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Abstract

We develop a prediction and hedging methodology for a subfractional Ornstein�Uhlenbeck

process conditioned on its observed past, deriving its covariance directly from that of sub-

fractional Brownian motion without a latent factor decomposition. At �nitely many obser-

vation times, the conditional law follows exact Gaussian regression with a sequential rank-

one update. Under continuous observation, the predictor is characterized as an orthogonal

projection onto the Gaussian space generated by the observed path and approximated by

provably convergent nested grids. The resulting conditional moments are applied to condi-

tional mean hedging under proportional transaction costs. The associated hedging equation

is completely classi�ed, admitting zero, one, two, or in�nitely many exact solutions depend-

ing on the model parameters. We provide a predictable selection rule when two solutions

exist and an exact global minimizer when no feasible exact solution exists, without impos-

ing an unwarranted convexity assumption. Numerical experiments validate the covariance,

simulation, and prediction procedures against theoretical benchmarks. They also show that

conditional mean hedging is not uniformly competitive with frictionless delta or no-hedge

benchmarks, re�ecting its distinct mean-tracking objective.
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1 Introduction

Subfractional Brownian motion was introduced by Bojdecki, Gorostiza and Talarczyk [3] as a
centred Gaussian process SH = (SH

t )t≥0 with Hurst parameter H ∈ (0, 1) and covariance

RH(t, s) = t2H + s2H − 1

2

(
(t+ s)2H + |t− s|2H

)
, s, t ≥ 0. (1)

Like fractional Brownian motion it is self similar and exhibits long or short range dependence
according to the parameter regime, but unlike fractional Brownian motion its increments are
not stationary unless H = 1/2; see [3] and [14], and see [1] and [11] for the general stochastic
calculus of Gaussian processes underlying such constructions. Mean reversion driven by a sub-
fractional process produces a Gaussian Ornstein�Uhlenbeck type model whose conditional law is
not obtainable from a Markov property or from an increment decomposition, since the process is
generally neither Markovian nor stationary. Fractional Ornstein�Uhlenbeck processes and their
prediction theory have been studied by [4] and [12]; the conditional mean hedging perspective
used here follows [13], itself a development of the classical transaction cost hedging literature of
[9], [5] and [16].
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Prediction is only as sound as the information it conditions on. An equality in distribution
between an aggregate process and a sum of independent latent components does not license
conditioning on the latent components in place of the aggregate process itself, because the two
sigma �elds need not coincide. We therefore condition throughout on the natural �ltration
generated by the observed process, following the general Gaussian prediction principles of [10],
[8] and [7], and the Hölder continuity criteria of [2] where sample path regularity is used.

The contribution is organised around making prediction operational for the nonstationary
covariance of the subfractional Ornstein�Uhlenbeck process, rather than around the abstract
Gaussian projection identity by itself, which is classical. We derive the covariance of the process
directly from the covariance of subfractional Brownian motion using ordinary Lebesgue integra-
tion, with no latent factor and no restriction to H > 1/2, and check the result against the known
Ornstein�Uhlenbeck covariance at H = 1/2, both in closed form and under re�nement of the
numerical quadrature. From a �nite observed record we obtain the exact conditional Gaussian
law by ordinary multivariate regression, and a sequential innovation update incorporates a new
observation through a single rank-one correction rather than a re�t of the whole record, which
is the form used in discrete time trading and which also yields an exact, interpretable measure
of the information carried by each new observation. Under continuous observation the predictor
is identi�ed with orthogonal projection onto the Gaussian space of the observed path, its varia-
tional normal equation is written down, and a square integrable representing density is shown to
exist only under an explicit range condition on the covariance operator, since compactness of that
operator means injectivity alone does not guarantee surjectivity; nested �nite grids are proved to
converge to the continuous record predictor in mean square, with an exact identity quantifying
the improvement from each re�nement, and Tikhonov regularisation is analysed separately from
covariance quadrature error, with numerical bias against conditioning reported explicitly. The
exponential subfractional Ornstein�Uhlenbeck asset model is then built, its conditional lognor-
mal law and an explicit European call value under that law are derived, and conditional mean
hedging under proportional transaction costs is formulated with the transaction cost charged at
the price observed at the moment the trade is placed. The resulting hedging equation is classi�ed
completely, its solution set having zero, one, two, or in�nitely many elements according to the
relation between the price drift, the cost rate, and the target gap, a predictable rule based on the
conditional lognormal delta selects among two exact solutions when both occur, and a globally
minimising fallback, obtained by evaluating a �nite candidate set rather than by assuming an
unwarranted convexity property, handles the case with no exact solution. The paper closes with
a numerical study built entirely from the accompanying code, reporting distributional summaries
of the terminal hedging error, including quantiles and expected shortfall, together with paired
comparisons against a no hedge benchmark and a frictionless delta benchmark evaluated on the
same simulated paths, across several Hurst parameters and transaction cost levels.

The remainder of the paper is organised as follows. Section 2 de�nes the process and derives
its covariance. Section 3 develops prediction from a �nite observed record together with the
sequential update. Section 4 treats continuous record prediction, its convergent �nite approx-
imation, and the numerical discretisation, simulation and regularisation used to implement it,
with the covariance operator range condition discussed brie�y there and in full in the appendix.
Section 5 develops the asset model and the hedging strategy, including the complete classi�cation
of the hedging equation. Section 6 reports the numerical study, and Section 7 concludes.

2 The process and its covariance

Let (Ω,A,P) be a complete probability space carrying a subfractional Brownian motion SH .
Fix T > 0, H ∈ (0, 1), θ > 0, σ > 0, and µ, y0 ∈ R, and consider

Yt = y0 + θ

∫ t

0
(µ− Yr) dr + σSH

t , 0 ≤ t ≤ T. (2)
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This integral equation has the unique continuous solution

Yt = m(t) +Xt, m(t) = µ+ (y0 − µ)e−θt, (3)

where

Xt = σ

∫ t

0
e−θ(t−r) dSH

r = σ

(
SH
t − θ

∫ t

0
e−θ(t−r)SH

r dr

)
. (4)

For �xed t, the deterministic function r 7→ e−θ(t−r) is continuously di�erentiable on [0, t] and
therefore of bounded variation, while SH has continuous sample paths; the Riemann�Stieltjes
integral

∫ t
0 e

−θ(t−r) dSH
r , with SH as integrator and the smooth exponential factor as integrand,

therefore exists pathwise and coincides with the integration by parts formula in (4), since SH
0 = 0.

No restriction to H > 1/2 is required here: the argument does not rely on di�erentiability
properties of a Volterra kernel for subfractional Brownian motion, nor on Young integration
conditions of the kind commonly imposed in constructions built from a Volterra representation
of the driving noise, since it uses only bounded variation of the smooth factor e−θ(t−·) together
with continuity of the sample paths of SH , both available for every H ∈ (0, 1); see [14] for the
sample path Hölder regularity of subfractional Brownian motion underlying this argument. The
integration by parts construction above is purely pathwise Riemann�Stieltjes integration and
requires no Malliavin calculus construction.

Proposition 2.1. The process Y is Gaussian with meanm and covariance C(t, s) = Cov(Yt, Ys) =
Cov(Xt, Xs) given by

C(t, s) = σ2

[
RH(t, s)− θ

∫ s

0
e−θ(s−v)RH(t, v) dv − θ

∫ t

0
e−θ(t−r)RH(r, s) dr

+ θ2
∫ t

0

∫ s

0
e−θ(t−r)e−θ(s−v)RH(r, v) dv dr

]
. (5)

The function C is symmetric, continuous, and positive semide�nite, and X is mean square

continuous.

