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Abstract
This Supplement gives the assumptions and proofs for the higher-order, sample-based

correction, and fixed-block-count results in the main article. Symbolic cross-checks,
complete numerical results, and application sensitivity calculations are retained in the
accompanying public GitHub repository.

1 Notation and proof structure

The notation follows the main paper. For sample a = 1, 2, Na = QaMa, N = N1 + N2,
Q = Q1 + Q2, θa = Qa/Q, τa = Na/N , M = (M1,M2), M− = min(M1,M2), and M+ =
max(M1,M2). In general θa ̸= τa when M1 ̸= M2.

Section 4 records the profiled two-sample Bartlett specialization. Section 5 separates block
and full-sample variance scales. Sections 6–8 extend the calculation to weak dependence and
identify the adjacent-block term. Sections 9 and 10 treat estimated corrections. Section 11
controls the adjusted profile and proves its higher-order equivalence with multiplicative
Bartlett correction. Section 12 gives the fixed-block-count theory. The repository contains
symbolic cross-checks and longer computer-algebra output.
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2 Global assumptions

Conditions S1–S4 below unpack the structural parts of (A1), (A2), and (A4) in the main
paper. Conditions P1–P2 are the additional local profile conditions incorporated in (A3),
while E1–E6 give the sparse-array formulation underlying its Edgeworth expansion.

2.1 Structural assumptions

S1. Sampling structure.

The two series are independent and strictly stationary with means µa. The sample sizes
satisfy Na = QaMa, Ma → ∞, Qa → ∞, and τa,N = Na/N is bounded away from zero and
one. For some fixed 0 < κ < 1/2 and 0 < c− < c+ < ∞,

c−N
κ ≤ Ma ≤ c+N

κ, a = 1, 2.

Hence M+/M− is bounded, Qa ≍ Q ≍ N1−κ, and for some η > 0, η ≤ θa,N = Qa/Q ≤ 1 − η.
We abbreviate the finite-N fractions to τa and θa.

S2. Covariance structure.

For each sample, ∑︂
h≥1

h2|γa(h)| < ∞, 0 < σ2 ≤ σ2
a ≤ σ2 < ∞.

S3. Weighted cumulant summability.

For 3 ≤ r ≤ 12,

∑︂
h2,...,hr∈Z

{1 + span(0, h2, . . . , hr)} |cum(Ya,0, Ya,h2 , . . . , Ya,hr)| < ∞.

S4. High moments.

For some δ > 0 and M0 ≥ 1,

E|Ya,0|30+δ < ∞, sup
m≥M0

E

⃓⃓⃓⃓
⃓
∑︁m

t=1 Ya,t

{mΩa,m}1/2

⃓⃓⃓⃓
⃓
30+δ

< ∞.

2



2.2 Profile assumptions

P1. Local profile existence.

With probability 1 − o(N−1), the origin lies in the interior of the relevant sample convex hulls
uniformly over the local nuisance-mean neighborhood used in profiling.

P2. Local profile regularity.

On the logarithmic neighborhood used below, the empirical second-moment scale is bounded
away from zero and the local score denominators stay uniformly away from zero for |t| + |d| ≤
CQ−1/2(logQ)K . The empirical moments needed through degree six are uniformly bounded
by a power of logQ.

2.3 Probability assumptions

The sparse-array conditions E1–E6 are stated in Section 6. Conditional Cramér is retained
separately from the mixing assumptions.

B1. Augmented Bartlett-moment expansion.

Jointly with the signed-root coordinates, the empirical second–fourth central-moment vector
satisfies an order-six Borel–Edgeworth expansion and

ˆ︁ηN − ηN = Q−1/2SN +Q−1{βη,N + ˜︂DN} + op(Q−1)

uniformly on the same logarithmic neighborhood, with the moment and cumulant bounds
used in Section 9.

B2. Bartlett boundary smoothing.

The joint signed measure in B1 has a uniformly bounded smooth density in one root
coordinate, and the boundary perturbation generated by ˆ︁bblk

N − bblk
N admits a uniform second-

order expansion with remainder o(Q−2).

C1. Lag-window influence expansion.

For the full sample and each consecutive half sample, the centered lag-window estimators of
σ2

a and B2a admit joint first-order influence representations, uniformly for h ≤ L, jointly with
the signed-root coordinates.
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C2. Second-order calibration bias.

The expectations of the full- and half-sample calibration estimators have a common-target
second-order expansion. The complete homogeneous first-order inverse-sample-size bias
doubles when both series are halved. The remaining deterministic terms are bounded by

O
{︂
TM(L) + L3/(M−N

2) + rM
}︂
.

The centered H2 projection used later is derived from S3 and C1 in Section 10.

C3. Joint boundary smoothing.

The joint full/half-sample influence vector in C1 satisfies the analogues of E2–E5 needed
for the order-six expansion, and the resulting compactness/positivity event for ˆ︁νJK

N has
complement probability o(N−1).

3 Finite-block covariance identities

For one series, let M be its block length and Sj = ∑︁jM
t=(j−1)M+1 Yt. Pair counting gives

ΩM = M−1 var(S1) (1)

= γ(0) + 2
M−1∑︂
h=1

(︄
1 − h

M

)︄
γ(h) (2)

= σ2 − B2

M
+ 2

∑︂
h≥M

(︄
h

M
− 1

)︄
γ(h). (3)

The final term is o(M−2) under ∑︁h h
2|γ(h)| < ∞. For adjacent blocks,

cov(S1, S2) =
M∑︂

h=1
hγ(h) +

2M−1∑︂
h=M+1

(2M − h)γ(h) = B2

2 + o(M−1). (4)

Thus, with Zj = Sj/(MΩM)1/2,

cov(Z1, Z2) = B2

2Mσ2 +O(M−2) = δ

2M +O(M−2).

For blocks separated by at least one complete block,

∑︂
k≥2

| cov(S0, Sk)| = o(M−1),
∑︂
k≥2

| cov(U0, Uk)| = o(M−3),
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and hence ∑︁k≥2 | cov(Z0, Zk)| = o(M−2).

