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Abstract

Background: Human immunodeficiency virus (HIV) infection remains a
global health challenge, and mathematical modeling has become an essential
tool for understanding its dynamics. While continuous-time models have been
widely used, discrete-time approaches offer computational advantages and
better alignment with clinical data collection. This study aims to analyze the
dynamical behavior of a two-dimensional discrete-time HIV infection model.

Methods: We derived a discrete-time HIV model from a continuous sys-
tem using the forward Euler discretization scheme. We performed stability
analysis of both infection-free and endemic fixed points using the Jacobian
matrix approach. Bifurcation analysis was conducted using center manifold
theory and normal form methods. Numerical simulations, including bifur-
cation diagrams and Lyapunov exponent computations, were performed to
validate the analytical results.

Results: We established necessary and sufficient conditions for the stabil-
ity of the infection-free fixed point and sufficient conditions for the local sta-
bility of the endemic fixed point. The model undergoes flip (period-doubling)
and Neimark-Sacker bifurcations as the infection rate parameter varies. Nu-
merical simulations confirmed the emergence of periodic, quasiperiodic, and
chaotic oscillations. The bifurcation diagrams and Lyapunov exponent spec-
tra quantitatively demonstrate transitions from order to chaos.

Conclusions: The observed oscillatory and chaotic behaviors in viral
dynamics may originate from intrinsic nonlinear interactions between viral
replication and immune response rather than external noise. The proposed
discrete model provides a robust theoretical framework for understanding
complex temporal patterns of HIV infection and offers potential insights into
viral persistence and control strategies.



1 Background

HIV (human immunodeficiency virus) is a virus that attacks the body’s immune
system [11,16,19,20]. If HIV is not treated, it can lead to AIDS (acquired immun-
odeficiency syndrome) [1,4,14,15,22,24,29-31]. There is currently no effective
cure. Once people contract HIV, they have it for life. But with proper medical
care, HIV can be controlled. People with HIV who receive effective HIV treatment
can live long, healthy lives and protect their partners [2,12,13,27]. HIV infection in
humans came from a type of chimpanzee in Central Africa. Studies show that HIV
may have jumped from chimpanzees to humans as far back as the late 1800s. The
chimpanzee version of the virus is called simian immunodeficiency virus. It was
probably passed to humans when humans hunted these chimpanzees for meat and
came in contact with their infected blood. Over decades, HIV slowly spread across
Africa and later into other parts of the world [34,35,37]. Over the past decades,
numerous mathematical models have been developed to investigate the transmis-
sion and progression dynamics of HIV infection. Nowak and Bangham (1996)
and Culshaw and Ruan (2000) introduced continuous-time differential equation
models to describe the interactions between viral particles and CD4+ T cells, elu-
cidating the mechanisms of viral replication and immune response [19,20]. Later,
Rong et al. (2007) and Tarfulea (2019) extended these frameworks to include
drug therapy and time-delay effects, revealing how treatment interventions influ-
ence viral load dynamics [26,27]. Discrete-time approaches have gained increasing
attention in recent years due to their computational advantages and ability to
capture complex nonlinear behaviors. Shi and Dong (2014) formulated a discrete
HIV-1 virus model with bilinear infection rate and demonstrated the occurrence
of rich dynamical patterns such as oscillations and chaos [36]. Similarly, Ackleh
et al. (2019) and Hu et al. (2012) studied discrete epidemic and predator-prey
systems, establishing rigorous conditions for persistence, stability, and bifurca-
tion [3,7,10]. Chavez (2010) and Salman and Elsadany (2023) further analyzed
bifurcation structures in discrete systems, showing that local stability loss through
flip or Neimark-Sacker bifurcations can give rise to periodic and quasi-periodic os-
cillations [17,28]. These studies collectively indicate that discretized epidemic
systems can reproduce biologically realistic oscillatory and chaotic dynamics that
are not easily captured by continuous-time models. Motivated by these findings,
the present work aims to construct and analyze a two-dimensional discrete-time
HIV infection model derived from its continuous counterpart using the forward Eu-
ler discretization scheme. The model preserves the essential biological properties
of the continuous formulation while allowing the exploration of bifurcation phe-
nomena, stability transitions, and complex dynamical behaviors such as periodic,
quasiperiodic, and chaotic oscillations.

The virus has existed in the United States since at least the mid-to late 1970s.



AIDS has now surpassed the Black Death on its course to become the worst
pandemic in human history. At the end of 2004, 20 million people had been killed
by it, and twice that number are currently infected with HIV. Barring a medical
breakthrough, it could claim the lives of some 60 million people by 2015. AIDS
exerts a terrible toll on societies, crippling their economies, decimating their labor
forces and orphaning their children.