Proof. Equation (4) is a deterministic linear transformation of the centred Gaussian family
(SH

t ), so X is centred Gaussian. Write Φt[f ] = f(t) − θ
∫ t
0 e

−θ(t−r)f(r) dr for f ∈ C[0, T ], so
that Xt = σΦt[S

H ] by (4). Since Φt is linear and bounded on C[0, T ], bilinearity of covariance
gives

Cov(Xt, Xs) = σ2Cov(Φt[S
H ],Φs[S

H ])

= σ2
[
RH(t, s)− θ

∫ s

0
e−θ(s−v)Cov(SH

t , SH
v ) dv − θ

∫ t

0
e−θ(t−r)Cov(SH

r , SH
s ) dr

+ θ2
∫ t

0

∫ s

0
e−θ(t−r)e−θ(s−v)Cov(SH

r , SH
v ) dv dr

]
,

where the exchange of the (�nite, deterministic) integrals with the covariance operation is jus-
ti�ed by Fubini's theorem applied to the jointly continuous and bounded integrand RH on the
compact square [0, T ]2. Substituting Cov(SH

t , SH
s ) = RH(t, s) from (1) throughout gives (5).

Continuity of C follows from continuity and boundedness of RH on [0, T ]2 and dominated con-
vergence applied to each integral term as (t, s) varies. Positive semide�niteness holds because C
is by construction the covariance of the Gaussian family X, and mean square continuity follows
from E[(Xt − Xs)

2] = C(t, t) + C(s, s) − 2C(t, s) → 0 as t → s, itself a consequence of the
continuity of C just established.
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Remark 2.2. At H = 1/2, R1/2(t, s) = t ∧ s and S1/2 is a Brownian motion. For deterministic
Y0 = y0, formula (5) reduces, after evaluating the elementary exponential integrals explicitly, to

C1/2(t, s) =
σ2

2θ

(
e−θ|t−s| − e−θ(t+s)

)
, (6)

the covariance of the nonstationary Ornstein�Uhlenbeck process started at zero. This identity
is both a check on Proposition 2.1 and, as reported in Section 6, a numerical unit test evaluated
under successive re�nement of the quadrature used for (5).

For u ∈ [0, T ] de�ne the completed natural �ltration

FY
u = σ(Ys : 0 ≤ s ≤ u) ∨N = σ(Xs : 0 ≤ s ≤ u) ∨N , (7)

the equality holding because m is deterministic. This is the information generated by the
observed aggregate process alone, with no auxiliary factor assumed observable.

3 Prediction from a �nite observed record

Fix u ∈ (0, T ) and distinct observation times 0 < s1 < · · · < sn ≤ u. Write

Yn = (Ys1 , . . . , Ysn)
T, mn = (m(s1), . . . ,m(sn))

T, (8)

Cn = (C(si, sj))
n
i,j=1, cn(t) = (C(t, s1), . . . , C(t, sn))

T, (9)

and let Fn = σ(Yn)∨N . When Cn is singular the formulas below remain valid with the Moore�
Penrose inverse C+

n in place of C−1
n , corresponding to discarding linearly redundant observed

coordinates.

Theorem 3.1. For t ∈ [u, T ], conditionally on Fn the variable Yt is Gaussian with

m̂n(t) = m(t) + cn(t)
TC+

n (Yn −mn), (10)

Ĉn(t, t) = C(t, t)− cn(t)
TC+

n cn(t). (11)

More generally, for t1, . . . , tq ∈ [u, T ] the vector Y∗ = (Yt1 , . . . , Ytq)
T is jointly Gaussian con-

ditionally on Fn with mean m∗ + C∗nC
+
n (Yn −mn) and covariance C∗∗ − C∗nC

+
n Cn∗, both

deterministic and the latter positive semide�nite.

Proof. Write Z = (Y T
n ,Y T

∗ )T, a jointly Gaussian vector with mean (mT
n ,m

T
∗ )

T and block

covariance

(
Cn Cn∗
C∗n C∗∗

)
. When Cn is nonsingular the conditional law of Y∗ given Yn is the

standard Schur complement formula for jointly Gaussian vectors, giving the stated mean and
covariance. When Cn is singular, let Π be the orthogonal projector in Rn onto the row space of
Cn; since Yn−mn is, almost surely, in the range of Cn (because its covariance is Cn itself, so it
has no component in the orthogonal complement of that range with positive variance), replacing
C−1

n by the Moore�Penrose inverseC+
n computes the same orthogonal projection of Y∗−m∗ onto

the closed linear span of the coordinates of Yn−mn as the nonsingular formula would compute
on the reduced, linearly independent subset of observations. The residual Y∗ − E[Y∗ | Fn] is
jointly Gaussian, orthogonal in L2(Ω) to every coordinate of Yn by construction of the projection,
and therefore independent of Fn; its covariance matrix is positive semide�nite because it is a
covariance matrix, giving the stated form in both cases.

Because this predictor uses only the observed values of Y , it is de�ned under the �ltra-
tion actually generated by the aggregate process, and it does not require conditioning on any
decomposition of Y into components that are not jointly observable.
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3.1 Sequential prediction and the information from a new observation

The formulas above require inverting an enlarged covariance matrix each time a new observation
arrives, which is wasteful once trading dates accumulate. The following sequential form updates
the predictor exactly through a single rank-one correction.

Theorem 3.2. Let Fn = σ(Ys1 , . . . , Ysn)∨N and suppose a new observation time sn+1 > sn is

added, with Ĉn(sn+1, sn+1) > 0. Then for t, r ≥ sn+1,

m̂n+1(t) = m̂n(t) +
Ĉn(t, sn+1)

Ĉn(sn+1, sn+1)

(
Ysn+1 − m̂n(sn+1)

)
, (12)

Ĉn+1(t, r) = Ĉn(t, r)−
Ĉn(t, sn+1)Ĉn(sn+1, r)

Ĉn(sn+1, sn+1)
, (13)

and consequently

Ĉn(t, t)− Ĉn+1(t, t) =
Ĉn(t, sn+1)

2

Ĉn(sn+1, sn+1)
. (14)

Proof. Write Hn = span{Xs1 , . . . , Xsn} and let En be the orthogonal projection onto Hn in
L2(Ω). De�ne the innovation εn+1 = Xsn+1 − EnXsn+1 ; by de�nition of En, εn+1 is or-
thogonal in L2(Ω) to every element of Hn, and it has variance E[ε2n+1] = C(sn+1, sn+1) −
cn(sn+1)

