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Abstract

Forecasting the solar cycle is particularly difficult near its onset, when only
limited information about the new cycle is available. We combine two comple-
mentary sources of information. A geomagnetic aa-index precursor provides an
early estimate of cycle amplitude, while a historical analog model identifies past
solar cycles that most closely resemble the developing cycle and uses them to fore-
cast subsequent sunspot evolution. Cycle similarity is quantified using dynamic
time warping (DTW), which allows cycles of different lengths to be compared
through flexible alignment along the time axis. The geomagnetic and analog
peak estimates are then combined so that the estimate with lower historical un-
certainty receives greater influence. The resulting forecast trajectory is adjusted
to join the latest observation while keeping sunspot numbers non-negative.

We tested the method by reconstructing forecasts for Solar Cycles 21-24 at six
stages of each cycle, using only information available up to each stage. In 20 of
the 24 cases, the cycle maximum had not yet been observed. For peak amplitude,
the combined estimate has a mean absolute error (MAE) of 16.1 smoothed
sunspots, compared with 18.6 for an equal-weight combination and 25.1 for the
geomagnetic precursor alone.

Matching the developing cycle against complete historical cycles reduces the
mean trajectory error from 26.1 to 20.2 smoothed sunspots, compared with first
resampling historical cycles to the length of the observed record. Further tests
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Soman and Sabarinath

show that this improvement is mainly associated with preserving the original
lengths of the historical cycles during matching, rather than with the choice
between approximate and exact DTW calculations. The trajectory adjustment
also prevents artificial flat zero-valued tails during the declining phase.

The resulting empirical uncertainty bands are narrower than those from the
earlier DTW method, although their coverage varies considerably between cy-
cles, particularly for Solar Cycle 22. They are therefore interpreted as empirical
measures of forecast uncertainty rather than as calibrated prediction intervals.
The forecasting procedure has been specified for Solar Cycle 26, allowing the
method to be tested on a new solar cycle without changing the rules after the
outcome is known.

Keywords: Solar cycle forecasting; Geomagnetic aa precursor; Dynamic time
warping; Analog forecasting; Sunspot number; Solar Cycle 25

1. Introduction

Forecasting the amplitude and evolution of the solar cycle is an important
problem in solar physics. Solar activity modulates the near-Earth radiation
environment, thermospheric density, satellite drag, and ionospheric conditions,
giving cycle prediction both scientific and space-weather relevance (Hathaway
2015; Petrovay 2020). Proposed approaches include empirical precursors, sta-
tistical and analog methods, surface-flux-transport and dynamo models, and
data-driven techniques (Pesnell 2008; Petrovay 2020; Nandy 2021). No single
source of information is equally useful throughout the cycle.

Precursor methods are most valuable near solar minimum, before the new
sunspot cycle has developed substantially. The classical Ohl relationship links
low geomagnetic activity near minimum to the subsequent cycle maximum (Ohl
1966; Ohl and Ohl 1979); the long aa geomagnetic record makes this relationship
particularly useful for retrospective studies (Mayaud 1972). Polar-field precur-
sors have a more direct physical link to the large-scale field that seeds the
next cycle (Schatten et al. 1978; Svalgaard, Cliver, and Kamide 2005; Wang
and Sheeley 2009; Bhowmik and Nandy 2018; Upton and Hathaway 2018), but
precursor methods primarily provide information about cycle amplitude rather
than the subsequent sunspot trajectory.

Historical analog methods address a complementary problem. Once a new cy-
cle is sufficiently developed, its observed shape can be matched against previous
cycles, whose subsequent evolution then serves as a forecast template. Because
solar cycles differ in rise time, peak structure, duration, and decline rate, a
similarity measure that allows for differences in timing is useful. Dynamic time
warping (DTW) provides this by allowing similar features to occur at different
stages of the compared cycles (Sakoe and Chiba 1978; Miiller 2007).

Soman and Sabarinath (2026) introduced a DTW-based analog method in
which historically similar cycles are selected and combined to forecast the future
trajectory and its empirical uncertainty. This method becomes more informative
as the target cycle develops, but near cycle onset only limited sunspot informa-
tion is available. The present work therefore investigates whether a geomagnetic
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aa precursor, available from cycle onset, can provide early information about
cycle amplitude and complement the analog forecast as the cycle develops.

We also reconsider how historical cycles should be matched to a partially
observed target cycle. In Soman and Sabarinath (2026), each complete historical
cycle was first resampled to the length of the observed part of the target cycle
before DTW matching. Here the historical cycles are instead kept at their original
lengths during matching. This direct unequal-length comparison is used as the
primary method, while alternative matching choices are examined as robustness
checks.

A further practical issue arises when the historical analog trajectory is ad-
justed to follow the currently observed cycle. A simple vertical shift used to
join the forecast to the latest observation can produce negative values during
the declining phase. We therefore modify the trajectory so that it remains
non-negative.

The method separates estimation of the cycle maximum from forecasting
the future trajectory. The aa precursor and the analog method each provide
an estimate of cycle amplitude. These estimates are combined so that the one
with lower historical uncertainty has greater influence. Historical cycles selected
using DTW provide the trajectory shape, which is adjusted to join the latest
observation while remaining non-negative. We test the method by reconstructing
forecasts for Solar Cycles 21-24 at several stages of each cycle, using only earlier
cycles and information available up to each forecast stage. Solar Cycle 25 is
considered separately as a contemporary example, while Solar Cycle 26 will
provide the first test of the complete method on a new solar cycle, with the
forecasting rules fixed in advance.

2. Data
2.1. Sunspot Number

We use the monthly 13-month smoothed total sunspot number from Version 2.0
of the International Sunspot Number series, produced by the World Data Center
SILSO at the Royal Observatory of Belgium (Clette and Lefevre 2015, 2016).
The 13-month smoothing reduces short-term variability while retaining the main
solar-cycle evolution (Hathaway 2015). The series was retrieved in July 2026 and
truncated at December 2025, giving 3318 monthly values from July 1749 through
December 2025. Recent values may subsequently be revised by the data provider.

Because the 13-month smoother is centered, a smoothed value at month ¢
depends on observations extending approximately six months beyond ¢. A cutoff
defined in terms of the smoothed series therefore does not correspond exactly
to the calendar date at which all contributing observations would have been
available.

For the primary hindcast analysis, a nominal cutoff T denotes the number
of smoothed sunspot values supplied to the forecasting method, so the observed
prefix is

y(O), cee ’y(T - l)a
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Figure 1. Frozen 13-month smoothed total sunspot number (Clette and Leféevre 2015) from
July 1749 through December 2025, with the adopted solar-cycle segmentation. Cycles 13—24
form the historical analog library, Cycles 21-24 form the principal walk-forward validation set,
and Solar Cycle 25 is analyzed separately. The largest observed smoothed value in the frozen
Cycle 25 record is 160.9, at elapsed month 57.

with T" = 0 corresponding to an empty prefix. This gives all competing methods
the same observed smoothed prefix and allows direct comparison with Soman
and Sabarinath (2026).

We also examine the effect of the approximate six-month smoothing delay.
For a forecast issued at elapsed month T, the operational convention is

Tssn = max(0, T —6),  Toa =T, (1)

where Tggy is the available smoothed-sunspot prefix length and Ty, is the geo-
magnetic cutoff. A more conservative case in which both inputs are lagged by
six months is also examined.

Adjacent smoothed values are strongly dependent because consecutive 13-
month windows share twelve underlying months. This dependence is taken into
account when interpreting forecast errors and uncertainty coverage.

Figure 1 shows the sunspot series and the adopted cycle segmentation.