Nine out of 10 people living with HIV are in the developing world; 60 to 70% of
those are in Sub-Saharan Africa. But the disease is spreading in every region,
with fierce epidemics threatening to tear through countries such as India, China,
Russia, and the islands of the Caribbean. The statistics are sobering-in some
Southern African towns 44% of pregnant women are HIV positive, in Botswana
37% of people carry the virus. Any natural phenomenon can be represented using
a mathematical model to make predictions, know what happens, and control the
results. Discrete and Continuous Dynamical Systems presented a mathematical
model for HIV-1 infection to know whether the virus will spread to all cells or
not, and how we can control it. In the late past centuries, researchers tended
to represent infectious diseases with mathematical models to know whether the
disease will invade the population or not?. The main contributions of this study
are:

e Establishing necessary and sufficient conditions for the stability of both
infection-free and endemic fixed points;

e Demonstrating the occurrence of flip and Neimark-Sacker bifurcations as the
infection rate parameter varies;

e Providing numerical evidence of transitions from order to chaos through
period-doubling routes.

2 Methods

2.1 Mathematical model

Our model established in [21] which is given by the following differential equations:

Ay
y+C

t=1—Dzx—(B+ JEATR

(2.1)

Ay
)= (B -
v =( +y+cﬂy v,

where z, y and B are represent, respectively, the population densities of the unin-
fected CDA™TT cells , infected C D41 T cells and bifurcation parameter. Taking the
parameter values from [21]. Most of the models that were used to describe the HIV



infection were by a set of nonlinear ordinary differential equations. (ODEs),that
is, continuous-time models, but the most appropriate to describe HIV infection
are the discrete-time models, for the following reasons [8]:

e The data that are obtained from transmitted diseases are usually discrete, which
is applied to HIV infection.

e The accurate analytical solutions to continuous-time models are unknown and
So a discretization is needed to get discrete-time models that approximate the
accurate solutions.

e Generally, simulations of models demand digital computers, which, in turn,
demand as a necessity discrete-time models.

Fundamentally, the discretization method [18,32,33,39] should maintain the main
properties of their continuous-time correspondence, for example, equilibria and
their stability. There are different standard methods for discretizing ODEs, such
as Kuler and Runge-Kutta methods.

Applying the forward Euler scheme to system (2.1), we obtain the discrete-time
HIV system as follows:

Ayn
Tpt1 = Tp + [l — Dz, — (B + _:iy_c):):nyn],
Ayy" (2.2)
n = Yn h|(B = nYn — Yn)
Yn+1 y+[(+n+0)ﬂfy Yn]

where h is the step size. The system has two fixed points, namely,

1
HIV-free fixed point, E° = ol 0

Infected fixed point, E* = (z*,y*), where
f— % such that y* is the solution of the following equation:
(A+B)y>+(D+ BC —B— Ay +C(D - B) =0,

where

. A+B-BC-D+,/(D+BC—B—A2—4C(A+ B)(D - B)
Y12 = 2(A + B) ‘

E* is biologically possible only if the following conditions hold:
1. (D+BC —-B—A)?—-4C(A+ B)(D - B) > 0;
2. A+ B—-BC—-D >0

3. A+B—BC—-D>/(D+BC - B - A)?2—-4C(A+ B)(D — B).
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Remark on discretization: It is important to note that different discretization
schemes may lead to different dynamical behaviors in the discrete model. The
forward Euler scheme used here preserves the fixed points of the continuous system,
but the bifurcation thresholds and the nature of the resulting oscillations may
differ. Moreover, while the continuous system may exhibit limit cycles via Hopf
bifurcation, the discrete system can display quasiperiodic orbits via Neimark-
Sacker bifurcation. These differences highlight the importance of choosing an
appropriate discretization scheme that captures the essential biological dynamics
of the HIV infection process.

3 Existence and local stability of fixed points

To discuss the stability of model (2.2). Now, we will study the dynamics of the
system (2.2) about the fixed points [3,7,25]. The Jacobian matrix J of the system
(2.2) evaluated at any point (x, y) is given by J(x,y) which reads

1-n(D+ (Bt 2L —he (B + YT
T hy (B+y fj(j)c 1+h<Bx—1+(%)

Lemma 1. The uninfected fixed point point E° has the following topological
classifications:

1. A sink (locally asymptotically stable) if:

B
0< hD <2 and O<h<1—D><2

2. A source (unstable) if:

hD >2 and B> D, or h<1—g>>2

3. A saddle point if any of the following conditions hold:

(a) hD>2 and 0<h(l-2)<2
(b) 0<hD <2 and B>D,orh(1—5)>2

4. Nonhyperbolic if any of the following conditions hold:
(a) hD =2, provided that B # D and h (1 — &) #2



(b) B=Dor h(l- %) = 2, provided that hD # 2

The characteristic equation of the Jacobian matrix evaluated at the endemic fixed
point E* is:
FN)=M+PA\+Q=0,
where
P=-2+h(y*S+D—Bx*—M+1),

Q = 1+h(Bz*+M—1-y*S—D)—h* (D + y*S)(Bz* + M — 1) — 2*y*S(B + M)),

with
Ay* _ Axtyt(y* +20)

S=2B ,
+y*+C (y* + C)?

