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Abstract

This study proposes a robust algorithm for tomographic reconstruction of
infrared radiance from an axisymmetric fuel spray in a hot environment by
directly solving the radiative transfer equation. The proposed algorithm com-
bines differential infrared thermography (DIT) with multi-parameter regularized
inversion. First, the DIT emissivity is used to reconstruct the local extinction
coefficient, and the local radiative source term is then recovered by solving the
attenuated line-of-sight integral. To stabilize the ill-posed inversion, a global
smoothness penalty is combined with an additional center-axis constraint that
imposes the zero-gradient condition required by axisymmetry. A numerical phan-
tom study, including configurations relevant to evaporating cold sprays and
flashing jets, is conducted to evaluate the reconstruction accuracy under well-
defined conditions and noisy measurement scenarios. The results demonstrate
that the proposed method extends conventional DIT beyond the equivalent-slab
approximation by resolving the line-of-sight-integrated emissivity into a local
extinction field and accounting for self-attenuation within the spatially resolved
axisymmetric spray structure. This approach allows reconstruction of the local
radiative source term and local radiance with good agreement with the ground
truth in the main spray region. Consequently, this establishes an IR-tomographic
framework for recovering the internal radiance and potentially the tempera-
ture field of axisymmetric sprays with appropriate radiometric calibration. An
additional noise-suppression strategy is introduced to improve reconstruction
robustness at higher noise levels.
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1 Introduction

Modern combustion engines are designed to operate at high chamber pressures and
temperatures to improve combustion efficiency. In modern liquid rocket and inter-
nal combustion engines, the chamber pressure can exceed the critical pressure of the
fuel, while the fuel temperature often remains low or close to room temperature as it
exits the injection nozzle. The injected fuel is subsequently heated by the hot combus-
tion gases and surrounding chamber structures, and its temperature may exceed the
critical temperature during the injection process. This regime is commonly referred
to as transcritical injection (Segal and Polikhov 2009) and involves complex ther-
modynamic spray behavior, including phase transition (Crua et al. 2017) and phase
separation (Traxinger et al. 2019).

At the opposite pressure extreme, propellant sprays in upper-stage rocket engines
may undergo substantial phase change before ignition because the chamber pres-
sure can be close to vacuum. Under such conditions, the injected propellant may
become highly superheated relative to the local saturation temperature and undergo
rapid vaporization, a phenomenon known as flash boiling (Luo and Haidn 2016).
Similar to transcritical injection, the rapid phase change and highly transient spray
structure make quantitative measurements under flash-boiling conditions particularly
challenging (Rees et al. 2020).

Therefore, quantitative investigations of spray behavior under extreme thermo-
dynamic conditions, including both transcritical injection and flash boiling, are
particularly relevant to high-performance combustion systems, in which rapid mixing
and stable combustion are directly linked to system performance and stability (Liu
et al. 2017b; Oschwald et al. 2006; Son et al. 2025).

To investigate sprays in hot environments, optical and laser-optical diagnostics
have been widely used. Light extinction measurements (LEM) or diffuse-background
illumination (DBI), often called simply “shadowgraphy”, is one of the most common
techniques for observing the overall spray structure (Linne et al. 2010; Knorsch et al.
2013), and the liquid phase can be distinguished by combining it with Mie-scattering
signals (Baab et al. 2018). Several studies have attempted to quantify spray charac-
teristics from optical images, such as spray angle, penetration (Jeyaseelan et al. 2023),
and liquid-air volume fraction (Weiss et al. 2020; Lazzaro et al. 2024). However, optical
diagnostics are limited in dense sprays because extinction and multiple light inter-
actions make quantitative interpretation difficult. Optical extinction tomography has
been applied to reconstruct the internal structure of dense fuel sprays, although large
optical depths require careful treatment to suppress reconstruction artifacts (Lazzaro
et al. 2024). Laser-induced fluorescence (LIF) has also been employed to quantify spray
characteristics, such as vapor temperature (Trost et al. 2013) and droplet size (Mishra
et al. 2020). Nevertheless, LIF usually requires fluorescent tracers, which are typically
added to the fuel, and its calibration becomes complicated under extreme conditions



due to strong phase changes, pyrolysis and chemical reaction of tracers, and low LIF
signals. Rayleigh scattering can partially provide gas-phase temperature information,
but it is generally restricted to diluted regions to avoid contributions of elastic scat-
tering from droplets (Allison et al. 2016), which excludes the dense spray region of
primary interest.

Infrared (IR) imaging is a non-intrusive two-dimensional diagnostic technique that
has been widely applied to quantitative measurements in thermo-fluid systems (Carlo-
magno and Cardone 2010). IR thermography has been applied to characterize thermal
distributions of sprays (Lamanna et al. 2013; Golzke et al. 2016) and droplets (Aka-
fuah et al. 2010; Saha et al. 2010). However, IR thermography for sprays and droplets
has typically been used to obtain surface temperature or effective temperature, rather
than tomographic temperature inside dense sprays. The fundamental challenge of IR
tomography originates from the radiative transfer equation (RTE), which describes
the coupling between local emission and attenuation, as expressed in Eq. 1.

SII)&X
Ineas = Tg - €70 / j(s)-e ) ds (1)

Ineas is the observed radiance, I is thg background radiance, j(s) is the local
emission source term, and s denotes the coordinate along the ray path of total length
Smax, With the background side located at s = 0 and the detector located at s = Spax-
d(s) represents the local optical depth (LOD), i.e., the cumulative attenuation from a
local position s to the detector, while dpax denotes the total optical depth (TOD) of
the medium along the entire line of sight.

Solving the RTE includes two major challenges, self-attenuation of radiation within
the spray and the ill-posed inversion of the integral source term. Traditional tomo-
graphic studies based on optical diagnostics often simplify the inversion by assuming
a transparent medium (Klinner and Willert 2012; Weiss et al. 2020; Cai and Kamin-
ski 2017). However, in dense sprays or soot-laden flames, signal attenuation cannot be
neglected (Yu et al. 2019). Li et al. (2018) solved the RTE for sooting flame tomog-
raphy using a multi-wavelength technique to estimate the attenuation. However, this
method relies on iterative estimation loops that may accumulate errors and assumes
that attenuation is caused exclusively by soot particles (nanometer-scale), which is not
directly applicable to spray studies since sprays contain micrometer-scale droplets.