2.2. Solar-Cycle Segmentation and Month Indexing

We retain the cycle boundaries used by Soman and Sabarinath (2026), listed
in Table 1. These boundaries broadly follow minima of the smoothed sunspot
series. Keeping the same segmentation allows the present results to be compared
directly with the earlier analysis without introducing changes due only to revised
cycle boundaries.

Solar Cycles 1324 form the historical cycle library, and Cycles 21-24 form
the principal walk-forward validation set. Solar Cycle 25 is considered separately
in Section 5. Within each cycle, elapsed months are indexed from zero, with
month 0 denoting the adopted onset. The frozen Cycle 25 record extends from
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January 2020 through December 2025 and contains 72 smoothed monthly values;
its largest observed value is 160.9 at elapsed month 57.

The adopted onset dates are retrospective cycle boundaries and need not
be known exactly at a real forecast origin. We therefore examine the effect of
shifting the onset date used for the geomagnetic precursor by +3, +6, and +12
months.

Table 1. Adopted solar-cycle segmentation and realized maxima
of the 13-month smoothed sunspot number. Maximum months
are elapsed months from the adopted onset (month 0). Cy-
cles 13-24 form the historical cycle library and Cycles 21-24 form
the principal validation set. The Cycle 25 entry gives the frozen
record through December 2025 and is incomplete; its tabulated
maximum is the largest smoothed value observed through that
date.

Cycle Onset End Length Max. SSN Max. month

(months) (elapsed)
13 1889-03 1901-02 144 146.5 58
14 1901-03 1913-07 149 107.1 59
15 1913-08 1923-07 120 175.7 48
16 1923-08 1933-02 115 130.2 56
17 1933-03 1944-01 131 198.6 49
18 1944-02 1954-03 122 218.7 39
19 1954-04 1964-09 126 285.0 47
20 1964-10 1976-02 137 156.6 49
21 1976-03 1986-08 126 232.9 45
22 1986-09 1996-07 119 212.5 38
23 1996-08 2008-12 149 180.3 63
24 2009-01 2019-12 132 116.4 63
25 2020-01 2025-12 72 160.9 57

2.3. Geomagnetic aa Index

The geomagnetic precursor is based on the aa index, a long-running measure
of planetary geomagnetic activity extending back to the nineteenth century
(Mayaud 1972). We use the three-hourly series distributed by the International
Service of Geomagnetic Indices (ISGI) and calculate monthly means. The result-
ing monthly series extends from January 1869 through December 2025. Values
through December 2024 are definitive, while those for 2025 are provisional.
The analysis uses the classical ISGI aa series. Long-term calibration and
secular changes in the geomagnetic field can affect its homogeneity (Lockwood
et al. 2018); this limitation is considered when interpreting the precursor results.
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Figure 2. Frozen monthly mean geomagnetic aa index (light trace) and trailing 13-month
mean from Equation (2) (heavy trace), January 1869 through December 2025. Shaded regions
show representative precursor windows for Solar Cycles 21, 23, and 25; downward triangles
mark the corresponding minima used by the precursor construction. Values are definitive
through December 2024 and provisional during 2025.

To obtain a geomagnetic quantity that is available at the forecast origin, we
use a trailing 13-month mean,

12

a(t) = 35 > alt — ) 2)

J=0

where a(t) is the calendar-month mean aa index. Unlike the centered sunspot
smoother, a(t) depends only on observations at or before month ¢ and is therefore
available without a future-data delay.

Figure 2 shows the monthly aa series and its trailing 13-month mean.

2.4. Data and Code Availability

All calculations use fixed input data through December 2025. The data, anal-
ysis code, executed notebook, output tables, and figures used in this study are
available at

https://github.com/varunsmn87/SolarcycleDT Wprecursor.

The repository also contains the frozen inputs used to reproduce the Solar
Cycle 25 calculations discussed in Section 5.

3. Methods

The forecasting problem is divided into two related tasks: estimating the eventual
maximum of the solar cycle and forecasting its future sunspot trajectory. The
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geomagnetic aa index provides early information about cycle amplitude, while
the observed sunspot record is used to identify historically similar cycle shapes.
At anominal cutoff T', the observed smoothed-sunspot prefix is y(0), . .., y(T—
1), where y(t) denotes the smoothed sunspot number at elapsed month ¢. The
case T' = 0 denotes cycle onset, when no target-cycle sunspot trajectory is yet
available.
The forecasting procedure consists of four stages:

i) the aa precursor provides a predictive distribution for the eventual cycle
maximuim;
ii) DTW is used to select historical analogs and construct a trajectory shape;
iii) the geomagnetic and analog peak estimates are combined according to their
historical uncertainty; and
iv) the analog trajectory is joined to the observed cycle and adjusted toward the
combined peak estimate subject to non-negativity.

For every historical target, model fitting and analog selection use only cy-
cles preceding that target. The target cycle contributes only the information
admitted at the stated cutoff.

3.1. Geomagnetic Estimate of the Cycle Maximum

The aa precursor uses the Ohl relationship between low geomagnetic activity
near solar minimum and the amplitude of the following cycle (Ohl 1966). We
use the causal trailing 13-month mean a(t) defined in Equation (2), so that no
future geomagnetic observation is required.

Let ¢ denote the target solar cycle and let ¢y . be its adopted onset month.
At cutoff T, the geomagnetic predictor x.(T) is defined as the minimum trailing
aa value in a window beginning 24 months before the adopted onset:

ze(T) = tElto.0—24, to o +min(T,12)] alt). 3)
At T = 0 the window ends at ¢y .. During the first 12 months of the cycle its right
boundary advances as new geomagnetic observations become available; after T' =
12 the window remains fixed. Thus z.(T) is a forecast-origin quantity rather than
a geomagnetic minimum identified retrospectively from the completed cycle.
For a target cycle ¢, the precursor relation is fitted using all preceding cycles.
Let j index one of these historical cycles, let P; denote its realized smoothed
maximum, and let z;(T) be its geomagnetic predictor constructed using the
same cutoff convention. We fit

P; = po+ Piz;(T) + ¢, ej ~N(0,0%), (4)

where By and j3; are the regression coeflicients and o2 is the residual variance.
The fitted regression gives a predictive distribution for the unknown maximum
A of the target cycle:

Al ze(T) ~ b, (pp(T), 5p(T)) , )
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where the predictive mean is
11p(T) = Bo + Brae(T),
and the predictive scale is

sg(T) =5% [1+x/(X"X) 'x,]. (6)
Here n is the number of preceding cycles used in the regression, v = n — 2,
%X, = (1,2.(T))T, and X is the n x 2 regression design matrix whose rows are
(1,z;(T)). The quantity & is the fitted residual standard deviation. The leading
1 in Equation (6) includes the scatter of a new cycle around the fitted regression,
rather than only uncertainty in the fitted mean.

The predictive density is evaluated numerically over 0 < A < 400 smoothed
sunspots and renormalized over this range. The realized maximum of the target

cycle is never used in constructing its own precursor estimate.
3.2. Historical Analog Trajectory
3.2.1. Donor Pool and Shape Normalization

Let y(© denote the complete smoothed sunspot-number sequence of cycle c.
At cutoff T, only its observed prefix y(©)(0),...,y(?) (T — 1) is available to the
forecasting method.

The trajectory component identifies completed historical cycles whose shapes
most closely match this observed prefix. Following Soman and Sabarinath (2026),
the primary donor pool contains completed preceding cycles of the same even—
odd parity as the target. This restriction is motivated by the approximately
22-year Hale magnetic cycle (Hale et al. 1919; Hathaway 2015). For Solar Cy-
cles 21-24 the resulting candidate pools contain 4, 4, 5, and 5 completed cycles,
respectively. Because three donors are normally retained, analog selection oper-
ates on a small historical pool. The effect of removing the parity restriction is
examined as a robustness check.