4 Using the Liu et al. two-sample Bartlett correction

For fixed (M1,M2) the block means form an ordinary scalar two-sample empirical-likelihood
problem. We therefore use the profiled two-sample Bartlett result of Liu et al. (2008) with
the exact finite-block moments. The calculations below record the first signed-root grades
because the same coordinates are needed when weak block dependence is added. They are
not presented as a new derivation of the independent two-sample Bartlett theorem.

4.1 Profile recursion and first signed-root terms

Under H0, shift sample 2 by ∆0, translate the common nuisance mean to zero, put q = Q−1/2,
and define ˆ︂ma,r(d) = Q−1

a

∑︁Qa
j=1(Ua,j − d)r. The profiled multiplier condition gives λ1 = t/θ1

and λ2 = −t/θ2, so

0 =
∑︂
k≥0

(−t/θ1)kˆ︂m1,k+1(d), 0 =
∑︂
k≥0

(t/θ2)kˆ︂m2,k+1(d).

Write ˆ︂ma,r(0) = ma,r + qXa,r, t =
∑︂
j≥1

qjtj, d =
∑︂
j≥1

qjdj,

and πa = (ma,2/θa)/HM, π1 + π2 = 1. At grade j, after lower grades are inserted, −dj −
π1tj + Aj = 0 and −dj + π2tj +Bj = 0, hence

tj = Aj −Bj, dj = π2Aj + π1Bj. (5)

Lemma 4.1 (Local profile expansion). Under S1–S4 and P1–P2, the local profiled solution
is unique on the logarithmic neighborhood for all sufficiently large N . For every fixed grade
needed here, t and d are obtained by the recursion in (5). The corrected signed root has the
resulting polynomial expansion through grade Q−2 with remainder O{Q−5/2(logQ)K}.

Proof. At q = 0 and (t, d) = (0, 0), the Jacobian of the two score equations with respect to
(t, d) is ⎛⎝−m1,2/θ1 −1

m2,2/θ2 −1

⎞⎠ ,
whose determinant is HM and is uniformly separated from zero. Condition P2 keeps the
empirical Jacobian nonsingular and the score denominators inside their analytic region. The
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analytic implicit-function theorem then gives a unique local solution. Taylor expansion in q

gives the coefficient recursion above. The moment bounds in P2 control the derivatives on
the logarithmic set and give the stated remainder after the fourth signed-root grade.

Normalize temporarily to HM = 1 and put

A = X1,1 −X2,1, D0 = π2X1,1 + π1X2,1,

V = X1,2

θ1
+ X2,2

θ2
, G = m1,3

θ2
1

− m2,3

θ2
2
, T = X1,3

θ2
1

− X2,3

θ2
2
, K = m1,4

θ3
1

+ m2,4

θ3
2
.

Then t1 = A and t2 = −AV +GA2. To make the second grade transparent, put

˜︂X = X1,1

θ1
+ X2,1

θ2
, cπ = π1

θ1
− π2

θ2
.

The shifted second- and third-moment combinations satisfy

ˆ︂H(d) = 1 + qV + q2H2 +Op(q3), H2 = −2D0
˜︂X + D2

0
θ1θ2

,

ˆ︁G(d) = G+ qG1 +Op(q2), G1 = T − 3D0cπ.

Direct expansion of the log profile first gives

w2 = A2V 2 − 2GA3V +G2A4 − A2H2 + 2
3A

3G1 − 1
2KA

4.

The identity ˜︂X − Acπ = D0

θ1θ2

then reduces the two D0 contributions exactly and yields

w2 = A2V 2 + A2D2
0

θ1θ2
+ 2

3A
3T − 2GA3V +

(︃
G2 − K

2

)︃
A4.

Thus the compact expression below is valid without requiring π1 = θ1 or equal block lengths.
Writing

WN = A2 + qw1 + q2w2 +Op(q3), RN = A+ qP1 + q2P2 +Op(q3),

coefficient matching gives
P1 = G

3 A
2 − 1

2AV, (6)
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P2 = A

{︄
3
8V

2 + D2
0

2θ1θ2

}︄
+ A2

{︃1
3T − 5

6GV
}︃

+ A3
{︃4

9G
2 − 1

4K
}︃
. (7)

4.2 Bartlett coefficient

Under the independent-block reference law,

E(Xa,rXa,s) = ma,r+s −ma,rma,s

θa

,

with cross-sample moments factorizing. Define S = π2
1/θ1 + π2

2/θ2 and C = π1π2/(θ1θ2). The
required contractions are

E(A3) = qG, E(A2V ) = q(K − S), Var(A) = 1,

Cov(A, V ) = G, Var(V ) = K − S, Var(D0) = π1π2, Cov(A, T ) = K.

Substitution of (6)–(7) into E{H2(RN)} gives

E{H2(RN)} = 1
Q

(︃
−1

3G
2 + 1

2K + C
)︃

+O(Q−2). (8)

For H4, the Q−1 coefficient is

(K − 3S) + {4
3G

2 − 6K + 6S} + {−4
3G

2 + 5K − 3S} = 0,

so
E{H4(RN)} = O(Q−2). (9)

The three groups are the fourth cumulant of A, the first non-Gaussian correction involving
P1, and the leading Gaussian contractions involving P2 and P 2

1 . The remaining even Hermite
components at order Q−1 cancel by the Bartlett-correctability result of Liu et al. (2008),
applied here to the exact fixed-block distribution. The displayed contractions identify the
factor and show explicitly where the nuisance-profile interaction enters.

Restoring scale gives
bblk

N = − G2
M

3H3
M

+ KM

2H2
M

+ CM

H2
M
. (10)

Combining the identified coefficient with the Bartlett-correctability theorem of Liu et al.
(2008) gives

P (R2
N ≤ x) = G1(x) − bblk

N

Q
xg1(x) +O(Q−2), (11)
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and
P

{︄
R2

N

1 + bblk
N /Q

≤ x

}︄
= G1(x) +O(Q−2). (12)

The independent-block correction is therefore imported from the two-sample result rather than
rederived from first principles. Section 6 supplies the uniform triangular-array approximation
needed below.

