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Abstract

This paper proposes an off-policy integral reinforcement learning-based robust
optimal tracking control method for four-wheeled Mecanum mobile robots sub-
ject to COM-induced and slip-related uncertainties. Based on the kinematic and
dynamic model of the Mecanum platform, the trajectory tracking problem is
transformed into an autonomous affine nonlinear system. A robust optimal con-
trol problem is then formulated using the Hamilton–Jacobi–Isaacs framework
to simultaneously improve tracking accuracy, reduce control effort, and atten-
uate the effect of worst-case disturbances. Since the resulting HJI equation is
difficult to solve analytically, an off-policy integral reinforcement learning algo-
rithm is developed to approximate its solution from collected input–state data.
Three neural networks are employed to estimate the optimal value function, the
robust optimal control policy, and the worst-case disturbance policy. Lyapunov-
based stability analysis proves that all closed-loop signals are uniformly ulti-
mately bounded. Simulation results under time-varying load-distribution and
wheel–ground interaction uncertainties demonstrate that the proposed controller
achieves better tracking performance, smoother control torques, and stronger
robustness than conventional actor–critic reinforcement learning methods.

Keywords: Four-wheeled Mecanum mobile robot, Time-Varying RISE, optimal
tracking control, Actor-critic, reinforcement learning
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1 Introduction

Four-wheeled Mecanum mobile robots have been widely investigated and deployed
in robotic applications because of their omnidirectional mobility, compact mechani-
cal structure, and high maneuverability in confined environments. Since the original
Mecanum wheel concept was introduced in [1], omnidirectional wheeled mobile robots
have become an important class of mobile robotic systems, with their structural and
motion properties systematically studied in [2]. Owing to the special roller arrange-
ment of Mecanum wheels, the robot can move longitudinally, laterally, and rotationally
without changing its body orientation. This capability makes Mecanum mobile robots
particularly suitable for logistics automation, intelligent warehousing, service robotics,
and industrial transportation.

In recent years, Mecanum mobile robots have also been increasingly used as mobile
bases for robotic manipulators, forming mobile manipulation systems capable of per-
forming both locomotion and manipulation tasks [3, 4]. However, the integration of a
payload or robotic arm introduces additional challenges to the control design. In prac-
tical operation, the center of mass of the overall system may deviate from the geometric
center of the mobile base due to payload variation or manipulator motion [5]. Such
center-of-mass deviation changes the inertia distribution, causes nonuniform wheel
loading, and strengthens the coupling between translational and rotational dynam-
ics. Furthermore, the wheel–ground interaction of Mecanum wheels is inherently more
complicated than that of conventional wheels because the passive rollers introduce
additional slip components. These effects may result in COM-induced and slip-related
uncertainties, which can significantly degrade trajectory tracking performance and
may even cause oscillatory motion or instability [6–8].

A considerable number of studies have addressed the modeling and trajectory
tracking control of Mecanum-wheeled mobile robots. Kinematic and dynamic models
of Mecanum platforms have been developed in [9–12], while adaptive and model-
based control approaches have been investigated in [13–17]. For trajectory tracking,
several nonlinear control techniques have been proposed, including kinematic control,
trajectory linearization, robust tracking control, adaptive integral terminal sliding
mode control, and sliding mode control under uncertainties [18–23]. These methods
can achieve acceptable tracking performance under certain assumptions. Nevertheless,
kinematic controllers usually neglect dynamic effects caused by load redistribution and
wheel slippage, whereas robust and adaptive controllers often require conservative gain
tuning or prior knowledge of uncertainty bounds. Moreover, most of these approaches
mainly focus on stability and tracking accuracy, while the optimal trade-off between
tracking performance and control effort is not explicitly considered.

Reinforcement learning and adaptive dynamic programming have recently emerged
as effective tools for optimal control of nonlinear systems. In general, optimal con-
trol of nonlinear systems is associated with the Hamilton–Jacobi–Bellman equation,
while robust optimal control with disturbance attenuation is related to the Hamilton–
Jacobi–Isaacs equation [24–27]. Since these equations are nonlinear partial differential
equations and are difficult to solve analytically, adaptive dynamic programming and
reinforcement learning have been developed to approximate their solutions using neu-
ral networks [24–27]. For trajectory tracking problems, ADP-based approaches have
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been extended to continuous-time systems, where the value function and control pol-
icy depend on tracking error dynamics [28, 29]. However, the time-varying nature
of tracking problems makes the stability analysis and optimal policy learning more
challenging.

Actor–Critic reinforcement learning structures have been widely used to approx-
imate the optimal value function and control policy without directly solving the
Hamilton–Jacobi–Bellman equation [30–36]. These methods provide a promising
framework for learning-based optimal tracking control of mobile robots. In particular,
reinforcement learning-based tracking control has been applied to Mecanum mobile
robots in [17, 37]. However, most existing Actor–Critic-based methods are formulated
mainly under the optimal control framework and do not explicitly consider the worst-
case disturbance attenuation problem. When the robot is subject to time-varying
load distribution, wheel–ground interaction uncertainty, and external disturbances, a
robust optimal control formulation is more appropriate because it can simultaneously
optimize tracking performance and attenuate disturbance effects.