DTW is used here to compare cycle shape rather than absolute amplitude.
Before matching, each sequence z(t) is therefore scaled to the range [0, 1]:

z(t) — ming z(s)

Z(t) = (7)

maxg z(s) — ming 2(s)

Here Z(t) denotes the normalized sequence. A numerically constant sequence
is represented by zeros. Absolute sunspot amplitude is restored only after the
historical analogs have been selected.

3.2.2. Unequal-Length DTW Matching

Dynamic time warping allows similar features in two sequences to occur at differ-
ent elapsed times. Let uw = (uq,...,un) and v = (v,...,var) be two normalized
sequences of lengths N and M, respectively. Their cumulative DTW cost satisfies

D(i,j) = [ui = vj| + min{D(i — 1,5), D(i,j = 1), D(i = 1, = 1)}, (8)
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with D(0,0) = 0 and infinite cost along the remaining zero boundaries (Sakoe
and Chiba 1978; Miiller 2007). The DTW distance used in the primary analysis
is the terminal cumulative cost

dprw (u,v) = D(N, M). (9)

No path-length normalization or warping-window restriction is imposed in the
primary analysis.

For target cycle ¢ and a completed historical donor j, the normalized observed
target prefix is compared directly with the normalized complete donor:

a2 (1) = DTW (377,57, (10)

where di?‘ja“ (T') is the resulting distance. The two sequences may therefore have
different lengths. The historical donor is already fully observed, so no future
value of the target cycle enters this calculation. The DTW distance is used
only to rank historical donors; the warping path is not interpreted as a physical
alignment of solar-cycle phases.

The exact unequal-length rule is adopted as the main matching rule because
it directly implements the stated unequal-length cumulative-cost formulation,
rather than because it gives the lowest retrospective validation error.

Two alternative matching rules are retained for comparison. The numerical
procedure associated with Soman and Sabarinath (2026) first resamples each
complete historical donor to the target-prefix length and then applies FastDTW
(Salvador and Chan 2007). We also consider exact prefix-to-prefix DTW, in
which the observed target prefix is compared only with the first 7' months of
each historical donor. These alternatives test the sensitivity of the forecasts to the
way the length difference between a partially observed target and a completed
historical cycle is handled.

3.2.8. Constructing the Analog Trajectory

For T' > 0, the k = 3 donors with the smallest DTW distances are retained. For
selected donor i, let d; denote its DTW distance from the target prefix and let
L; denote its original cycle length. The donor receives inverse-distance weight

d; -1
N e ) S (L (11)

k
Z(d@ + ed)_l
=

1

where €4 prevents division by zero. Other values of k are examined as sensitivity
checks.

Because the selected donors can have different durations, the generated tra-
jectory length L is based on their weighted mean duration and is not allowed to
end before the current cutoff:

L = max {T7 round <i wiLi> } . (12)

i=1
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After donor selection, the complete normalized donor profiles are resampled
to this common length and averaged:

k
gr(t) = ZW‘RL [g(i)} (t), (13)

where Ry denotes linear resampling to length L and gr(¢) is the resulting
normalized blended shape. This resampling occurs after donor selection and
therefore does not enter the primary unequal-length DTW comparison.

For selected donor i, let a; = max; y® (t) — min, y(* () denote its amplitude
range and b; = min; y(?)(¢) its minimum value. The blended profile is returned
to the sunspot-number scale according to

k k
f(t) = clipjg 1) [92.(2)] Z wia; + Z w;b;, (14)
=1 =1

where clipg ;) replaces values below zero by zero and values above one by one.
The quantity f(¢) is the resulting analog trajectory before it is joined to the
observed target cycle.

At T = 0 there is no observed target shape for DTW matching. Follow-
ing Soman and Sabarinath (2026), a half-sine cycle-shaped reference is used
and two historical donors are retained. Onset forecasts therefore contain no
target-specific DTW information and are not used to distinguish between the
alternative matching rules.

3.3. Joining the Analog Trajectory to the Observed Cycle

For T > 0, the analog trajectory f(¢) must join the target cycle at its latest
observed value y(T — 1). A simple vertical shift gives the additive anchor

faaa(t) = f() +y(T = 1) = f(T = 1).

This preserves differences within the analog template but can shift part of the
declining tail below zero.
A multiplicative alternative is

Fae () = f() LD

For a non-negative template this preserves non-negativity, but it is unstable if
f(T —1) is very close to zero.

We therefore use a deterministic rule that retains the additive form when-
ever it already gives a non-negative future trajectory and otherwise uses the
multiplicative form when its denominator is safely positive:

faaa(t), run>1¥ fada(u) >0,
720 =< fmus(t), £n>1¥ fada(w) <0 and f(T—1)>mn, (15)
max{0, faaa(t)}, otherwise,
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where n = 107® is a numerical safeguard against division by a value close to
zero. The quantity f2"¢(¢) denotes the anchored analog trajectory.

At T = 0 no observed target value is available, so no anchoring operation is
applied. For subsequent notation we set f22°(¢) = f(t) at onset.

The analog peak estimate used in the amplitude-combination model is de-
noted by pan(T). It is defined as the maximum of the constraint-aware tra-
jectory obtained using the earlier numerical donor-selection procedure, before
the combined-amplitude rescaling described below. This definition is kept fixed
across the different trajectory-matching rules so that changes in trajectory ac-
curacy are not confounded with changes in the analog amplitude supplied to the
combination model.

The earlier analog benchmark is retained separately. It uses the same earlier
donor-selection procedure with additive anchoring and non-negative trunca-
tion. This distinction allows the trajectory-matching rules to be compared while
keeping the amplitude input to the combined model unchanged.

3.4. Combining the Two Peak Estimates

The geomagnetic precursor and the analog component both estimate the even-
tual whole-cycle maximum. The geomagnetic estimate is available from cycle
onset, whereas the analog estimate generally becomes more informative as the
observed sunspot prefix develops. Rather than specifying a fixed month at which
one estimate replaces the other, their relative influence is determined from
historical forecast errors.
Let pprec(A) denote the geomagnetic predictive density for the unknown whole-Jj

cycle maximum A from Equation (5). The analog estimate p.,(7') is represented
as a noisy observation of A:

p(ttan | A) =N (ptan; A,02,(T)) (16)

where o,y (1) describes the historical error of the analog peak estimate at cut-
off T

For target cycle ¢, let H. denote the set of preceding cycles for which the
corresponding walk-forward analog hindcast can be formed. If P, is the real-
ized maximum of historical cycle h and pan n(T) is its analog peak estimate at
cutoff T', then

1/2
Gan(T) = “% S (P — pann ()| (17)

heH,

Here |H.| denotes the number of historical analog hindcasts available for target c;
for Solar Cycles 21-24 it ranges from six to nine.

The two sources of amplitude information are combined through the working
posterior

P(A | ptan) o Pprec(A)p(ttan [ A). (18)
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The combined amplitude estimate is the numerical posterior mean

400

Agp(T) = | Ap(A] pn) dA. (19)

This empirical-Bayes construction is used as a practical way of combining the
two sources of amplitude information rather than as a complete probabilistic
model of solar-cycle physics. In particular, o,,(T) is estimated from a small
historical sample and is then treated as fixed.

A reported estimate of the eventual whole-cycle maximum cannot be smaller
than a sunspot value already observed. Let Aqpns(7") denote the largest value
observed by the cutoff, with Aq,s(0) = 0 and

Aobs(T) = max y(t), T>0.