4.3 Role of the exact block moments

Let λ3,a,Ma = ma,3/m
3/2
a,2 and λ4,a,Ma = ma,4/m

2
a,2 − 3. Under cumulant summability, they are

O(M−1/2
a ) and O(M−1

a ). Since ma,2 = θaπa,MHM,

GM

H
3/2
M

=
λ3,1,M1π

3/2
1,M√

θ1
−
λ3,2,M2π

3/2
2,M√

θ2
,

KM

H2
M

=
2∑︂

a=1

{3 + λ4,a,Ma}π2
a,M

θa

,
CM

H2
M

= π1,Mπ2,M

θ1θ2
.

Hence bblk
N = bG

N +O(M−1
− ) and its non-Gaussian part contributes O(Q−1M−1

− ) = O(N−1). It
cannot be discarded before applying the exact block-moment correction.

5 Exact population variance calibration

5.1 Block and full-sample variance scales

Let Ya,t = Xa,t − µa and Ua,j = M−1
a

∑︁jMa

t=(j−1)Ma+1 Ya,t. Since Na = QaMa, Ūa = Ȳa. Put

DN = Ȳ1 − Ȳ2. (13)

For a stationary sample of length n, define

Ωa,n = 1
n

Var
(︄

n∑︂
t=1

Ya,t

)︄
. (14)

Then va,Ma = Var(Ua,j) = Ωa,Ma/Ma, and

VN = Ω1,N1

N1
+ Ω2,N2

N2
, (15)

VM = Ω1,M1

N1
+ Ω2,M2

N2
. (16)
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5.2 Exact quadratic-profile identity

The leading quadratic profile is

QN(m) = Q1(Ū1 −m)2

v1,M1

+ Q2(Ū2 −m)2

v2,M2

. (17)

With aa = Qa/va,Ma , its minimizer is ˆ︂m0 = (a1Ū1 + a2Ū2)/(a1 + a2), and

WN,0 := inf
m

QN(m) = a1a2

a1 + a2
(Ū1 − Ū2)2

= D2
N

v1,M1/Q1 + v2,M2/Q2
. (18)

Since va,Ma/Qa = Ωa,Ma/Na,

WN,0 = D2
N

VM
. (19)

Define
νN = VM

VN

. (20)

Then
νNWN,0 = D2

N

VN

. (21)

This is an exact finite-sample identity.
In the one-sample scalar specialization, the same identity gives

ΩN

ΩM

= 1 + B2

Mσ2 + o(M−1) +O(N−1).

Thus, when B2 ̸= 0, the leading uncalibrated statistic contains an M−1 scale error. A
Bartlett-type modification whose leading effect is of order Q−1 cannot remove this term. At
M ≍ N1/3, the scale error is N−1/3. This is the calculation behind the rate comparison with
Kitamura (1997) and the scalar specialization of Wang and Polonik (2019) discussed in the
main paper. It concerns higher-order accuracy and not the first-order chi-square limit.

5.3 Scope of the cancellation

Equation (21) removes the complete block-to-full-sample variance-scale term from the leading
quadratic profile. For the full statistic,

νNWN = D2
N

VN

+ νN(WN −WN,0), (22)
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so profile nonlinearities, block dependence, higher block cumulants, and their interactions
remain.

5.4 Exact covariance identity and approximate calibration

With σ2
a = ∑︁

h∈Z γa(h) and B2a = 2∑︁∞
h=1 hγa(h), pair counting gives

Ωa,n = γa(0) + 2
n−1∑︂
h=1

(︄
1 − h

n

)︄
γa(h) = σ2

a − B2a

n
+ ra,n, (23)

where
ra,n = 2

∑︂
h≥n

(︄
h

n
− 1

)︄
γa(h). (24)

Consequently,

VM =
2∑︂

a=1

1
Na

(︃
σ2

a − B2a

Ma

+ ra,Ma

)︃
, (25)

VN =
2∑︂

a=1

1
Na

(︃
σ2

a − B2a

Na

+ ra,Na

)︃
. (26)

Under ∑︁h h
2|γa(h)| < ∞, ra,Ma = o(M−2

a ), which need not be o(N−1) at Ma ≍ N1/3. Thus
rM = o(N−1) in the sample-based theorem is an additional covariance-tail condition and is
not implied by S2. The population expansion uses the exact ratio (20) and does not require
this stronger condition.

5.5 Higher cumulants after exact standardization

Under full-sample cumulant summability, for r ≥ 3,

cumr

(︄
Na∑︂
t=1

Ya,t

)︄
= O(Na), cumr(Ȳa) = O(N1−r

a ).

Independence and balanced sample proportions give cumr(DN) = O(N1−r) and VN ≍ N−1.
Thus, for ZN = DN/

√
VN ,

cumr(ZN) = O{N−(r−2)/2}. (27)

The third- and fourth-order terms are N−1/2 and N−1. The odd N−1/2 contribution cancels
for the symmetric event Z2

N ≤ x.
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6 Uniform Edgeworth approximation for the block ar-
rays

This section supplies the probability approximation used to turn the signed-root algebra into
uniform CDF expansions. We invoke Lahiri (2007, Theorem 2.1). E1–E6 are our adapted
conditions.

For sample a, let

Za,j,Ma =
∑︁jMa

t=(j−1)Ma+1 Ya,t√︂
MaΩa,Ma

, La,N = Q−1/2
a

Qa∑︂
j=1

Za,j,Ma ,

and for s ≥ 5 define

P
(s)
a,N = Q−1/2

a

Qa∑︂
j=1

(︂
Z2

a,j,Ma
− EZ2

a,1,Ma
, . . . , Zs−1

a,j,Ma
− EZs−1

a,1,Ma

)︂′
,

with T (s)
a,N = (La,N , P

(s)′

a,N )′. In Lahiri’s notation, use n = Na, ℓ = Ma, b = Qa, Xi,n = Ya,i, and
the sparse block coordinate

Yi,n =

⎧⎪⎨⎪⎩Mah
+
s−1,Ma

(Za,j,Ma), i = (j − 1)Ma + 1,

0, otherwise.

Then T
(s)
a,N is a deterministic uniformly nonsingular transform of the joint normalized sum.

We impose the following conditions uniformly for both samples.

(E1) Ma, Qa → ∞, Qa/Q ∈ [η, 1 − η], and c−N
κ ≤ Ma ≤ c+N

κ for some 0 < κ < 1/2.

(E2) The moment and local-approximation bounds required for an order-s Borel expansion
hold for the sparse joint array. For s = 6, S4 is a convenient sufficient moment condition.