We also compute:

F(1) = h2(z*y*S(B+ M)) — (D + y*S)(Bx* + M — 1),
F(—1) = 4+2h(Bz*+M—1—-D—y*S)—h*((D+y*S)(Bz*+M—1)—x*y*S(B+M)).
This result discusses the local asymptotic stability of the endemic fixed point
E* = (z*,y%).
Lemma 2. Let F(\) = A2 + P\ + Q. Suppose that F(1) > 0, then E* is:

1. a sink if
442h(Bx*+M—1—-D—y*S)—h*((D+y*S)(Bx*+M—1)—z*y*S(B+M)) > 0
and
1+h(Bz*+M—1—y*S—D)—h*((D+y*S)(Bx*+M—1)—z*y*S(B+M)) < 1

2. a saddle if
4+42h(Ba*+M—1—-D—y*S)—h*((D+y*S)(Bz*+M—1)—z*y*S(B+M)) < 0

3. a source if
442h(Ba*+M—1—-D—y*S)—h*((D+y*S)(Bx*+M—1)—z*y*S(B+M)) > 0
and
1+h(Bz*+M—1-y*S—D)—h*((D+y*S)(Bx*+M—1)—z*y*S(B+M)) > 1

4. nonhyperbolic if one of the following holds:

(a) 4+2h(Bz*+M —1—D—y*S)—h?((D+y*S)(Bz*+M —1)—x*y*S(B+
M))=0,and P #0,2
(b) P2—4Q <0and Q =1



4 Bifurcation analysis

Codimension-One Bifurcations

In this section [5,9,17,23,28,39,40], we consider the parameters A, C, and D as
fixed, and vary B as the bifurcation parameter. We select B because it serves
as a rescaled measure of the infection rate in the absence of ROS, which plays
a critical role in the behavior of model (2.2), particularly in the local stability
of the endemic fixed point E*(x*,y*). In essence, B is directly proportional to
the infection rate b. When B is used as the bifurcation parameter, the system
starts from the uninfected fixed point and transitions to the endemic state as B
increases,

two types of local bifurcations may occur at E* in model (2.2): a flip bifurca-
tion [38] and a Neimark-Sacker bifurcation.

According to part (4)(i) of Lemma 2, a nondegenerate flip bifurcation occurs near

E* if B is perturbed around the set:

. Ay*2 Ay? Ay?
h?((M—1)(D - Maz* 2h (D —M +1 —4
l(( )( +y*+(,‘> ‘Ly*+0 + l( + +y*+C

Flip(E*) = { (A, B,C,D,h) € R® | B; = . P#£0,2

—h2 (D,r* + (M — 1)y — Mz* (yfi{z(;)) + 2h(x* — y*)
A flip bifurcation can arise at the fixed point £* when the system parameters are
perturbed within a small neighborhood around the set Flip(E*). Under these

conditions, Model 2.2 is expressed in the following form.

Ay (4.1)

A
3:—>:L‘+h(1—Dx—(B+B*+H—%):ry),
y—=y+h((B+B"+ 36)wy —y),
where |B*| < 1 is a limited perturbation parameter.
Transform E* to the origin by introducing u = z — x*, v = y — y*, and we obtain

{ U — a1u 4 agv + a12uv + av? + a120uv? + a2200> + a13uB* + agzvB* + O((|u| + |v| + |B*|)%),

v — biu + bav + biguv + b221)2 + b122u1)2 + bgggvg + biguB* + bogvB* + O((\u| + |U‘ + ’B*’)4),
(4.2)

where



N " * % Ax* * * C
a1 =1+h(-D—(B+ B+ 24-)y*), ay = h(—(B + B*)z —Wﬁ

ai = h(~(B + B*) - ﬂ%%¥9> 2= h (%)

aiz =h (%) , a2 = h (ﬁ) ;
a3 = —hy*,ags = —hx*, b1z = hy*, baz = ha™,

_ *) Ay*2 _ *) % Az*y* (y*+2C
bu=h ((B+ By + M), bo=1+h (B4 Brar 4+ 400020 1),
blz—h(B‘l‘B +%y*2170)2)5 b22—h<m)’

2 *
bizz = h (7@’40 : ) ; baoa =h (7’40% )