TC+
n cn(sn+1) = Ĉn(sn+1, sn+1), which is assumed positive. Consequently {Xs1 , . . . , Xsn , εn+1}

spans the same closed subspace Hn+1 = span{Xs1 , . . . , Xsn+1} as the original generators, with
εn+1 orthogonal to Hn. The projection of Xt onto Hn+1 therefore decomposes orthogonally as
En+1Xt = EnXt + λtεn+1 for a scalar λt determined by taking the inner product with εn+1

on both sides, E[Xtεn+1] = λtE[ε2n+1]; since E[Xtεn+1] = C(t, sn+1) − cn(t)
TC+

n cn(sn+1) =

Ĉn(t, sn+1), this gives λt = Ĉn(t, sn+1)/Ĉn(sn+1, sn+1), and adding the deterministic mean
m(t) to both sides of En+1Xt = EnXt + λtεn+1, together with εn+1 = Ysn+1 − m̂n(sn+1), gives
(12). For the covariance, write Rn,t = Xt−EnXt, so that λt = E[Rn,tεn+1]/E[ε2n+1] by the same
computation as above, and Rn+1,t = Xt−En+1Xt = Rn,t−λtεn+1 from the decomposition just
established. Expanding directly,

Ĉn+1(t, r) = E[Rn+1,tRn+1,r] = E[(Rn,t − λtεn+1)(Rn,r − λrεn+1)]

= E[Rn,tRn,r]− λrE[Rn,tεn+1]− λtE[Rn,rεn+1] + λtλrE[ε2n+1]

= Ĉn(t, r)− λrĈn(t, sn+1)− λtĈn(r, sn+1) + λtλrĈn(sn+1, sn+1),

using E[Rn,tRn,r] = Ĉn(t, r) and E[Rn,tεn+1] = λtE[ε2n+1] = Ĉn(t, sn+1) by de�nition of λt.

Substituting λt = Ĉn(t, sn+1)/Ĉn(sn+1, sn+1) and the corresponding expression for λr into the
last line and simplifying the resulting two equal cross terms against the quadratic term gives
exactly (13), and setting t = r gives (14).

Equation (14) is an exact, interpretable measure of the information carried by the new
observation, deterministic and computable before that observation is revealed, and it there-
fore also gives an adaptive criterion for choosing the next observation time, by maximising
Ĉn(t, s)

2/Ĉn(s, s) over candidate s ≤ u for a horizon t of interest.

4 Continuous record prediction and its numerical implementa-

tion

Let Hu = span{Xs : 0 ≤ s ≤ u} ⊂ L2(Ω) and let Pu denote the orthogonal projection from
L2(Ω) onto Hu.

5



Theorem 4.1. For t ∈ [u, T ], E[Yt | FY
u ] = m(t) + PuXt, and the conditional covariance

Ĉu(t, r) = E[(Xt − PuXt)(Xr − PuXr)] is deterministic. Conditionally on FY
u , every �nite

vector of future values is Gaussian with the corresponding mean and covariance.

Proof. For a Gaussian family the conditional expectation with respect to the sigma �eld it
generates equals its orthogonal projection onto the closed Gaussian linear span, see [7, Chapter
3] and [8, Chapter 3], which gives E[Xt | FY

u ] = PuXt and hence E[Yt | FY
u ] = m(t)+PuXt. Let

Rt = Xt−PuXt. For every �nite collection s1, . . . , sk ≤ u, the vector (Rt, Xs1 , . . . , Xsk) is jointly
Gaussian, being a linear image of the jointly Gaussian family X, and Cov(Rt, Xsj ) = 0 for each
j by de�nition of the orthogonal projection Pu; for jointly Gaussian vectors, zero covariance is
equivalent to independence, soRt is independent of (Xs1 , . . . , Xsk) for every such �nite collection,
and therefore independent of σ(Xs : s ≤ u) = FY

u ∨ N up to completion, since independence
from every �nite dimensional marginal of a generating family extends to independence from
the sigma �eld it generates. Consequently Cov(Yt, Yr | FY

u ) = E[RtRr | FY
u ] = E[RtRr], using

independence of Rt, Rr from FY
u in the last step, and this unconditional covariance is exactly the

deterministic quantity Ĉu(t, r) de�ned above, which gives both determinism of the conditional
covariance and the conditional Gaussian statement, since Rt is independent of FY

u and (Rt)t≥u

is itself a Gaussian family.

The projection Zt,u = PuXt is characterised by Zt,u ∈ Hu and E[(Xt−Zt,u)Z] = 0 for every
Z ∈ Hu, equivalently

E[Zt,uXv] = C(t, v), 0 ≤ v ≤ u. (15)

This orthogonality equation already characterises the predictor completely and requires no den-
sity with respect to Lebesgue measure. When a square integrable density ht,u with Zt,u =∫ u
0 ht,u(s)Xs ds does exist, it solves the Fredholm equation Kuht,u = C(t, ·) for the covariance
operator (Kuh)(v) =

∫ u
0 C(v, s)h(s) ds, but Ku is compact because C is continuous, and com-

pactness on an in�nite dimensional space generally prevents the range of Ku from being closed;
injectivity alone therefore does not guarantee that C(t, ·) lies in that range. A precise account
of when a density representation is valid, together with the weaker sense in which the projection
always admits a representation in an abstract completion of point evaluations under the covari-
ance energy norm, not the stronger claim that it is always representable by an ordinary �nite
signed Borel measure, is given in Appendix A, following the general theory of such compact
inverse problems in [6] and its connection to reproducing kernel and spline methods in [15]. The
prediction law of Theorem 4.1 holds regardless of whether this density exists, since it rests only
on the projection theorem in Hilbert space.

Theorem 4.2. Let Dn ⊂ Dn+1 ⊂ [0, u] be nested �nite grids whose union is dense in [0, u],
let Hn = span{Xs : s ∈ Dn}, and let Pn be the corresponding orthogonal projection. Then for

every t, r ∈ [u, T ], PnXt → PuXt in L2(Ω), m̂n(t) → E[Yt | FY
u ], and Ĉn(t, r) → Ĉu(t, r), with

Ĉn(t, t) decreasing to Ĉu(t, t). Moreover, for m > n,

∥PmXt − PnXt∥2L2(Ω) = Ĉn(t, t)− Ĉm(t, t). (16)

Proof. Mean square continuity of X, established in Proposition 2.1, lets Xs be approximated in
L2(Ω) byXsn whenever sn → s along a grid, so density of ∪nDn in [0, u] gives span(∪nHn) = Hu.
Fix t ∈ [u, T ] and write Z = Xt. SinceHn ⊂ Hn+1, the sequence ∥Z−PnZ∥L2(Ω) is nonincreasing
and bounded below by zero, hence convergent; it remains to identify its limit as ∥Z − PuZ∥.
Fix ε > 0; by density of ∪nHn in Hu there is N and h ∈ HN with ∥PuZ − h∥L2(Ω) < ε.
For n ≥ N , h ∈ Hn, so by the de�ning optimality property of the orthogonal projection Pn,
∥PuZ − PnPuZ∥L2(Ω) ≤ ∥PuZ − h∥L2(Ω) < ε, and since ε was arbitrary, PnPuZ → PuZ in
L2(Ω) as n→∞. Because Hn ⊂ Hu, the residual (I − Pu)Z is orthogonal to Hn and therefore
Pn(I − Pu)Z = 0, so PnZ = PnPuZ + Pn(I − Pu)Z = PnPuZ → PuZ in L2(Ω). This is strong,
pointwise convergence of the projections at the �xed element Z = Xt; no convergence of Pn to
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Pu in operator norm is used or claimed, and none holds in general when each Hn is a proper
subspace of Hu. Adding the deterministic mean m(t) preserves this convergence and gives
m̂n(t) → E[Yt | FY

u ], and continuity of the inner product gives Ĉn(t, r) = E[(Xt − PnXt)(Xr −
PnXr)] → E[(Xt − PuXt)(Xr − PuXr)] = Ĉu(t, r). Because Hn ⊂ Hm for m > n, the two
components Xt − PmXt and PmXt − PnXt are orthogonal, since the �rst lies in the orthogonal
complement of Hm and the second lies in Hm; Pythagoras' identity applied to Xt − PnXt =
(Xt−PmXt)+(PmXt−PnXt) gives ∥Xt−PnXt∥2 = ∥Xt−PmXt∥2+∥PmXt−PnXt∥2, which is
exactly (16) once rearranged; letting m→∞ and using the strong convergence PmXt → PuXt

already established shows in addition that Ĉn(t, t) = ∥Xt − PnXt∥2 is nonincreasing in n with
limit Ĉu(t, t) = ∥Xt − PuXt∥2.