Differential infrared thermography (DIT) has been used in spray studies to avoid
direct inversion of the ill-posed integral term by estimating the spray transmittance
e~ Omax from Eq. 1 (Lamanna et al. 2013; Golzke et al. 2016). Although DIT can provide
temperature fields of sprays, the DIT temperature cannot represent the local spray
temperature because the 3-D spray structure is simplified as a thin slab layer rather
than being spatially resolved along the line of sight. The DIT temperature instead
represents an effective apparent temperature associated with the region where the LOD
is of the order of unity according to the Eddington—Barbier approximation (Rutten
2003), which has also been applied in spray studies (Golzke et al. 2016). Therefore,
DIT alone is insufficient to recover the internal radiance or temperature distribution
of optically thick sprays. In the present study, the integrated slab emissivity obtained
from DIT is decomposed to estimate the local extinction coefficient, and the local
radiative source term is subsequently reconstructed by directly solving the RTE.



The remaining difficulty is the ill-posedness of the inverse problem. Iterative tech-
niques such as the algebraic reconstruction technique (ART) have historically been
used because direct inversion is unstable. However, iterative methods have been
reported to converge slowly as the solution approaches the ground truth (Wan et al.
2015). They are also affected by the semi-convergence phenomenon, in which the
solution initially approaches the correct profile but later diverges as measurement
noise is amplified (Cai and Kaminski 2017; Liu et al. 2017a). To stabilize direct
inversion, regularization techniques such as Tikhonov regularization (Tikhonov 1975)
and total variation regularization (Bachmayr and Burger 2009) have been employed.
Tikhonov regularization promotes smooth solutions, whereas total variation regu-
larization favors piecewise-constant solutions and can introduce stair-casing effects.
However, a single global regularization term is not always sufficient for axisym-
metric spray tomography, particularly near the symmetry axis where numerical
artifacts can occur due to the Abel-type inversion. The reconstruction of axisym-
metric fields from line-of-sight measurements is particularly sensitive to the choice
of inversion algorithm and measurement noise, as already revealed for axisymmetric
background-oriented-shadowgraphy measurements (Xiong et al. 2020).

To overcome the limitations of single-penalty regularization, multi-penalty models
have been investigated in inverse problems (Bortolotti et al. 2025). Ito et al. (2011)
showed that multi-parameter models are useful when the reconstructed solution has
multiple distinct characteristics. Gazzola and Reichel (2016) demonstrated that com-
bining regularization matrices with different null spaces can preserve various physical
features of the target. Chen et al. (2008) further showed that individual penalties
tailored to different scales can improve the stability of inversion. Based on this con-
cept, we introduce a multi-parameter regularization framework that combines a global
smoothness penalty with an additional center-axis constraint for axisymmetric IR
tomography. This method provides a new regularization-based strategy for analyzing
axisymmetric sprays.

This study presents a robust framework for tomographic reconstruction of IR
radiance from an axisymmetric spray in a hot environment by directly solving the
RTE. The DIT technique is used to obtain the integrated emissivity, from which the
local attenuation information is reconstructed. The local source term is then recov-
ered using a multi-parameter regularized inversion. A numerical phantom study is
conducted to demonstrate that the proposed algorithm can reconstruct the radia-
tive source term even in the presence of measurement noise. Finally, an additional
noise-suppression strategy is introduced to improve robustness under severely noisy
measurement conditions.

2 Problem Definition

2.1 Radiative Transfer Equation

For IR tomography of sprays, a single IR camera simultaneously captures the spray
radiance and the background radiance, as shown in Figure 1, thereby simplifying the
experimental setup, as illustrated in Figure 2. In practical measurements, the signal is
also affected by the chamber and optical windows. However, these contributions can be



Fig. 1 Example IR-snapshot of a cyclopentane spray injected at room temperature into a nitrogen-
filled chamber at 55 bar and 563 K. A gray-body radiator is in the background. The color bar represents
the raw intensity values captured by the camera sensor through a bandpass filter (3.410+0.040 pm)
for C-H stretching, before any postprocessing is applied.
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Fig. 2 Schematic of the experimental setup for axisymmetric evaporating/flashing jets.

corrected in practical measurements and are therefore neglected in the present study.
To maximize the contribution of spray radiance, a bandpass filter is typically selected
in a spectral region with strong absorption, such as the C-H stretching band for
hydrocarbon fuels (Clark et al. 2009). In addition, the ambient gas should preferably
be non-radiative and transparent within the selected spectral band. As a homonu-
clear diatomic molecule, nitrogen is a suitable choice due to the absence of strong
dipole-active vibrational transitions in the mid-IR range, minimizing radiative inter-
ference (Bernath 2025). Additionally, nitrogen is chemically inert with respect to the
fuel, avoiding additional radiative contributions from chemical reactions.

Based on the assumptions summarized in the previous section, the measured
line-of-sight signal can be formulated as an axisymmetric radiative transfer prob-
lem. Radiative transfer through the optical system must account for local attenuation
within the non-uniform spray structure (Chandrasekhar 2013). Since the fuel is
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Fig. 3 Top-view schematic of the axisymmetric spray geometry and radiative transfer along the line
of sight.

injected through a narrow nozzle and spreads into the combustion chamber, the spray
core is typically denser, while the outer region becomes progressively diluted as an
optically thin spray region. However, in a selected IR spectral range with strong fuel
absorption, such as the C—H stretching band, attenuation is assumed to be dominated
by absorption. Under this assumption, the same local absorption coefficient that deter-
mines the LOD also contributes to the local radiative source term through Kirchhoff’s
law. In practice, the extinction coefficient profile may be more complex than a sim-
ple Gaussian distribution because the local absorption coefficient depends not only
on fuel concentration but also on thermodynamic conditions such as temperature and
pressure. For IR imaging in a narrow spectral band, the radiance described by the
RTE can be related to the camera digital signal through radiometric calibration using
a black-body calibrator (Golzke et al. 2016).

The inverse reconstruction proposed in this study starts from several assumptions
that are required to reduce the radiative transfer problem to a tractable axisymmet-
ric tomographic formulation. These assumptions define the range of validity of the
reconstructed attenuation coefficient, source term, and local radiance.

First, the spray is assumed to be axisymmetric with respect to the injection axis,
as shown in the top view in Figure 3. The line-of-sight coordinate is denoted by =z,
and the lateral image coordinate is denoted by x. The radial position is related to the
image and line-of-sight coordinates as follows.

r= a2+ 2% (2)

This assumption is reasonable for time-averaged spray images under steady-state
conditions with a single-hole injector (Son et al. 2025). Therefore, the local radia-
tive properties are treated as functions of the radial coordinate only, i.e., @ = a(r)
and j = j(r). Under this assumption, the line-of-sight measurement at a given
axial position can be interpreted as a projection through a rotationally symmetric



spray cross-section. Any deviation from axisymmetry, e.g., spray bending, azimuthal
non-uniformity, or lateral oscillation, would appear as a reconstruction error.