(4.3)
Consider the translation
(0)=7(5)
v Yy
where T is an invertible matrix given in the form
o as a9
r = <—1—a1 )\2—a1>7
then, model (4.2) has the form
) = U ¢ Y : 4.4
(y) (0 A2)<y> (fxa%Bﬂ (4.4)
where
~ ~ * 1 * *
fi(#,9,B*) = ————((M2 — a1)(a10uv + azv* + a122uv? + azenv® + a13uB* + agzvB*)
az(1+ A2)
— az(b1ouv + bogv® + brgouv? + bagov® + bizuB* + bazv B¥)
+ O((Jul + [ol + [B*)*),
~ o~ * 1 * *
fo(2,9,B*) = ————((1 4 a1)(ajpuv + a220° + a129uv? + a990> + a13uB* + agszvB )
CLQ(]. + )\2)
+ a2(b12uv + b22v2 + b122u112 + b222v3 + blguB* + b23UB*)
+ O((Jul + v + |B*)*)),
and
a2(Z+7), v=—(1+a1)x+ (A2 — a1)7,
@ = G254 )
w = ag(—(1+a))® 4+ (Mo — 2a; — 1)E7 + az(Ma — a1)§?),
v = (T+a1)’2 + (A — a1)’5® — 2(1 4+ a1) (A2 — a1)Z4.



According to the center manifold theorem [5], There exists a center manifold
W.(E*)(0,0,0) of (4.2) at E* in a small neighborhood of B* in the following form

W.(E*)(0,0,0) = {(z,§, B*) € R?,§ = h(Z, B*), h(0,0) = 0, Dh(0,0) = 0},
for  and B* sufficiently small. Suppose there exists a center manifold in given by
h(#, B*) = co#* 4+ c12B* + caB** + O((|Z] + | B*|)®). (4.5)
The following relation must be satisfied by the center manifold
h(—Z + f1(&, h(Z, B*), B*), B*) = \oh(&, B*) + fo(&, h(&, B*), B*). (4.6)

Substituting (4.5) into (4.6), then equating like powers’ coefficients in (4.6), we
obtain

(I 4ar)az + b
o = )

GQ(l — A%)
o = (1 + ay)agz + b1z + (1 + A2)aiz + bag
! az(1— A2) ’
co = 0.

Now system (4.4) restricted to the center manifold W.(E*)(0,0,0) is given by:

F:&— —i+ A#* + CiB* + Di*B* + Ez3 + O((|#| + |B*])Y), (4.7)
where
A2 — a1 9
A = m(—am(l +a1)® — arpaz(1l + a1) + az(l +a1))
1
+ m(agbm(l + a1) + agbaa (1 + G1)2)7
Ay —a
Cc = ﬁ(aw@ —azs(l+ay))
1
— m(a%bw + agbaz(1 + a1)),
Ao —a
E = ﬁ(almag(l +a1)? — agea(1 +a1)?)
1 2 2 3
+ m(—a2blgg(1 + al) + a2b222(1 + al) ),
D = 0.



The system (4.7) admits a flip bifurcation if the quantities o; and o do not equal
zero, where

O*F  OF OF
o= ( 9a 0i | dar %)(0,0) =20#0,
1/0°F\2 1/0°F 9
oo = (3(5m) +3(G@)) gy~ 28+ BV 2O
This completes the proof.

Similarly, part (4)(ii) of Lemma 2 indicates that a Neimark-Sacker bifurcation
may occur at E* when B lies in a neighborhood of the set:

Ay*Q ) ]Wm*y*2
r{(M-1)(D+ -
<( : ( y*+C yr+C

oy .y (M gy (g

Tt —y 7}L(Dl + (M - 1)y* —a*y <]u+y*+0>>
We discuss Neimark-Sacker bifurcation of E*(z*,y*), the eigenvalues associated
with j(E*) are complex conjugate (A = \) if P? < 4Q),

s —P+ti\/4Q—P2
AA=——5"—

We obtain || = /Q,
Q = 1+h(Bz* + M —1—y*S—D)—h3((D+y*S)(Ba* + M —1)— z*y*S(B+M)),
Q(Bns) =1,

Ay*2
y*+C

>+D+171\J+

NS(E*) ={ (A, B,C,D,h) € RS | Byg = , P<2/Q

* k) — 2 * _ Kk K
%’BZBNS _ h(z*—y*x)—h (D$2\—‘;%M Dy*—z*y* M) 7& 0.
In addition if:
P(Bys) #0,1 then h(y*S+ D — Bx*— M +1) # 2,3, (4.8)

which satisfies N, A\ # 1 for m = 1,2,3,4. Therefore, the eigenvalues A, A of

fize = (x*,y*) of the system (4.2) do not lie in the intersection of the unit circle

with the coordinate axes when B* = 0 and the condition (4.8) holds, now, we

discuss the normal form of (4.2) at B* = 0.