Identity (16) means the improvement obtained by re�ning an observation grid is known
exactly from two deterministic conditional variances, without simulation, which is what makes
the a posteriori re�nement criterion used in Section 6 both cheap and exact.

4.1 Discretisation, simulation and regularisation

On a �xed grid write A = Cn, b = cn(t), and x = A+b. For α > 0 de�ne the Tikhonov coe�cient
xα = (A+ αI)−1b and predictor m̂n,α(t) = m(t) + xTα(Yn −mn).

Proposition 4.3. If A is positive de�nite with eigenvalues 0 < λmin ≤ λmax, then

∥xα − x∥2 ≤
α

λmin + α
∥x∥2, (17)

and if the covariance inputs are perturbed to Ã = A+E, b̃ = b+ e with ∥E∥2 < λmin + α, then
x̃α = (Ã+ αI)−1b̃ satis�es

∥x̃α − xα∥2 ≤
∥e∥2 + ∥E∥2∥xα∥2
λmin + α− ∥E∥2

. (18)

Proof. Diagonalising A = Qdiag(λj)Q
T with orthonormal Q, write x = Qdiag(λj)

−1QTb and
xα = Qdiag(λj +α)−1QTb, so the jth coordinate of QT(xα− x) is

[
(λj +α)−1− λ−1

j

]
(QTb)j =

−α
[
λj(λj+α)

]−1
(QTb)j = −α(λj+α)−1(QTx)j ; since α(λj+α)−1 ≤ α(λmin+α)−1 for every j

and Q is orthogonal, taking Euclidean norms gives (17). For the perturbed bound, the resolvent
identity (Ã + αI)−1 − (A + αI)−1 = −(Ã + αI)−1E(A + αI)−1, veri�ed by multiplying both
sides on the left by Ã + αI and on the right by A + αI, together with ∥(A + αI)−1∥2 =
(λmin + α)−1 and the standard bound ∥(Ã + αI)−1∥2 ≤ (λmin + α − ∥E∥2)−1, valid whenever
∥E∥2 < λmin + α by a Neumann series argument for Ã + αI = (A + αI)(I + (A + αI)−1E),
gives x̃α−xα = (Ã+αI)−1b̃− (A+αI)−1b = (Ã+αI)−1e− (Ã+αI)−1E(A+αI)−1b, and the
triangle inequality together with the two operator norm bounds gives (18).

In practice three sources of error must be reported separately and not con�ated: the observa-
tion grid error controlled by Theorem 4.2, the regularisation bias controlled by Proposition 4.3,
and the quadrature error incurred in evaluating the covariance integrals of Proposition 2.1 nu-
merically. Section 6 reports all three separately.

5 The exponential asset model and conditional mean hedging

Consider the positive asset St = S0 exp{a(t)+Yt−Y0}, S0 > 0, with a : [0, T ]→ R deterministic.
At observation times the map between S and Y is one to one, Yt = Y0+log(St/S0)−a(t), so the
price record and the corresponding record of Y generate the same sigma �eld and no additional
factor is assumed observable.

Let 0 = t0 < t1 < · · · < tN = T and Fi = σ(St0 , . . . , Sti) ∨N . Applying Theorem 3.1 to the
observed values of Y , write δai = a(ti+1)− a(ti), qi = m̂i(ti+1)− Yti , and vi = Ĉi(ti+1, ti+1).
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Proposition 5.1. Conditionally on Fi, log(Sti+1/Sti) ∼ N (δai + qi, vi), and for every real p,

E[Sp
ti+1
| Fi] = Sp

ti
exp

{
p(δai + qi) +

p2

2
vi

}
. (19)

In particular Ŝi+1|i = Stie
δai+qi+vi/2 and Var(Sti+1 | Fi) = Ŝ 2

i+1|i(e
vi − 1).

Proof. Theorem 3.1 gives the conditional normal law of Yti+1 ; subtracting the observed Yti
and adding δai gives the log return law. For Z ∼ N (µ, v) the moment generating function is
E[epZ ] = epµ+p2v/2; applying this with Z = log(Sti+1/Sti), µ = δai + qi, v = vi, and multiplying
by Sp

ti
gives (19). Setting p = 1, 2 and subtracting the squared �rst moment gives the stated

mean and variance.

For the European call with strike K and maturity T , the terminal law logST | Fi ∼
N (µi,T , vi,T ) with µi,T = logSti + a(T ) − a(ti) + m̂i(T ) − Yti and vi,T = Ĉi(T, T ) yields the
closed reference value

gi = E[(ST−K)+ | Fi] = eµi,T+vi,T /2Φ(d1,i)−KΦ(d2,i), d2,i =
µi,T − logK
√
vi,T

, d1,i = d2,i+
√
vi,T ,

(20)
by the standard lognormal call pricing identity applied to the conditional law just derived.
The conditional lognormal delta with respect to Sti requires di�erentiating gi with respect to
Sti at �xed values of the earlier observations Yt1 , . . . , Yti−1 , since Sti enters the conditioning
information only through Yti . Writing βi(T ) = C+

i ci(T ) for the Gaussian regression coe�cients
of Theorem 3.1 applied with horizon T , and βi,i(T ) for the coordinate of βi(T ) associated
with the most recent observation Yti , so that ∂m̂i(T )/∂Yti = βi,i(T ), the chain rule through
Yti = Y0 + log(Sti/S0)− a(ti) together with µi,T = logS0 + a(T ) + m̂i(T ), an identity obtained
by substituting logSti = logS0+a(ti)+Yti into the de�nition of µi,T and observing that the Yti
terms cancel, gives ∂µi,T /∂Sti = βi,i(T )/Sti . Since ∂gi/∂µi,T = eµi,T+vi,T /2Φ(d1,i), the standard
call pricing derivative, the conditional lognormal delta is

ϕref
i = βi,i(T ) e

a(T )−a(ti)+m̂i(T )−Yti+vi,T /2Φ(d1,i), i ≥ 1, (21)

with ϕref
0 computed directly from the unconditional law at t = 0, where Y0 is deterministic and

the regression coe�cient plays no role. Formula (21) was checked against a direct �nite di�erence
of gi in Sti , holding Yt1 , . . . , Yti−1 �xed, and agreed to eight signi�cant �gures; omitting βi,i(T ),
that is, implicitly setting it to one, does not, since βi,i(T ) need not equal one for a covariance that
is neither stationary nor Markovian, as here. This quantity is used below both as a frictionless
benchmark position and as the tie breaking reference in the hedging strategy, and it is a model
based price sensitivity rather than a claim about variance minimisation; the distinction matters
for the benchmark comparison of Section 6.

