in the inference phase of 90% for class
variables and 30% for discrete features. The learning phase missingness rates are 0%
(complete training data), 5% and 10% for both discrete features and class variables.
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7 Conclusion

In this work, we presented Hybrid Probabilistic Multi-Dimensional Classifiers
(HMDCs), a model tailored to address the challenging multi-dimensional classification
setting with mixed data and incomplete discrete observations. The proposed model
accommodates settings in which discrete features and class variables may be missing
during both prediction and learning. We detailed the learning and prediction phases
of this model and derived theoretical results that support the development of effi-
cient algorithms for both phases. Experimental results demonstrated the robustness
of the model in different scenarios, under varying levels of missingness in discrete fea-
tures and class variables, and highlighted the potential of the proposed framework for
practical MDC applications.

As a follow-up work, we plan to further investigate learning from incomplete train-
ing data, particularly through hard-EM-based strategies that offer another avenue for
jointly estimating missing values and model parameters. Further evaluation on real-
world applications would also provide valuable insight into the practical scope and
limitations of the framework.
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A Notations and Acronyms

Symbol Description

X Feature (random) variable

Y Class (random) variable

X Feature vector X = {X!,..., X%}
Y Class vector Y = {Y1, ... YK}
xP Set of discrete feature variables

Set of continuous feature variables

Union of the disjoint sets X and Y, Z=XUY
Union of the disjoint sets X? and Y, ZP° = XPuUY
Number of feature variables

Number of class variables

Particular value of variable Z = z

Particular set value of feature variables, X = x
Particular set value of class variables, Y =y
Particular set value of variables Z = z

Values of the joint variables Z corresponding with training instance n

Discrete features of x,,

Continuous features of x,,

Superscript indicating missing term, e.g., X", YM
Superscript indicating observed term, e.g., X, Y©

Training data index
Number of training data instances

Training set {z,|n=1...,N} ={(zn,yn) | n=1...,N}

Test set

TRRTQINZIICLHH I NG E U NONN K

pa(Z)

pa(z)

PG,0)

G, S)

hpa(zi)

hpaD(Z-’_)

paP(Z7)

Pu(Z9) C 22\Z7)

Directed Acyclic Graph (DAG)

A parameter set

Hypothesis space consists of possible pair (G, 6)
Optimal DAG structure

Optimal parameter set

Parent set of Z in the DAG G

Specific configuration of pa(Z) specified by z
Admissible distribution

Decomposable regularization term

Probabilistic classifier (10)

Probabilistic classifier (12)

Set of the discrete variables among the parents of Z
Set of possible parent sets of Z7
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Acronym Description

MDC Multi-Dimensional Classification

PMDC Probabilistic Multi-Dimensional Classification

BN Bayesian Network

DAG Directed Acyclic Graph

BOPs Bayes-Optimal Predictions

MAP Maximum A Posteriori

MAR Missing At Random

GMDC Generative Probabilistic Multi-Dimensional Classification
DMDC Discriminative Probabilistic Multi-dimensional Classification
HMDC Hybrid Probabilistic Multi-Dimensional Classification
AIC Akaike Information Criterion

BIC Bayesian Information Criterion

LR Logistic Regression

NB Naive Bayes

RF Random Forest

B Proofs for Formal Results

B.1 Proofs of Section 4 (Learning Phase)

B.1.1 Proofs for Propositions of Section 4.1 (Learning from
Complete Data)

Proposition B.1. For any z € Z, the structure constraints of HMDC's ensure that,
for any HMDC p g ey, we have

p(c,e)(y,ﬂ?D | wc) = H y4(eX:)) (Zj \Pa(zj))
jeD
= H P(G,@)(Zj =27 [pa(27) = pa(z))) , .

jeD

Proof. The structure constraints of HMDCs ensure that, for any X* € X¢, pa(X?) C
XC. Therefore, we have

D(c,0) (v, z?, mc)
Y soezo (o) (U, @P, C)
HjeD P(G,a)(zj | pa(z7)) [Ixiexe Pc.0) (' | pa(z”))
S ivezr (I1jep Pc.o)( [pa(#)) [Iyiexe Pc.o) (@ | palz?)))