0<t<T

The reported peak estimate is therefore

-~

Avep(T) = max {EEB(T), Aobs(T)} . (20)

The same logical lower bound is applied to the other peak estimators when their
peak errors are compared. R

The distinction between Agp(T) and A,ep(T) matters after a large cycle
maximum has already been observed. The reported whole-cycle maximum must
respect that observation, but the remaining declining trajectory should not be
forced back toward a peak that has already occurred. The trajectory transfor-
mation therefore uses Agp(T') rather than A,.,(T).

3.5. Adjusting the Trajectory to the Combined Amplitude

The DTW analogs determine the shape and approximate duration of the fore-
cast, whereas Agp(7T') provides its desired amplitude. These two components are
combined by rescaling the anchored analog trajectory.

For T > 0, let

mr =y(T —1)

denote the latest observed sunspot value, which is used as the rescaling pivot.
At T = 0 there is no observed target value, so we instead define

Ty = mfin f(@).
The future trajectory is rescaled about this pivot according to
gt) =7 + A[f*() — 7], t>T, (21)

where 7(t) denotes the final deterministic forecast and X is the applied amplitude-
scaling factor.
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When the future part of the analog trajectory contains a peak above the pivot,
the scaling factor that would attain the desired combined amplitude is

Ades = AEB@ T (22)
max f*(t) — mp
>T

Here Ages is the desired scaling factor before imposing the non-negativity re-
quirement.
Let
— : anc t

my = min f*(t)
be the minimum of the future anchored trajectory. If Ages is too large, rescaling
about the pivot can push the declining tail below zero. The applied factor is
therefore

T — €f

:|, mpg < 77,
T — MMy

min |:/\de57

A= € =107°. (23)

)\des» mg > s

The small constant €; provides a positive numerical floor. When the feasibility
bound is active, the minimum future value equals €y by construction.

No amplitude rescaling is applied when the relevant template peak has already
occurred, when the desired amplitude does not exceed the pivot, or when no
future peak remains. If the non-negativity bound is reached before the desired
amplitude can be attained, the forecast is labelled feasibility-limited. In such
cases the reported whole-cycle peak estimate and the maximum actually attained
by the remaining forecast trajectory are recorded separately.

3.6. Empirical Uncertainty Envelopes

Trajectory uncertainty is estimated separately from the empirical-Bayes peak
calculation using errors from preceding walk-forward forecasts.
For a historical hindcast, let

r(t) = y(t) —y(t)

denote the forecast residual at month ¢. For each target, residuals from earlier
same-parity cycles are grouped into 12 phase bins according to their normalized
position within the solar cycle. Residuals are centered within each bin, and
neighbouring bins are pooled when fewer than five residuals are available.

The bootstrap spread is allowed to vary with the amplitude of the forecast.
Define

p(t) = max {0.357 HW} : (24)

max,, y(u)

SOLA: output.tex; 2 September 2026; 16:16; p. 13



Soman and Sabarinath

where p(t) is an amplitude-dependent scale factor and u indexes the generated
forecast trajectory. Following Soman and Sabarinath (2026), the fixed lower
bound of 0.35 prevents the simulated spread from collapsing near solar minimum.

Let ¢(t) denote the phase bin containing month ¢. A bootstrap realization b
is generated as

~ ~ b
7O (1) = () + s p(t) iy, (25)

(b)
q(t
bin ¢(t), and s is an overall width multiplier. We use b = 1,...,5000 bootstrap

realizations with a fixed random seed.

For each held-out validation cycle, cutoff, trajectory pipeline, and nominal
coverage level, the multiplier s is selected using the other three validation cycles.
Candidate values are 0.50,0.55,...,5.00, and the smallest value attaining the
required mean coverage is retained. If no candidate reaches the nominal coverage
level, s = 5.00 is used.

The 10th-90th and 1st—-99th pointwise percentiles of the bootstrap trajec-
tories define the nominal 80% and 98% envelopes, respectively, with negative
lower bounds truncated at zero. Because only three other validation cycles are
available for this calibration and coverage is not uniform across cycles, these
bands are described as empirical uncertainty envelopes rather than calibrated
prediction intervals.

where r ) is sampled with replacement from the centered residuals in phase

3.7. Validation and Model Comparisons
3.7.1. Walk-Forward Hindcasting

The principal validation set consists of Solar Cycles 21-24. Hindcasts are con-
structed at nominal cutoffs T' = 0, 12, 24, 36, 48, and 60 months. For every target,
precursor fitting, historical analog-error estimation, and donor selection use only
cycles preceding that target. The target contributes only the sunspot information
admitted under the stated cutoff convention.

Peak accuracy is measured by the absolute difference between the forecast
peak and the realized whole-cycle maximum. Because a cutoff occurring after
the realized maximum already contains strong information about that maximum,
peak errors are also summarized separately for cutoffs at which the realized
maximum had not yet entered the observed prefix.

The primary trajectory score is the mean absolute error over future months
for which both the observed target and generated forecast are available:

1 T+Npr—1
MAEfuture = NiT Z |y(t) - /y\(t)| ) (26)
t=T

where L, is the length of the observed target cycle, L@ is the length of the
generated trajectory, and

Np = min(L,, Lg) -T
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is the number of future months common to the two sequences.

Two supplementary trajectory scores are also reported: one over a common
future window of at most 48 months and one extending to the end of the observed
target cycle, using terminal-value extension when the generated trajectory ends
earlier.

3.7.2. Attribution of Forecast Changes

To determine which parts of the revised framework affect trajectory performance,
the forecasting procedure is introduced in stages.

Configuration A reproduces the earlier numerical trajectory of Soman and
Sabarinath (2026). Configuration B adds the combined peak estimate while
retaining the earlier matching procedure and trajectory transformation. Config-
uration C additionally introduces the constraint-aware anchoring and rescaling
rules. Configuration D, the proposed trajectory method, retains the same com-
bined amplitude and constraints but replaces the earlier matching procedure
with exact unequal-length DTW.

Exact prefix-to-prefix DTW is retained as the principal alternative matching
rule. An equal-weight average of all eligible historical donors provides a baseline
without DTW-based donor ranking.

The earlier numerical matching procedure and the primary unequal-length
procedure differ in two respects: the historical donor is either resampled before
matching or retained at its original length, and DTW is computed either with
FastDTW or with the exact recurrence. A 2 X 2 comparison crosses these two
choices. This allows the effect of donor representation to be distinguished from
the effect of the numerical DTW implementation.

3.7.8. Robustness Analyses

The main modelling assumptions are examined through additional sensitivity
analyses without redefining the main method. These include prefix-to-prefix
matching, path-normalized DTW, an alternative target normalization, unre-
stricted rather than same-parity donor pools, different values of k, perturbations
of the adopted onset date, likelihood tempering, and leave-one-analog-out tests.
The information-delay conventions of Equation (1) are also examined to assess
the effect of the centered sunspot smoother.

The six cutoffs from a single solar cycle are not independent replicates. Paired
trajectory differences are therefore summarized at the solar-cycle level rather
than treating all 24 cycle—cutoff cases as independent observations. Cycle-level
bootstrap intervals and leave-one-cycle-out matching-rule checks are used as
descriptive stability diagnostics only. With four principal validation cycles, they
are not interpreted as large-sample statistical inference.

4. Results

Walk-forward hindcasts of Solar Cycles 21-24 are evaluated at nominal cutoffs
T = 0,12,24, 36,48, and 60 months. Unless stated otherwise, trajectory errors
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Figure 3. Minimum forecast-origin trailing 13-month mean of the aa index available at
cycle onset (T = 0) against the realized smoothed cycle maximum. Circles denote training
Cycles 13-20 and squares denote validation Cycles 21-24. The line is fitted to the training
cycles only and is refitted using preceding cycles for each walk-forward target.

are computed over the future period common to the observed cycle and the
generated forecast.