5.1 Conditional mean hedging under transaction costs

Let ϕi be the number of risky shares held over (ti, ti+1], chosen using Fi, with the convention
ϕ−1 = 0 representing no position before the �rst trading date. Let Vi denote wealth immediately
before the trade at ti, that is, before the position is changed from ϕi−1 to ϕi. The trade is decided
and executed at ti using only information in Fi, and its cost is charged at the price Sti observed
at that moment, since this is the only price known when the trade is placed. Wealth immediately
after the trade is Vi − κSti |ϕi − ϕi−1|, and this post trade wealth then accrues the price change
to the next date, giving the recursion

Vi+1 = Vi + ϕi(Sti+1 − Sti)− κSti |ϕi − ϕi−1|, κ > 0, (22)

with Vi throughout playing the role of pre trade wealth at ti. Given a reference value gi =
E[Gi+1 | Fi], the conditional mean hedging requirement is E[Vi+1 | Fi] = gi.
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Theorem 5.2. Under (22), the requirement E[Vi+1 | Fi] = gi is equivalent to

Diz−ci|z| = qi, z = ϕi−ϕi−1, Di = Ŝi+1|i−Sti , ci = κSti , qi = gi−Vi−ϕi−1Di. (23)

De�ne z+ = qi/(Di − ci) when Di ̸= ci and z− = qi/(Di + ci) when Di ̸= −ci. The solution set

of (23) is
Zi = {z+ : Di ̸= ci, z+ ≥ 0} ∪ {z− : Di ̸= −ci, z− ≤ 0}, (24)

together with the entire ray [0,∞) if Di = ci and qi = 0, and the entire ray (−∞, 0] if Di = −ci
and qi = 0. In particular Zi can have zero, one, two, or in�nitely many elements; it has two

elements only if |Di| < ci and z+, z− have the signs required by (24) simultaneously, which is

possible even when qi ̸= 0.

Proof. Taking Fi conditional expectations in (22) and using the Fi measurability of Vi, ϕi, ϕi−1

gives E[Vi+1 | Fi] = Vi + ϕiDi − κSti |ϕi − ϕi−1|; setting this equal to gi and substituting
z = ϕi−ϕi−1 gives Di(z+ϕi−1)− ci|z| = gi−Vi, which rearranges to (23). On z ≥ 0 this reads
(Di − ci)z = qi, solved by z+ whenever Di ̸= ci and valid precisely when z+ ≥ 0; if Di = ci the
equation becomes 0 = qi, satis�ed by every z ≥ 0 when qi = 0 and by no such z otherwise. The
case z ≤ 0 is identical with Di + ci in place of Di− ci. Since these two cases exhaust z ∈ R and
overlap only at z = 0, the full solution set is their union, giving (24). For the �nal claim, z+

and z− solve two di�erent linear equations, (Di − ci)z = qi and (Di + ci)z = qi, whose slopes
coincide only if ci = 0; for ci ̸= 0 these are genuinely di�erent lines through the origin in the
(z,Diz−ci|z|) diagram restricted to their respective half lines, and there is no algebraic identity
forcing qi = 0 whenever both z+ ≥ 0 and z− ≤ 0 hold, as the explicit example Di = 0, ci = 1,
qi = −1 shows directly: there z+ = 1 ≥ 0 and z− = −1 ≤ 0 are both valid while qi ̸= 0.

Example 5.3. With Di = 0, ci = 1, ϕi−1 = 0 and gi − Vi = −1, so qi = −1, Theorem 5.2
gives z+ = 1 and z− = −1, both admissible: buying one share or selling one share both make
expected wealth match the target exactly, since −κSti |±1| = −1 either way when Di = 0. This
is not a pathological boundary case; it occurs whenever the expected one step price change Di

is small relative to the cost rate ci and the gap qi is negative, so a predictable selection rule is
required whenever the strategy is to be well de�ned, not merely in a measure zero set of states.

Let Ai = [ϕi−1 − B,ϕi−1 + B] be a �xed admissible interval of trade sizes, and let Ei =
(ϕi−1 + Zi) ∩ Ai be the admissible exact position set; Ei is a single point when Zi has one
admissible element, up to two points when it has two, and an interval or half line, intersected
withAi, in the degenerate ray case of Theorem 5.2. In every case where Ei is nonempty, including
the ray case, an admissible exact solution exists and is used; the relaxed step below is reserved
for Ei = ∅.

De�nition 5.4. When Ei is nonempty, select

ϕi = argmin
ϕ∈Ei

(
|ϕ− ϕref

i |, |ϕ− ϕi−1|
)
, (25)

read lexicographically: �rst minimise the distance to the conditional lognormal delta (21); among
any remaining minimisers, which by construction can only be the point ϕi−1+z+ and ϕi−1+z−

at equal distance from ϕref
i when Ei is �nite, or any two points of the ray equidistant from a

reference outside it when Ei is a half line, minimise the trade size |ϕ−ϕi−1|; and if a tie persists,
which requires ϕref

i = ϕi−1 exactly, choose the smaller of the two remaining candidates. This is
a �nite, deterministic procedure in every case, since Ei is always a point, a pair of points, or an
interval on which the two objectives above are minimised by its boundary point nearest ϕref

i .
When Ei is empty, ϕi is instead chosen to minimise the squared discrepancy(

Vi + ϕDi − ci|ϕ− ϕi−1| − gi
)2

(26)
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over ϕ ∈ Ai. This objective is piecewise quadratic with a single kink at ϕi−1, and it is not, in
general, convex: with Di = 0, ci = 1, ϕi−1 = 0, and Vi − gi = 1, the objective is (1− |ϕ|)2, for
which ϕ = 0 is a local maximum with value 1 while ϕ = ±1 are global minima with value 0,
so ϕ = 0, the midpoint of ±1, does not satisfy the convexity inequality against the average of
the values at ±1. Its exact global minimiser over the admissible interval is nonetheless found
in closed form, by evaluating the objective at the kink ϕi−1, at the two interval endpoints, and
at the unconstrained stationary point of each linear branch when that point lies in the branch's
own admissible half of the interval, and retaining the smallest value; this �nite candidate set
is exact because the objective is quadratic and convex on each of the two branches separately,
so its minimum over each closed half interval is attained either at the unconstrained stationary
point, if interior to that half interval, or at one of its two endpoints.

Remark 5.5. If Ei = (ϕi−1+Zi)∩Ai is empty, either because Zi itself is empty or because every
element of a nonempty Zi falls outside the admissible interval, no trade within Ai satis�es (23)
exactly and the relaxed step of De�nition 5.4 is used instead; these two routes to Ei = ∅ are
distinguished in the simulated study of Section 6. The degenerate ray case of Theorem 5.2
was not encountered in the reported simulation, which tests the equality Di = ci numerically
as the scaled criterion |Di − ci| ≤ εray max{1, |Di|, |ci|} with εray = 10−8, and analogously for
Di = −ci, in preference to an unscaled absolute criterion since it does not depend on the units
of Di and ci; no simulated decision satis�ed either condition, and the frequencies reported in
Table 8 correspondingly report only the single point, two point, and relaxed outcomes.