From the robust optimal control perspective, the Hamilton–Jacobi–Isaacs frame-
work formulates the control input and the disturbance input as two opposite players
in a zero-sum differential game. In this formulation, the controller seeks to minimize
the performance index, whereas the disturbance seeks to maximize it. The corre-
sponding optimal solution provides both the robust optimal control policy and the
worst-case disturbance policy. Nevertheless, solving the HJI equation requires system
dynamic information and is generally intractable for uncertain nonlinear systems. To
overcome this difficulty, off-policy integral reinforcement learning can be used to learn
the solution of the HJI equation from collected input–state data. The off-policy IRL
formulation has been shown to provide an equivalent Bellman equation and to con-
verge to the robust optimal control and disturbance policies under suitable conditions
[38, 39].

Motivated by the above observations, this paper proposes an off-policy inte-
gral reinforcement learning-based robust optimal tracking controller for four-wheeled
Mecanummobile robots subject to COM-induced and slip-related uncertainties. Differ-
ent from conventional Actor–Critic optimal tracking controllers, the proposed method
approximates not only the optimal value function and control policy, but also the
worst-case disturbance policy. Three neural networks are employed, including a critic
network for the value function, a control actor network for the robust optimal control
policy, and a disturbance actor network for the worst-case disturbance policy.

The main contributions of this paper are summarized as follows:

1. A robust optimal tracking control framework is developed for four-wheeled
Mecanum mobile robots subject to COM-induced and slip-related uncertainties.
The trajectory tracking problem is transformed into an autonomous affine nonlinear
system and formulated within the Hamilton–Jacobi–Isaacs framework.

2. An off-policy integral reinforcement learning algorithm is proposed to approximate
the solution of the Hamilton–Jacobi–Isaacs equation using three neural networks,
corresponding to the optimal value function, the robust optimal control policy, and
the worst-case disturbance policy. The UUB stability of the closed-loop system is
proven using Lyapunov theory.
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2 Kinematic and Dynamic Modeling

Consider a four-wheeled Mecanum mobile robot moving on a horizontal plane, as
shown in Fig. 1. An inertial frame {OI , XI , YI} is fixed to the ground, while a body-
fixed frame {OR, XR, YR} is attached to the geometric center of the robot platform.

Fig. 1 Dynamic model of the four-wheeled Mecanum mobile robot with time-varying COM offset.

The generalized coordinate vector is defined as

q =
[

x y ϕ
]T

, (1)

where x and y denote the position of the robot in the inertial frame, and ϕ is the
heading angle.

Due to payload variation or manipulator motion, the actual center of mass may
deviate from the geometric center of the mobile base, as illustrated in Fig. 1. The
center-of-mass offset vector is defined in the body-fixed frame as

Rc =
[

xc yc
]T

, (2)

where xc and yc are the longitudinal and lateral COM offsets, respectively. The pres-
ence of Rc changes the inertia distribution, produces nonuniform wheel loading, and
introduces additional coupling between translational and rotational motions.

The relationship between the inertial-frame velocity q̇ and the body-fixed velocity
vq is expressed as

vq = H(ϕ)q̇, (3)

where

vq =
[

vx vy ω
]T

, H(ϕ) =

⎡

⎣

cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

⎤

⎦ . (4)

4



Equivalently, the robot kinematics can be written as

q̇ = H−1(ϕ)vq. (5)

The dynamic model of the Mecanum mobile robot with COM-induced and slip-
related uncertainties is described by

M(Rc)q̈ + C(q, q̇, Rc)q̇ +D(Rc, ρ) = Bτ, (6)

where M(Rc) ∈ R
3×3 is the inertia matrix affected by the COM offset, C(q, q̇, Rc) ∈

R
3×3 denotes the Coriolis and centrifugal matrix, D(Rc, ρ) represents lumped uncer-

tainties caused by COM-induced coupling, wheel–ground interaction, and wheel
slippage, B ∈ R

3×4 is the input transformation matrix, and

τ =
[

τ1 τ2 τ3 τ4
]T

(7)

is the vector of wheel torques.
The inertia matrix is given by

M(Rc) =

⎡

⎣

m11 0 m13

0 m22 m23

m31 m32 m33

⎤

⎦ , (8)

where

m11 = mb + 4

(

mw +
Iw

r2

)

,

m22 = mb + 4

(

mw +
Iw

r2

)

,

m13 = m31 = mb (xc sinϕ+ yc cosϕ) ,

m23 = m32 = mb (−xc cosϕ+ yc sinϕ) ,

m33 = mb

(

x2
c + y2c

)

+ Ib + 8

(

mw +
Iw

r2

)

l2 sin2
(π

4
− α

)

. (9)

Here, mb and Ib are the mass and moment of inertia of the robot body, mw and Iw are
the mass and moment of inertia of each wheel, r is the wheel radius, l is the distance
from the robot center to each wheel, and α is the roller angle of the Mecanum wheel.