Let B* =0, 0 = 3(2— h(y*S + D — Bz* + M + 1)),

w = 3\/4h3((D + y*S)(Ba* + M — 1) — 2*y*S(B + M)) + h?(y*S + D — Bx* — M + 1)2.
Constructing an invertible matrix

T _ < as 0 >,
o—a; —WwW

and using the translation

the system (4.2) becomes

()= (2 2)(0)(hen), 4



where

5o~ ann a2 ag . .
A& = —u®+ —uv+—v"+O((|Z| + [7])*),
a9 as a9
- . g — aj - -
f(2,9) = o (a11u® + ajpuv + azv?) + O((|12] + 13))%),
and
u = ayZ,v=(0—a)i— wy,
w = ag(oc— a1)£2 — AWy,
w? = 4’3, 07 = (0 — a1)?7 + W - 2(0 — ar)wid.
Therefore,
= a2
fizz = 2a11a2 + 2672(0 —a1)? + 2a12(0 — a1),
- a2
fizg = —apw—2—w(o —ay),
ag
= a2 o
figg = ?2&1 )
1355 = Jizgg = figgg = fizzz = 0,
- o—ay
foiz = -~ (2a11a3 + 2a12a2) (0 — a1) + 2ag(0 — a1)?,
- g — aq
i = —a12a0w — 2a —ay)w
fozg oo (—ai2a2 2(0 — ar)w),
= g — aq 2
i = 2 a99W
f2yy 9w ( 22 )7
Jozzg = fozgy = foggy = fozzz =0

at the origin.
The system (4.9) may undergo a Neimark-Sacker bifurcation if the following quan-
tity does not equal zero:

1—2\)\2 1 <
L= [— Re(gLuLm) — §|L11’2 — ’L21’2 + R€()\L22)]

1—A a*=0’
where
Ln = i((ﬁm + f1gg) + i(fazze + fogg)).
Lig = é((flij — figg + 2f2iy) + i(faiz — fagg — 2f129)),
Ly = %((ﬁﬁ: — figg — 2f2iy) + i(f2zz — fogg + 2f125)),
Ly = %((fliii + fragy + fozzg + foggg) + i(fozzz + fargy — Frazg — Figag))-

11



According to the preceding analysis we can state the following result based on
[5,40].

Theorem 1. System (2.2) undergoes Neimark-Sacker bifurcation at the fized point
fiza(z*, y*) under the conditions (4.8) and L # 0, when B is close to B*. More-
over, if L <0 (resp., L > 0), then an attracting (resp., repelling) invariant closed
curve bifurcates from the fixed point for B > B* (resp., B < B*).

5 Numerical simulations

In this section, we conduct numerical simulations together with numerical con-
tinuation of fixed points to substantiate our analytical findings and to examine
the richer dynamical phenomena of model (2.2). Throughout all simulations, the
parameters are fixed as ( A = 0.361, C = 0.823, D = 0.057 ), following the
assumptions in Ref [21], while the parameters B and h are allowed to vary.

12



0 500 1000 1500 0 500 1000 1500
day day

(a) (b)

()

Figure 1: (a) and (b) viral blips trajectories of the model (2.2) and (c) a stable
closed orbit. The initial conditions from (a)-(c) are (zo,y0) = (13.543,0.7), and
h = 0.02.

Figure (1) presents the numerical simulations of the two-dimensional HIV infection
model, illustrating the temporal and phase-space dynamics of the system. Panels
(a) and (b) depict the time series trajectories of the uninfected cell population
x(t) and the viral load y(t), respectively. Both variables exhibit recurrent oscil-
latory behavior following an initial transient phase, representing the appearance
of periodic viral blips over time. This oscillatory pattern highlights the complex
nonlinear interactions between viral replication and immune response mechanisms.
Panel (c) shows the corresponding phase portrait in the (x,y)-plane, where the
discrete points form a closed orbit, confirming the existence of a stable closed
orbit. The presence of this closed orbit indicates that the system evolves toward

13



sustained periodic oscillations rather than a steady-state equilibrium.

Overall, the numerical results corroborate the analytical predictions and demon-
strate that, for the parameter set (A = 0.361, C' = 0.823, D = 0.057), the model
exhibits a stable periodic regime. This behavior supports the interpretation that
viral blips may arise as deterministic manifestations of intrinsic system dynamics
rather than as stochastic fluctuations, providing insight into the persistence and
recurrence of low-level viremia observed in HIV-infected individuals.

3.235 0.826
3.23 0.824
3005 0.822
0.82

3.22
0.818

% 3215 =

0.816

a1
0.814
3.205 0812
32 0.81
3.195 0.808

0 500 1000 1500 0 500 1000 1500
days days
(a) (b)

0.826

0.824

0.822

0.818

0.816

0.814

0.812

0.81

0.808
3.195 3.2 3.205 321 3215 322 3225 323 3235

X

(¢)

Figure 2: (a) and (b) trajectories of the model (2.2) and (c¢) Neimark-Sacker
bifurcation at (3.1989,0.8177) with A = 0.09 and B = 0.1312.

Figure (2) illustrates the numerical evidence of a Neimark-Sacker bifurcation in
the two-dimensional HIV infection model. Panels (a) and (b) display the time
series trajectories of the uninfected cell population x(t) and the viral load y(t), re-

14



spectively, near the bifurcation point (z*,y*) = (3.1989,0.8177). The trajectories
exhibit sustained small-amplitude oscillations, indicating the onset of quasiperi-
odic behavior as the system transitions from a stable equilibrium to a closed
invariant curve.