Dc,0) (y, z” |3’3C) = (30)

(H]ED PG,6) (Zj | pa(zj))) qu‘, exc PG,0) (jl | pa(xi))

(ZEDEZD HjeD DP(G,0) (27| pa(gj))) HX'iexc P(c,0) (z%|pa(z?))

[Liep Pco) (7 [pa(z?))
>zvezr [Ljep Pco) (27 [pa(z7))

31



= H p(G,G)(Zj |pa(2j))

JED

because by the definition of Bayesian Networks, we have

> Il rco@raz) = > peeE”af)=1. (31)

zPeZP jeD zPezZP

Proposition B.2. Given any finite training set S, the structure constraints of
HMDCs ensure that, for any HMDC (G, 0), we have the following decomposition:

a(G,0]8) =>_ La(pa(Z?),0;|3) ,
j€D
where
La(pa(Z7),0;|8) == £(pa(Z7),0; | S)—w(Z7,pa(Z7),S)
Upa(Z7),0;]8) = > log (p(c.e) () | pa(z)))

zZn€S

which only depends on the local structure and parameters (pa(Zj),Bj) defining the
local model at each node.

Proof. As a consequence of Proposition 1, we have

((G,0)18) = Y log (p(c.0)(yn, ¥ | 25)) — QG,S) (32)

2z, €S

= log | [[ oz Ipalzh)) | —G,S)

zZp €S j€D

=" S log (pe.e) (| palzd))) — G, S)
zn €S jE€D

= Z Z log (p(c.e) (2 | pa(z]))) — UG, S)
JED z, €S

= Z Z log (p(c.0)(2] |pa(z]))) — Zw(Zj,pa(Zj),S)
JED 2,8 jeD

=2 (Z log (p(c.0)(2) | pa(23,))) — w(Zj,pa(Zj),S)>
Jj€ED \z,€S8
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=S| Y log (D) (2 | pa(z)))) —w(Z7,pa(Z7), S)

j€D | zn€S8

=:(pa(Z9),0;)|S)

= | Uwa(2).6))|8) — (2. pa(2). S)

=:La(pa,0) (Pa(Z7),0;)|S)

O

Proposition B.3. Let 22\%’ denote the power set of Z\ Z7, and let Pa(Z7) C 22\1%"}
denote the set of possible parent sets of Z7, for each j € D. Given a training set
S, maximizing the regularized conditional log-likelihood (7) over all HMDCs decom-
poses into independent local learning problems, one for each admissible parent set,
together with a BN structure learning problem. Concretely, training the model reduces
to training a collection of local probabilistic multi-class classifiers. Each local classifier

hya(zi) X zk 5 A2
{k:Zkepa(Z7)}

maps every configuration of the parent set pa(Z7) € Pa(Z7) to a probability distribu-
tion over the levels of Z7 € ZP, with A1Z’| being the probability simplex of dimension
|Z7|. The optimal local classifier h,,.(z4) is parameterized by

0; € argmax £(pa(Z’),0;|S) ,
0;,€0;

with ((pa(Z7),0;|8S) defined in (8). Fach admissible parent set pa(Z7) is then asso-
ciated with its optimal score Lq(pa(Z7),0%|S) (9). Finally, any score-based BN
structure learning algorithm can be used to identify an optimal DAG G*, defined by the
optimal parent sets pa*(Z7) for each j € D. Combined with the corresponding optimal
parameters 0" := {07 | j € D}, this yields the optimal HMDC (G*,0").

Proof. For any Z7 € ZP, let Pa(Z7) C 2Z\{2°} pe any set of possible parent sets of
Z7. Each possible DAG G should be specified by a set of parent sets

{pa(Z?)|j € D} € X Pu(Z?) (33)
JjE€D

which forms a DAG. For each possible DAG G, there are (possibly infinite) parameter
sets @ := {0,|j € D}, which can be employed to estimate

p(G,O)(yv z” | wc) = H p(G,H)(Zj \Pa(«zj)) . (34)
JjED
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As a consequence of Proposition 2, for each fixed possible DAG G, an optimal param-
eter set 8° := {67|j € D}, which optimizes the local CL (7), can be found by

independently finding, VZ7 € ZP, optimal parameter set 07 (11), which specifies the
probabilistic multi-class classifier hp,(zsy (10).