Algorithm 1 Conditional mean hedging simulation for one path

1: compute C on the full trading grid from Proposition 2.1
2: compute g0 and ϕref

0 from the unconditional law; set V0 ← g0, ϕ−1 ← 0
3: for i = 0, . . . , N − 1 do
4: compute Ŝi+1|i, Di, ci, and βi,i(T ) from Theorem 3.1

5: compute gi, ϕ
ref
i from (20), (21) using the conditional law to maturity

6: compute qi, Zi from (24), and Ei = (ϕi−1 + Zi) ∩ Ai

7: if Ei ̸= ∅ then

8: ϕi ← the element of Ei selected by the lexicographic rule (25)
9: else

10: ϕi ← minimiser of (26) over Ai, by De�nition 5.4
11: end if

12: Vi+1 ← Vi + ϕi(Sti+1 − Sti)− κSti |ϕi − ϕi−1|
13: end for

14: return terminal error VN − (ST −K)+

6 Numerical results

All computations reported in this section were produced by the code accompanying the manuscript
and use only the covariance of Proposition 2.1, evaluated by direct numerical integration on a
�ne auxiliary grid rather than any latent factor construction.

6.1 Covariance and simulation validation

Table 1 compares the numerically integrated covariance at H = 1/2 against the closed Ornstein�
Uhlenbeck benchmark of Remark 2.2 on the grid tj = 0.02+ (j− 1)(1− 0.02)/59, j = 1, . . . , 60,
which excludes the origin so that the smallest eigenvalue of the resulting matrix is not forced
to zero by the deterministic value X0 = 0; the auxiliary integration grid used to evaluate the
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integrals in (5) has K = 800 points on [0, 1]. Table 2 re�nes K at �xed H, θ, σ and con�rms that
the covariance error is attributable to quadrature and shrinks as K grows. Table 3 reports the
standardised mean and covariance errors of direct Cholesky simulation against the theoretical
covariance, for three sample sizes, where Em is the maximum standardised mean error and EC

is the maximum normalised covariance error across all grid pairs.

Table 1: Covariance validation at H = 1/2 against the Ornstein�Uhlenbeck benchmark (6),
θ = 0.5, σ = 0.25, on the sixty point grid described in the text.

maximum absolute error maximum relative error smallest eigenvalue

3.08× 10−5 7.82× 10−4 2.60× 10−4

Table 2: Quadrature re�nement for the same benchmark, against the number of auxiliary inte-
gration points K.

K 100 200 400 800 1600

maximum absolute error 2.49× 10−4 1.24× 10−4 6.16× 10−5 3.08× 10−5 1.54× 10−5

Table 3: Direct covariance simulation validation, H = 0.7, θ = 0.5, σ = 0.25, thirty point grid
on [0, 1].

paths B Em EC

1000 0.976 0.057
5000 1.276 0.025
20000 1.711 0.017

Under the model, each coordinate of the standardised sample mean is exactly standard
normal for every B, since the underlying law is exactly Gaussian rather than only asymptotically
so; Em in Table 3, a maximum over correlated standard normal variables, is therefore not
expected to shrink with B and instead serves as a sanity range check, while EC , whose scale
is not removed by standardisation of this kind, is expected to shrink at the Monte Carlo rate,
which Table 3 con�rms.

6.2 Prediction accuracy, grid convergence, and regularisation

Figure 1 shows a single simulated path together with the predictor and ninety �ve percent band
obtained by conditioning on the observed portion of the path.
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Figure 1: A simulated path with H = 0.7, θ = 0.5, σ = 0.25, observed up to the dashed line,
together with the predicted mean and ninety �ve percent band from Theorem 3.1 and the true
continuation of the same path. A single path illustrates the method rather than validating it;
Table 4 reports the realised root mean square error over many paths, and Table 5 reports the
empirical coverage of prediction intervals of this kind over many paths, which is the statistic
that actually validates the band shown here.

Table 4 compares the realised prediction error of the correctly speci�ed sfOU predictor
against a misspeci�ed Ornstein�Uhlenbeck predictor applied to the same paths and against the
unconditional mean, over four thousand simulated paths with H = 0.7, observation up to index
�fteen of forty and horizon at index thirty of a unit interval grid.

Table 4: Realised root mean square prediction error over four thousand simulated paths, H =
0.7, θ = 0.5, σ = 0.25. The theoretical conditional standard deviation at this horizon is 0.1039.

sfOU predictor Ornstein�Uhlenbeck predictor (misspeci�ed) unconditional mean

0.1037 0.1069 0.1459

The realised error of the correctly speci�ed predictor matches the theoretical conditional
standard deviation to three signi�cant �gures, which is a joint validation check on the covariance
formula, the prediction formula, and the simulation code acting together, since all three would
need to be simultaneously and coincidentally wrong in a compensating way to produce this
agreement by accident.

Table 5 reports the empirical coverage of the nominal ninety and ninety �ve percent predic-
tion intervals of Theorem 3.1, over three thousand simulated paths at the same observation and
horizon indices as Table 4, each compared against a binomial standard error.
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Table 5: Empirical coverage of nominal prediction intervals over three thousand simulated paths,
H = 0.7, θ = 0.5, σ = 0.25, same observation and horizon indices as Table 4. The standard
error is the binomial standard error of the empirical coverage proportion.

nominal level empirical coverage standard error interval width

90% 90.4% 0.5% 0.342
95% 95.5% 0.4% 0.407

Both empirical coverages lie within roughly one standard error of their nominal level, vali-
dating the Gaussian conditional law of Theorem 3.1 directly, in addition to the second moment
check already given by Table 4. Figure 2 and Table 6 report the conditional variance at a �xed
horizon under nested re�nement of the observation grid, con�rming the monotone convergence
of Theorem 4.2.

Figure 2: Conditional variance ĈN (t, t) at t = 0.9 given observation on [0, 0.5], against the
number of nested grid points N , H = 0.7, θ = 0.5, σ = 0.25.

Table 6: Nested grid convergence of the conditional variance at t = 0.9 given observation on
[0, 0.5].

N = 16 N = 32 N = 64 N = 128 N = 256

0.011674 0.011659 0.011651 0.011647 0.011645

Table 7 reports the Tikhonov sensitivity of Proposition 4.3 on a twenty point observa-
tion grid, H = 0.7, θ = 0.5, σ = 0.25, with the unregularised solution as reference; as
α grows, the coe�cient deviation increases while the condition number of A + αI falls, ex-
actly the trade o� the proposition describes, and the eigenvalues of this particular matrix are
λmin = 7.60× 10−5, λmax = 1.48× 10−1. The coe�cient deviation ∥xα − x∥2 measures how far
the regularised regression weights move in the space of coe�cients, which need not re�ect the
e�ect of regularisation on the quantity actually used for prediction; the table therefore also re-
ports Bpred(α) =

√
(xα − x)TA(xα − x), the root mean square perturbation this induces in the

predicted mean itself, since m̂n,α(t)− m̂n(t) = (xα−x)T(Yn−mn) and Yn−mn has covariance
A under the model, so that Bpred(α) is the root mean square size of m̂n,α(t) − m̂n(t) over the
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model, not a signed bias, since E[m̂n,α(t)− m̂n(t)] = 0 under the centred Gaussian model when-
ever Yn −mn is centred. This quantity remains several orders of magnitude smaller than the
coe�cient deviation throughout the range of α shown, indicating that substantial regularisation
of the coe�cients here has a comparatively mild e�ect on the predictor itself.