Panel (c) presents the corresponding phase portrait in the (x,y)-plane, where the
discrete points form a smooth closed orbit surrounding the fixed point. This
confirms the emergence of a stable invariant torus characteristic of a Neimark-
Sacker bifurcation.

The results obtained for h = 0.09 and B = 0.1312 demonstrate that as the control
parameter B crosses its critical value, the fixed point loses stability and gives rise
to persistent oscillations. This behavior highlights the system’s transition from
steady-state infection dynamics to quasiperiodic oscillations, which may represent
complex viral load fluctuations observed in clinical HIV progression.
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Figure 3: Phase plane of the model (2.2) with different values for x, y, h, and B.

Figure (3) illustrates the phase portraits of the two-dimensional HIV infection
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model (2.2) for different parameter values, highlighting the qualitative changes in
system dynamics as key parameters vary. Panels (a)-(e) display distinct trajecto-
ries in the (x,y)-plane, each representing different dynamical regimes ranging from
stable fixed point to oscillatory and quasi-periodic behaviors.

In Figures 3(a) and 3(b), the trajectories converge smoothly toward a fixed point,
indicating locally asymptotically stable behavior. As parameters are varied, as
seen in Figures 3(c)-(e), the system exhibits closed orbits and more complex
attractor structures, suggesting transitions to periodic and quasiperiodic states
through bifurcation phenomena. The emergence of such limit cycles and invariant
curves reflects the system’s sensitivity to parameter changes and the possibility of
multiple stable dynamic modes.

Overall, these phase plane analyses confirm that the HIV model undergoes rich
nonlinear dynamical behavior, including stability loss and oscillatory patterns,
depending on the control parameters. This underlines the potential of the model
to capture diverse biological scenarios such as viral persistence, immune response
oscillations, and the emergence of chronic infection states.
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4: Bifurcation diagrams and corresponding Lyapunov exponents of map



Figure (4) presents the bifurcation diagrams and the corresponding maximum
Lyapunov exponents of the two-dimensional HIV map (2.2) for different parameter
values. Each pair of panels (a,b), (c,d) and (e,f) illustrates the qualitative changes
in the system dynamics as the bifurcation parameter varies.

In the bifurcation diagrams (Figures 4a, 4c, and 4e), the system exhibits a transi-
tion from stable fixed points to periodic oscillations, followed by the emergence of
chaotic regimes through a series of period-doubling bifurcations [6]. These com-
plex behaviors reflect the nonlinear nature of the HIV model and demonstrate how
small variations in system parameters can lead to significant qualitative changes
in the long-term dynamics.

The corresponding plots of the maximum Lyapunov exponent (Figures 4b, 4d,
and 4f) provide quantitative confirmation of these transitions. Negative Lyapunov
exponents correspond to stable steady states or periodic solutions, while positive
values indicate chaotic dynamics. The regions where the Lyapunov exponent
crosses zero coincide with the bifurcation points observed in the diagrams, further
validating the occurrence of transitions from order to chaos.

Overall, these results highlight the rich dynamical behavior of the HIV model and
emphasize the sensitivity of its dynamics to parameter variations. The coexistence
of periodic and chaotic attractors suggests potential implications for understanding
irregular oscillations in viral load and immune response dynamics in HIV infection.

6 Conclusion

In this study, we investigated the nonlinear dynamical behavior of a two-dimensional
discrete-time HIV infection model derived from its continuous counterpart through
the forward Euler discretization scheme. The discretization preserved the funda-
mental qualitative properties of the continuous system while enabling detailed
exploration of the discrete dynamics, including local stability, bifurcation phe-
nomena, and the emergence of complex oscillatory behavior.

Analytical investigations established the necessary and sufficient conditions for the
stability of both the infection-free and endemic fixed points. The analysis revealed
that the system exhibits rich dynamical behavior as key parameters—particularly
the infection rate parameter B-vary. Specifically, it was shown that the model un-
dergoes both flip (period-doubling) and Neimark-Sacker (secondary Hopf) bifurca-
tions, leading to the onset of periodic and quasiperiodic oscillations, respectively.
These bifurcations mark the transition from steady-state infection dynamics to
more intricate oscillatory regimes, reflecting the intrinsic instability and nonlinear
feedback inherent in HIV-immune system interactions.

The numerical simulations confirmed the analytical predictions and illustrated the
system’s transition from equilibrium states to limit cycles and chaotic attractors.
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The bifurcation diagrams and corresponding Lyapunov exponent spectra provided
quantitative evidence of these transitions, clearly demonstrating routes to chaos
via period doubling. The coexistence of multiple attractors and sensitivity to pa-
rameter perturbations underscore the model’s capacity to reproduce biologically
relevant patterns such as viral blips, sustained oscillations, and irregular fluc-
tuations in viral load and immune cell concentrations—phenomena observed in
clinical data.