Once the local optimal parameter sets ¢ are learned for all the possible pair
(Z7,pa(Z7)), for any ZJ € ZP, each possible parent set pa(Z7) is then associated
with its optimal score Lq((pa(Z7),05)]S) (9).

Therefore, finding an optimal HMDC reduces to finding an optimal DAG G* over
ZP such that

G* € argmax Y Lo(p(c,e)(pa(Z7),0;)S) (35)
jE€D

which can be done by using any scoring-based Bayesian network structure learning
technique.

Once G* is found, for each Z7 € ZP, let pa*(Z7) be its parent set in G*. We
can retrieve the corresponding parameter set 8. Finally, the optimal parameter set
0" := {07 |j € D} of the optimal HMDC pg- ¢+) can be formed. O

Proposition B.4. Let Z7 € ZP. For any pa’(Z’) D pa(Z7), if
La(pa(Z7),0;|8) = ~w(Z?,pa/(27),S)

then pa’(Z7) cannot be a parent set of Z7 in any optimal DAG G*,
Proof. For any pa’(Z7) D pa(Z7), if

La(p(c.0)(pa(Z7),0,)|S) > —w(Z7,pa/(Z7),S) (36)

we have

Lo(pc.o)(pa(Z7),0;)|S) —La(pc.e)(pa'(Z7),8;) | S) (37)
>—w(Zi,pa’(Z7),S)
> —w(Z7,pa(Z27),8) —  La(pc.e)(pa’(Z27),0,)|S)
=£(pa’(Z79),6;) | S)—w(Z7,pa’/(Z7),S)
= —w(Z,pa/(27),8) — L(pa'(Z7),8;) | S) + w(Z7,pa’ (Z7), )
= —U(pa/(Z7),0,)|S) > 0.

Then pa’(Z7) cannot be a parent set of Z; in any optimal DAG G*. This is because
if assuming contrary to the claim, there must be an optimal DAG G* which takes
pa/(Z7) as the parent set of Z7. If we replace pa’(Z7) by pa(Z7), we will have
another DAG with a smaller complexity whose optimal regularized conditional log-
likelihood in Equation (7) is at least the optimal regularized conditional log-likelihood
in Equation (7) attained when using DAG G*. This is a contradiction. O
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Proposition B.5. Given any finite training set S, Algorithm 1 returns an optimal
HMDC p-~ g+ that optimizes the reqularized conditional log-likelihood (7) if, for
any possible pair (Z7,pa(Z7)), and any paP(Z7) € PaP(Z7), a local optimal classifier
hp.o(.iy (12) that optimizes (13) can be found.

Proof. For any possible pair (Z7,pa(Z7)), the optimal parameter set 07 (11) of
hya(2i)=pa(zi) (10) is found if, for any possible configuration paP(z7) € PaP(Z7), alocal
optimal classifier hy,p(.;y (12) that optimizes (13) can be found. If the local optimal
classifier hy,,p(.;) (12) is learned under the feature selection option, the irrelevant con-
tinuous features are discarded from pa(Z?). This is equivalent to exhaustively assessing
all the possible parent sets pa (Z7) C pa(Z7), where pa (Z7) := paP(Z7)UZC,V Z€ C
XC€ and select the best one. The non-optimal parent sets pa/(Zj) can be discarded
without discarding any possible optimal DAG since all the pa’(Z7) = pal(Z7) U Z€,
Z° C XC, have the same regularized score w(Z7,pa’(Z7),S) defined independently
from |ZC|.

Applying the pruning rule (detailed in Proposition 4) in the line 10 of Algorithm 1
does not discard any optimal DAG. Therefore, the for-loop in lines 2-12 returns, for
each Z7 € ZP, the optimal score Lo((pa(Z7),05)|S) (9) of all the possible parent
sets pa(Z7) € Pa(Z7), except those parent sets that can not belong to any optimal
DAG, which are pruned in the line 10 of Algorithm 1.