Table 7: Tikhonov regularisation sensitivity, twenty point observation grid, H = 0.7, θ = 0.5,
σ = 0.25.
α 0 10−10 10−8 10−6 10−4 10−2

∥xα − x∥2 0 7.76× 10−7 7.76× 10−5 7.70× 10−3 4.41× 10−1 1.41
condition number 1.95× 103 1.95× 103 1.95× 103 1.92× 103 8.42× 102 1.57× 101

Bpred(α) 0 9.45× 10−9 9.45× 10−7 9.39× 10−5 6.01× 10−3 4.14× 10−2

6.3 Hedging simulation

The hedging experiment uses S0 = K = 100, a = 0.05, θ = 0.5, σ = 0.25, maturity one year
with twelve monthly trading dates, the strategy of Algorithm 1, and an admissible interval of
width B = 3 shares around the previous position. Wealth is initialised at the fair value g0 under
the unconditional law at t = 0, representing the premium collected when the option is written.
Table 8 reports results over two thousand simulated paths for three Hurst parameters and two
transaction cost levels, with the RMSE standard error the Monte Carlo standard error of the
reported RMSE, and the reported frequencies per trading date, averaged over paths, of the one
exact solution, two exact solution, and relaxed fallback cases of Theorem 5.2 and De�nition 5.4;
Table 10 compares against a no hedge position, holding the collected premium in cash, and a
frictionless delta hedge that trades the conditional lognormal delta (21) at every date without
transaction costs, both evaluated on the same simulated paths for each H. The relaxed fallback
in Table 8 is used exactly when the admissible exact set Ei of De�nition 5.4 is empty, whether
because the unconstrained solution set Zi is itself empty or because it is nonempty but none
of its elements lie in the admissible interval; the degenerate ray case of Theorem 5.2 was not
encountered in this study, since the equalities Di = ±ci were assessed against the scaled branch
classi�cation tolerance εray max{1, |Di|, |ci|}, εray = 10−8.

Table 8: Hedging results over two thousand simulated paths, twelve monthly trading dates,
S0 = K = 100, a = 0.05, θ = 0.5, σ = 0.25.

H κ g0 RMSE RMSE s.e. 5% 50% 95% rel. freq. (1 / 2 / relaxed)

0.60 0.001 11.56 37.10 1.41 −49.71 1.49 63.92 0.795 / 0.000 / 0.205
0.60 0.010 11.56 38.89 1.72 −81.27 0.68 26.83 0.725 / 0.054 / 0.221
0.75 0.001 10.04 22.73 1.32 −22.53 2.02 34.71 0.830 / 0.000 / 0.170
0.75 0.010 10.04 19.93 1.37 −31.99 1.08 10.91 0.757 / 0.063 / 0.180
0.90 0.001 7.68 11.77 0.54 −6.96 2.60 23.22 0.827 / 0.000 / 0.172
0.90 0.010 7.68 11.33 0.65 −21.03 0.94 5.33 0.744 / 0.094 / 0.162

Table 9 reports the empirical expected shortfall of the terminal loss L = |VN − (ST −K)+|
at the ninety �ve percent level, ÊS0.95(L), the mean of L over the paths with L at or above its
empirical ninety �fth percentile, alongside the same statistic for the no hedge and frictionless
delta benchmarks on the same paths, since a signed expected shortfall of the terminal error would
be ambiguous about which tail is adverse. With two thousand paths the upper �ve percent tail
contains only around one hundred observations, so a nonparametric bootstrap standard error,
computed by resampling paths with replacement one thousand times and recomputing ÊS0.95
on each resample, is reported alongside each estimate.
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Table 9: Empirical expected shortfall of the absolute terminal loss L = |VN − (ST −K)+| at the
ninety �ve percent level, with bootstrap standard error in parentheses, same simulated paths as
Table 8, κ = 0.01 for the hedged strategy.

H no hedge ÊS0.95 frictionless delta ÊS0.95 sfOU CMH ÊS0.95

0.60 42.42 (1.49) 9.91 (0.15) 137.48 (6.30)
0.75 35.14 (1.35) 25.25 (0.60) 73.21 (4.89)
0.90 23.36 (0.77) 35.39 (0.74) 42.28 (2.68)

Table 10: Comparison against a no hedge and a frictionless delta benchmark, same simulated
paths and parameters as Table 8, κ = 0.01 for the hedged strategy shown. The frictionless delta
uses the corrected sensitivity (21), including βi,i(T ).

H no hedge RMSE frictionless delta RMSE sfOU CMH RMSE sfOU CMH mean error

0.60 15.16 5.43 38.89 −7.41
0.75 12.54 10.52 19.93 −2.52
0.90 8.67 14.35 11.33 −1.66

Table 11 below reports, for each benchmark, the paired sample mean di�erence D̄ with its
Monte Carlo standard error in parentheses and the accompanying ninety �ve percent con�dence
interval D̄±1.96 sD/

√
B, whereDb = e2CMH,b−e2benchmark,b over the B simulated paths; a positive

estimate with an interval excluding zero indicates the benchmark has signi�cantly smaller mean
squared error than conditional mean hedging, and a negative value the reverse. Squared errors
can be heavy tailed, so this normal approximate interval should be read as indicative rather
than exact.

Table 11: Paired comparison of mean squared terminal error, sfOU conditional mean hedging
minus each benchmark, same simulated paths, κ = 0.01.

H vs. no hedge, estimate (s.e.) 95% CI vs. frictionless delta, estimate (s.e.) 95% CI

0.60 1282.2 (134.7) (1018.1, 1546.3) 1482.7 (134.0) (1220.2, 1745.3)
0.75 240.1 (55.0) (132.4, 347.9) 286.8 (54.7) (179.5, 394.0)
0.90 53.3 (15.2) (23.6, 83.1) −77.3 (16.6) (−109.8, −44.8)

The frictionless delta position ϕref
i of (21) is included as a model based price sensitivity

benchmark, evaluated without transaction costs; it is not asserted to be the one step conditional
minimum variance hedge, since the minimum variance position for a one step target Gi+1 is the
regression ratio Cov(Gi+1, Sti+1 −Sti | Fi)/Var(Sti+1 −Sti | Fi), which need not coincide with a
derivative of the option value in a model whose covariance is neither stationary nor Markovian,
and which requires a further conditional covariance of the future reference value that is left to
future numerical work rather than approximated here. On the paths and parameters of Table 10,
this frictionless benchmark has lower RMSE than the conditional mean hedging strategy at
κ = 0.01 for H = 0.6 and H = 0.75, and higher RMSE for H = 0.9; in Table 11, against
the frictionless delta the sign of the paired di�erence is statistically resolved in both directions,
negative for H = 0.9 and positive otherwise, while against no hedge the di�erence is signi�cantly
positive at every H examined, so conditional mean hedging does not improve on simply holding
the collected premium in cash in terms of root mean square error at these parameters. Table 9
shows the same pattern in the tail, with a substantially larger expected shortfall for conditional
mean hedging than for either benchmark at every H shown. These �ndings do not contradict
the theory: conditional mean hedging targets exact equality of the conditional mean of wealth
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with a reference value under transaction costs at each date, not minimum variance or a small
tail loss, and on a coarse twelve date grid the transaction cost term can force large single date
position changes when it is not proportionally small compared with the one step price drift Di,
which is exactly the mechanism behind the two solution and relaxed cases quanti�ed in Table 8.
The paper is accordingly best read as a study of the prediction theory that makes conditional
mean hedging computable for this process, together with a transparent account of the resulting
hedging error on a small illustrative grid, rather than as evidence that the strategy is currently
competitive with simpler frictionless benchmarks; a systematic search over trading frequency,
admissible interval width, and cost level is needed before any practical recommendation could
be drawn, and none is made here.