4.1. Geomagnetic Information and Peak Forecasts

The forecast-origin geomagnetic predictor is positively associated with the re-
alized smoothed cycle maximum (Figure 3). Using Cycles 13-20 as the initial
training sample, the correlation is r = 0.757 at cycle onset and r = 0.782 when
geomagnetic information through the first 12 months is included (p = 0.030 and
p = 0.022, respectively). Given only eight training cycles, these values indicate
useful amplitude information rather than a precise estimate of the underlying
relation.

Table 2 compares the peak-amplitude forecasts. At cycle onset (T = 0),
the combined estimate has a mean absolute error (MAE) of 22.07 smoothed
sunspots, compared with 23.25 for the geomagnetic precursor and 44.14 for the
earlier analog estimate. Because all matching rules use the same onset surrogate
at T = 0, this result reflects the contribution of the geomagnetic information
rather than a difference between DTW matching rules.

The advantage of combining the two sources is most evident early in the
cycle. At T' = 12, the combined MAE is 16.11 smoothed sunspots, compared
with 24.36 for the precursor and 39.72 for the earlier analog. At later cutoffs the
analog generally becomes more informative, although no single estimator is best
at every cutoff.
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Table 2. Mean absolute error of the reported whole-cycle peak esti-
mates over Solar Cycles 21-24, in smoothed sunspots. “Earlier analog”
denotes the peak from the earlier numerical analog procedure of So-
man and Sabarinath (2026); pan is the analog peak used in the
empirical-Bayes combination. The observed-maximum lower bound of
Equation (20) is applied to all estimators. “Equal weight” gives equal
influence to the precursor and pan. Bold type denotes the lowest mean
error in each row.

T Precursor Earlier fpan Combined Equal weight
(months) analog

0 23.25 44.14 44.14 22.07 26.95

12 24.36 39.72  42.16 16.11 18.40

24 24.36 21.08 22.39 14.13 13.65

36 24.36 17.52 18.92 18.36 20.21

48 24.36 7.25 7.30 6.79 10.09

60 24.36 5.32 4.36 4.98 11.96
Mean 24.17 22.50 23.21 13.74 16.88

Because the observed-maximum lower bound is applied uniformly in Table 2,
the earlier-analog values are evaluated under the present reporting convention
and are not a verbatim reproduction of the error summary reported in Soman
and Sabarinath (2026).

The observed-maximum lower bound affects four of the 24 cycle—cutoff fore-
casts; the aggregate combined MAE changes from 15.09 before applying the
bound to 13.74 after applying it. Restricting the analysis to the 20 cutoffs at
which the realized maximum had not yet entered the observed prefix gives a com-
bined MAE of 16.13 smoothed sunspots, compared with 25.11 for the precursor,
26.68 for the earlier analog, 27.53 for u,y,, and 18.58 for equal weighting.

The combined estimator is not uniformly better. Using the raw, unprojected
amplitudes, it outperforms both component estimates in 11 of the 24 cases.
At the earliest cutoffs the precursor tends to overestimate amplitude while the
analog tends to underestimate it. Part of the early improvement therefore arises
from complementary errors and should not be assumed to persist in future cycles.

As the target cycle develops, the estimated historical error of the analog com-
ponent generally decreases, so the empirical-Bayes combination gives it greater
influence. This is the intended behaviour of the combination rule: the geomag-
netic precursor contributes most when little target-specific sunspot information
is available, while the analog becomes more influential as the observed trajectory

develops.
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Figure 4. Mean absolute peak error over Solar Cycles 21-24 as a function of nominal cutoff
for the geomagnetic precursor, the earlier analog benchmark, the analog estimate pan, and the
empirical-Bayes combined estimate.

4.2. Trajectory Forecasts and DTW Matching
4.2.1. Stepwise Construction of the Forecast

Table 3 shows how the trajectory error changes as the components of the revised
method are introduced. The earlier numerical trajectory (Configuration A) has a
mean future-trajectory MAE of 29.74 smoothed sunspots. Adding the combined
amplitude estimate (Configuration B) gives a modest reduction to 29.07. In-
troducing the constraint-aware construction (Configuration C) reduces the error
further to 26.14. The largest reduction occurs when the matching rule is changed:
exact unequal-length DTW (Configuration D) gives a primary mean MAE of
20.20 smoothed sunspots.

The same overall result is seen under the 48-month and full-cycle scoring
conventions, so the lower primary error is not explained by differences in gener-
ated forecast length. Exact prefix-to-prefix matching also performs well, with a
primary MAE of 21.61, but does not improve on the 20.20 obtained with com-
plete unequal-length donors. An equal-weight blend of all eligible donors gives an
MAE of 24.82, compared with 20.20 for the exact unequal-length method. This
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Table 3. Mean future-trajectory absolute error over Solar Cy-
cles 21-24 under three scoring conventions, in smoothed sunspots.
Configurations (A)—(D) introduce the proposed framework step-
wise; (E)-(H) examine alternative matching or normalization
choices and a baseline without DTW-based donor ranking.

Configuration Primary 48-month Full-cycle
(A) Earlier trajectory 29.74 27.58 29.40
(B) Combined peak 29.07 24.86 28.34
(C) Combined peak + constraints 26.14 21.56 25.99
(D) Exact unequal-length 20.20 19.21 20.01
(E) Exact prefix-to-prefix 21.61 21.72 20.97
(F) Path-normalized exact 27.22 21.67 27.07
(G) Alternative normalization 20.38 19.46 20.06
(H) No DTW (equal weights) 24.82 22.25 24.52
Model-generated support Common 48-month horizon

Future-month trajectory MAE

0 12 24 36 48 60 0 12 24 36 48 60
Prefix length T (months) Prefix length T (months)

=@~ carlier (resample + FastDTW) —&— full-cycle exact DTW (proposed) —® - prefix-to-prefix exact DTW

Figure 5. Future-trajectory mean absolute error over Solar Cycles 21-24 for the principal
matching rules. The combined amplitude estimate and constraint-aware trajectory transfor-
mation are held fixed across matching comparisons. Left: primary model-generated support.
Right: common 48-month future window.

suggests that DTW-based donor ranking contributes useful information within
the proposed matching formulation, although the small validation set prevents
a precise estimate of its advantage.

4.2.2. Why Does the Matching Rule Matter?
The earlier and proposed matching procedures differ in two respects. The earlier
numerical procedure resamples each complete historical donor to the target-

prefix length before applying FastDTW, whereas the proposed procedure retains
the donor at its original length and applies exact DTW.
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A 2 x 2 comparison separates these two changes. With resampled donors, the
mean trajectory MAE is 26.136 with FastDTW and 26.195 with exact DTW.
With original-length donors, the corresponding values are 20.209 and 20.199.
Changing the numerical DTW solver while keeping the donor representation
fixed therefore has negligible effect. In contrast, retaining the complete historical
donors at their original lengths during matching reduces the mean error by
approximately six smoothed sunspots.

The principal difference is therefore associated with donor representation,
rather than with the numerical DTW implementation. Exact DTW is retained
in the main matching rule because it directly implements the stated cumulative-
cost formulation, rather than because greater numerical precision produces the
improvement.

The two matching procedures select different donor sets in 12 of the 24
validation cases. When the same donor set is selected, their mean trajectory
errors are nearly identical. When the donor set changes, the unequal-length pro-
cedure has a lower trajectory MAE by 11.9 smoothed sunspots on average. The
improvement is therefore concentrated in cases where the matching convention
changes the selected historical analogs, rather than in the subsequent blending
of an unchanged donor set.