Second, scattering is not included explicitly in the inverse reconstruction. This
approximation follows the practical treatment of DIT thermography, where the radia-
tive signal is mainly interpreted in terms of emission and attenuation (Lamanna et al.
2013; Golzke et al. 2016). However, in dense liquid regions close to the nozzle, radi-
ation originating from chamber structures (e.g. wall and windows) or heaters may
be scattered by droplets and may contribute to the measured IR signal, as discussed
by Golzke et al. Therefore, the reconstructed attenuation coefficient and source term
should be interpreted as effective radiative quantities within the selected IR band. In
practice, an appropriate bandpass filter, e.g., the C—H band for hydrocarbon fuels,
should be used to enhance the relative contribution of spray emission and reduce back-
ground radiation from chamber structures or heaters, thereby reducing their potential
scattering contribution to the measured signal.

Third, local thermodynamic equilibrium is assumed for the radiative emission of
the spray. Under this assumption, the local emission can be directly related to the
local temperature through a calibration-based black-body radiance in the selected
wavelength band. In this study, the local radiance I(r) does not represent an abso-
lute physical spectral radiance, but rather an effective black-body radiometric signal
obtained from the camera calibration. This assumption allows the reconstructed
source term to be converted into an effective local radiance and, subsequently, into a
temperature field using a calibration curve.

Assuming an axisymmetric spray structure and considering the top view shown
in Figure 3, the measured camera signal I ,e.s(z) at a given axial height and lateral
position z can be expressed by Eq. 3.

Zmax (T)
Imeas(x) = Ibg(x) : eiémax(r) +/ ](’l") : 676(30’2) dz (3)

— Zmax (T)

In Eq. 3, the first term on the right-hand side represents the background radiation,
considering its emissivity, after being attenuated by the two windows and the entire
spray depth, and dpax(x) = (€, —2zmax(x)) is the TOD at a given z. Assuming an
axisymmetric spray, the maximum optical path zy,.x is defined in Eq. 4. The latter
integral term in Eq. 3 accounts for the local radiative source term j(r) attenuated
according to the LOD in the +z-direction.

Zmax(Z) = V/Thax — 2 (4)

The local radiative source term can be expressed in the general band-integrated
form jiot, consisting of thermal emission j. and scattering js, as in Eq. 5, where {2
denotes the observation direction.

Jrot (1, €2) = Je(r) + Js(r, Q) ()
Under the assumption of local thermodynamic equilibrium, the emission term is
defined in Eq. 6.

Je(r) = w(r) I(r) (6)



Here, k(r) is the local absorption coefficient, and I(r) = I(T(r)) is the local
radiance corresponding to the local temperature 7'(r). It does not represent an abso-
lute physical spectral radiance, but rather a camera-calibrated radiometric signal in
arbitrary units within the selected wavelength band. The scattering term is given in
Eq. 7, where o(r) is the local scattering coefficient, p(€2’, Q) is the phase function, and
Iinc(r, Q') denotes the incident radiance from direction '

() = o) [ b€, 0) Fuclr, ) ds¥ (7)

4w
For practical application in the present study, scattering is neglected within the
selected wavelength band (Sharkov 2003; Lamanna et al. 2013), such that j(r) =~ je(r).
This approach is well suited for vapor-phase flow and has been verified in the study
of a flashing jet (Lamanna et al. 2013).
The local extinction coefficient is defined as the sum of the absorption and
scattering coefficients.

a(r) =k(r) +o(r) (8)
The LOD §(x;,2;) is then defined from the local extinction coefficient along the

line of sight.
Zmax (xl)
s = [ (et re) ag )

i
Under negligible scattering, ¢ ~ 0 and a =~ k. Hence, Eq. 6 can be simplified as
follows.

j(r) = a(r) I(r) (10)

The basic concept of this study is to solve the RTE to obtain the local radi-

ance I(r) and subsequently determine the local temperature T'(r) through radiometric
calibration.

2.2 Reconstruction of Extinction Coefficient

The Differential Infrared Thermography (DIT) technique allows for the tempera-
ture measurement of a transmissive target with two different radiating backgrounds,
assuming that the temperature or radiance of the target remains constant while
the background changes (Sharkov 2003; Lamanna et al. 2013; Golzke et al. 2016).
This means that the spray field remains statistically consistent between the two DIT
measurements used to evaluate the effective slab emissivity. Therefore, the local atten-
uation coefficient and source term are considered identical for the two background
conditions. If the spray structure or chamber radiation changes significantly between
the two measurements, the estimated emissivity and the subsequent reconstruction
contain additional uncertainty.

When the spray is represented as a thin slab instead of a three-dimensional volume,
as illustrated in Figure 4, the integral term in Eq. 3 reduces to Eq. 11, where epyr is
the DIT emissivity and Iprt denotes the DIT radiance.
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Fig. 4 Schematic of the slab approximation of a three-dimensional spray.

Zmax (w)
/ §(r) - e @) dz = eprr(z) - Iprr(a) (11)
—Zmax ()

By neglecting the scattering effects produced by the dispersed sprays, the reduction
of the background radiation as it traverses the spray can be described in terms of the
spray transmittance mpyr via the Beer—Lambert law, as given in Eq. 12a. Under this
assumption, dpax is then determined using Eq. 12b.

TDIT(I) =1- EDIT(LL') = 6_6"’3"(36) (123.)

Omax(z) = —In (1 — eprr(z)) (12b)

Under this approximation, the raw signals of two IR images, Imeas,1 and Imeas,2,

obtained with two different background conditions, I,z 1 and Iyg,2, can be written as
follows.

Ineas,1(x) = Ipg,1 (1 — eprr(2)) + eprr(x) Iprr () (13a)

Imeas,2(x) = Ing,2 (1 — eprr(2)) + eprr(z) Iprr () (13b)

By combining Eqgs. 13a—-13b, the integrated spray emissivity can be obtained from

the two spray images and the corresponding background images without spray, as

given in Eq. 14. This is used to obtain epyr, written directly in terms of the four
measured images and the two chamber-noise contributions.

Imeas,Q - Imeas,l

EDIT = 1-— (14)

Tog2 = Ing
Consequently, Ipyr can be obtained from Eq. 15, and the corresponding tempera-
ture field can then be determined using the calibration curve.

