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Abstract 

In his work, we introduce a novel design for a two-dimensional topological acoustic waveguide 

based on three rhombic prisms (diamond-shaped) silicon phononic crystal within a conservative 

Hamiltonian framework. The unit cell structure with C3v symmetric shows topological phase 

transition, in which the non-trivial bandgap shifts from the first to the second bandgap. Besides, 

the topological phase transition between unit cells oriented at 𝛼 = 30° and  𝛼 = −30° was 

quantitatively determined through Berry curvature calculations. The supercell interface is formed 

by arranging elements in the unit cell according to C3v symmetry. Numerical analysis of the 

waveguide interface demonstrates robust transmission across the frequency interval corresponding 

to the bulk bandgap extends from 306 to 332 kHz. This mechanism enables novel pathways for 

acoustic wave propagation and lays a robust foundation for next-generation acoustic sensor 

technologies. 

Keywords: Phononic crystal, Unit cell, Berry curvature, Supercell interface, Waveguide design, 

Transmission. 

1. Introduction    

Phononic crystal based topological waveguides represent essential devices for the efficient control 

of wave propagation in modern photonics, elastics, and phononics, as they provide reliable 

performance in applications such as communication, sensing, and energy-efficient integrated 

switchable acoustic devices. Phononic crystals (PnCs), structures exhibiting topologically 

conserved robustness are typically designed using unit cells with C3v symmetry. These unit cells 

reveal topological phase alterations in their divergence properties [1]. The functionality of a 

topological acoustic waveguide depends critically on the band properties of a supercell interface, 
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which enables active control of efficient and robust propagation [2-3]. Several studies have already 

demonstrated that topological phase transitions can transfer energy and/or information not only in 

quantum systems but also in classical matters. This has triggered comprehensive studies across 

diverse platforms, ranging from photonics to acoustics, and from mechanics to electrics [4-8]. 

Basically, a similar phenomenon has been discovered in quasi two-dimensional phononic crystals, 

commonly known to as phononic-crystal plates [9-10]. For real world application, photons are 

presented by optical waves [11-12], while phonons are diagnosed by acoustic or elastic waves [13]. 

A tunable PnC plate incorporating Y–shaped prisms has been depicted to demonstrate valley 

transportation of resilient waves. In this system, pseudospin states of flexible waves show reverse 

chirality, analogous to spins of electrons, and are built on the principles of the quantum valley Hall 

effect [14]. By contrast, quantum spin Hall (QSH) systems require the presence of a double-Dirac 

cone, which is typically realized through the zone folding method at the high-symmetrical points. 

However, the non-trivial phase transitions for Lamb waves have successfully been reported 

realizing the low-frequency Hall effect in thin phononic crystal plates [15]. A waveguide for the 

propagation of sound has already been proposed by Z. Zhang et al. by revolving a unit cell with 

three legs without changing their lattice architecture [16].  

In addition, a different type of elastic-wave insulator with reconfigurability has been modeled and 

experimentally demonstrated by some groups [17]. These works endorsed the mechanically 

spinning of the unit cell arrangement and loading/draining fluid into holes. Subsequently, a GaAs 

PnC has been modeled and unraveled to control over the chiral behaviors of mass valley modes by 

Kim et al. [18]. This is achieved by revolving triangular holes within the unit cell, thereby inducing 

phase transitions. Recently, W. Yuan et al. [19] and J. Sun et al. [20] have addressed phase changes 

in sonic crystals that in turn guide the development of topological sound waveguides. Topological 

protected waveguide has emerged as a novel class of architected structures that are inherently 

immune to defects and imperfections [21]. Their unique topological characteristics protect them 

against scattering losses, ensuring robust wave transmission. This immunity to defects in both 

photonic and phononic systems is of significant attraction due to their remarkable capability to 

confine and guide waves. Such properties make them highly desirable for a wide range of 

utilizations, including wave filters [22-24], waveguides [25-29], and sensors [30-31].  
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Although numerous studies have explored acoustic wave transmission, prior research has revealed 

that waveguides are complex for edge-mode propagation, thereby restricting the advancement of 

integrated switchable acoustic devices. In fact, these investigations highlighted the necessity for 

specialized mechanisms to restructure waveguide configurations while preserving their inherent 

robustness. In this study, we have introduced an innovative framework for a robust interface that 

presents a straightforward yet effective approach toward the advancement of highly integrated 

tunable acoustic devices. We performed the modeling and computational evaluations on diamond-

shaped silicon topological acoustic waveguides embedded in a silicone rubber system using the 

finite element method (FEM). The structure outlines the pressure acoustic model emphasizing the 

diamond-shaped unit cell within the Brillouin Zone as well as the supercell interface to illustrate 

the theoretical methodology for phononic band characteristics. Then novel straight and Z-shaped 

valley topological acoustic waveguides have been designed and simulated enabling active 

regulation of robust transmission through the supercell interface. 