(E3) Lahiri’s local approximation and strong-mixing conditions hold uniformly, and the
covariance matrices of the joint vectors remain uniformly nonsingular.

(E4) Lahiri’s conditional Cramér condition holds for the joint linear–degree-(s− 1) block-
power array.

(E5) The normalized joint cumulants entering the Edgeworth polynomials have the required
uniform expansions through order s− 2.
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(E6) On GN = {∥T (s)
1,N∥ ∨ ∥T (s)

2,N∥ ≤ (D logQ)1/2}, one linear coordinate of the polynomial
signed-root map supplied by Lemma 4.1 has derivative bounded away from zero.

Proposition 6.1. Under E1–E6, for the order-s polynomial approximation there is a
Gaussian-polynomial signed measure Ψ(s)

N such that, uniformly in x ≥ 0,
⃓⃓⃓
P{(Rc

N)2 ≤ x} − EN,s(x)
⃓⃓⃓
≤ CQ−(s−2)/2(logN)−2

+ CQ−(s−1)/2(logQ)K ,
(E.1)

where EN,s(x) = Ψ(s)
N {(u, v) : RN,s(u, v)2 ≤ x}. For s = 6 the right-hand side is o(N−1)

whenever 0 < κ < 1/2.

Proof. Apply Lahiri (2007, Theorem 2.1) separately to the two sparse arrays. The signed
measures have Gaussian-polynomial densities with uniformly bounded weighted total variation.
A smooth majorant of 1{∥T (s)

a,N∥ > (D logQ)1/2} gives P (Gc
N) = o(N−1) for D sufficiently

large. Because the two samples are independent, the product of the two marginal signed
measures gives the joint signed measure. The derivative condition in E6 gives one-coordinate
anti-concentration for the squared-root boundary, including at x = 0. Lemma 4.1 gives the
local root remainder, which changes the event only in a tube of width O{Q−(s−1)/2(logQ)K}.
Since Q ≍ N1−κ, both error terms are o(N−1) for s = 6 and 0 < κ < 1/2.

For s = 6, the preceding algebra gives

EN,6(x) = G1(x) + EN(x) +O(Q−2) + o(N−1).

Thus Proposition 6.1 yields the population theorem in the main article. At κ = 1/2,
Q−2 ≍ N−1 and all terms of order Q−2 must also be retained.

7 From Gaussian block calculations to general blocks

This section identifies the dependence channels that can contribute at order N−1 after the
independent-block Bartlett correction. We use the exact finite-block weights πa,M.

7.1 Standardized block variables and terms that remain

Write

Sa,j =
jMa∑︂

t=(j−1)Ma+1
Ya,t, Za,j = Sa,j

{MaΩa,Ma}1/2 .
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Then EZa,j = 0, var(Za,j) = 1, and under S3,

cumr(Za,j) = O(M1−r/2
a ), 3 ≤ r ≤ 12. (T.1)

In particular,
λ3,a,Ma = O(M−1/2

a ), λ4,a,Ma = O(M−1
a ). (T.2)

The adjacent standardized covariance is

ρa,Ma = cov(Za,1, Za,2) = B2a

2Maσ2
a

+O(M−2
a ) = δa

2Ma

+O(M−2
a ). (T.3)

Its linear contribution is Q−1ρa,Ma = O(Q−1M−1
a ) = O(N−1).

7.2 Non-Gaussian reduction of the adjacent-link coefficient

Assume S1–S4, P1–P2, and E1–E6. After the independent-block terms of order Q−1 have
been removed using the exact block moments, every remaining term absent from the Gaussian
one-adjacent-link calculation that contains an adjacent covariance with a marginal third or
fourth cumulant, a cross-block cumulant of order at least three, or a covariance at block lag
at least two contributes o(Q−1M−1

− ) to the CDF of the squared corrected root. Hence the
N−1 dependence coefficient is the linear adjacent-covariance coefficient obtained from the
Gaussian block calculation.

Proof. From (T.2)–(T.3),

ρa,Maλ3,a,Ma = O(M−3/2
a ), ρa,Maλ4,a,Ma = O(M−2

a ), ρa,Maλ
2
3,a,Ma

= O(M−2
a ). (T.4)

After multiplication by Q−1 these are o(Q−1M−1
− ).

Weighted cumulant summability gives

cum(Za,1, Za,1, Za,2) = O(M−3/2
a ), (T.5)

cum(Za,1, Za,1, Za,2, Za,2) = O(M−2
a ). (T.6)

A third-order cross-block cumulant appears at an odd signed-root grade and cancels under
the even projection unless paired with another odd term. Its first surviving products are
therefore O(M−2

a ) or smaller. The fourth-order term is already O(M−2
a ).
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For more distant blocks,

∑︂
k≥2

| cov(Za,1, Za,1+k)| = o(M−2
a ). (T.7)

The relevant orders can be summarized as

channel size before the CDF projection status
Q−1ρa Q−1M−1

a retained
Q−1ρaλ3,a Q−1M−3/2

a o(N−1)
Q−1ρaλ4,a Q−1M−2

a o(N−1)
Q−1ρaλ

2
3,a Q−1M−2

a o(N−1)
Q−1ρ2

a Q−1M−2
a o(N−1)

Q−1 cum4(1, 1, 2, 2) Q−1M−2
a o(N−1)

Q−1∑︁
k≥2 | cov(Z1, Z1+k)| o(Q−1M−2

a ) o(N−1).

A third-order cross-block cumulant is odd at its first signed-root grade and therefore has
no linear even projection. Its first surviving product is of order Q−1M−2

a or smaller. Pure
marginal third- and fourth-cumulant terms belong to the exact finite-block independent-
reference Bartlett correction and are removed there. Higher cross-block cumulants have at
least the same additional boundary-tail penalty under E2–E5. Thus the only N−1 dependence
term is linear in (T.3), giving

−xg1(x)
[︄
π1,Mδ1

2θ2N1
{2θ2 − LMx} + π2,Mδ2

2θ1N2
{2θ1 − LMx}

]︄
= EN(x).