Imeas,1 — Ivg,1 (1 —€prr)

IpiT = (15)
EDIT

Note that Ipir represents an integrated spray radiance and is therefore treated
as the radiative contribution of an equivalent transmissive slab. This assumption has



previously been successfully used to determine the axial temperature of hot vapor
sprays in a cold environment (Lamanna et al. 2013). However, for optically thick cold
vapor sprays in a warm environment, the DIT temperature should be interpreted as an
effective temperature associated mainly with the outer spray region where the LOD is
of the order of unity (Golzke et al. 2016), which is also the case in the present study.
For this reason, tomographic reconstruction is required to recover the cross-sectional
radiance and temperature distributions within the spray.

Under the assumption of axisymmetry, the total optical depth dpax(z) is the Abel
transform of the local extinction-coeflicient profile a(r), as described in Eq. 16.

Zmax () Tmax a(r) r
Omax = / VIZHC2)dC=2 —d 16
(@) —Zmax () ¢ ( ! ¢ ) ¢ x Vr2 — a2 : (16)

The spray cross-section is discretized into concentric rings. The continuous integral
is approximated by a finite sum, which can be written in linear algebraic form.

A =KA, (17)

A is the known vector of TOD derived from Eq. 12b, A is the unknown vector of

the radial extinction coefficient a(r), and K is the geometric kernel matrix describing

the path length of each line of sight through each concentric ring. The element K;;
corresponds to the path length of the i-th ray passing through the j-th ring.

2.3 Reconstruction of Local Source Term

Once the local attenuation coefficient «(r) is determined, the local source term j(r)
can be reconstructed. By combining Eqgs. 3 and 12b, the RTE can be divided into a
known term and an unknown integral term.

Zmax ()

Ineas() — Tog - (1 — £prr(a)) = /

—Zmax ()

Zmax ()
J (r(x,Q)) - exp l—/ a (r(w’é))dC] dz

Known

Unknown
(18)
The unknown term can be approximated by a discretized sum, as in Eq. 19,
where H is the attenuation-weighted geometric projection matrix constructed from
the corresponding LODs, and J is the vector of the local radiative source term j(r).

G =HJ. (19)

This equation represents a linear mapping from the local source term j(r) to the

known ggrue(2). To reconstruct j(r), an optimization approach similar to that in the
previous section can be adopted.

Consequently, the radiative source term of the axisymmetric spray is successfully

reconstructed. From the relation between the radiative source term and the local

radiance, as in Eq. 10, the local radiance of the spray was reconstructed using Eq. 20.

I(r) = (20)

10



3 Phantom study

3.1 Phantom configuration

A numerical phantom study is conducted to validate the proposed two-step recon-
struction procedure under well-defined conditions, where the exact radial distributions
are known. The purpose of this study is to evaluate whether the inverse algorithm
can recover the local extinction coefficient «(r) and the local radiative source term
j(r) from synthetic line-of-sight measurements affected by measurement noise. Since
the ground-truth fields are prescribed analytically, the reconstructed results can be
compared directly with the known reference profiles.

The phantom represents an axisymmetric spray cross-section. Therefore, all phys-
ical quantities are functions of the radial coordinate r only. Then, the computational
domain is defined by the maximum radius.

Tmax = 2.0 (21)

The radial grid is discretized using N,. = 300 points from 0 to 7yax. The line-of-

sight integration is evaluated using IV, = 300 points. The same radial grid is used for
both the image coordinate x and the radial coordinate r.

Tr; = T4, iZl,...,NT (22)

The forward calculation generates synthetic projection data from the prescribed

radial fields. These projection data are then used as artificial measurements for the

inverse reconstruction. In this way, the numerical phantom provides a controlled
benchmark for assessing the stability and accuracy of the reconstruction algorithm.

3.2 Definition of the ground-truth phantom

Since we focus on the scenario of a cold vapor jet injected into a hot environment,
the ground truth is generated assuming similar conditions. The extinction coefficient
is assumed to be high at the spray center and to gradually decrease toward the outer
boundary, representing a dense core and a relatively dilute periphery. Accordingly,
the radial distribution of the extinction coefficient is represented by a Gaussian-like
profile, as defined in Eq. 23, where ag = 3.0 and C,, = 0.6.

() = 0 €xp [— (C) ] (23)

Here, the maximum extinction coefficient oy = 3.0 simulates very dense sprays
near the nozzle, for which the corresponding TOD is approximately 3.19 and the
transmittance is around 4 %. It has been reported that the TOD often exceeds 10
for fuel sprays measured by shadowgraphy using a visible light source (Lehnert et al.
2023; Sonawane et al. 2026). However, TOD values in the range of 0.5-3.0 have been
observed in spray studies in the mid-infrared range (Lamanna et al. 2013; Golzke
et al. 2016). Therefore, g = 3.0 is applied to represent a challenging optical condition
in this study. The profile parameter C,, which governs the spray width, is selected
accordingly.

11
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Fig. 5 Ground-truth radial profiles of the extinction coefficient atrye and radiative source jirue-

The ground-truth local source term is based on a Gaussian-type distribution. To
generate a non-trivial, spatially displaced source distribution that mimics a hollow-
cone structure, the base profile is symmetrically shifted and superposed. Although
implemented step-by-step via discrete array manipulations in the numerical code, the
final ground-truth radial source profile jiue(r) is mathematically equivalent to the
following closed analytical form, where rg,isy represents the radial displacement of the
source peaks from the symmetry axis, which is the number of 140 grid points in this

study.
= Tenite \ r e\ 2
jtrue(r) = J() exXp 1-— I — Tshift + JO exp 1— T Tshift (24)
Cy C;

The parameters governing the amplitude and shape of the emission zones are
appropriately set to Jy = 1.0 and C; = 0.3 to simulate an extreme case of an evapo-
rating spray injected into a hot environment; the jet core remains cold, while its outer
edge is hot. Because of the strong heat transfer at the spray boundary, the radiative
source term exhibits a maximum at a specific location near the spray edge. As the sur-
rounding gas is considered non-radiative, the radiation intensity then decreases again
toward the outer edge of the spray. This formulation produces a smooth but spatially
displaced source distribution with distinct off-axis peaks, as shown in Figure 5, which
is fundamentally more challenging to reconstruct than a simple centered Gaussian
profile.

The corresponding ground-truth local radiance of the phantom can be expressed
using the relation defined in Eq. (20).

Itrue(/r) == M (25)

atrue(T)

12
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3.3 Synthetic forward projection

Using the prescribed ground-truth fields, the noiseless line-of-sight signal was calcu-
lated from the radiative transfer model. For each lateral position x;, the projected
source contribution Ip,oj true can be defined.