2. Crystal design and band computation 

2.1. Phononic crystals (PnCs) design 

Phononic crystals (PnCs) can be realized in one, two, or three-dimensional structures. The periodic 

arrangement of phononic crystals (PnCs) induces constructive and destructive interference of 

acoustic waves at the interfaces of their constituent materials. Such interference can generate a 

stop band, referred to as a band gap, within a specific frequency range, where destructive 

interference inhibits wave propagation. The unit cell was designed using three rhombic silicon 

prisms positioned in a hexagonal lattice framework and enclosed within silicone rubber as shown 

in Fig. 1(a). This configuration, originally introduced by Okuno et al. and Ali et al. [3–4, 34–35], 

was selected for its straightforward fabrication. The geometric parameters of the structure were 

specified as follows: the lattice constant was set to a = 2.2 mm, while the prism rods possessed a 

diameter of d = 1.1 mm, yielding a corresponding radius of r = d/2 =0.55 mm. Fig. 1(b) illustrates 

the corresponding Brillouin Zone, which retains the hexagonal symmetry characteristic of valley 

phononic crystals. The high-symmetry points, particularly K+ and K−, play a pivotal role in 

governing valley-dependent dynamics. Rotation of the unit cell modifies the band dispersion near 

these points, resulting in band inversion and the emergence of pseudo-spin states. Subsequently, a 

supercell consisting of valley phononic crystals (PnCs) was constructed. Each unit cell comprised 

three rhombic prism rods arranged in a configuration exhibiting C3v symmetry, with 𝛼 =
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30°and 𝛼 = −30°, as elucidated in Fig. 1(c). The interface of the supercell, formed by two distinct 

PnC orientations, serves as the region through which acoustic waves within the band gap can 

propagate. 

(a) (b) (c) 

 
 

 

Fig. 1: Schematic diagram of a diamond-shaped silicon PnC: (a) hexagonal unit cell, (b) hexagonal 

Brillouin zone, and (c) supercell. 

 

2.2 Computation of PnC waveguides 

The diamond-shaped silicon phononic crystal (PnC) waveguide embedded in a silicone rubber 

matrix was modeled in a two-dimensional geometry using eigenfrequency analysis in COMSOL 

Multi-physics (version 6.3), utilizing the Acoustic Pressure Domain module. After constructing 

the unit cell, material properties such as speed of sound and density for silicon and silicone rubber 

were assigned from the built-in material library as Table 1. Floquet periodic boundary conditions 

were imposed, with the wave vectors designated as kx and ky. Following mesh generation, a 

parametric sweep over the wave vector range (0 to 3) was conducted. The results were visualized 

using 1D global plots and 2D surface and arrow plots of acoustic pressure (acpr). The same 

simulation procedure was repeated for structures with rods rotated by +30° and -30°. From these 

analyses, the band gaps were identified, and the band inversion property of the crystals was 

observed. For the supercell analysis, a similar approach was followed to evaluate band structures. 

The supercell was designed such that regions with +30° and -30° rotated crystals formed an 

interface between the structures. For each calculation, wave vectors (k-points) were set as global 

variables as the structure required. Finally, a waveguide of p×q dimensions were designed. 

Perfectly Matched Layers (PML) along with other appropriate boundary conditions were 

implemented to accurately compute transmission using an averaging operator (aveop). Wave 

propagation characteristics were also examined through 2D field distribution plots. 
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Table 1: Properties of materials used for the design of diamond-shaped silicon PnC. 