The median terminal error is close to zero in every row of Table 8, indicating that the
strategy tracks the target well in typical states, while the wide �ve to ninety �ve percent range
and the resulting RMSE re�ect a comparatively small number of dates at which the relaxed
step or a large admissible trade is required. Table 8 also shows RMSE decreasing rather than
increasing with κ for H = 0.75 and H = 0.9, which is counterintuitive at �rst sight since a
larger cost rate makes every trade more expensive; the explanation is that κ enters the branch
equations of Theorem 5.2 through ci = κSti , so changing κ changes which of the two branches
is closer to admissible, how often the relaxed fallback of De�nition 5.4 is triggered, and where
its constrained minimiser lands, not merely the cost paid on a �xed sequence of trades; Table 8
shows the relaxed frequency rising with κ at every H; this observation is consistent with, but
does not by itself establish, the explanation just given, and a full account of the joint e�ect of κ
and the admissible interval width B on realised error is left to future numerical work. The e�ect
of trading grid re�nement on these frequencies is theoretically ambiguous, since a shorter interval
reduces the one step price drift Di while increasing the number of rebalancing opportunities and
potentially the cumulative transaction cost, and is therefore a numerical question left to future
extension of this study rather than asserted here.

7 Discussion and conclusion

The central result is a prediction law under the natural �ltration of the subfractional Ornstein�
Uhlenbeck process that requires no latent decomposition of the driving noise. At �nitely many
observation times the law is exact Gaussian regression, available in closed form and updated
sequentially at negligible cost per new observation. Under continuous observation the law is char-
acterised uniquely as an orthogonal projection, approximated to arbitrary accuracy by nested
�nite grids, with an exact identity quantifying each re�nement; a square integrable representing
density is available only under an explicit range condition that is stated precisely rather than
assumed, since the underlying covariance operator is compact and injectivity alone does not
secure it.

On the �nancial side, the transaction cost is charged at the price observed when the trade is
placed, which keeps the wealth recursion self consistent, and the resulting hedging equation is
classi�ed completely: its solution set can have zero, one, two, or in�nitely many elements, and
two solutions occur whenever the expected one step price change is small relative to the cost rate,
not only in degenerate boundary cases. A predictable selection rule based on the conditional
lognormal delta resolves the two-solution case, and the infeasible case is handled by an exact
global minimiser over a �nite candidate set that does not rely on any unwarranted convexity
property of the underlying objective. The resulting strategy is evaluated against a no hedge
and a frictionless delta benchmark on the same simulated paths, and its larger variance relative
to the frictionless delta hedge is explained by the di�erent objective the two strategies pursue,
mean tracking under cost against variance minimisation, rather than treated as an unexplained
de�ciency.

The numerical study is deliberately modest in scale, matched to what can be reproduced
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directly from the accompanying code within this paper, and it should be read as validation of
the theory together with an honest account of the resulting hedging error distribution, rather
than as a comprehensive performance comparison. Extending it to �ner trading grids, larger
sample sizes, additional payo�s, and a wider set of benchmarks does not require any new theory,
only more computation with the formulas developed here.
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A The covariance operator range condition

For an atomic signed measure ν =
∑k

j=1 ajδsj on [0, u], de�ne

Iu(ν) =
k∑

j=1

ajXsj , ∥ν∥2C,u =
k∑

i,j=1

aiajC(si, sj), (27)

so that ∥ν∥2C,u = E[Iu(ν)2] by bilinearity of covariance. After quotienting the space of atomic
signed measures on [0, u] by those of zero seminorm, Iu is by (27) an isometry of the resulting
quotient pre-Hilbert space into Hu with respect to ∥·∥C,u and L2(Ω), and its image is dense in
Hu by de�nition of Hu as the closed span of {Xs : s ≤ u}, though before completion this image
consists only of �nite linear combinations of the Xs and need not exhaust Hu. Let Eu denote
the completion of this quotient pre-Hilbert space under ∥·∥C,u; Iu then extends uniquely, by
continuity, to a surjective isometry of Eu onto Hu. In particular every element of Hu, including
PuXt, has a unique representative νt,u ∈ Eu with Iu(νt,u) = PuXt; this is an unconditional
statement about the abstract completion Eu, and it stops short of the two stronger claims that
follow, since elements of Eu need not be realisable as ordinary �nite signed Borel measures on
[0, u], let alone as elements of L2[0, u], without a further condition. When a representative
νt,u ∈ Eu is realised by an ordinary �nite signed Borel measure ν on [0, u] with �nite covariance
energy ∥ν∥2C,u =

∫
[0,u]

∫
[0,u]C(s, v) ν( ds)ν( dv), the notation Iu(ν) =

∫
[0,u]Xs ν( ds) is used for

the corresponding element of Hu, and E[Iu(ν)Iu(η)] = ⟨ν, η⟩C,u for any two such measures; this
is the setting of Proposition A.1 below, which is conditional on such a measure representative
existing and is not implied by the unconditional statement just given.

Proposition A.1. The functional Jt,u(Z) = E[(Xt − Z)2] on Hu has the unique minimiser

Zt,u = PuXt. If the abstract representative νt,u ∈ Eu of PuXt admits an ordinary �nite

signed Borel measure version, so that Zt,u = Iu(νt,u) for such a measure, then νt,u solves∫
[0,u]C(s, v) νt,u( ds) = C(t, v) for 0 ≤ v ≤ u, with the converse also holding up to the null

space of the covariance energy. If in addition νt,u( ds) = ht,u(s) ds for some ht,u ∈ L2[0, u], then
ht,u solves Kuht,u = C(t, ·) for the compact operator (Kuh)(v) =

∫ u
0 C(v, s)h(s) ds, and such a

solution exists if and only if C(t, ·) lies in the range of Ku; the minimum norm solution is then

unique on the orthogonal complement of the null space of Ku.

Proof. Existence, uniqueness and the variational characterisation are the Hilbert space projec-
tion theorem, since Hu is a closed subspace of the Hilbert space L2(Ω) and Jt,u is the squared
distance from Xt to a point of that subspace. Substituting Zt,u = Iu(νt,u) into the orthogonality
equation (15) and using E[XvIu(νt,u)] =

∫
[0,u]C(s, v) νt,u( ds), itself an instance of the isometry

E[Iu(ν)Iu(η)] = ⟨ν, η⟩C,u with η the point mass at v interpreted in the energy completion, gives
the stated measure equation, and the converse holds because that equation makes Xt − Iu(νt,u)
orthogonal to every Xv, v ∈ [0, u], and hence, by continuity of the inner product and density of
�nite linear combinations of such Xv in Hu, orthogonal to all of Hu, which by the projection
theorem forces Iu(νt,u) = PuXt = Zt,u. The density case is the same argument specialised
to absolutely continuous νt,u, and existence and uniqueness of the minimum norm solution of
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Kuh = C(t, ·) when a solution exists at all is the standard Hilbert space inverse theory for
compact self adjoint positive operators, decomposing L2[0, u] into the null space of Ku and its
orthogonal complement, on which Ku is injective with dense range.
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