Zmax (T4) Zmax(z;)
Iproj,true(mi) = / jtrue (\/ 1'12 + Zz) ‘€XP |:_/ Qtrue <\/$22T<2) dC:| dz

—Zmax (%)
(26)
Then, the true TOD dmax,true and the overall transmittance of the phantom
obtained from the TOD can be calculated as shown in Figure 6.
To apply DIT, two different black-body background radiances are used for the two
background temperatures, as I,g1 = 2.0 and [,z 2 = 4.0. Hence, the corresponding
measured signals are defined as Eqs. 27a and 27b as shown in Figure 7.

Imeas,l(xi) = proj,true(xi) + Ttrue(-ri)jbg,l (273‘)

Imeas,2(1'i) = proj,true(xi) + Ttrue(xi)-[bg,Q (27b)

Combining Eqgs. 14 and 15, the DIT emissivity eprr and DIT radiance Ipir can

be derived, as shown in Figure 8. It is clear that the radiance predicted by DIT, Ipyr,

is lower than the ground truth I;,,. at the peak and higher in the central region,

increasing the discrepancy along the centerline where the spray is optically thick. In

addition, the peak position of Iprr is shifted relative to the centerline compared to

the ground truth. However, Ipyr relatively agrees with the ground truth at the outer

spray boundary, suggesting that the diluted spray boundary temperature estimated

by the DIT could be acceptable. Nevertheless, this comparison indicates that the DIT
alone is inadequate to evaluate the spray temperature under these harsh conditions.

13



— Tneas,1(X)
| = Imeas 2()

M= Lie(r)

== 1)

25— Iyg 2(X)

Radiance, 7 (a.u.)
N}

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X

[ = line(r)
........ Ioir(x)
— éprr(x)

15F 7 Omax(X)

3
s 12
~ 0 R R M
g 1
g 1.5
8
<
&
0.5 1
0.5
0
0

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
x

Fig. 8 Lateral profiles of the DIT emissivity epyt and DIT radiance Ipyt.

3.4 Noise Modeling

In real applications, however, the measured signals unavoidably contain noise caused
by various sources, such as pixel bias of the image sensor and strong turbulent flow.
Therefore, it is necessary to evaluate the robustness of algorithms using noisy datasets.
To investigate this issue, Gaussian random noise is generated and added to the mea-
sured intensity Ieas- The standard deviation of the noise syoise is prescribed relative
to the maximum value of the clean profile as defined by Eq. 28, where €pgise is the
relative noise level.

Snoise — €noise Max (Imeas) (28)

Then, the noisy measurement data are generated by the following equation, where

£ is an independent random variable following a standard normal distribution. In the
numerical implementation, a fixed random seed is used to ensure reproducibility.

Imcas,noisc(x) - Imcas(x) + Snoiscg(x) (29)
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First, small perturbations corresponding to a noise level of 0.3 %, i.e., €,0ise = 0.003,
are applied to the two measured radiances, Imeas,1 and Imeas,2, as shown in Figure 9.
The effect of the noise level is further discussed in Section 6. A comparison of the root-
mean-square (RMS) deviations in Figure 10 clearly indicates that noise propagation
into the DIT emissivity eprr is mitigated, whereas the noise in §y,.x is markedly ampli-
fied. This behavior arises from the definition of the TOD in Eq. 12b; dyax is related
to eprr through the logarithmic relation dpmax = — In(1 — epyr), making dmax increas-
ingly sensitive to small variations in eprr as the emissivity increases. Consequently, a
stable inversion algorithm that is robust against noisy data is necessary.

4 Inversion Problem

To reconstruct the spray radiance profile, two inverse problems have to be solved;
the local extinction coefficient «(r) as in Eq. 17, and the local source term j(r) as
in Eq. 19. Since both inverse problems share the same linear structure, those can be
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written in the integrated form of Eq. 30, where y represents the measured data vector,
F is the forward operator and x is the unknown radial field to be reconstructed.

y=Fx (30)
For the two cases considered in this study, the variables are defined as follows,
corresponding to Eqgs. 17 and 19.

e Extinction coefficient: y = A, F=K, x=A
® Source term:y =G, F=H, x=1J

We can then apply numerical algorithms to address the inverse problem and obtain
x by inverting the forward operator F. In the following sections, we mainly compare

two approaches (i.e. direct inversion and iterative inversion) and afterward discuss the
limitations of these methods under noisy measurement conditions.

4.1 Direct Inversion

As the most straightforward approach, Eq. 30 can be directly inverted for both cases
as follows.

x=Fly (31)

To keep numerical stability for inversion, Cholesky factorization (Anderson et al.

1999) is applied. Since Cholesky factorization requires symmetric positive definiteness,
the transposed forward operator is additionally multiplied before factorization.

F'y =F Fx=Bx (32)
Then the symmetric matrix B can be factorized using a low triangle matrix L. as
follows.

B=L.L/ (33)
lty 0 0 --- 0
621 £22 O A O

L.—= |{31 €32 ls3 --- O (34)

énl £n2 £n3 e gnn

Consequently, the unknown x can be stably reconstructed.

x= (L)) (L)' Fly (35)

Using the direct inversion approach, the radial distributions of the extinction coef-

ficient o and the radiative source term j are reconstructed, as shown in Figure 11. To

exclude additional interference from the extinction coefficient, the local source term is
reconstructed using quye-

The results indicate that both o and j are accurately reconstructed, except for a

minor disturbance in « near the centerline. Based solely on these results, the direct
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Fig. 11 Reconstructed radial distribution by using direct inversion; (left) the extinction coefficient
o and (right) the radiative source term j with the true extinction coefficient arue.
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Fig. 12 Reconstructed radial distribution by using direct inversion (0.3 % noise); (left) the extinction
coefficient a and (right) the radiative source term j with the true extinction coefficient arue.

inversion method appears to be suitable. However, as expected, direct inversion does
not successfully reconstruct noisy phantom data with a noise level of 0.3 %, as shown
in Figure 12. It is obvious that the direction inversion algorithm is highly vulnerable
to even small perturbations in the measured data.

4.2 Tterative Inversion

To overcome failure of the direct inversion approach, iterative inversion algorithms can
be employed, such as Simultaneous Iterative Reconstruction Techniques (SIRT), which
have been successfully used in tomography studies (Grauer et al. 2023). These methods
are developed to reduce the high computational cost of performing a line by-line
inversion by updating multiple lines simultaneously. SIRT solvers adopt a generalized
update rule for the unknown vector x. For the forward model y = Fx, the estimate
at the (k 4 1)-th iteration is obtained according to Eq. 36, where w is the additional
relaxation parameter, M and T are diagonal weighting matrices.
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Fig. 13 Radial distributions reconstructed using the SIRT algorithm: (left) extinction coefficient «
and (right) radiative source term j reconstructed using the ground-truth extinction coefficient arye.

xF D — x(®) L GTFTM(y — Fx(®) (36)

In this study, four different algorithms are investigated, which can be determined
by the choice of weighting matrices M and T, as summarized in Table 1. M controls
the residuals along the line-of-sight, while T' controls the back-projection residuals.