□

8 Gaussian one-link identification of the adjacent-block
coefficient

By scale invariance set HM = 1, write θ1 = θ, θ2 = 1 − θ, π1 = π, π2 = 1 − π, and define

JM = π2

θ
+ (1 − π)2

1 − θ
, ˜︁CM = π(1 − π)

θ(1 − θ) , LM = θ(1 − θ)JM.
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Let ρa be the lag-one covariance of the standardized Gaussian block sequence in sample a,
all other inter-block covariances being zero, and put

Jρ = π2ρ1

θ
+ (1 − π)2ρ2

1 − θ
, Πρ = πρ1 + (1 − π)ρ2, Ξρ = (1 − π)ρ1 + πρ2.

The population VC factor satisfies

ν−1
N = 1 + 2

2∑︂
a=1

πa,M

Qa−1∑︂
k=1

(︄
1 − k

Qa

)︄
ρa(k). (G.1)

For a covariance perturbation Σε and Fε = Hj(Rc
N),

d

dε
EεFε

⃓⃓⃓⃓
⃓
0

= 1
2
∑︂
r,s

Σ̇rsE0(∂r∂sF0) + E0(∂εFε|0) . (G.2)

The second term is required because Rc
N contains νN . The Q−1

a ρa row-end term in (G.1)
cancels in the leading variance and is only O(Q−2ρ) when inserted into a term already carrying
Q−1.

Let Aa = Xa,1, Va = Xa,2/θa and, to first order in ρ,

va = πa(1 + 2ρa), σ2
A = 1 + 2Πρ, τ 2

a = 2π2
a/θa.

Projecting Va on Aa gives Va = q(A2
a − va)/θa + ˜︁Va, with ˜︁Va independent of Aa at the retained

order and var( ˜︁Va) = τ 2
a +O(q2 + ρ2). Hence

E(A2V ) = 2q
∑︂

a

v2
a

θa

, E(A4V ) = 12qσ2
A

∑︂
a

v2
a

θa

,

E(A2V 2) = σ2
A

∑︂
a

τ 2
a , E(A4V 2) = 3σ4

A

∑︂
a

τ 2
a ,

E(A3T ) = 9σ2
A

∑︂
a

ma,2va

θ2
a

, E(A5T ) = 45σ4
A

∑︂
a

ma,2va

θ2
a

. (G.3)

Also,

var(D0) = π(1 − π)(1 + 2Ξρ) +O(Q−1ρ+ ρ2),∑︂
a

v2
a

θa

= JM + 4Jρ +O(ρ2),
∑︂

a

ma,2va

θ2
a

= JM + 2Jρ +O(ρ2),∑︂
a

τ 2
a = 2JM. (G.4)

For Gaussian marginal blocks G = 0, K = 3JM, and b = 3JM/2 + ˜︁CM. The reduction
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preceding (7) shows that the second-order coefficient is exactly w2 = A2V 2 + A2D2
0/{θ(1 −

θ)} + 2A3T/3 −KA4/2. Substitution gives

E(WN) = 1 + 2Πρ + b

Q
+ 4Jρ − 2JMΠρ + 2 ˜︁CM(Πρ + Ξρ)

Q
+ o(Q−1ρ) +O(ρ2), (G.5)

E(W 2
N) = 3 + 12Πρ + 6b

Q
+ 24Jρ − 6JMΠρ + 24 ˜︁CMΠρ + 12 ˜︁CMΞρ

Q
+ o(Q−1ρ) +O(ρ2),

(G.6)

E(W 3
N) = 15 + 90Πρ + 45b

Q
+ 180Jρ + 270 ˜︁CMΠρ + 90 ˜︁CMΞρ

Q
+ o(Q−1ρ) +O(ρ2). (G.6a)

Using

E{H2(Rc
N)} = νNE(WN)

1 + b/Q
− 1, E{H4(Rc

N)} = ν2
NE(W 2

N)
(1 + b/Q)2 − 6νNE(WN)

1 + b/Q
+ 3,

and the analogous identity for H6, the O(ρ) scale terms cancel. Equations (G.5)–(G.6a) also
give

E{H6(Rc
N)}lin = o(Q−1ρ) +O(ρ2) +O(Q−2),

so no sixth-Hermite term survives in the retained adjacent-block calculation. The remaining
terms are

E{H2(Rc
N)}lin = 1

Q
{4Jρ + 2 ˜︁CMΞρ − 5JMΠρ}, (G.7)

E{H4(Rc
N)}lin = −12

Q
JMΠρ. (G.8)

Writing ca = θaπa,Mρa/Q gives

E{H2(Rc
N)}lin = c1

θ2(1 − θ){2(1 − θ) − 3LM} + c2

(1 − θ)2θ
{2θ − 3LM}, (G.9)

E{H4(Rc
N)}lin = −12LM

{︄
c1

θ2(1 − θ) + c2

(1 − θ)2θ

}︄
. (G.10)

Finally,

P{(Rc
N)2 ≤ x} −G1(x) = −xg1(x)

[︃
E{H2(Rc

N)} + x− 3
12 E{H4(Rc

N)}
]︃
.
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Since ρa = δa/(2Ma) +O(M−2
a ) and Na = θaQMa, (G.9)–(G.10) reduce to

−xg1(x)
[︄
π1,Mδ1

2θ2N1
{2θ2 − LMx} + π2,Mδ2

2θ1N2
{2θ1 − LMx}

]︄
+ o(N−1),

which is EN(x). The repository symbolic calculation is retained only as an independent
cross-check of (G.7)–(G.10).

9 Estimation of the Bartlett factor

Put q = Q−1/2 and let ηN collect the second–fourth central block moments entering B(ηN ) =
bblk

N . For sample a, define

Xa =
√︂
Q Ūa, Sa,r =

√︂
QQ−1

a

Qa∑︂
j=1

ψa,r(Ua,j),

where

ψa,2(u) = u2 −ma,2, ψa,3(u) = u3 −ma,3 − 3ma,2u, ψa,4(u) = u4 −ma,4 − 4ma,3u.