Materials Speed of sound (m/s) Density (kg/m3) 

Silicone Rubber 1100 1100 

Silicon 8433 2300 

 

3. Results and analysis 

3.1 Orientation-dependent band structure of diamond-shaped silicon PnCs 

3.1.1 Dispersion relation of the silicon phononic crystal unit cell 

Fig. 2 illustrates the band structures of the diamond-shaped silicon PnC unit cell embedded in 

silicone rubber. The angle (𝛼) is the respective orientation of the silicon pole array within the 

hexagonal lattice governs the symmetrical configuration. When 𝛼 = 30° , the band structures 

shown in Fig. 2(a), display valley-type divergence at the k point, accompanied by the emergence 

of a bandgap in the frequency range of 306–332 kHz. In contrast, at 𝛼 = 0°, the presence of bulk 

mode is observed, as depicted in Fig. 2(b). Alternatively, when the orientation angle is reversed to 𝛼 = −30°, a band inversion emerges as unveiled in Fig. 2(c).  Rotating the unit cell from +30° to 

−30° induces band inversion and generates topologically protected edge states, enabling robust 

phononic waveguides. 

 

 

 

 

 

 

 

 

 

Fig. 2: Band structure of a C3v symmetry hexagonal diamond-shape silicon PnC unit cell: (a) 𝛼 =30°, (b) 𝛼 = 0°, and (c) 𝛼 = −30°.  

(a) (b) (c) 

Full band gap 

306-332 kHz 

ࢻ = ૜૙° ࢻ = ૙° 

Edge state 

ࢻ = −૜૙° 

Flipped band 

306-332 kHz 



 

6 

 

3.1.2 Topological phase in terms of Berry curvature  

We employed the Berry curvature framework by examining the unit cell contributions from both 

the upper and lower bands near the band gap to determine the topological phase of each phononic 

band. The Berry phase of the ݊th band along a closed contour ܥis defined in terms of the Berry 

connection, while its curl yields the Berry curvature. 

                                                          ( ) ( ) 2.n n n
C S

k dk k d k =  =  


  

The quantity ( )n k


is the Berry connection, where ( ) ( ) ( )n n nk
k u k i u k   


, and

( ) ( )n nk
k k = 


is the Berry curvature [36].  

In our formulation, the Berry curvature at a specific point (݇௫, ݇௬)in reciprocal space is evaluated 

using four surrounding points [37-38] that form a counterclockwise rectangular loop.  
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The displacement vector field ( )nu k


 corresponds to the two-dimensional eigenmode, and in our 

numerical analysis all eigenmodes ( ) ( )n nu k u k


were normalized through integration over the 

unit cell surface.  
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Fig. 3(a), and Fig. 3(b) illustrate the topological characteristics of the upper and lower bands for 

unit cell configurations with  𝛼 = 30°, and 𝛼 = −30°, respectively. These results reveal that the 

sign of the Berry curvature around the K+ and K− valleys in both bands undergoes a continuous 

reversal during the translational shift, highlighting the phase transition behavior.   

 
 

Fig. 3: Berry curvature distributions of the lower and upper phononic bands in reciprocal space 

around the ܭ+and ܭ−valleys: (a) unit cell with 𝛼 = 30∘, and (b) unit cell with 𝛼 = −30∘. 

 

As illustrated in Fig. 4(a) and Fig. 4(b), the acoustic intensity distribution of the unit cell is 

displayed for orientation of 𝛼 = 30°, and 𝛼 = −30°. The upper and lower bands are represented 

as inverted prisms within the hexagonal unit cell, highlighting the reversal in direction. The 

distribution of the pressure field at 356 kHz (upper mode) of in an  𝛼 = 30° oriented unit cell is 

shown to be like the distribution of pressure field at 306 kHz (lower mode) in an 𝛼 = −30° 
oriented unit cell. Likewise, the distribution of the pressure field at 306 kHz (lower mode) in an  𝛼 = 30° oriented unit cell is observed to the similar to be distribution of pressure field at 356 kHz 
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(upeer mode) in an 𝛼 = −30° oriented unit cell. The acoustic pressure distribution at the K+ and 

K− points demonstrates that the chiral states of the upper and lower bands undergo continuous 

flipping. This behavior signifies the occurrence of a band inversion process, which serves as a 

hallmark of a topological phase transition. Such a transition enables valley-selective propagation 

of acoustic waves, thereby confirming the system’s nontrivial topological characteristics. 

 

Fig. 4: Acoustic intensity of the diamond-shaped silicon PnC unit cell for (a) 𝛼 = 30°, and (b) 𝛼 =30°. 
 