The Landweber method (Landweber 1951) represents the steepest descent in
the least-squares functional. In the Cimmino method (Cimmino 1938), m denotes
the number of measurements related to the spray layer on the y-axis of Figure 2
in this study. In the component averaging method, so called CAV (Censor et al.
2008), Sy represents a diagonal sparsity scaling matrix where each j-th diagonal ele-
ment is defined as ,/sj, with s; being the number of non-zero elements in the j-th
column of the forward operator F. Consequently, the modified row norm becomes
ISmFi 3= ;S Fﬁj. This term acts as a sparsity-oriented weighting factor derived
from generalized oblique projections, effectively scaling the updates based on the inter-
section density of the line-of-sight rays. The Simultaneous Algebraic Reconstruction
Technique (SART) (Andersen and Kak 1984) has been widely used in tomographic
applications, normalizing the updates by the Li-norms of the rows and columns to
improve convergence speed and robustness in the presence of noise.

The subsequent phantom study, these iterative methods are executed for N = 1000
iterations to ensure convergence. Although these iterative approaches are computa-
tionally more stable than direct inversion, they often show semi-convergence even
without noise, as compared in Figure 13 (left). The « reconstructed with Landweber,

Table 1 Diagonal weighting matrices for the SIRT algorithms.

Method ijj Mi,i
Landweber (Landweber 1951) 1 1
Cimmino (Cimmino 1938) 1 m=||Fy . l5 2
CAV (Censor et al. 2008) 1 ISMFi «]l5 2
SART (Andersen and Kak 1984) HF*,j”;l ||F1*H1_1
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coefficient v and (right) radiative source term j reconstructed using the ground-truth extinction
coefficient otrue.

Cimmino and CAV presents overall oscillations and a sharp decay near the centerline,
i.e., at r = 0, whereas the SART method follows the original profile more smoothly.
These features are also observed in the source-term reconstruction when using the
true «, as shown in Figure 13 (right). SART obviously performs better than the other
methods, but it still fails to accurately reconstruct near the centerline.

When 0.3% noise is introduced into the measurement dataset, the reconstruc-
tion method achieves better overall performance than direct inversion. However, as
shown in Figure 14, iterative methods remain highly sensitive to noise. Under noisy
conditions, the other methods surpass SART, in contrast to the clean-data case; in
particular, the radiative source term j can be reconstructed with fairly acceptable
accuracy. Despite this improvement, predicting the centerline remains an inherent vul-
nerability of the iterative approach. Consequently, an alternative method is required
to address this issue.

5 Regularized Inversion

5.1 Single-Parameter Tikhonov Regularization and its
Limitations

To mitigate the noise amplification observed in the direct and iterative inversions,
a standard approach is to introduce Tikhonov regularization in the second-order
form (Tikhonov 1975; Daun et al. 2006). The objective function including regulariza-
tion is defined as Eq. 37.

2 2
O(x) = [Fx—yllz+  polLox|3 (37)
—_——— ——
Datafidelity Tikhonovregularization
The first term comes from the direct inversion defined as Eq. 30, where F is

the forward operator, y is the measured data vector, x is the unknown radial field.
The second term denotes the Tikhonov regularization, where Ls is the second-order
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finite-difference operator and po is the regularization weight. The first term induces
agreement of the data fidelity with the measured projection data, whereas the second
term suppresses excessive curvature and high-frequency oscillations from noise in the
reconstructed radial profile.

The second-order regularization operator Lo is defined with spacing Ar by the
finite-difference approximation, as described in Eq. 38.

1-21 0 ---0

1 (01 -21 . :
Ly=— .
PTA | (38)
: . . . .0
0--- 0 1 =21
Minimizing the objective function ® means that the derivative of ® should be zero
o

as 5. To obtain the derivative, each term of ® can be expanded as follows.

|Fx — y||§ = (Fx — y)T(Fx —-y) = x F'Fx — 2XTFTy + yTy (39a)
po||Lox|5 = p12x "Ly Lox (39Db)

Therefore, the full objective function becomes Eq. 40.

Px)=x"F' Fx—2x"F'y+y'y+pox' Lj Lox (40)

The derivative with respect to x is then derived as Eq. 41, setting to zero yields.

od
i 2F"Fx — 2F 'y + 25Lg Lox = 0 (41)

The regularized normal equation is consequently obtained as follows.

(FTF+uliLo)x=F'y (42)
Brx=F'y (43)

In Eq. 43, By is decomposed using Cholesky factorization, in the same manner as
in the direct inversion approach described by Egs. 33 and 34.

The quality of the obtained solution depends on the regularization weight us,
i.e., an appropriate value of us has to be determined. For this purpose, the L-curve
has been widely adopted (Regiriska 1996; Hansen 2001) and has been used suc-
cessfully in the tomography of axisymmetric flame (Akesson and Daun 2008). The
L-curve is constructed on a logarithmic scale using two parameters; the residual
norm log,, ||[Fxx — yl|l2 on the x-axis and the second-derivative regularization norm
logy [|[Laxx||2 on the y-axis, evaluated for each candidate value pg j within the scan-
ning range, where k = 1,..., Nj.. Here, pa is scanned from 1071° to 1072, when
N, = 201.
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Fig. 16 Radial distributions reconstructed using Tikhonov regularization (0.3 % noise): (left) the
extinction coeflicient o and (right) the radiative source term j reconstructed using the ground-truth
extinction coefficient citrue.

The optimal point is known as the corner of the L-curve, as shown in Figure 15.
This corner represents the point where a further reduction of the residual norm would
require an excessive increase in the curvature of the reconstructed solution. Therefore,
the selected po at the corner provides a compromise between projection fidelity and
suppression of noise-induced oscillations (Hansen 2001).