The Coriolis and centrifugal matrix induced by the eccentric mass distribution is
expressed as

C(q, q̇, Rc) =

⎡

⎣

0 0 mbϕ̇(xc cosϕ− yc sinϕ)

0 0 mbϕ̇(xc sinϕ+ yc cosϕ)
0 0 0

⎤

⎦ . (10)
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The input transformation matrix is defined as

B =
1

r

⎡

⎣

−(Cϕ − Sϕ) −(Cϕ + Sϕ) Cϕ − Sϕ Cϕ + Sϕ

−(Sϕ + Cϕ) −(Sϕ − Cϕ) Sϕ + Cϕ Sϕ − Cϕ

−
√
2lSα −

√
2lSα −

√
2lSα −

√
2lSα

⎤

⎦ , (11)

where
Cϕ = cosϕ, Sϕ = sinϕ, Sα = sin

(π

4
− α

)

. (12)

The lumped uncertainty term D(Rc, ρ) in (6) includes the effects of COM-induced
dynamic coupling, nonuniform wheel loading, wheel slippage, friction variation, and
unmodeled disturbances. In this paper, these effects are considered bounded but
unknown.

Taking the time derivative of (3) gives

v̇q = H(ϕ)q̈ + Ḣ(ϕ)q̇. (13)

From (6), the generalized acceleration is obtained as

q̈ = M−1(Rc)Bτ −M−1(Rc)C(q, q̇, Rc)q̇ −M−1(Rc)D(Rc, ρ). (14)

Substituting (14) into (13), and using q̇ = H−1(ϕ)vq, the body-frame velocity
dynamics can be rewritten as

v̇q = f̄(q, vq)vq + ḡ(q)τ + ḡ(q)d(q, vq), (15)

where

f̄(q, vq) = Ḣ(ϕ)H−1(ϕ)−H(ϕ)M−1(Rc)C(q, q̇, Rc)H
−1(ϕ), (16)

ḡ(q) = H(ϕ)M−1(Rc)B, (17)

ḡ(q)d(q, vq) = −H(ϕ)M−1(Rc)D(Rc, ρ). (18)

Define the system state vector as

x =
[

qT vTq
]T ∈ R

6. (19)

Then, the control-oriented affine nonlinear model of the Mecanum mobile robot is
obtained as

ẋ = f(x) + g(x)τ + g(x)d(x), (20)

where

f(x) =

[

H−1(ϕ)vq
f̄(q, vq)vq

]

, g(x) =

[

03×4

ḡ(q)

]

. (21)

The term d(x) denotes the matched lumped uncertainty associated with COM-induced
and slip-related effects. The affine form (20) will be used in the following sections
to formulate the robust optimal tracking control problem and develop the off-policy
integral reinforcement learning-based controller.
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3 Controller Design

This section develops the proposed robust optimal tracking controller. The tracking
error dynamics is first transformed into an autonomous affine nonlinear system. Then,
the HJI-based robust optimal control problem is formulated and solved approximately
using an off-policy integral reinforcement learning algorithm.

3.1 Robust Optimal Tracking Problem Formulation

Based on the affine nonlinear model obtained in (20), the control-oriented dynamics
of the four-wheeled Mecanum mobile robot can be rewritten as

ẋ = f(x) + g(x)τ + g(x)d(x), (22)

where x ∈ R
6 is the system state, τ ∈ R

4 is the wheel torque input, and d(x) ∈ R
4

denotes the matched lumped uncertainty caused by COM-induced and slip-related
effects.

Let the desired reference state be described by

xd =
[

qTd vTqd
]T ∈ R

6, (23)

where
qd =

[

xd yd ϕd

]T
(24)

is the desired position and heading vector, and vqd is the desired body-fixed velocity.
The reference system is assumed to satisfy

ẋd = hd(xd), (25)

where hd(xd) is a bounded smooth function.
The tracking error is defined as

e = x− xd. (26)

Taking the time derivative of (26) and using (22) and (25), one obtains

ė = f(x) + g(x)τ + g(x)d(x)− hd(xd). (27)

To separate the feedforward reference compensation from the feedback control
input, the wheel torque input is decomposed as

τ = τd + u, (28)

where u ∈ R
4 is the feedback control input to be designed, and τd is the feedforward

reference input defined by

τd = g+(xd) [hd(xd)− f(xd)] . (29)
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Here, g+(xd) denotes the generalized inverse of g(xd).
Substituting (28) into (27) gives

ė = f(x)− hd(xd) + g(x)τd + g(x)u+ g(x)d(x). (30)

To transform the time-varying tracking problem into an autonomous regulation
problem, the augmented state vector is introduced as

z =
[

eT xT
d

]T ∈ R
12. (31)

Then, the augmented error dynamics can be expressed in the affine form

ż = F (z) +G(z)u+K(z)d, (32)

where

F (z) =

[

f(x)− hd(xd) + g(x)τd
hd(xd)

]

,

G(z) =

[

g(x)
06×4

]

,

K(z) =

[

g(x)
06×4

]

.