The improvement is heterogeneous. The mean earlier-minus-unequal-length
difference is 5.94 smoothed sunspots, but the median is only 0.28, and unequal-
length DTW has the lower error in 14 of the 24 cases. Exact prefix-to-prefix
matching is much closer to the primary rule, with a mean paired difference of
only 1.41 smoothed sunspots. These results support the unequal-length rule as
the main matching rule within the available hindcasts but do not establish it as
uniformly superior across solar cycles.

A leave-one-validation-cycle-out check gives a similar qualification. Unequal-
length DTW is selected from the remaining three validation cycles in all four
folds, but it has the lowest error on only two of the four held-out cycles. The rule
is therefore stable as an aggregate choice within the available historical sample,
but this does not constitute independent external validation.

4.3. Physical Admissibility of the Forecast Trajectories

The non-negativity rules address a specific artefact of mapping historical ana-
log trajectories onto an observed target. A sufficiently large additive shift can
push the declining part of a template below zero, after which simple truncation
produces an artificial flat zero tail. The non-negativity adjustment prevents this
behaviour and also limits amplitude rescaling when the desired amplification
would make the future trajectory negative.

Among the 24 primary validation forecasts, the desired amplitude rescaling
is applied in full in 13 cases, is unnecessary in six, and is feasibility-limited in
five. In the feasibility-limited cases, the desired combined amplitude cannot be
attained without violating the non-negativity constraint. No primary forecast
develops an extended exact-zero terminal tail.

The constraint was not introduced to reduce retrospective error. At the 60-
month cutoff, in a comparison over Solar Cycles 21-24 using the earlier donor-
selection procedure, the constraint-aware construction gives a full-cycle MAE of
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Table 4. Peak and trajectory errors under three information-availability conventions. Peak
errors are shown at the 12-month issue date and as the mean over all six cutoffs. Trajectory
entries are mean future-trajectory MAEs. Absolute trajectory errors across the three infor-
mation conventions should not be interpreted as identical lead-time experiments because
the available smoothed prefix differs. All values are in smoothed sunspots.

Combined peak MAE Trajectory MAE
Information convention 7T =12  All cutoffs Earlier Exact Prefix-to-prefix
Nominal prefix 16.11 13.74 26.14 20.20 21.61
Sunspot lag only 18.52 15.75 26.91 20.38 21.43
Coupled six-month lag ~ 21.73 16.28 27.05 20.54 21.44

20.17 smoothed sunspots, compared with 19.40 for simple additive anchoring.
Its role is therefore to enforce a physically admissible trajectory, not to optimize
historical point accuracy.

4.4. Effect of Information Availability

The primary hindcasts use nominal cutoffs in the centered smoothed sunspot se-
ries. Because a centered smoothed value is not fully available until approximately
six months after its reference month, we also evaluate the information-delay
conventions of Equation (1).

The availability delay has its largest effect on the early peak forecast. At the
12-month issue date, the combined peak MAE increases from 16.11 under the
nominal convention to 18.52 with the sunspot lag and to 21.73 with both inputs
lagged. The effect is smaller when averaged over all six cutoffs.

The trajectory ranking is unchanged under the two lagged conventions. Exact
unequal-length matching has the lowest mean trajectory MAE in all three cases,
so the main trajectory result does not depend on treating the centered smoothed
sunspot value as available at its nominal reference month.

4.5. Empirical Uncertainty Envelopes

The empirical uncertainty envelopes are narrower for the proposed pipeline than
for the earlier DTW pipeline (Table 5). At the nominal 80% level, the mean width
decreases from 109.8 to 84.4 smoothed sunspots; at the nominal 98% level, it
decreases from 200.5 to 155.9.

The upper calibration limit s = 5 was reached in six of the 144 cycle—cutoff—
pipeline-level calibrations, all for the earlier pipeline at the nominal 98% level;
neither revised trajectory pipeline reached this limit.

The aggregate coverage masks strong cycle-to-cycle differences. For the exact
unequal-length pipeline, nominal-80% coverage averaged over cutoffs is 0.958 for
Cycle 21, 0.270 for Cycle 22, 0.956 for Cycle 23, and 0.935 for Cycle 24. The
corresponding nominal-98% values are 1.000, 0.606, 1.000, and 0.981.

Solar Cycle 22 is a clear failure case. At the 60-month cutoff, only 0.051
of the future months lie inside the nominal-80% envelope and 0.068 inside the
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Table 5. Aggregate future-month coverage and mean width of the empirical uncer-
tainty envelopes over Solar Cycles 21-24 and all six cutoffs. Widths are in smoothed
sunspots. Nominal levels describe the percentile construction and should not be
interpreted as validated coverage probabilities.

Pipeline Coveragesp  Widthgy Coveragegs  Widthos

Earlier DTW 0.767 109.8 0.918 200.5

Exact unequal-length 0.780 84.4 0.897 155.9

Prefix-to-prefix 0.781 81.0 0.902 149.6
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Figure 6. Observed records, proposed point trajectories, and nominal-80% empirical uncer-
tainty envelopes from the exact unequal-length pipeline at a 60-month cutoff (shaded), with
the earlier-pipeline nominal-80% bounds shown as dashed lines. The dotted vertical line marks
the forecast cutoff.

nominal-98% envelope. The rapidly declining Cycle 22 trajectory is poorly repre-
sented by the small historical analog and residual libraries. This interpretation
is also supported by the uncertainty calibration: when Cycle 22 is held out,
calibration based on the remaining validation cycles selects substantially nar-
rower uncertainty scales than in calibrations that include Cycle 22, indicating
that the magnitude of its forecast errors, particularly during decline, is not well
represented by the other cycles.

A sensitivity calculation using only residuals from the genuinely future part
of each historical hindcast gives essentially the same aggregate result: nominal-
80% coverage is 0.777 and mean width is 84.7 smoothed sunspots. The poor
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Cycle 22 coverage is therefore not primarily explained by including residuals
from already-observed portions of historical cycles.

These results support describing the bands as empirical uncertainty envelopes
rather than calibrated prediction intervals.

4.6. Robustness and Stability

The main conclusions are generally stable under the additional checks, although
the small historical sample remains an important limitation.

Shifting the adopted onset used to define the geomagnetic precursor window
by up to 12 months changes the onset forecasts, but combining the precur-
sor with the analog estimate reduces this sensitivity relative to the precursor
alone. Tempering the analog likelihood with 7 = 0.5 improves the early-cutoff
peak errors, particularly at cycle onset, but worsens several later cutoffs and
provides essentially no aggregate improvement. There is therefore no clear basis
for introducing an additional fitted tempering parameter.

The effect of the same-parity donor restriction depends on the matching rule.
For exact unequal-length matching, removing the restriction increases the mean
trajectory MAE from 20.20 to 23.49 smoothed sunspots. For prefix-to-prefix
matching, it instead decreases slightly from 21.61 to 20.99. The available valida-
tion set therefore does not establish a general forecasting advantage for parity
restriction.

The ensemble size is also not sharply determined by the available cycles. For
the primary score, k = 3 gives the lowest error among the tested values, but
k =2 and k = 3 are nearly indistinguishable under the common 48-month score.
Leave-one-donor experiments further show that individual forecasts can change
when a single historical analog is removed.

Taken together, the results support three main conclusions. First, combining
geomagnetic and analog information is most useful early in the cycle, when the
precursor contributes amplitude information not yet available from the sunspot
trajectory. Second, the principal reduction in trajectory error is associated with
retaining complete historical cycles at their original lengths during DTW match-
ing, which can change the selected historical analogs. Third, the non-negativity
adjustment removes this artificial zero-tail behaviour and was not introduced
to improve historical forecast accuracy. These conclusions remain subject to the
limited number of completed solar cycles available for validation and to the
uneven performance of the empirical uncertainty envelopes.