3.1.3. Band structure of diamond-shaped silicon PnC supercell   

A silicon phononic crystal (PnC) supercell composed of valley phononic crystals has been 

designed, in which each unit cell contains three rhombic prism rods arranged with C3v symmetry 

at an orientation angle of 𝛼 = 30°, as shown in Fig. 5(a). This supercell has a width of ܽ, and a 

height of  
5௔√3, respectively. Within this arrangement, a clear phononic bandgap appears in the 

frequency range of 306–332 kHz. Fig. 5(b) further demonstrates localized modes near this 

frequency window. In a subsequent configuration, another silicon PnC supercell is constructed 

wherein every unit cell consists of three rhombic prism poles arranged in a C3v symmetry with 

orientations of 𝛼 = 30°and 𝛼 = −30° as illustrated in Fig. 5(d). The supercell consists of upper 

and lower layers of unit cells oriented in opposite directions, with a topological interface separating 

them. An edge mode is identified within the same frequency range of 306–332 kHz, with two 

pseudo-spin modes emerge at the K+ and K− points (nearby the K points in the supercell Brillouin 
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zone), as depicted in Fig. 5(c). The acoustic pressure distribution field confirms the presence of 

bulk modes. This finding not only substantiates the topological characteristics of the system but 

also highlights its influence on waveguide transmission along the supercell interface. 

          

Fig. 5: Supercell phononic band and normalized pressure field (a-b) C3v symmetric uniform 

structure with orientation 𝛼 = 30° , and (c-d) C3v symmetric structure with different oriented 

layers separated by topological interface. 

 

3.2 Waveguide design and Transmission analysis 

3.2.1. Characteristics of straight waveguide  

A valley topological uniform waveguide is initially constructed, consisting of 40 × 53 rectangular 

unit cell arrays arranged in C3v symmetry with = 30° , and embedded in silicone rubber. The 

configuration and corresponding pressure field distribution are shown in Fig. 6(a), wherein an 

incoming acoustic wave is introduced from the left port and transmission was measured at the right 

output. No transmission is observed along the bulk band gap frequency 306-332 kHz, as shown in 
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Fig. 6(b). Subsequently, a valley straight waveguide is designed using the same 40 × 53 unit cell 

arrays arranged in two C3v symmetrical orientations, 𝛼 = 30°  and 𝛼 = −30° , in turn, and 

embedded in silicone rubber. Fig. 6(c) presents the waveguide layout and pressure field 

distribution under the same excitation conditions. The yellow and blue regions in Fig. 6(c) 

correspond to unit cells oriented at 𝛼 = 30°, and 𝛼 = −30°, respectively. The yellow, and blue 

color (highlighted in the upper and lower portion) of Fig. 5(c) represents different layers of unit 

cells 𝛼 = 30°, and 𝛼 = −30°, respectively. As highlighted by the red arrow in Fig. 5(d), effective 

wave propagation is observed within the bandgap of 306–332 kHz, consistent with the analysis 

discussed earlier.  

      

Fig. 6: Normalized pressure and transmission spectrum of valley phononic (a-b) uniform 

waveguide, and (c-d) straight waveguide. 

 

3.2.2. Characteristics of Z-shaped waveguide 

A Z-shaped acoustic waveguide was also designed to verify the robustness of topological edge 

states when subjected to structural bends and imperfections. While straight waveguides allow 

acoustic waves to propagate along the interface, they do not fully demonstrate resilience. To 

address this, a 40×53 rectangular array of unit cells is constructed in a uniform C3v symmetric 

arrangement with an orientation of 𝛼 = 30°, immersed in silicone rubber. Subsequently, unit cells 
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with C3v symmetry oriented at 𝛼 = −30°  are introduced, separated from the 𝛼 = 30° 
configuration in the half layer of the right-side by a slanted interface. The positions of the top ten 

layers are fixed, while the bottom ten layers were fixed with unit cells oriented at 𝛼 = 30°
. Fig. 

7(a) illustrates the Z-shaped waveguide layout with the pressure distribution under excitation from 

the left port, with transmission measured at the right output. Fig. 7(b) and Fig. 7(c) highlight red 

arrow indicators that clearly demonstrate effective wave propagation within the bulk band-gap 

frequency range of 306–332 kHz, consistent with the analysis presented earlier.  