GOBNILP (and any other exact Bayesian Network structure learning algorithms),
if it converges, should return an optimal DAG G* by using Lq((pa(Z7),65)|S) (9)
as the input.

Altogether, the HMDC p(g- -), where 8" := {07 | j € D} returned by Algorithm
1 should optimize the regularized conditional log-likelihood (7). O

B.1.2 Proofs for Propositions of Section 4.2 (Learning from
Incomplete Data)

Proposition B.6. Let S beA the extended data set that consists of the unique elements
of the completed data sets S*)

S
§=J89

Under the averaging principle, the learning criterion

1
LE°(G,0|8) =

92

S
> La(G,0]8™)
s=1
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decomposes as
LE°(G,018) =Y Ly*(pa(Z7),6;]S) |
jED
where
Ly (pa(27),0;|S) == £*(pa(Z?),0,| S)~w(Z’, pa(Z?),S)
(pa(Z7),0;|8) = Y w(zm)log (p(c.0) (7, | pa(z),)))
Zm€S

Moreover, for any z,, € S, we have

_ [Zm € 2]
w(z,) =S Em A
2€S H]GM |Z‘]‘

Proof. A simple proof is given for completeness. By definition, we have

S
ave 1
LE°(G,0|S) : 52:: a(G,0]8%)
S
- log (p(c.0) (Um, 5 |25,)) — G, S™)
S Z m m
s=1 z,,LGS( s) =Q(G,S)
S
1 I
=35> log (p(c.0) (Im: Ty | 25,)) = AUG, S)
s=1 szS( s)
S
=§Z log (P(c.0) (Um> &1y | 25,)) — UG, S)
5=1%,,e86)
= > w(zm)log (pc.o) (Um ZH | Z5,)) — G, S)
ZmES
= Z w(Zm)log (H p(c,e)(%lpa(%))) - Q(G,S)
Zn €S JED
= Z Zm Zlog G@) |pa’( m))) - Q(G,S)
Zn€S JED
= w(zm)log (p(c.e)(Z), |pa(Z,))) =G, S)
Jj€D z,, €8

—w0ave(pa(29),0; | 8)

= 3 e (pal2),6;18) = 3 w(Z,pa(27),S)

jeD jeD
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= Z gave(pa(Zj)’gj |S) - oJ(Zj,pa(Zj),S)

Jj€D

=:L¥"°(pa(Z7),0;|S)

Moreover, for any Z,, € S, we have
1S
5 )= — > S(s)
w(Z,) = 5 ;:1[[zm € S

1 i
Mooz 2 1=

ZES ZlesjeM’
zZm€Ez z'#z

Hz'ES Hje/w |Zj|
z'#=z

2 Thes e 127]

Zm€Ez

1
s iem 2]
ZmEz

[Zm € 2]
e jem 2]

O

Proposition B.7. For any j € D, let 22\{%"} be the set of all the subsets of Z\{Z7}.
Let Pa(Z7) € 2Z2\MZ°} be any set of possible parent sets for Z7. Given a training set S,
the task of learning an optimal HMDC (G*¥¢,0*°) mazximizing the reqularized condi-
tional log-likelihood (15) can be decomposed into independent local learning problems,
followed by a Bayesian network structure learning problem.

Specifically, it reduces to training a collection of local probabilistic multi-class
classifiers: each classifier

hpaziy: X ZF— Al (38)
{k:Z*kepa(Z7)}

estimates the conditional distribution of a variable Z7 € ZP given each admissible
parent set pa(Z7) € Pa(Z7) and is specified by an optimal parameter set
07 € argmax (" (pa(Z7),0;|S) , (39)
Gjee)j
with £V (pa(Z7),0;|S) defined in Equation (17). Each possible parent set pa(Z7) is

then associated with its optimal score Lo(pa(Z7), 0% |S) (16). Finally, any scoring-
based Bayesian network structure learning technique can be employed to find an
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optimal DAG G™° specified by |ZP| parent sets, one per ZI € ZP, denoted by
pa™(Z7). Together with their optimal parameter sets {03V | Z7 € ZP} := 0™, we
have an optimal HMDC (G*¢, °¥¢).