5. Application to Solar Cycle 25 and Forecasting Plan for
Solar Cycle 26

Solar Cycle 25 is held outside the principal validation set. The analyses below
illustrate how the combined amplitude estimate evolves during the cycle, com-
pare the published trajectory with later smoothed observations, and examine
the non-negativity constraint during the declining phase. They are illustrative
and do not constitute additional independent validation.
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Table 6. Solar Cycle 25 amplitude estimates at successive
nominal cutoffs, in smoothed sunspots. “Earlier analog” is
the estimate from the earlier numerical donor-selection pro-
cedure. “Combined amplitude” is the raw empirical-Bayes
estimate before the observed-maximum reporting constraint
is applied. The largest value in the frozen Cycle 25 record is
160.9 at elapsed month 57.

T (months) Earlier analog Combined amplitude

0 188.7 159.8
12 208.8 172.0
24 184.6 165.6
36 177.5 162.3
48 131.2 133.1
60 173.4 166.8
72 149.5 144.2

5.1. Evolution of the Solar Cycle 25 Amplitude Estimate

The frozen Solar Cycle 25 record contains 72 smoothed monthly values through
December 2025. The largest observed value is 160.9 smoothed sunspots at elapsed
month 57 (October 2024).

Table 6 shows the analog and combined amplitude estimates at successive
nominal cutoffs. Entries through T" = 48 precede the largest value in the frozen
record; those at T' = 60 and T = 72 are post-maximum diagnostics rather than
forecasts of an unknown maximum.

At each of the five pre-maximum cutoffs the combined estimate is closer to
160.9 than the earlier analog. Over these five cutoffs, the mean absolute deviation
from the frozen maximum is 9.2 smoothed sunspots for the combined estimate
and 29.1 for the earlier analog. These figures describe one cycle only and are not
included in the validation scores of Section 4.

The sequence also shows the changing balance between the two information
sources. The geomagnetic predictor is fixed after T' = 12, when its prescribed
window stops expanding; later changes in the combined estimate reflect only the
evolving sunspot prefix and the analog component.

Once the observed prefix contains the realized maximum, the reporting rule of
Equation (20) takes effect. For example, the raw combined amplitude at T' = 72 is
144.2, but the reported whole-cycle peak is 160.9 because that value has already
been observed. The raw estimate is retained only as a declining-phase diagnostic.

5.2. The Published Solar Cycle 25 Forecast and Later Observations
The replication calculation reproduces the Solar Cycle 25 forecast of Soman and

Sabarinath (2026): the 60-month input prefix selects Solar Cycles 17, 15, and 21
and yields a predicted maximum of 173.4 smoothed sunspots.
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We compare this frozen trajectory with the smoothed sunspot values indexed
to January—December 2025. The mean absolute error over these twelve months
is 18.3 smoothed sunspots. The mean signed error (forecast minus observed) is
also +18.3, because the forecast lies above the observed series throughout; both
series decline, but the published forecast declines more slowly.

All twelve observed values fall within both the nominal 80% and 98% empirical
uncertainty envelopes of the published forecast. This should not be read as twelve
independent coverage successes, since adjacent centered 13-month smoothed
values share most of their underlying monthly data.

The comparison is not a strict real-time forecasting test. Because the smoothedl]
sunspot number is centered, values near the end of the 60-month input prefix
depend partly on later calendar months. It is best understood as an evaluation of
the frozen published trajectory against subsequently indexed smoothed values,
not as real-time validation of the extensions introduced here.

5.3. Declining-Phase Behaviour and the Non-Negativity Constraint

Solar Cycle 25 illustrates why the non-negativity constraint is needed. During
the declining phase, a simple additive shift of the historical analog template can
push part of the projected trajectory below zero, and truncating at zero produces
an artificial flat tail.

With the earlier donor-selection procedure this problem appears from T = 36
onward, producing between 7 and 29 zero-valued future months depending on
the cutoff. The same behaviour arises with the primary unequal-length donor
selection, for which simple additive anchoring produces between 6 and 28 zero-
valued future months. The constraint-aware continuation removes these artificial
zero tails in both cases.

The constraint is inactive when the additive continuation is already non-
negative and intervenes only when the transformation of the historical template
would generate negative values. The Cycle 25 declining phase therefore provides
a concrete example of the numerical artefact the rule is designed to prevent.

5.4. Forecasting Plan for Solar Cycle 26

Solar Cycle 26 had not begun at the December 2025 data freeze. The forecast-
origin geomagnetic predictor cannot yet be evaluated, and the complete precursor—i
analog method does not currently provide a Solar Cycle 26 forecast.

For continuity with Soman and Sabarinath (2026), the earlier analog-only
baseline can be reproduced. Solar Cycles 18 and 22 give a predicted maximum
of 143.3 smoothed sunspots at elapsed month 41. Applying the empirical un-
certainty construction of the present study to this baseline gives a nominal
80% range of 110.2-191.0 smoothed sunspots. This differs from the 119.2-173.2
interval reported previously because the two studies use different uncertainty
constructions. This calculation is retained only as an analog baseline and is not
the Solar Cycle 26 forecast of the integrated method.

The first application of the complete method to Solar Cycle 26 will follow the
rules fixed in the present study:
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i) Once the onset of Solar Cycle 26 is adopted, the onset date, forecast date,
and input-data version will be recorded and retained for that forecast.

ii) The geomagnetic predictor, precursor regression, analog error scale, empirical-
Bayes peak combination, unequal-length DTW matching, & = 3 inverse-
distance weighting, and constraint-aware trajectory construction will be ap-
plied as defined in Sections 3.1-3.5, without retrospective retuning.

iii) Completed historical information available at each forecast date will enter the
precursor, analog-error, and uncertainty calculations under the same eligibil-
ity rules used here. The analog peak p,, in the empirical-Bayes combination
will retain the earlier numerical donor-selection definition specified in Sec-
tion 3.3, so that the peak model used for Solar Cycle 26 is the same one
evaluated in the present hindcasts.

iv) Each issued forecast and its corresponding data and code version will be
archived before the subsequent outcome is known. Evaluation of these fore-
casts will use the peak-error, trajectory-error, coverage, and envelope-width
measures defined in Section 3.7. Any later methodological change will be
reported as a new analysis rather than applied retrospectively to an earlier
forecast.

This plan allows the complete precursor-analog method to be tested on Solar
Cycle 26 using rules fixed before the cycle outcome is known.

6. Discussion

The method combines two sources of information that become useful at different
stages of the solar cycle. Near cycle onset, the geomagnetic aa index already pro-
vides information about the likely cycle amplitude, whereas the sunspot record
is still too short for target-specific analog matching to be strongly informative.
As the cycle develops, the growing sunspot trajectory provides progressively
more information for historical matching. The method therefore separates ampli-
tude estimation from trajectory construction, allowing each source to contribute
where it is most informative.

6.1. Complementary Roles of the Geomagnetic and Analog
Information

The walk-forward results support this division of roles. The geomagnetic pre-
cursor contributes most near cycle onset, while the analog component gener-
ally becomes more informative as the observed sunspot prefix lengthens. The
empirical-Bayes combination allows their relative influence to change with the
estimated historical uncertainty of the analog component, without requiring a
fixed handover month.

The combined estimator is not superior to both components in every individ-
ual hindcast. Part of its early advantage arises when the precursor and analog
estimates make errors in opposite directions and partly offset one another. The
empirical-Bayes step should therefore be understood as a transparent rule for
combining two partially complementary sources of amplitude information, rather
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than as evidence that they form a complete probabilistic model of solar-cycle
amplitude. The available historical record is too short to characterize their joint
dependence or the uncertainty in each component’s error estimate with high
precision.