(33)

In (32), d ∈ R
4 represents the matched disturbance input associated with the lumped

uncertainty.
The objective is to design a robust optimal tracking controller u∗(z) such that the

tracking error is driven to a small neighborhood of the origin while the control effort is
minimized and the influence of the worst-case disturbance is attenuated. To this end,
the infinite-horizon cost function is defined as

J(z, u, d) =

∫

∞

0

[

zTQz + uTRu− γ2dT d
]

dt, (34)

where Q = QT > 0 and R = RT > 0 are weighting matrices, and γ > 0 is the
disturbance attenuation level.

The robust optimal tracking problem is formulated as a zero-sum differential game
between the control input u and the disturbance input d. The optimal value function
is defined as

V ∗(z) = min
u

max
d

J(z, u, d). (35)

In this formulation, the controller seeks to minimize the performance index, whereas
the disturbance seeks to maximize it. The solution of (35) provides the robust optimal
control policy and the worst-case disturbance policy.

For the subsequent controller design, the following assumptions are introduced.
Assumption 1: The functions F (z), G(z), and K(z) are locally Lipschitz

continuous on a compact set Ωz ⊂ R
12 containing the origin.
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Assumption 2: The lumped disturbance d is bounded, i.e.,

∥d∥ ≤ d̄, (36)

where d̄ > 0 is an unknown constant.
Assumption 3: There exists an admissible control policy u(z) that stabilizes the

augmented system (32) and makes the cost function (34) finite.
Under these assumptions, the robust optimal tracking control problem can be

solved through the Hamilton–Jacobi–Isaacs equation, which will be derived in the next
subsection.

3.2 HJI-Based Robust Optimal Control

For the augmented system (32), the robust optimal tracking problem can be solved by
formulating the Hamilton–Jacobi–Isaacs equation. Define the Hamiltonian function
associated with the cost function (34) as

H(z, u, d,∇V ) = zTQz + uTRu− γ2dT d

+∇V T [F (z) +G(z)u+K(z)d] ,
(37)

where V (z) is the value function and

∇V =
∂V

∂z
. (38)

The robust optimal tracking control problem is to find a control policy u∗(z)
that minimizes the Hamiltonian, while the disturbance policy d∗(z) maximizes it.
Therefore, the saddle-point condition is given by

H(z, u∗, d,∇V ∗) ≤ H(z, u∗, d∗,∇V ∗) ≤ H(z, u, d∗,∇V ∗). (39)

The stationary conditions of the Hamiltonian are

∂H

∂u
= 0,

∂H

∂d
= 0. (40)

From (37) and (40), the robust optimal control policy is obtained as

u∗(z) = −1

2
R−1GT (z)∇V ∗(z), (41)

and the worst-case disturbance policy is given by

d∗(z) =
1

2γ2
KT (z)∇V ∗(z). (42)
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Substituting (41) and (42) into (37), the Hamilton–Jacobi–Isaacs equation can be
written in the compact form as

H∗(z,∇V ∗) = 0. (43)

More explicitly, the HJI equation is given by

H∗(z,∇V ∗) = zTQz +∇V ∗T (z)F (z)

− 1

4
∇V ∗T (z)G(z)R−1GT (z)∇V ∗(z)

+
1

4γ2
∇V ∗T (z)K(z)KT (z)∇V ∗(z) = 0.

(44)

Equation (44) is a nonlinear partial differential equation. For the uncertain non-
linear dynamics of the Mecanum mobile robot, it is generally difficult to obtain an
analytical solution. Therefore, the robust optimal value function V ∗(z), the control
policy u∗(z), and the worst-case disturbance policy d∗(z) will be approximated using
an off-policy integral reinforcement learning algorithm in the next subsection.

Once the approximate robust optimal control policy û(z) is obtained, the actual
wheel torque input applied to the Mecanum mobile robot is given by

τ = τd + û(z), (45)

where τd is the feedforward reference input defined in (29).

3.3 Off-Policy Integral Reinforcement Learning-Based

Controller

Since the HJI equation (44) cannot be solved analytically for the uncertain nonlinear
Mecanum mobile robot, an off-policy integral reinforcement learning method is devel-
oped to approximate its solution. The main idea is to learn the robust optimal value
function, the robust optimal control policy, and the worst-case disturbance policy from
collected input–state data.

For any admissible control policy ui(z) and disturbance policy di(z), the corre-
sponding value function Vi(z) satisfies the Bellman equation

zTQz + uT
i Rui − γ2dTi di

+∇V T
i (z) [F (z) +G(z)ui(z) +K(z)di(z)] = 0.