The empirical central moments satisfy

ˆ︂ma,2 −ma,2 = qSa,2 − q2X2
a + op(q2),

ˆ︂ma,3 −ma,3 = qSa,3 − 3q2XaSa,2 + op(q2),
ˆ︂ma,4 −ma,4 = qSa,4 + q2{−4XaSa,3 − 6ma,2X

2
a} + op(q2). (28)

Hence ˆ︁ηN − ηN = qSN + q2{βη,N + ˜︂DN} + op(q2), EG
˜︂DN = 0,

and a second-order delta expansion gives

ˆ︁bblk
N − bblk

N = qB1,N + q2B2,N + op(q2), (29)

with
B1,N = g′

BSN , B2,N = g′
Bβη,N + g′

B
˜︂DN + 1

2S
′
NHBSN .

Let A be the leading standard-normal root contrast and v = CovG(SN , A). The even
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conditional projection of B2,N on A is

EG(B2,N | A) = βb,0 + βfull
b,2 H2(A) + {odd terms},

where
βb,0 = g′

Bβη,N + 1
2 tr(HBΣη),

βfull
b,2 = 1

2v
′HBv + 1

2EG{H2(A)g′
B
˜︂DN}.

The last expectation is a finite Gaussian-moment contraction and is determined by the
moments already entering B.

Put ḠM = GM/H
3/2
M and ρb = CovG(A,B1,N). By scale invariance take HM = 1 for

the following calculation. Since Rc
N = A + qP1 + Op(q2) with P1 = GA2/3 − AV/2, Wick

contraction gives

mR = EG(P1) = −G/6, cumG(P1, A,A) = −G/3.

Let ηb = CovG(V,B1,N). The single-block cumulant identity gives

q−1 cum(A,A,B1,N) = ηb + o(1),

and Wick’s rule gives
cumG(P1, A,B1,N) = −ηb/2 +Gρb/6.

Consequently
q−1 cum(Rc

N , R
c
N , B1,N) = Gρb/3 + o(1).

Restoring scale yields

mR = −ḠM/6, κ300 = 0, κ210 = ḠMρb/3. (30)

Hence ρbmR + κ210/2 = 0. Under B2, the boundary expansion leaves only the quadratic
projection of B2,N and gives

P (Tb,N ≤ x) − P (TN ≤ x) = Q−2xg1(x){βb,0 + βfull
b,2 (x− 1)} + o(Q−2). (31)

Hence estimating the Bartlett factor changes the CDF only at order Q−2.
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10 Sample-based variance calibration and jackknife

Define
VN,M(s1, b1, s2, b2) =

∑︁2
a=1 N

−1
a (sa − ba/Ma)∑︁2

a=1 N
−1
a (sa − ba/Na)

,

ˆ︁νF
N = VN,M(ˆ︁σ2

1,
ˆ︁B21, ˆ︁σ2

2,
ˆ︁B22),

and
Ta(L) =

∑︂
h>L

h|γa(h)|, TM(L) = max
a

Ta(L)/Ma.

Split each sample into consecutive halves and insert the half-sample lag-window estimates
into the same full-target functional, holding Na,Ma, L fixed. If the resulting estimates areˆ︁ν(1)

N and ˆ︁ν(2)
N , define

ˆ︁νJK
N = 2ˆ︁νF

N − 1
2{ˆ︁ν(1)

N + ˆ︁ν(2)
N }. (32)

Under C2,

Eˆ︁νJK
N − νN = O

{︄
TM(L) + L3

M−N2 + rM

}︄
. (33)

A first-order perturbation of the calibration ratio is

δνN =
∑︁

a N
−1
a {(1 − νN)ea − fa/Ma + νNfa/Na}∑︁

a N−1
a (σ2

a −B2a/Na) + quadratic remainder,

and 1 − νN = O(M−1
− ), so the covariance-tail errors are block-scale damped.

For
Ka(h) =

∑︂
r,s∈Z

cum(Ya,0, Ya,h, Ya,r, Ya,s),

S3 gives ∑︁h(1 + |h|)|Ka(h)| < ∞. For one sample, let Zn = ∑︁n
t=1 Yt/(nΩn)1/2. Direct

cumulant expansion of the centered sample autocovariance gives, uniformly for h ≤ L,

E[(ˆ︁γn(h) − Eˆ︁γn(h))H2(Zn)] = K(h)
nσ2 +O

(︄
1 + h

n2

)︄
.

The leading Gaussian pairings cancel because the subtraction generated by sample centering
has the same first-order projection as the uncentered autocovariance. Summation over the
lag window gives an O(n−1) +O(L3n−2) projection for the two lag-window functionals. The
derivatives of VN,M with respect to these functionals are O(M−1

a ). The average of the two
half-sample influence functions equals the full-sample influence to first order, so only boundary
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and separate-centering remainders remain. Therefore

E[(ˆ︁νJK
N − Eˆ︁νJK

N )H2(AN)] = O

(︄
1

M−N
+ L3

M−N2

)︄
. (34)

Combining the population adjacent-link term, the Bartlett plug-in terms of order Q−2,
(33), (34), quadratic calibration perturbations, and covariance approximation gives

sup
x≥0

⃓⃓⃓
P (ˆ︂WN ≤ x) −G1(x) − EN(x)

⃓⃓⃓
= O

(︃
Q−2 + 1

M−N
+ TM(L)

+ L3

M2
−N

+ L3

M−N2 + rM

)︃
.

(35)

A sufficient population-equivalence regime is

M+ = o(N1/2), L → ∞, L3 = o(M2
−), (36)

together with
TM(L) = o(N−1), rM = o(N−1). (37)

Then P (ˆ︂WN ≤ x) = G1(x) + EN(x) + o(N−1) uniformly in x ≥ 0. The jackknife changes the
deterministic bandwidth restriction from L = o(M1/2

− ) to

L = o(M2/3
− ). (38)

If |γa(h)| ≤ Cρh and Ma ≍ Nκ, L = c logN satisfies the direct tail condition whenever
c log(1/ρ) > 1 − κ.

11 Adjusted two-sample BEL and higher-order equiva-
lence

The pseudo-observation construction is the two-sample AEL form with the sample-specific
block-count weights used in the main paper. The half-Bartlett principle is due to Liu and
Yu (2010). Dependent higher-order AEL is treated by Ma (2014), Wang and Polonik (2019).
Here we need the profiled two-sample specialization after variance calibration.
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11.1 Construction and profile existence

Under H0, put

˜︁U1,j = U1,j, ˜︁U2,j = U2,j + ∆0, ga,j(m) = ˜︁Ua,j −m,

and append ga,0(m;α) = −αθaḡa(m), α > 0. The pseudo-value has the opposite sign to the
original sample mean whenever that mean is nonzero. If the mean is zero, the original values
already contain both signs unless all are zero. Hence zero belongs to the augmented scalar
hull for every m and the adjusted profile is finite.