From a biological perspective, these results suggest that the complex oscillations
and chaotic behaviors observed in HIV dynamics may not solely arise from random
fluctuations or external perturbations but could emerge deterministically from
the inherent nonlinearities of viral replication and immune response processes.
The presence of bifurcation-induced oscillations offers a theoretical explanation
for recurrent episodes of low-level viremia, even under conditions of treatment or
immune control.

In conclusion, the discrete HIV infection model provides a robust framework for
understanding the diverse dynamical regimes underlying HIV pathogenesis. The
combination of analytical bifurcation theory and numerical experimentation not
only enhances our comprehension of viral-immune dynamics but also offers po-
tential insights into the timing and nature of therapeutic interventions. Future
work may extend this model to higher dimensions or include additional biological
mechanisms such as drug therapy effects, immune delay responses, and cellular
mutation processes to further elucidate the complex temporal behavior of HIV
infection.

List of Abbreviations

HIV Human Immunodeficiency Virus
AIDS Acquired Immunodeficiency Syndrome
CD4+ Cluster of Differentiation 4 positive T cells

ODE Ordinary Differential Equation

Declarations

Ethics approval and consent to participate

Not applicable. This study is purely theoretical and does not involve human
participants, human data, or animal experiments.

20



Consent for publication

Not applicable.

Data Availability

The datasets used and/or analysed during the current study are available from
the corresponding author on reasonable request.

Competing interests

The authors declare that they have no competing interests.

Funding

The authors received no specific funding for this work.

Authors’ contributions

A.E. and S.S. designed the study, developed the mathematical model, and per-
formed the analytical derivations. S.R. conducted the numerical simulations and
drafted the manuscript. All authors read and approved the final manuscript.

Acknowledgements

Not applicable.

References

[1] Salman SM. Strong Resonance Bifurcations in a Discrete-Time In-Host Model With
a Saturating Infection Rate. J Comput Nonlinear Dyn. 2023;18(7):071007.

[2] Fung ICH, Gambhir M, van Sighem A, de Wolf F, Garnett GP. The Clinical In-
terpretation of Viral Blips in HIV Patients Receiving Antiviral Treatment: Are We
Ready to Infer Poor Adherence? J Acquir Immune Defic Syndr. 2012;60(1):5-11.

[3] Ackleh AS, Hossain MI, Veprauskas A, Zhang A. Persistence and Stability Analysis
of Discrete-Time Predator-Prey Models: A Study of Population and Evolutionary
Dynamics. J Differ Equ Appl. 2019;25(11):1568-603.

[4] Denu D, Ngoma S, Salako RB. Analysis of a Time-Delayed HIV/AIDS Epidemic
Model With Education Campaigns. Comput Appl Math. 2021;40:210.

[5] Kuznetsov YA. Elements of Applied Bifurcation Theory. 2nd ed. New York: Springer;
1998.

21



(6]

[17]

[18]

Wen G, Wang Q, Chiu M. Delay Feedback Control for Interaction of Hopf and Period
Doubling Bifurcation in Discrete Systems. Int J Bifurcation Chaos. 2006;16(1):101-
12.

Hu Z, Teng 7, Jiang H. Stability Analysis in a Class of Discrete SIRS Epidemic
Models. Nonlinear Anal Real World Appl. 2012;13(5):2017-33.

Mukandavire Z, Gumel AB, Garira W, Tchuenche JM. Mathematical Analysis of a
Model for HIV-Malaria Co-Infection. Math Biosci Eng. 2009;6(2):333-62.

Robinson C. Dynamical Models, Stability, Symbolic Dynamics, and Chaos. 2nd ed.
London: CRC Press; 1999.

D’Innocenzo A, Paladini F, Renna L. A Numerical Investigation of Discrete Oscil-
lating Epidemic Models. Phys A. 2006;364:497-512.

Hillmann A, Crane M, Ruskin HJ. Assessing the Impact of HIV Treatment Inter-
ruptions Using Stochastic Cellular Automata. J Theor Biol. 2020;502:110376.

Conway JM, Coombs D. A Stochastic Model of Latently Infected Cell Reacti-
vation and Viral Blip Generation in Treated HIV Patients. PLoS Comput Biol.
2011;7(4):1002033.

Zhang W, Wahl LM, Yu P. Conditions for Transient Viremia in Deterministic In-Host
Models: Viral Blips Need No Exogenous Trigger. STAM J Appl Math. 2013;73(2):853-
81.

Jabbari A, Kheiri H, Jodayree Akbarfam A, Bekir A. Dynamical Analysis of the
Avian-Human Influenza Epidemic Model Using Multistage Analytical Method. Int
J Biomath. 2016;9(6):1650090.