To determine the optimal value of ps, the curvature of the L-curve has been exten-
sively employed (Akesson and Daun 2008; Hansen 2001), and the minimum distance
criterion can also be used as an approximation (Belge et al. 2002). To address fail-
ures in searching for the global corner in a very smooth L-curve (Hansen and O’Leary
1993), alternative parameters instead of the norms, e.g., 2 and xj, have been pro-
posed (Rezghi and Hosseini 2009). Since optimizing uo is beyond the scope of this
study, the corner points were chosen manually; the sensitivity to small variations in
1o was negligible.
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Using the selected po, the extinction coefficient a, and the radiative source term j
with the true extinction coefficient are stably reconstructed even with 0.3 % noise as
shown in Figure 16. Although the Tikhonov formulation improves the stability of the
inversion, it has an important limitation in axisymmetric tomography. The second-
order operator Lo acts globally on the radial profile and does not explicitly impose
the physical center-axis condition; the radial gradient should vanish at the symmetry
axis for an axisymmetric scalar field, i.e. %{r:O = 0. This limitation encourages an

additional regularization term that can impose center-axis consistency.

5.2 Multi-regularized Inversion

As discussed above, Tikhonov regularization effectively stabilizes the reconstruction.
However, the key requirement for the axisymmetric formulation, i.e. a zero gradient
at the center, is not satisfied. To address this limitation, we introduce an additional
regularization term in the objective function ®(x), as given in Eq. 44, where pg is the
weighting factor for the softening constraint at the axis.

O(x) = |[Fx—yl3+  pelLlox|3  +  polLox|3 (44)
— — ——
Datafidelity Tikhonovregularization = Center—axisconstraint

The center-axis can be smoothed by penalizing steep gradients close to the
symmetry axis, as expressed in Eq. 45.

1
O Ar [
The operator L effectively constrains the gradient of the reconstructed radial profile
near the axis by enforcing xo — z1 &~ 0, which damps oscillatory behavior while main-
taining the overall trend near the axis. This strategy is reasonable when the x-grid at
the center is sufficiently refined, i.e., when the image resolution is fine enough. This
term is also useful for removing numerical artifacts near the axis by suppressing the
non-physical jump in the reconstructed profile at the first two radial nodes.
To differentiate the new objective function, the additional constraint term can be
expanded as follows.

L ~110---0] (45)

10|/ Lox||3 = po x" Lg Lox (46)
Therefore, the fully expanded objective function becomes Eq. 47.

O(x) = x"FIFx — 2x"Fly + y'y + po xT LI Lox + po x” L Lox (47)

Then, we can take the derivative with respect to x and set it to zero yields as in
Eq. 48.

d
g—x = 2FTFx — 2FTy 4 2o LI Lox 4 2u0Ld Lox = 0 (48)

Consequently, the regularized equation takes the same form as Bj;x, and can be
solved using factorization as described in the previous section.
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term j using the ground-truth extinction coefficient arue: (left) original scale and (right) close-up
near the axis.

(FTF + p1oLT Ly + poLTLo) x = FTy (49)
Bux=FTy (50)

The radiation profiles of o and j reconstructed using the proposed multi-regularized
inversion are accurately corrected near the axis, as illustrated in Figure 17, although
the 0.3 % noise influences the central amplitude. Here, pg = 1.0 is applied. This clearly
indicates that the additional regularization term effectively satisfies the symmetry.
Moreover, as shown in Figure 18, varying pg from 1.0 to 0.001 has a negligible impact
on the results.
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6 Full Reconstruction Results and Discussion

Based on 0.3 % noisy measurement data, the radiative source term jy. is reconstructed
together with the extinction coefficient cyec, as shown in Figure 19 (left). Using jrec
and agec, the reconstructed local radiance I, is then calculated using Eq. 25, and
the result is shown in Figure 19 (right). The profiles of jiec and I agree well with
the ground truth, even in the presence of noise, within the range where r or x equals
1.0. Near the outer boundary, because the radiance is defined as je. divided by «,
small perturbations in low j. cause large fluctuations that cannot be avoided. Wei
et al. (2021) successfully reduced the boundary fluctuation through external masking
or thresholding (Wei et al. 2021). Similar to the approach used by Wei et al., the low-
intensity region can be removed by applying a mask with a threshold derived from
the epyr profile, thereby excluding areas with low emission, as shown in Figure 19
(bottom); radiance values for which epir < 0.05 are omitted in this work.

When we compare I,... with the radiance obtained by the DIT method as defined in
Eq. 15, IprT approximately captures the outer region, but its profile is displaced toward
the centerline, and the DIT radiance is overestimated near the axis. Therefore, it is
clearly demonstrated that the proposed multi-regularized inversion approach signifi-
cantly outperforms the direct DIT method for reconstructing axisymmetric radiance
profiles of evaporating sprays from infrared thermography data.
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It should be emphasized that the proposed method does not always yield a perfect
reconstruction of the local radiance, as shown in Figure 19. To understand this, we
return to Figure 17. Comparing the reconstructed j and « in Figure 17, we observe
that « is slightly underestimated, while j is slightly overestimated near the axis. These
deviations appear to be associated with the different shapes of the underlying radial
profiles in the present phantom case. The Gaussian-like « profile, with its maximum at
the axis, is slightly underestimated near the centerline, whereas the bimodal j profile
shows a slight overestimation in the same region. Since the local radiance is obtained
from the ratio Liec = jrec/0uec, both reconstruction biases propagate into the resulting
radiance profile. Nevertheless, I shows good agreement with the ground truth for
the present phantom configuration.

Although more accurate estimates could, in principle, be obtained by carefully
tuning pue, this is only feasible when the ground truth is already known. In prac-
tice, however, the ground truth is unknown and ps has to be chosen according to
a consistent criterion, such as selecting the corner of the L-curve. Consequently, the
observed tendency toward underestimation and overestimation near the axis represents
an inherent limitation of the proposed method.

Another important aspect is the sensitivity to noise. In this study, a noise level of
0.3% is primarily used because the other inversion methods are already unstable at
this level. To further assess the robustness of the proposed method, noise levels up to
3.0% are added to the measured phantom data, as illustrated in Figure 20. For noise
levels up to 1.0 %, the spray radiance profiles are reconstructed in a stable manner,
whereas the reconstruction at 3.0 % noise is unacceptably degraded. As anticipated
from Figure 9 and Eq.12b, the TOD is highly sensitive to measurement noise due to its
logarithmic nature. Consequently, at 3.0 % noise, dax becomes extremely unstable,
as shown in Figure 21.

To reduce noise propagation, three smoothing strategies are evaluated. In the first
strategy, the original e profile is kept unchanged while .5 is directly smoothed. In
the second approach, ¢ is smoothed first, and dy,.x is then implicitly smoothed via the
relation dpax(z) = —In[1 — ¢(z)]. In the third method, the measured data Ijeas,1 and
Imeas,2 are initially smoothed, after which ¢ and dmax are successively obtained and
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Fig. 21 Total optical depth dmax obtained from various smoothing approaches with 3.0 % noise.

smoothed using Eq. 14. As shown in Fig. 21, all three strategies effectively suppress the
sharp noise spikes, though minor oscillations remain near the axis. For the smoothing
procedure, a moving-average algorithm with a 15-point window is applied. While the
smoothing quality is sensitive to the algorithm, a single representative method is
employed here for all cases, as this aspect lies outside the main scope of the present
work.