(46)

To construct an off-policy learning formulation, the augmented system (32) is
rewritten as

ż = F (z) +G(z)ui +K(z)di

+G(z) (u− ui) +K(z) (d− di) ,
(47)

where u is the behavior control input applied to the system for data collection, while
ui and di are the target policies to be evaluated and improved.
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Taking the derivative of Vi(z) along (47) gives

V̇i(z) = ∇V T
i (z) [F (z) +G(z)ui +K(z)di]

+∇V T
i (z)G(z)(u− ui)

+∇V T
i (z)K(z)(d− di).

(48)

Using (46), (48) can be rewritten as

V̇i(z) = −zTQz − uT
i Rui + γ2dTi di

+∇V T
i (z)G(z)(u− ui)

+∇V T
i (z)K(z)(d− di).

(49)

Integrating (49) over the time interval [t, t+T ] yields the off-policy integral Bellman
equation

Vi(z(t+ T ))− Vi(z(t))

= −
∫ t+T

t

[

zTQz + uT
i Rui − γ2dTi di

]

dζ

+

∫ t+T

t

∇V T
i (z)G(z)(u− ui)dζ

+

∫ t+T

t

∇V T
i (z)K(z)(d− di)dζ.

(50)

Equation (50) allows the value function and the policies to be learned from collected
data without explicitly requiring the complete drift dynamics F (z).

According to the universal approximation property of neural networks, the optimal
value function can be approximated over a compact set Ωz as

V ∗(z) = WT
c σ(z) + εc(z), (51)

where Wc ∈ R
N is the ideal critic weight vector, σ(z) ∈ R

N is the activation function
vector, and εc(z) is the approximation error.

The gradient of the optimal value function is then given by

∇V ∗(z) = ∇σT (z)Wc +∇εc(z). (52)

Based on (41) and (42), the robust optimal control policy and the worst-case
disturbance policy can be approximated as

û(z) = −1

2
R−1GT (z)∇σT (z)Ŵa, (53)

and

d̂(z) =
1

2γ2
KT (z)∇σT (z)Ŵd, (54)
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where Ŵa and Ŵd are the estimated weight vectors of the control actor network and
disturbance actor network, respectively.

The critic network is defined as

V̂ (z) = ŴT
c σ(z), (55)

where Ŵc is the estimated critic weight vector.
Substituting (55), (53), and (54) into the Hamiltonian gives the Bellman error

δ = zTQz + ûTRû− γ2d̂T d̂

+∇V̂ T (z)
[

F (z) +G(z)û+K(z)d̂
]

.
(56)

For implementation, the critic regression vector is defined as

ω = ∇σ(z)
[

F (z) +G(z)û+K(z)d̂
]

. (57)

Then, the Bellman error can be written as

δ = zTQz + ûTRû− γ2d̂T d̂+ ŴT
c ω. (58)

To minimize the Bellman error, the critic weight update law is chosen as

˙̂
Wc = −ηc

ω

1 + ωTω
δ, (59)

where ηc > 0 is the critic learning rate.
The control actor weight update law is designed as

˙̂
Wa = −ηa

(

Ŵa − Ŵc

)

, (60)

where ηa > 0 is the learning rate of the control actor network.
Similarly, the disturbance actor weight update law is given by

˙̂
Wd = −ηd

(

Ŵd − Ŵc

)

, (61)

where ηd > 0 is the learning rate of the disturbance actor network.
After the learning process, the approximate robust optimal control policy is

obtained from (53). Therefore, the actual wheel torque input applied to the Mecanum
mobile robot is

τ = τd + û(z), (62)

where τd is the feedforward reference input defined in (29).
The proposed off-policy integral reinforcement learning-based controller can be

summarized as follows:
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1. Collect input–state data from the Mecanum mobile robot under a behavior control
input.

2. Construct the augmented state z and compute the Bellman error.
3. Update the critic network using (59).
4. Update the control actor network and disturbance actor network using (60) and

(61).
5. Apply the control input τ = τd + û(z) to the robot.

3.4 Stability Analysis

This subsection analyzes the stability of the closed-loop system under the proposed
off-policy integral reinforcement learning-based controller. The proof follows the uni-
formly ultimately bounded stability criterion in [40]. The off-policy IRL formulation
for solving the HJI equation is based on the equivalent integral Bellman equation
discussed in [38, 39].

Let Wc, Wa, and Wd denote the ideal weights of the critic network, the control
actor network, and the disturbance actor network, respectively. The corresponding
weight estimation errors are defined as

W̃c = Wc − Ŵc,

W̃a = Wa − Ŵa,

W̃d = Wd − Ŵd.