Proof. Similar to the proof of Proposition 3. O
Proposition B.8. For any j € D and pa/(Z7) D pa(Z?), if

L (pa(27),6,|8) = —w(27,pa'(27),5)

then pa’(Z7) cannot be a parent set of Z7 in any optimal DAG G®¢,
Proof. Similar to the proof of Proposition 4. O

Proposition B.9. Given any finite training set S, Algorithm 2 returns an optimal
HMDC (G®¢,0%°) mazximizing the regularized conditional log-likelihood (15), pro-
vided that, for every pair (Z7,pa(Z7)), and every paP(Z7) € PaP(Z7), a local optimal
classifier hyp,o(ziy satisfying (12) can be learned by mawimizing

CPP(2).0,18) = Y wl(za)log (pea (| PaP(2).25)) . (40)
{Zn€S:paP(zh,)=PaP(27)}
under the feature-selection option.

Proof. Similar to the proof of Proposition 5. O

B.2 Proofs of Section 5 (Inference and Prediction Phase)

B.2.1 Proofs for Propositions of Section 5.1 (Inference from
Incomplete Data)

Proposition B.10. Let u be the 0/1 accuracy ug;; (24). For any z € Z, and for any
HMDC (G*,0*%), we have

P e M e argmaxp(GDJC)(ﬁM 129) |
gMezZM

Y*V° € argmax p(Go_’zc)(yM |29) .
;gM Ey/\/l

Proof. We first proceed with the optimistic principle. For any z € Z, and for HMDC
(G*,0%), we have

~opt

(] u(@™, y™) | €] (41)

€ argmax max E

gMeyM zMexM P(Gr.e%) [

~ M ~ M M _O C
= argmax max [9"' =9 ]]p(G*,e*)(z 27 [ z%)
gMeymaMexM ymze;;/vt 7

~M M M O
= argmax max [97 = ¥ PP 2y (27, 27)
gMeym zMexM yngM
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= argmax max pgo mc)(QM,wM, 9)
gMeym zMeXM ’

z

Using Bayes’ Theorem

_ ~ M M O O
= argmax max p(GD,mC)(y e -~ )p(GD,mC)(z )
A constant
= argmax max pgo ZC)(gM,wM | 29)

gMeYM zMexM !

opt

Therefore, g°P* can be found by solving

§°P' @ #M € argmax p(GD,wC)(ZAJM | )
zMezM

We now proceed with the averaging principle. For any z € Z, and for HMDC
(G*,0%), we have

y*v¢ € argmax Z Ep e o0 [u('gM, y™M)| :BC] (42)
IMEYM MM
= argmax Z p(GD’EC)(QM,mM | 29)
gMeyM zMexM
— argmex pep ue) (G | 2°)
.gMeyM

O

Proposition B.11. Let u be the Hamming accuracy upg (25). For any z € Z, for
any HMDC (G*,6%), §°P* (22) is estimated by finding, ¥ k € M,

PR @ #Me argmax p(GDJC)(yk, M | zo)
(y*,zM)eYkx XM

)

and §*ve (23) is obtained by finding, ¥V k € M,

~ave,k

g € argmaxp(GD@C)(yk |29) .

ykeyk

Proof. To simplify the notations, for any g™ € Y™, we shall denote by M =
~ M M
Yy D

We will first proceed with the optimistic principle. For any z € Z, and for HMDC
(G*,0%), we have

~opt

g € argmax max Ep .. ., [U(QM,yM) |mc] (43)

gMeym azMexM

1 N M O | .C
— argmax max o [9° = y"] p(c*,e*)(z 20 [ x7)
gMeyMm zMexM yMXE;JM |YM| Y’“%:(M
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1 N
= argmax max Z <|YM Z [o* = yk]]> p(GD@c)(zM,zO)