For fixed block counts, the adjusted-EL expansion of Liu and Yu (2010), with the
sample-specific weights used here, gives

bblk,A
N (α) = bblk

N − 2α, α∗
M = bblk

N /2. (39)

Pearson’s standardized moment inequality gives bblk
N ≥ 1/2 and α∗

M ≥ 1/4. The same
argument applies to the empirical central moments whenever ˆ︂HM > 0.

11.2 Local perturbation and control of the full profile

Put q = Q−1/2. At the ordinary optimizer,

t = qA+ q2(−AV +GA2) +Op(q3),

while the pseudo-log contribution is

J = −2αq2A2 − 2αq3A(−AV +GA2) +Op(q4).

The profiled nuisance curvature is order Q, whereas the adjustment score is smaller, so
re-optimization changes the criterion only at order q4, uniformly for α in a fixed compact
subset of (0,∞).

Let ρQ = Q−1/2(logQ)c, c > 1/2, and δQ = Q−1/4. On the baseline moment event, local
curvature gives

inf
ρQ<|m|≤δQ

{WA
N (m;α) −WA

N (ˆ︂mA;α)} ≥ c1(logQ)2c.

For δQ < |m| ≤ 4ΛN , let u be the uniform weights on the augmented sample and let p∗(m) be
the maximizing empirical-likelihood weights. Pinsker’s inequality and the moment constraint
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give
WA

a,N(m;α) = 2(Qa + 1)D{u∥p∗(m)} ≥ (Qa + 1)ḡa,u(m)2

Ga(m)2 ,

where Ga(m) = maxj |ga,j(m;α)|. On the moment event, ΛN ≤ Q3/(30+δ), so this region is
separated by a lower bound of order Q1/2−6/(30+δ). For |m| > 4ΛN , the moment constraint
forces the pseudo-observation to receive a fixed positive fraction of the total mass. An
AM–GM bound then gives WA

N (m;α) ≥ cBQ − C logQ, uniformly for α ∈ [1/4, B]. These
barriers dominate the local profile value. Hence there is an event LA

N such that

P{(LA
N)c} = o(N−1) (40)

and the global adjusted minimizer lies in |m| ≤ ρQ.

11.3 Signed-root equivalence for the sample-based statistics

On LA
N , analytic factorization at A = 0 gives WN = A2HN and WA

N = A2HA
N . The local

calculation yields

WA
N (α) − WN

1 + 2α/Q = −2α
3
GM

H
3/2
M

Q−3/2A3 +O{Q−2A2(1 + |A|)K}, (41)

and
RA

N(α) −RBC
N (α) = −α

3
GM

H
3/2
M

Q−3/2A2 +O{Q−2|A|(1 + |A|)K}. (42)

Since GM/H
3/2
M = O(M−1/2

− ), the right-hand side is o(N−1) on this event for Ma ≍ Nκ,
0 < κ < 1/2. Root-scale anti-concentration then gives an o(N−1) CDF difference.

The empirical half-Bartlett adjustment is bounded below by 1/4 and lies in a fixed compact
interval with complement probability o(N−1). The factor ˆ︁νJK

N is similarly bounded away
from zero and infinity under (36)–(37). Comparing the two sample-based statistics with their
common ˆ︁νJK

N and ˆ︁bblk
N gives

sup
x≥0

⃓⃓⃓
P ( ˆ︁TA

N ≤ x) −G1(x) − EN(x)
⃓⃓⃓
= o(N−1).

Thus VC+ABEL and VC+BC have the same displayed N−1 adjacent-block coefficient.
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12 Fixed block counts and the profiled Gaussian refer-
ence law

This section uses a separate asymptotic regime from S1.

12.1 Fixed-block-count assumptions

FQ1. Sampling regime.

Fix q1, q2 ≥ 3. Let Qa = qa, Ma → ∞, M1/M2 → c ∈ (0,∞), and define τ 2
a,Ma

= Ωa,Ma/Ma.
Assume rN = τ1,M1/τ2,M2 → r ∈ (0,∞). Under S2, r = (σ1/σ2)c−1/2.

FQ2. Finite-vector block central limit theorem.

With ˜︁U1,j = U1,j and ˜︁U2,j = U2,j + ∆0, put

Za,j,N =
˜︁Ua,j − µ1

τa,Ma

.

Assume
(Z1,1,N , . . . , Z1,q1,N , Z2,1,N , . . . , Z2,q2,N) ⇒ (Z1, Z2),

where all coordinates are independent standard Gaussian variables.

FQ3. Scale estimation.

Assume ˆ︁σ2
a →p σ

2
a and ˆ︁νJK

N →p 1. Then

ˆ︁rN =
{︄ˆ︁σ2

1/M1ˆ︁σ2
2/M2

}︄1/2

→p r.

12.2 Finite-dimensional profile functionals

For z = (z1, . . . , zq) and u ∈ R, define

ℓq(z, u) = 2
q∑︂

j=1
log{1 + λ(zj − u)},

where λ solves ∑︁q
j=1(zj −u)/{1+λ(zj −u)} = 0 with positive denominators. Set ℓq(z, u) = +∞

outside the interior of the sample range. For d > 0, append h0 = −d(z̄ − u) to hj = zj − u
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and define
ℓA

q (z, u; d) = 2
q∑︂

j=0
log(1 + λAhj),

where λA solves the augmented moment equation. The adjusted functional is finite for every
finite u.

Its common limit as u → ±∞ is

Lq(d) = 2
{︄

(q + 1) log d+ 1
q + 1 + q log q

d

}︄
. (43)

Thus ℓA
q extends continuously to the extended real line R, which permits a profile infimum at

infinity.

12.3 Limit of the empirical half-Bartlett adjustment

Let sa,k = q−1
a

∑︁
j(Za,j − Z̄a)k and ϑa = qa/(q1 + q2). Since the first limiting block scale is

normalized to one and the second equals 1/r,

ˆ︂m1,k = τ k
1,M1s1,k,N , ˆ︂m2,k = τ k

1,M1r
−k
N s2,k,N .