Franke JE, Yakubu AA. Disease-Induced Mortality in Density-Dependent Discrete-
Time SIS Epidemic Models. J Math Biol. 2008;57(6):755-90.

Van Gaalen RD, Wahl LM. Reconciling Conflicting Clinical Studies of Antioxidant
Supplementation as HIV Therapy: A Mathematical Approach. BMC Public Health.
2009;9(Suppl 1):1-18.

Chavez JP. Discretizing Bifurcation Diagrams Near Codimension Two Singularities.
Int J Bifurcation Chaos. 2010;20(5):1391-403.

Diekmann O, Othmer HG, Planque R, Bootsma MCJ. The Discrete-Time Kermack-
McKendrick Model: A Versatile and Computationally Attractive Framework for
Modeling Epidemics. Proc Natl Acad Sci USA. 2021;118(39):€2106332118.

Culshaw RV, Ruan S. A Delay-Differential Equation Model of HIV Infection of CD4+
T-Cells. Math Biosci. 2000;165(1):27-39.

Nowak MA, Bangham CRM. Population Dynamics of Immune Responses to Persis-
tent Viruses. Science. 1996;272(5258):74-9.

22



[21]

Zhang W, Wahl LM, Yu P. Viral Blips May Not Need a Trigger: How Tran-
sient Viremia Can Arise in Deterministic In-Host Models. STAM J Appl Math.
2014;56(1):853-81.

Nikolaos IS, Dietz K, Schenzle D. Analysis of a Model for the Pathogenesis of AIDS.
Math Biosci. 1997;145(1):27-46.

Zhang L, Zhang C. Codimension One and Two Bifurcations of a Discrete
Stage-Structured Population Model With Self-Limitation. J Differ Equ Appl.
2018;24(8):1210-46.

Mastroberardino A, Cheng Y, Abdelrazec A, Liu H. Mathematical Modeling of the
HIV/AIDS Epidemic in Cuba. Int J Biomath. 2015;8(4):1550047.

Zhang D, Shi B. Oscillation and Global Asymptotic Stability in a Discrete Epidemic
Model. J Math Anal Appl. 2003;278(1):194-202.

Tarfulea N. Drug Therapy Model With Time Delays for HIV Infection With Virus-
to-Cell and Cell-to-Cell Transmissions. J Appl Math Comput. 2019;59(1-2):677-91.

Rong L, Feng Z, Perelson AS. Emergence of HIV-1 Drug Resistance During An-
tiretroviral Treatment. Bull Math Biol. 2007;69(6):2027-60.

Salman SM, Elsadany AA. Analytical Bifurcation and Strong Resonances of a Dis-
crete Bazykin-Berezovskaya Predator-Prey Model With Allee Effect. Int J Biomath.
2023;epub.

Anderson RM, Medley GF, May RM, Johnson AM. A Preliminary Study of the
Transmission Dynamics of the Human Immunodeficiency Virus (HIV), the Causative
Agent of AIDS. IMA J Math Appl Med Biol. 1986;3(4):229-63.

Salman SM. Memory and Media Coverage Effect on an HIV/AIDS Epidemic Model
With Treatment. J Comput Appl Math. 2021;385:113203.

Hernandez-Vargas EA, Middleton RH. Modeling the Three Stages of HIV Infection.
J Theor Biol. 2013;320:33-40.

Allen LJS, Burgin AM. Comparison of Deterministic and Stochastic SIS and SIR
Models in Discrete Time. Math Biosci. 2000;163(1):1-33.

Franke JE, Yakubu AA. Discrete-Time SIS Epidemic Model in a Seasonal Environ-
ment. STAM J Appl Math. 2006;66(5):1563-87.

Guo T, Qiu Z, Kitagawa K, Iwami S, Rong L. Modeling HIV Multiple Infection. J
Theor Biol. 2021;509:110502.

Yang Y, Xu R. Mathematical Analysis of a Delayed HIV Infection Model With
Saturated CTL Immune Response and Immune Impairment. J Appl Math Comput.
2022;68(4):2365-80.

23



Huang G, Takeuchi Y, Ma W. Lyapunov Functionals for Delay Differential Equations
Model of Viral Infections. SIAM J Appl Math. 2010;70(7):2693-708.

Yao W, Hertel L, Wahl LM. Dynamics of Recurrent Viral Infection. Proc R Soc B
Biol Sci. 2006;273(1598):2193-9.

Kuznetsov YA, Meijer HGE, Veen L. The Fold-Flip Bifurcation. Int J Bifurcation
Chaos. 2004;14(07):2253-82.

Shi PL, Dong LZ. Dynamical Behaviors of a Discrete HIV-1 Virus Model With
Bilinear Infective Rate. Math Methods Appl Sci. 2014;37(15):2271-80.

Guckenheimer J, Holmes P. Nonlinear Oscillations, Dynamical Systems, and Bifur-
cations of Vector Fields. New York: Springer-Verlag; 1983.

24