ALy M EXM
gMeyM e e yMeyM keM

1
= argmax max el Z (Z [* = yk]]> p(GD@C)(zM,ZO)

qMcym xMex M
yMey yMeyYM \keM

= argmax max Z <Z 4" = y’ﬂ}) p(GD’mC)(ZM7 29)

-~ M M MecxymM
YMEYMPTEXTT Nicym \kem

= argmax max Z <Z 4" = yk]]> p(GD,EC)(ng, xM, 29)

M eMEXM
PHEYMETET Meym \keM

g max Y (zw=ykﬂm@c><w,w,z0>)

ey TMEXM
yMeyMaTe yMeyM \keM

=argmax max > | > [§" =y Ipr.ac) (M 2°)
gMeymzMex heM \yMeyM

= argmax max Z Z PGP aC) (M, ™M, 29)
gMcym zMexM ® ’
gMey keM | yMeyM

9 =y*

=argmax max Z p(GD@C)(gjk,mM,zO)
gMeymz ex yy

E Ak oM o (@]
= argmax Imax D T z D z
@/\/gey./vl zMexM = P ,mc)(y ) | )p(G ,a:c)( )

Using Bayes’ Theorem

~k M O O
= argmax Imax , L z z
g/\%gyM eMepM <k6§Mp(GD,mc)(y | )) p(GD,ccC)( )

A constant

= argmax max E PGP EC)(g’“, M| 29)
N M ’
gMeymazMeX Y

which can be estimated (since for different Y* € YP §°Pt* (44) may be attained
with different £ € XM) by finding

~opt,k

9 € argmax max p(GD’EC)(Qk,wM | 29), ke M. (44)

gkeyk zMexM
For any k € M, §°P** (44) can be found by finding

gk @ aM e L max PG e (@, M [ 29) . (45)
Yy p
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We now proceed with the averaging principle. For any z € Z, and for HMDC
(G*,0%), we have

y*¥® € argmax Z Ep e ov [U(QM,ZJM) |wc] (46)

GMeyM
GMEYM Mexm

= argmax Z Z P(GD,mC)(Qk7$M | ZO)
YMEVM e x M ke

= argmax Z Z p(GD)mC)(gjk,xM | z9)
GMEVM peM gMm e Mm

= argmax Z p(GDJC)(gjk | zo)

gMeYM L0

)

which can be found by finding, for any k € M,

~ave,k

g 9.

€ argmaxp(gu,mc)(@k | z
yk eyk

C Characteristics of the Datasets

This section reports summaries of the distributions and pairwise associations of the
discrete features and class variables in the three datasets: Adult, Default, and Thyroid.
We report normalized entropy to summarize the degree of imbalance of the discrete
variables. For a discrete variable with K possible outcomes and class probabilities
P1,-..,PK, its normalized entropy is

K

1
H=— 1 .
log K g:lpk Og Pk

This quantity ranges from 0 to 1. A value close to 1 indicates that the categories
are approximately equally represented, whereas a value close to 0 indicates that one
category dominates the others and, hence, a highly imbalanced distribution.

As mentioned in Section 4, pairwise associations among the discrete variables do
not necessarily reflect the sparsity of the optimal DAGs learned when conditioning
on the continuous features. Nevertheless, sparse DAGs may reasonably be expected
to perform well on these two datasets, as the satisfactory performance obtained for
all discrete features by BR suggests that their conditional dependencies are weak to
moderate.

C.1 Adult Dataset

The Adult dataset has 4 class variables and 5 discrete features. For each class vari-
able and discrete feature, we report the Normalized entropy in Table 2. Most discrete
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variables exhibit relatively high normalized entropy, indicating fairly balanced dis-
tributions, whereas X* has a much lower entropy, reflecting strong imbalance. The
association matrix shown in Figure 8 indicates that class variables and discrete
features exhibit strong dependencies.

Table 2: Normalized entropy of
discrete variables of Adult dataset

Class Normalized entropy (%) . w

Yyl 0.8480

Y? 0.7502

Y3 0.5999

Y4 0.9413

X! 0.7455 . .