(63)

The following assumptions are used for stability analysis.
Assumption 4: The ideal neural network weights are bounded, i.e.,

∥Wc∥ ≤ W̄c, ∥Wa∥ ≤ W̄a, ∥Wd∥ ≤ W̄d, (64)

where W̄c, W̄a, and W̄d are positive constants.
Assumption 5: The activation function σ(z) and its gradient are bounded on the

compact set Ωz, i.e.,
∥σ(z)∥ ≤ σ̄, ∥∇σ(z)∥ ≤ σ̄z. (65)

Assumption 6: The neural network approximation error and its gradient are
bounded on Ωz, i.e.,

∥εc(z)∥ ≤ ε̄c, ∥∇εc(z)∥ ≤ ε̄z. (66)

This assumption is consistent with the universal approximation property of neural
networks over compact sets [41].

Theorem 1 Consider the augmented tracking error system (32) under Assumptions 1–6. Let

the robust optimal control policy, the worst-case disturbance policy, and the value function be

approximated by the three neural networks in (53), (54), and (55), respectively. If the learning

gains ηc, ηa, and ηd are chosen as positive constants and the update laws (59), (60), and (61)
are applied, then the augmented tracking error z, the critic weight estimation error W̃c, the

control actor weight estimation error W̃a, and the disturbance actor weight estimation error

W̃d are uniformly ultimately bounded. Consequently, the original tracking error e = x−xd is

also uniformly ultimately bounded.
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Proof Consider the Lyapunov candidate function

L = V
∗(z) +

1

2
W̃

T
c Γ−1

c W̃c

+
1

2
W̃

T
a Γ−1

a W̃a +
1

2
W̃

T
d Γ−1

d W̃d,

(67)

where Γc = ΓT
c > 0, Γa = ΓT

a > 0, and Γd = ΓT
d > 0 are constant positive definite learning

gain matrices. Since V ∗(z) is positive definite and the weight error terms are quadratic, L is
positive definite with respect to z, W̃c, W̃a, and W̃d.

Taking the time derivative of (67) along the closed-loop trajectory gives

L̇ = ∇V
∗T (z)ż + W̃

T
c Γ−1

c
˙̃
Wc

+ W̃
T
a Γ−1

a
˙̃
Wa + W̃

T
d Γ−1

d
˙̃
Wd.

(68)

Using the augmented system (32), the derivative of the optimal value function can be
written as

V̇
∗(z) = ∇V

∗T (z) [F (z) +G(z)û+K(z)d] . (69)

Adding and subtracting the optimal policies u∗ and d∗ yields

V̇
∗(z) = ∇V

∗T (z)
[

F (z) +G(z)u∗ +K(z)d∗
]

+∇V
∗T (z)G(z)(û− u

∗)

+∇V
∗T (z)K(z)(d− d

∗).

(70)

From the HJI equation (44), the first term in (70) satisfies

∇V
∗T (z)

[

F (z) +G(z)u∗ +K(z)d∗
]

= −z
T
Qz − u

∗T
Ru

∗ + γ
2
d
∗T

d
∗
.

(71)

Substituting (71) into (70), one obtains

V̇
∗(z) = −z

T
Qz − u

∗T
Ru

∗ + γ
2
d
∗T

d
∗

+∇V
∗T (z)G(z)(û− u

∗)

+∇V
∗T (z)K(z)(d− d

∗).

(72)

From (41), (42), (53), and (54), and using Assumptions 4–6, there exist positive constants
cu, cd, ε̄u, and ε̄d such that

∥û− u
∗∥ ≤ cu∥W̃a∥+ ε̄u,

∥d̂− d
∗∥ ≤ cd∥W̃d∥+ ε̄d.

(73)

Using the update laws (59), (60), and (61), together with Young’s inequality and the
boundedness assumptions, the derivative of the Lyapunov function can be upper bounded by

L̇ ≤ −λz∥z∥
2 − λc∥W̃c∥

2

− λa∥W̃a∥
2 − λd∥W̃d∥

2 +∆,
(74)

where λz , λc, λa, and λd are positive constants, and ∆ > 0 is a bounded residual term caused
by neural network approximation errors and bounded disturbances.

Define
ξ =

[

zT W̃T
c W̃T

a W̃T
d

]T
. (75)

Then, (74) can be rewritten as

L̇ ≤ −λmin∥ξ∥
2 +∆, (76)
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where
λmin = min {λz , λc, λa, λd} . (77)

It follows from (76) that L̇ < 0 whenever

∥ξ∥ >

√

∆

λmin

. (78)

Therefore, ξ is uniformly ultimately bounded according to the UUB stability criterion in [40].
Hence, z, W̃c, W̃a, and W̃d are uniformly ultimately bounded. Since e is a component of z,
the original tracking error e = x− xd is also uniformly ultimately bounded. This completes
the proof. □

4 Simulation Results

This section presents numerical simulations to verify the tracking performance and
robustness of the proposed control scheme for the Mecanum mobile robot. Two sim-
ulation cases are considered. In Case 1, the center-of-mass (COM) offset is assumed
to be constant. In Case 2, the robot is affected by time-varying COM-induced and
slip-related uncertainties. The performance of Actor-Critic RL and Off-policy IRL is
compared in terms of trajectory tracking, tracking errors, control inputs, and neural
network weight responses.