 

Fig. 7: (a) Design of a Z-shaped (Mesh) waveguide, (b) normalized pressure field of the proposed 

Z-shaped waveguide, and (c) the transmission spectrum. 

 

4. Conclusions 

We have introduced a novel design of an acoustic waveguide that exhibits a topological phase 

transition, quantitatively characterized through Berry curvature analysis, and enables dynamic 

regulation of robust transmission along the supercell boundary/interface. The proposed design 

demonstrates effective applicability to vibration control in engineering structures and noise 

reduction within complex systems. Furthermore, numerical simulations confirm the potential of 
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such systems for developing energy-conserving surface acoustic and elastic wave devices based 

on valley-topological phononic crystals. The results reveal that the present work paves a new 

avenue toward a deeper comprehension of topological elastic and acoustic phenomena, 

highlighting the central role of Berry curvature in bridging local geometric properties with global 

topological invariants. 

 

*Corresponding Authors: E-mail: sali_4222@ru.ac.bd 

Disclosure: None of the authors have any competing financial interest. 

Data availability: Data will be available from the corresponding author upon reasonable request. 

Declaration of generative AI and AI-assisted technologies: None of the authors use any AI or 

AI-assisted technologies in writing this manuscript. 

Funding Declaration 

The author(s) declare that no funds, grants, or other support were received during the preparation 

of this manuscript. 

Ethics, Consent to Participate, and Consent to Publish declarations 

Not applicable 

References 

 [1] J.-C. Hsu and T.-T. Wu, Phys. Rev. B 74, 144303 (2006). 

 [2] K. Okuno and K. Tsuruta, Jpn. J. Appl. Phys. 59, SKKA05 (2020). 

 [3] M. S. Ali, M. Kataoka, M. Misawa, and K. Tsuruta, Jpn. J. Appl. Phys, 62 SJ1002 (2023). 

 [4] G. Ma, M. Xiao, and C. T. Chan, Nat. Rev. Phys. 1, 281 (2019). 

 [5] C. K. Chiu, J. C. Y. Teo, A. P. Schnyder, and S. Ryu, Rev. Mod. Phys. 88, 035005 (2016). 

 [6] Z. Yang, F. Gao, X. Shi, X. Lin, Z. Gao, Y. Chong, and B. Zhang, Phys. Rev. Lett. 114, 114301 

(2015). 

 [7] X. Zhang, M. Xiao, Y. Cheng, M.-H. Lu, and J. Christensen, Commun. Phys. 1, 97 (2018). 

 [8] N. P. Armitage, E. J. Mele, and A. Vishwanath, Rev. Mod. Phys. 90, 015001 (2018). 

 [9] A. Khelif, B. Aoubiza, S. Mohammadi, A. Adibi, and V. Laude, Phys. Rev. E 74, 046610 

(2006). 



 

13 

 

[10] H. Zhu and F. Semperlotti, AIP Adv. 3, 092121 (2013). 

[11] Z. Wang, Y. Chong, J.D. Joannopoulos, and M. Soljacic, Nature 461, 772 (2009). 

[12] Z. Wang and S. Fan, Appl. Phys. B 81, 369 (2005). 

[13] R. Fleury, D. L. Sounas, C. F. Sieck, M. R. Haberman, and A. Alù, Science 343, 516 (2014). 

[14] N. Gao, S. Qu, L. Si, J. Wang, and W. Chen, Appl. Phys. Lett. 118, 063502 (2021). 

[15] J. Wang and J. Mei, Appl. Phys. Express 11, 05702 (2018). 

[16] Z. Zhang, Y. Cheng, Q. Wei, X. Liu, and J. Christensen, Phys. Rev. Appl. 9, 034032(2018). 

[17] A. Darabi and M. Leamy, J. Acoust. Soc. Am. 146, 773 (2019). 

[18] I. Kim, Y. Arakawa, and S. Iwamoto, Appl. Phys. Express 12, 047001 (2019). 

[19] W. Yuan, Y. Zhang, Y. Pan, Y. Huang, J. Zhao, F. Yang, and Z. Zhon, Eng. Struct. 

304, 117596 (2024). 

[20] Jie Sun, Xiaopeng Wang, Yingrui Ye, Pengtao Liu, Appl. Acoust, 227, 110240, (2025). 