Using three different strategies, the key profiles are reconstructed and compared,
as shown in Figure 22. As expected, all three approaches yield results that are
sufficiently consistent with the ground truth and substantially improved over the
unsmoothed noisy data, regardless of the specific strategy used. The RMS errors,
shown in Figure 23, confirm that smoothing significantly enhances the results. More
specifically, applying smoothing directly to the measured data leads to slightly poorer
performance, which may originate from noise propagation through the extended cal-
culation chain leading to dnax. Practically, in certain cases, strong noise in € can
significantly distort the values after the logarithm is taken, making it challenging to
accurately determine dp,,x even with smoothing. Therefore, smoothing € seems to be
a reasonable approach, as it preserves most of the information in the & domain while
still generating a result that closely matches the ground truth.

6.1 Reconstruction for a Flashing Spray Configuration

To further evaluate the applicability of the proposed algorithm to different radial
source distributions, an additional phantom configuration is considered by setting
rshite = 0 in Eq. 24. This results in a center-peaked Gaussian j distribution, represent-
ing a radiative structure similar to that observed for a flashing jet propagating into a
colder surrounding medium (Lamanna et al. 2013). As shown in Figure 24, both the
extinction coefficient a and the radiative source term j follow a single Gaussian pro-
file that characterizes the strong radiation from the centerline, similar to a flashing
jet. Consequently, both are underestimated. Since the underestimated value of « is

26



Extinction coefficient, a (a.u.)

= Truth

— Noisy

— = - Smoothed &y
Smoothed &

—-==Smoothed /;e,s

Radiance, I (a.u.)

Radiative source, j (a.u.)

Truth

— Noisy

~ = -Smoothed &y,
Smoothed &

—-=-Smoothed a5

~

—— Truth

Noisy

— — - Smoothed ax
Smoothed &

—-—-Smoothed /ey

Fig. 22 Reconstruction results obtained from various approaches with 3.0 % noise: (left) the extinc-
tion coefficient arec, (right) the radiative source term jrec, and (bottom) the local radiance Irec.

Relative RMS error (%)

250 -

200 1

150

100

50

0-

QArec

[ Noisy

[ Smoothed &,
[ Smoothed ¢
I Smoothed /e

Jree Tree

Fig. 23 RMS errors of the reconstructed extinction coefficient arec, radiative source term jrec, and
local radiance Iec obtained using the three smoothing strategies.

subsequently used to evaluate j, the resulting estimate of j is even further underesti-
mated. Despite this systematic underestimation, the proposed method remains more

accurate than the DIT approach, as compared in Figure 24 (bottom).
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7 Conclusion

In this study, we introduced a robust framework for tomographic reconstruction of
infrared (IR) radiance from an axisymmetric spray in a hot environment by directly
solving the radiative transfer equation (RTE). The main novelty of the proposed
approach is that the effective slab spray emissivity obtained from differential infrared
thermography (DIT) is not used solely for apparent thermometry, as in conventional
DIT, but is further decomposed to reconstruct the local extinction coefficient. The
reconstructed attenuation field is then incorporated into the attenuated line-of-sight
integral to reconstruct the local radiative source term. In this way, the proposed
method extends conventional DIT from an apparent thermography technique to a
tomographic reconstruction framework for optically attenuating sprays.

A numerical phantom study was conducted to validate the proposed two-step
reconstruction procedure under predefined conditions, primarily representing an evap-
orating cold spray in a hot environment. An additional source configuration was
also considered to investigate applicability of the suggested method to a flashing-jet-
like radiative distribution. The results showed that conventional DIT can evaluate
the outer spray region relatively well but cannot recover the internal radiance of
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an optically thick spray. In particular, the DIT radiance was displaced relative to
the ground-truth profile and showed significant deviations in the dense spray region
near the axis. This confirms that the DIT radiance should be interpreted as an
effective apparent quantity rather than a local tomographic radiance when strong
self-attenuation is present.

The inverse reconstruction of both the extinction coefficient and the local radiative
source term was found to be highly sensitive to measurement noise. Direct inversion
accurately reproduced the ground-truth profiles in the noise-free case but became
unstable even under a noise level of 0.3 %. Iterative algorithms improved numerical
stability compared with direct inversion but still showed high sensitivity to noise and
non-physical fluctuations near the axis. These results indicate that a stable regularized
inversion is essential for IR tomography of dense sprays in hot environments.

To address this issue, multi-parameter regularization was introduced. The pro-
posed formulation combines a global smoothness penalty based on second-order
Tikhonov regularization with an additional center-axis constraint that imposes
the zero-gradient condition required by axisymmetry. Tikhonov regularization sup-
pressed high-frequency oscillations caused by measurement noise, while the center-axis
constraint enforced a zero gradient at the axis. Compared with single Tikhonov reg-
ularization, the multi-regularized inversion improved the reconstruction near the axis
without significantly influencing the overall radial distribution. This shows that the
proposed center-axis constraint effectively suppresses non-physical artifacts near the
symmetry axis while preserving the overall radial distribution.

As aresult, the local radiance was successfully recovered in the phantom study. The
reconstructed radiance I, agreed well with the ground truth within the main spray
region. Remaining fluctuations appeared near the outer boundary, where the extinction
coefficient becomes small, because the local radiance is obtained from the ratio of the
radiative source term to the extinction coefficient. These fluctuations can be reduced by
applying a mask based on the DIT emissivity eprr, excluding weakly radiating regions
below a prescribed threshold. For higher noise levels similar to practical applications,
additional smoothing techniques further improved the robustness of the reconstruction
by suppressing noise amplification in the total optical depth.

Consequently, the proposed method provides a promising framework for quantita-
tive IR tomography of axisymmetric sprays under high-pressure and high-temperature
conditions. The key contribution is the combination of DIT-derived attenuation,
RTE-based source-term reconstruction, and multi-parameter regularization with a
physics-informed constraint. Although the reconstruction is demonstrated in this study
only for spray thermography, the suggested framework may also be extended to other
axisymmetric radiating and attenuating media, such as flames, as long as the assump-
tions behind the radiative transfer model remain valid. Future work will focus on
applying the proposed framework to experimental spray measurements with precise
calibration.
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