4.1 Simulation Setup

The simulations are conducted in MATLAB/Simulink to evaluate the tracking per-
formance and robustness of the proposed control framework for the four-wheeled
Mecanum mobile robot. Two learning-based controllers are implemented for compari-
son: the Actor-Critic RL controller and the Off-policy IRL controller. Both controllers
are tested under the same robot parameters, desired trajectory, initial conditions, and
uncertainty scenarios to ensure a fair comparison.

The physical parameters of the Mecanum mobile robot used in the simulations are
listed in Table 1.

Table 1 Physical parameters of the Mecanum mobile robot

Robot Parameter Description Value
mb Body mass 25 kg
mw Wheel mass 0.35 kg
r Wheel radius 0.05 m
a Half-length of robot base 0.2 m
b Half-width of robot base 0.3 m
Ib Body moment of inertia 0.5 kgm2

Iw Wheel moment of inertia 4.0378× 10−4 kgm2

α Roller angle π/4 rad

The main tracking, learning, and compensation parameters of the two controllers
are summarized in Table 2.
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Table 2 Controller parameter settings

Parameter Actor-Critic RL Off-policy IRL

Kq diag(4, 4, 4) diag(4, 4, 4)
Kv diag(3, 3, 5) diag(3, 3, 5)
R I3 I3
Q 10I6 10I6
γ 10−3 0.5
ηc 2.3 0.08
ηa1 8 0.2
ηa2 10−3 50
β 10−3 10−3

ν 10−3 10−3

ηa 10−3 –
λ1 – 4I3
λ2 – 50
β1 – 6
ks – 100

where R and Q are the weighting matrices in the cost function, which penalize
the control effort and tracking/state errors, respectively. The parameter γ denotes the
discount factor or disturbance attenuation-related coefficient used in the learning for-
mulation. The parameters ηc, ηa1, ηa2, and ηa are learning rates used to update the
critic and actor neural network weights. The constants β and ν are auxiliary adapta-
tion parameters used to regulate the online learning process and improve numerical
robustness.

For the Off-policy IRL controller, λ1 and λ2 are RISE feedback gains associ-
ated with the filtered tracking error dynamics. The parameter β1 is the gain of the
signum term in the RISE compensation law, while ks is an additional RISE gain used
to enhance disturbance rejection. The symbol “–” indicates that the corresponding
parameter is not used in that controller.

4.2 Case 1: Constant Center-of-Mass Offset

In the first case, the center-of-mass (COM) offset is assumed to be constant dur-
ing the entire simulation. This condition represents a fixed payload displacement or
mechanical assembly error. The COM offset is expressed as

xc = x̄c, yc = ȳc, (79)

where x̄c and ȳc denote the constant COM offset values along the longitudinal and
lateral directions, respectively.

Fig. 2 shows the trajectory tracking performance under constant COM offset. Both
Actor-Critic RL and Off-policy IRL can drive the robot from the initial position to
the desired circular trajectory. After a short transient phase, the two trajectories
converge closely to the reference path. This indicates that the fixed COM-induced
model mismatch can be effectively compensated by both learning-based controllers.

The reference and actual trajectory components are presented in Fig. 3. The x- and
y-position responses of Off-policy IRL follow the desired sinusoidal profiles with small
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Fig. 2 Trajectory tracking in Case 1.

deviations after the initial transient. The heading response also converges rapidly and
remains bounded, showing that Off-policy IRL can preserve tracking stability even in
the presence of COM-induced coupling.

Fig. 3 Reference and actual trajectory components in Case 1.

Fig. 4 shows the tracking error comparison. The errors in the x, y, and ϕ chan-
nels decrease rapidly and then remain in a small neighborhood around zero. The error
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responses of Off-policy IRL are very close to those of Actor-Critic RL, which is con-
sistent with the RMSE comparison in Fig. 7. This result shows that, for a fixed COM
offset, Off-policy IRL achieves tracking accuracy comparable to Actor-Critic RL while
maintaining robust learning behavior.

Fig. 4 Tracking error comparison in Case 1.

The wheel torque inputs of Off-policy IRL are shown in Fig. 5. The torque responses
are relatively large only during the initial transient phase and then become bounded
and smooth periodic signals. This demonstrates that Off-policy IRL compensates for
the constant COM-induced uncertainty without producing excessive or chattering
control inputs.

Fig. 6 presents the critic weights Wc, control actor weights Wa, and disturbance
actor weightsWd of Off-policy IRL. The neural network weights adapt during the tran-
sient phase and remain bounded throughout the simulation. This confirms the stable
online learning behavior of Off-policy IRL under constant COM-induced uncertainty.

Fig. 7 provides the RMSE comparison between the two controllers. The RMSE
values are nearly identical for the x, y, and ϕ channels, indicating that both controllers
achieve similar tracking accuracy in this constant-offset scenario. Therefore, Case 1
verifies that Off-policy IRL can maintain stable tracking, bounded control effort, and
bounded neural network weights under fixed COM uncertainty.