[21] M. Miniaci, R. K Pal, J. Appl. Phys. 130, 141101 (2021). 

[22] B. Rostami-Dogolsara, M. K. Moravvej-Farshi, and F. Nazari, Phys. Rev. B 93, 014304 

(2016). 

[23] H.-W. Dong, Y.-S. Wang, and C. Zhang, Ultrasonics 76, 109 (2017). 

[24] T.-C. Wu, T.-T. Wu, and J.-C. Hsu, Phys. Rev. B 79, 104306 (2009). 

[25] Y. Jin, N. Fernez, Y. Pennec, B. Bonello, R. P. Moiseyenko, S. Hémon, Y. Pan, and B. Djafari-

Rouhani, Phys. Rev. B 93, 054109 (2016). 

[26] R. Lucklum, M. Ke, and M. Zubtsov, Sens. Actuators B 171, 271 (2012). 

[27] D. Hatanaka, H. Takeshita, M. Kataoka, H. Okamoto, K. Tsuruta, and H. Yamaguchi,  

Nano Lett. 24(18), 5570–5577 (2024). 

[28] P. H. Otsuka, M. Tomoda, D. Hatanaka, H. Yamaguchi, K. Tsuruta, and O. Matsuda J. Appl. 

Phys. 137, 235104 (2025). 

[29] Jie Sun, Xiaopeng Wang, Yingrui Ye, Pengtao Liu, Appl. Acoust, 227, 110240, (2025). 

[30] T.-X. Ma, Y.-S. Wang, C. Zhang, and X.-X. Su, Sens. Actuators A 242, 123 (2016). 

[31] D. Jia, H.-X Sun, J.-P. Xia, S.-Q. Yuan, X.-J. Liu, and C. Zhang, New J. Phys. 20, 09302 

(2018). 



 

14 

 

[32] A. Mehaney, A. M. Ahmed, Physica E 124, 114353 (2020)  

[33] A. Khelif, A. Choujaa, S. Benchabane, B. Djafari-Rouhani, V. Laude, Guiding and bending 

of acoustic waves in highly confined phononic crystal waveguides, Appl. Phys. Lett. 84 (22), 

4400–4402 (2004). 

[34] M.S. Ali, Y. Hata, M. Kataoka, M. Misawa, and K. Tsuruta, Mat. Sci. Forum 1107 141-145 

(2023). 

[35] M.S. Ali, Y. Hata, and K. Tsuruta, Appl. Phys. Express, 16, 094001 (2023). 

[36] D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82, 1959 (2010). 

[37] I. Kim, Y. Arakawa, and S. Iwamoto, Appl. Phys. Express 12, 047001 (2019). 

[38] T. Fukui, Y. Hatsugai, and H. Suzuki, J. Phys. Soc. Jpn. 74, 1674 (2005). 



  𝛼 =  30 °


  𝜶 =   𝟑 𝟎 °


  𝜶 =   𝟎 °


  𝜶 = −   𝟑 𝟎 °


    𝛼 =  30 °


    𝛼 =  0 °


    𝛼 =   − 30 °


  n


  C


   (    k  x ,    k  y )


  𝛼 =  30 °


    𝛼 = −  30 °


  𝛼 = −  30 °


    K +


    K −


  𝛼 =  30 ∘


  𝛼 = −  30 ∘


  𝛼 =  30 °


  𝛼 = −  30 °


  𝛼 =  30 °


  𝛼 =   − 30 °


  𝛼 =  30 °


  𝛼 =  30 °


  𝛼 =   − 30 °


    𝛼 =  30 °


    𝛼 =  30 °


    𝛼 =  30 °


  a


    5 a   3


    𝛼 =  30 °


    𝛼 = −  30 °


    𝛼 =  30 °


  = 30 °


  𝛼 =  30 °


  𝛼 = 30 °


  𝛼 = − 30 °


  𝛼 = 30 °


  𝛼 = − 30 °


  𝛼 = 30 °


  𝛼 = − 30 °


  𝛼 =  30 °


  𝛼 = − 30 °


  𝛼 =  30 °


    𝛼 =  30 °


    𝛼 = −  30 °


  𝛼


  𝛼 =  30 °


  𝛼 =  0 ° ,


  𝛼 = −  30 °