The common factor cancels from the Bartlett formula. Write

Hr = s1,2

ϑ1
+ r−2s2,2

ϑ2
, Gr = s1,3

ϑ2
1

− r−3s2,3

ϑ2
2

,

Kr = s1,4

ϑ3
1

+ r−4s2,4

ϑ3
2

, Cr = r−2s1,2s2,2

ϑ2
1ϑ

2
2

,

and
Br = − G2

r

3H3
r

+ Kr

2H2
r

+ Cr

H2
r

. (44)

Then ˆ︁bblk
N ⇒ Br(Z1, Z2) and Br ≥ 1/2 almost surely.

12.4 Proof of the fixed-block-count limit

Under H0, set t = (m− µ1)/τ1,M1 . Then

˜︁U1,j −m = τ1,M1(Z1,j,N − t), ˜︁U2,j −m = τ2,M2(Z2,j,N − rN t).
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Scale invariance gives the exact representation

WN(∆0) = inf
t∈R

{ℓq1(Z1,N , t) + ℓq2(Z2,N , rN t)}.

The ordinary functional is continuous at Gaussian vectors except for endpoint coincidences,
which have probability zero. Hence, on [0,+∞],

WN(∆0) ⇒ Wq1,q2(r).

Jointly, ˆ︁bblk
N ⇒ Br and ˆ︁νJK

N →p 1, so

ˆ︂WN ⇒ Wq1,q2(r)
1 + Br/(q1 + q2)

.

For adjusted BEL, ˆ︁αM = ˆ︁bblk
N /2 ⇒ Br/2. The continuous extension in (43) makes the adjusted

objective continuous jointly in the block vectors, r, adjustment, and nuisance coordinate, so

WA
N (∆0; ˆ︁αM) ⇒ WA

q1,q2(r).

FQ3 and Slutsky’s theorem give the same limit for ˆ︁TA
N .

12.5 Ordinary profile failure for equal scales

When r = 1, ordinary BEL is finite exactly when the two Gaussian sample ranges overlap in
their interiors. Failure occurs when all observations from one sample lie below all observations
from the other. Since all

(︂
q1+q2

q1

)︂
label orderings are equally likely and exactly two separate

the ranges,
P{Wq1,q2(1) = +∞} = 2(︂

q1+q2
q1

)︂ .
12.6 Plug-in critical values, reciprocal-scale symmetry, and Wilks

compatibility

Let FA
q1,q2,r be the distribution function of WA

q1,q2(r) and c1−γ(q1, q2, r) its quantile. Weak
continuity of the reference law in r > 0 and FQ3 imply, when the quantile is unique and
continuous,

c1−γ(q1, q2, ˆ︁rN) →p c1−γ(q1, q2, r).
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For equal block counts, ϑ1 = ϑ2 = 1/2 and direct substitution gives

H1/r(Z2, Z1) = r2Hr(Z1, Z2), G1/r(Z2, Z1) = −r3Gr(Z1, Z2),

K1/r(Z2, Z1) = r4Kr(Z1, Z2), C1/r(Z2, Z1) = r4Cr(Z1, Z2),

so B1/r(Z2, Z1) = Br(Z1, Z2). After the change s = rt,

WA
q,q(r;Z1, Z2) = WA

q,q(1/r;Z2, Z1),

and therefore
WA

q,q(r)
d= WA

q,q(1/r), c1−γ(q, q, r) = c1−γ(q, q, 1/r).

Whenever differentiable at r = 1,

∂

∂ log rc1−γ(q, q, r)
⃓⃓⃓⃓
⃓
r=1

= 0.

Finally let q1, q2 → ∞, with ϑa bounded away from zero and one and r in a compact
subset of (0,∞). Then sa,2 →p 1, sa,3 →p 0, sa,4 →p 3, and

Br →p b∞(ϑ1, ϑ2, r),

where
b∞ =

3
2{ϑ−3

1 + r−4ϑ−3
2 } + r−2(ϑ1ϑ2)−2

{ϑ−1
1 + r−2ϑ−1

2 }2 .

This limit is bounded on compact parameter sets, so da = ϑaBr/2 = Op(1) and da/qa = op(1).
The adjusted-EL expansion of Chen et al. (2008) then gives, uniformly over the local nuisance
region,

ℓA
q1(Z1, t; d1) + ℓA

q2(Z2, rt; d2) = q1(Z̄1 − t)2 + q2(Z̄2 − rt)2 + op(1).

The minimum of the quadratic part is

(Z̄1 − Z̄2/r)2

q−1
1 + r−2q−1

2
,

which is exactly χ2
1. Hence WA

q1,q2(r) ⇒ χ2
1. In the balanced case with r = 1, b∞ = 5/2.
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13 Causal linear-process and AR(1) formulas

For Ya,t = ∑︁
j≥0 aa,jεa,t−j, let the εa,t be i.i.d. mean-zero innovations with variance κ2,a. If∑︁

j j
2|aa,j| < ∞ and Aa = ∑︁

j aa,j ̸= 0, put ca(h) = ∑︁
j aa,jaa,j+h. Then

γa(h) = κ2,aca(h), σ2
a = κ2,aA2

a, B2a = 2κ2,a

∑︂
h≥1

hca(h).

Under the corresponding innovation moments, the coefficient condition gives the covariance
and cumulant summability used above. The Edgeworth and conditional Cramér conditions
remain separate.

For AR(1), Ya,t = ϕaYa,t−1 + εa,t,

γa(h) = κ2,a

1 − ϕ2
a

ϕ|h|
a , σ2

a = κ2,a

(1 − ϕa)2 ,
B2a

σ2
a

= 2ϕa

1 − ϕ2
a

,

and
Ωa,Ma

σ2
a

= 1 − 2ϕa(1 − ϕMa
a )

Ma(1 − ϕ2
a) , cov(Sa,1, Sa,2) = γa(0)ϕa(1 − ϕMa

a )2

(1 − ϕa)2 .

Thus the adjacent standardized-block correlation is B2a/(2Maσ
2
a) +O(M−2

a ).
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