4.3 Case 2: Tracking Under Time-Varying COM-Induced and

Slip-Related Uncertainties

In the second case, the robot is subjected to time-varying COM-induced uncertainty,
slip-related uncertainty, and payload mass variation. Compared with Case 1, this case
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Fig. 5 Wheel torque responses of Off-policy IRL under constant COM offset.

Fig. 6 Critic, control actor, and disturbance actor weight responses of Off-policy IRL in Case 1.

is more challenging because the inertial coupling, wheel–ground interaction, and total
mass of the robot vary during motion. The time-varying COM offsets are selected as

xc(t) = 0.035 sin(0.8t) + 0.020 cos(1.5t) + 0.020 sin(2.5t), (80)

yc(t) = 0.025 sin(0.3t) + 0.040 cos(1.2t) + 0.025 sin(2.8t) + 0.010 cos(3.5t). (81)

In addition, the payload mass variation is set as ∆m = 3 kg.
Fig. 8 shows the trajectory tracking performance under time-varying COM-induced

uncertainty, slip-related uncertainty, and payload mass variation. Both controllers can
still track the desired circular trajectory despite the stronger uncertainty effects. Com-
pared with the constant COM-offset case, larger trajectory deviations appear during
motion because the robot dynamics are affected simultaneously by COM variation,
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Fig. 7 RMSE comparison in Case 1.

wheel slip, and mass variation. Nevertheless, the Off-policy IRL controller remains
close to the reference trajectory, showing its ability to preserve stable tracking under
compounded uncertainty.

Fig. 8 Trajectory tracking in Case 2.
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The reference and actual trajectory components are shown in Fig. 9. The x- and
y-position responses of Off-policy IRL follow the desired trajectories with small devia-
tions after the initial transient. The heading response exhibits more visible oscillations
than in Case 1, which is mainly caused by the combined effects of time-varying COM
coupling, wheel slip, and payload mass variation. However, the response remains
bounded and follows the desired heading trend.

Fig. 9 Reference and actual trajectory components in Case 2.

Fig. 10 presents the tracking error comparison. The errors in the x, y, and ϕ

channels converge rapidly after the initial transient and remain bounded during the
whole simulation. Compared with Case 1, the residual errors become more oscillatory
due to the time-varying uncertainty. Even under this condition, Off-policy IRL main-
tains small tracking errors and shows slightly better heading-error attenuation than
Actor-Critic RL.

The wheel torque responses of Off-policy IRL are shown in Fig. 11. A large torque
variation appears only at the beginning of the simulation, corresponding to the initial
tracking correction. Afterward, the torque inputs remain bounded and evolve smoothly
without chattering. This confirms that Off-policy IRL can compensate for the com-
bined COM-induced, slip-related, and payload-mass uncertainties without requiring
excessive control effort.

The RMSE comparison is presented in Fig. 12. The RMSE values of Off-policy
IRL and Actor-Critic RL are close in the x- and y-tracking channels. For the heading
angle, Off-policy IRL achieves a smaller RMSEϕ value, namely 0.3269 compared with
0.3316 for Actor-Critic RL. This indicates that Off-policy IRL provides slightly better
robustness in the orientation channel, where the combined effects of time-varying COM
coupling, wheel slip, and payload mass variation are more significant.
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Fig. 10 Tracking error comparison in Case 2.

Fig. 11 Wheel torque responses of Off-policy IRL in Case 2.

Overall, Case 2 demonstrates that Off-policy IRL can maintain stable trajectory
tracking under more severe time-varying uncertainty. Although the tracking errors
become more oscillatory than in the constant-offset case, the controller keeps the
errors and torque inputs bounded. The improved heading RMSE also suggests that
Off-policy IRL is more suitable for handling uncertainty effects that strongly influence
the rotational dynamics of the Mecanum mobile robot.
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Fig. 12 RMSE comparison in Case 2.

5 Conclusion

This paper proposed an Off-policy IRL-based robust optimal tracking controller for a
four-wheeled Mecanum mobile robot subject to COM-induced and slip-related uncer-
tainties. The trajectory tracking problem was transformed into an autonomous affine
nonlinear system and formulated within the Hamilton–Jacobi–Isaacs framework. To
approximate the solution of the HJI equation, three neural networks were employed to
estimate the optimal value function, the robust optimal control policy, and the worst-
case disturbance policy. Lyapunov-based stability analysis proved that the closed-loop
system is uniformly ultimately bounded.

Simulation results under constant COM offset and time-varying COM-induced,
slip-related, and payload-mass uncertainties verified the effectiveness of the proposed
controller. In particular, Off-policy IRL maintained bounded tracking errors and
smooth control inputs, while achieving slightly better heading tracking performance
than Actor-Critic RL under the combined uncertainty scenario. Future work will focus
on experimental validation on a real Mecanum mobile robot platform.
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