The choice of the aa index is practical rather than exclusive. Polar-field mea-
surements and physics-based dynamo models also provide information about
the amplitude of an upcoming cycle (Schatten et al. 1978; Svalgaard, Cliver,
and Kamide 2005; Wang and Sheeley 2009; Bhowmik and Nandy 2018; Upton
and Hathaway 2018). The long aa record is useful here because it allows the pre-
cursor and analog components to be examined over a common historical period.
The same approach could also incorporate another source of early amplitude
information specified in advance.

6.2. Interpretation of the DTW Trajectory Result

The main trajectory finding concerns how the length difference between a par-
tially observed target cycle and completed historical cycles is handled. The earlier
numerical implementation first resampled each complete historical donor cycle
to the length of the observed target prefix before DTW matching. The primary
construction used here instead retains each completed historical cycle at its
original length during the similarity comparison.

The validation results indicate that this distinction matters mainly because it
can change which historical cycles are selected as analogs. Replacing FastDTW
with exact DTW has almost no effect on trajectory error when donor repre-
sentation is held fixed. The observed reduction in error is instead associated
primarily with retaining the completed historical cycles at their original lengths
during matching. The result should therefore not be interpreted as evidence that
exact DTW is inherently superior to FastDTW for this forecasting problem.

The unequal-length formulation is retained as the main matching rule because
it directly implements the cumulative-cost criterion adopted here. Its advantage
is not universal: exact prefix-to-prefix matching remains competitive and relative
performance varies across validation cycles. An additional caveat is that a raw
cumulative DTW cost can reflect the duration of a sequence as well as its shape.
The distance metric is therefore used only as an empirical criterion for ranking
historical analogs, not as a physical measure of solar-cycle similarity.

A separate issue arises after the analogs have been selected. The resulting
historical trajectory must be joined to the observed target and adjusted toward
the combined amplitude estimate. A simple additive shift can produce negative
sunspot values during cycle decline, while truncation at zero then creates an
artificial flat tail. The non-negativity constraint prevents this artefact while
leaving trajectories that are already non-negative unchanged. The purpose of
this rule is to keep the forecast physically meaningful, rather than to improve
historical forecast accuracy.

The present model also does not estimate solar-cycle duration independently.
The forecast horizon is inherited from the selected historical analogs. Explicit
modelling of cycle duration could be considered separately in future work, but
is not required for the forecasting question addressed here.
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6.3. Limitations and Uncertainty

The principal limitation is the small number of completed solar cycles available
for fitting and validation. This affects the geomagnetic regression, estimation of
analog forecast error, donor selection, comparison of matching rules, and con-
struction of uncertainty envelopes. Aggregate performance can therefore conceal
substantial dependence on individual historical cycles.

This limitation is especially important for the uncertainty estimates. The
revised trajectory methods produce narrower empirical envelopes on average,
but the fraction of outcomes falling within the bands varies considerably across
cycles. Solar Cycle 22 provides the clearest example: its declining behaviour
is poorly represented by the available analog and residual libraries, leading to
severe undercoverage. The reported bands should consequently be interpreted
as empirical indications of forecast spread rather than as calibrated prediction
intervals or joint probability regions for the complete future trajectory.

A further limitation concerns the long-term consistency of the classical aa
record. Its historical extent is valuable for precursor analysis, but station cali-
bration changes and secular geomagnetic effects can influence its homogeneity
(Lockwood et al. 2018). The historical strength of the precursor relationship
should therefore not be assumed to persist unchanged in future cycles. Com-
parison with a homogenized geomagnetic series would be a useful sensitivity
study.

The same caution applies to the same-parity restriction on the donor pool. Its
motivation comes from the Hale magnetic cycle, but its empirical effect depends
on the matching rule. The present validation does not establish same-parity
selection as an independent source of forecast skill. It is retained as part of
the primary analog construction and its effect is made explicit through the
unrestricted-pool sensitivity analysis.

Finally, the historical hindcasts use a common frozen sunspot-data vintage
rather than reconstructing the exact SILSO release that would have been avail-
able at each historical forecast date. The information cutoffs are enforced within
that frozen record, and the lag analysis addresses the delay introduced by the
centered smoother, but historical data revisions are not reconstructed. The hind-
casts should therefore be regarded as controlled walk-forward experiments under
a common data vintage rather than exact recreations of every historical real-time
forecast.

6.4. Forecasting Solar Cycle 26

Solar Cycle 25 provides a useful contemporary illustration but is not an indepen-
dent test of the complete method. Much of the cycle was already known when
the present extensions were developed, and the comparison with 2025-indexed
values concerns the frozen forecast of Soman and Sabarinath (2026). Its main
value here is diagnostic: it shows how the combined amplitude estimate evolves
and provides a concrete example of the declining-phase anchoring problem.
The present study tests the method using historical forecasts of completed
solar cycles. Solar Cycle 26 will provide the first opportunity to apply the com-
plete method to a new cycle with the forecasting rules fixed beforehand. Once
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the cycle begins, the method will use only the information available at each
forecast date, without changing the procedure in response to later observations.

The assessment will involve more than whether a single predicted maximum
is close to the eventual Cycle 26 peak. It will also examine whether the method
continues to provide useful forecasts of cycle amplitude and trajectory as new
observations become available, and whether the empirical uncertainty envelopes
give a reasonable indication of the forecast errors.

7. Conclusions

This study combines two complementary sources of information for solar-cycle
forecasting. The geomagnetic aa precursor provides early information about the
likely cycle amplitude, while historically similar solar cycles selected using DTW
provide information about the subsequent sunspot trajectory. The two peak
estimates are combined according to their historical uncertainty, and the forecast
trajectory is adjusted so that it remains non-negative.

In historical forecasts of Solar Cycles 21-24, the combined peak estimate has
a pre-maximum mean absolute error of 16.1 smoothed sunspots, compared with
25.1 for the geomagnetic precursor alone and 18.6 for an equal-weight combi-
nation. For trajectory forecasting, matching the developing cycle directly with
complete historical cycles gives a mean future-trajectory error of 20.2 smoothed
sunspots, compared with 26.1 when the earlier matching procedure is used with
the same amplitude and non-negativity adjustments.

The improvement in trajectory forecasting is associated mainly with keeping
the historical cycles at their original lengths during matching, rather than with
the numerical choice between FastDTW and exact DTW. The non-negativity
rule addresses a separate problem by preventing artificial flat zero-valued tails
during the declining phase.

These results are limited by the small number of completed solar cycles avail-
able for validation and are not uniform across all cycles. Alternative matching
rules remain competitive, and the empirical uncertainty bands show substantial
cycle-to-cycle variation. The method should therefore be viewed as a transparent
and reproducible forecasting procedure rather than as a universally superior
solar-cycle prediction model.

Solar Cycle 26 will provide the first opportunity to test the complete method
on a new solar cycle using modelling choices fixed before the outcome is known.
This will provide a stronger assessment of its practical forecasting value than
further testing on completed historical cycles.
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8.2. Data and code availability

The sunspot-number data are from SILSO, Royal Observatory of Belgium (https:
//www.sidc.be/silso) (Clette and Lefevre 2015, 2016), and the geomagnetic aa
index is from the International Service of Geomagnetic Indices (https://isgi.
unistra.fr) (Mayaud 1972).

The frozen input data, analysis code, executed notebook, figures, and sup-
porting outputs used in this study are publicly available at

https://github.com /varunsmn87/SolarcycleDTWprecursor.
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