X 2 0.8881 LR S B S S I N TR -

X3 0.8390 Fig. 8: p-values for all pairwise chi-square
X4 0.1965 tests across discrete variables of the Adult
X5 0.8220 dataset

C.2 Default Dataset

The Default dataset has 4 class variables and 6 discrete features. We report the Nor-
malized entropy in Table 3. Most discrete features exhibit relatively high normalized
entropy, indicating fairly balanced categorical distributions. Among the class vari-
ables, Y1 has the highest entropy (0.9658), whereas Y2 and Y3 are notably lower
(0.5662 and 0.5435). The association matrix shown in Figure 9 indicates that class
variables and discrete features exhibit strong dependencies.

C.3 Thyroid Dataset

The Thyroid dataset has 7 class variables and 22 discrete features. The normalized
entropy values reported in Table 4 and Table 5 are relatively low for all class vari-
ables, indicating highly imbalanced class distributions. In particular, Y6 has the lowest
entropy (0.0198), while Y4 has the highest (0.3373), confirming the pronounced class
imbalance in this dataset. The association matrix shown in Figure 10 indicates a mix
of strong and weak dependencies across class variables and discrete features.
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Table

dataset

3: Normalized entropy
of discrete variables of Default

Class Normalized entropy (%)

Yl
Y2
Y3
Y4
Xl
X2
X3
X4
X5
X6

0.9658
0.5662
0.5435
0.7306
0.8369
0.8494
0.8487
0.8261
0.8076
0.8310

Table 4: Normalized entropy of the dis-
crete variables of Thyroid dataset

Class Normalized entropy
y! 0.0872
Y? 0.1948
Y3 0.1810
Y4 0.3373
Y® 0.1488
Y6 0.0198
Y7 0.1423

Y3 vz v

X3 x2 x1 Y4

X6 x5 x4

Fig. 9: p-values for all pairwise chi-
square tests across discrete variables of the
Default dataset

Fig. 10: p-values for all pairwise chi-square
tests across discrete variables of the Thy-
roid dataset
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Table 5: Normalized entropy of the discrete variables in the Thyroid dataset

Feature Normalized entropy (%) Feature Normalized entropy (%)
Xt 0.5764 X2 0.0815
X? 0.8866 X3 0.0754
X3 0.5715 X4 0.1755
x4 0.1225 X1 0.0027
X° 0.0976 X16 0.2674
X 0.2307 X 0.4424
X7 0.0919 X8 0.8607
X8 0.1099 X1 0.2787
X9 0.1324 X% 0.4304
X1 0.3611 X2 0.4277
Xt 0.3696 X2 0.2335
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C.4 Per-Class Balanced Accuracy

We report in Figures 11-13 the per-class balanced accuracy for five methods (BR,
HMDC-MI, HMDC-OP, HMDC-AV, and RefC) with LR, using BIC as the regulariza-
tion term, when restricting each node to at most two parents. Results obtained when
allowing up to three parents per node are similar and are omitted for brevityThe other
results are presented in the Supplementary Results.
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Fig. 11: Adult dataset, learning performed on complete data using LR as the base
classifier and BIC regularization score. Balanced accuracies (1) under missingness
rates of (30%, 30%), (100%, 30%), (30%, 80%), and (100%, 80%) in the inference phase,
where the first and second values denote the missingness rates for class variables and
discrete features, respectively.
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Fig. 12: Default dataset, learning performed on complete data using LR as the base
classifier and BIC regularization score. Balanced accuracies (1) under missingness
rates of (30%, 30%), (100%, 30%), (30%, 80%), and (100%, 80%) in the inference phase,
where the first and second values denote the missingness rates for class variables and
discrete features, respectively.
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Fig. 13: Thyroid dataset, learning performed on complete data using LR as the base
classifier and BIC regularization score. Balanced accuracies (1) under missingness
rates of (30%, 30%), (100%, 30%), (30%, 80%), and (100%, 80%) in the inference phase,
where the first and second values denote the missingness rates for class variables and
discrete features, respectively.
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