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Abstract12

This study presents an analytical solution for the thermoelastic state of a long, two-layer hollow cylinder13

composed of inhomogeneous materials under mixed boundary conditions. By accounting for distinct14

thermoelastic properties and internal heat generation within layered structures, this research addresses a15

significant gap in the existing literature. The thermal field is determined by expressing the temperature16

function as a power series. Leveraging the classical and effective Kolosov–Muskhelishvili complex potential17

method, the thermoelastic problem is transformed into the complex domain. This approach simplifies the18

analysis of displacements and stresses induced by thermal loading. To ensure high analytical precision,19

the particular solution for the resulting mixed boundary-value problem is sought in the form of a Laurent20

series of a complex variable. The surfaces of the layers are assumed to be either thermally insulated or21

maintained at zero temperature. Furthermore, it is demonstrated that the internal stress field is significantly22

influenced by the intensity of the internal heat source. The derived formulas provide crucial insights into the23

distribution of thermal stresses and displacements in non-homogeneous layered structures. Given that these24

results pertain to complex thermal loading conditions, they hold great significance for high-performance25

engineering applications.26

Keywords: Nonlinear equations, Thermoelasticity; complex potentials; inhomogeneous materials; mixed27

boundary value problem; two-layer cylinder; Laurent series.28

Mathematics Subject Classification: 374B10, 74K25, 30E25, 74E05, 74S2529

1. Introduction30

The study of the thermoelastic state in multilayered structural elements remains one of the most significant31

areas of research in solid mechanics and applied mathematics. In particular, hollow cylinders composed of32

multiple layers are fundamental components in various high-technology fields, including aerospace engineer-33

ing, nuclear reactor design, chemical processing plants, and deep-sea pipeline systems. These structures are34

frequently subjected to extreme thermal gradients and complex mechanical loads, necessitating a precise under-35

standing of the resulting stress and displacement fields to ensure structural integrity and operational safety.36
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In real-world engineering applications, materials often exhibit inhomogeneous properties, either by design—as37

in functionally graded materials—or due to the distinct physical characteristics of joined layers. When such a38

two-layer cylinder is exposed to internal heat sources and mixed boundary conditions, the mathematical model-39

ing of its behavior becomes considerably complex. Traditional numerical methods, while versatile, often face40

challenges regarding computational cost and accuracy near material interfaces. Consequently, the development41

of exact analytical solutions is of paramount importance, as they provide a rigorous benchmark for numerical42

simulations and a deeper physical insight into the coupling between thermal and elastic fields.43

The analytical determination of the thermoelastic state in an inhomogeneous hollow cylinder requires solving a44

coupled system of differential equations. The complexity is further heightened by the mixed nature of the bound-45

ary conditions, where temperature and mechanical constraints are simultaneously applied at the boundaries. To46

address these challenges, this paper employs the classical and robust Kolosov–Muskhelishvili complex potential47

method. This approach is particularly powerful for problems involving circular and cylindrical geometries, as48

it allows for the transformation of the governing equations of thermoelasticity into a more manageable complex49

domain.50

By utilizing complex potentials and representing the particular solution through Laurent series expansions, this51

study effectively bridges the gap between the thermal potential field and the resulting mechanical response. The52

method allows for a detailed analysis of how internal heat generation and material inhomogeneity influence53

the distribution of radial and tangential stresses, as well as radial displacements. The resulting closed-form54

expressions provide a comprehensive framework for evaluating the performance of layered cylinders under55

diverse thermal environments, offering a sophisticated tool for modern engineering analysis and design.56

In modern mechanical engineering, instrument manufacturing, and civil construction, the study of the stress-57

strain state of complex structural elements subjected to thermal loading is considered one of the most pressing58

issues. In particular, the analytical solution of thermoelasticity problems for long hollow cylindrical bodies59

composed of layered and inhomogeneous materials with diverse physico-mechanical properties is of fundamen-60

tal importance for engineering calculations.61

The mathematical foundations of the theory of elasticity and thermoelasticity, as well as classical methods62

for solving boundary value problems, are reflected in the fundamental works of such prominent scholars as63

N. I. Muskhelishvili [1], V. D. Kupradze [2]. Theoretical principles and methods for solving spatial problems64

in the field of thermoelasticity were extensively analyzed by A. D. Kovalenko [3]. The works of O. A. La-65

dyzhenskaya [4], A. N. Tikhonov and A. A. Samarskii [5], serve as an important methodological framework for66

the formulation of these types of problems in mathematical physics and the analysis of systems of equations.67

Modern pedagogical and scientific approaches in this direction have been systematized in the textbook “Math-68

ematical Physics Equations” by Z. D. Abbasov [6].69

Research in recent years indicates a significant increase in interest regarding heat conduction and thermoe-70

lasticity problems of functionally graded materials (FGM) and multilayered structures. Yu. Tokovyy and71

Yu. Kulchytskyi-Zhyhailo [7,8] investigated non-stationary heat transfer in multilayer and spherical layers, while72

B. M. Kalinyak and V. A. Shevchuk [9] determined the thermo-stressed state of cylindrical bodies with multilayer73

coatings. Y. I. Shvets and V. Y. Gotsulsky [10] reviewed mixed thermoelasticity problems for inhomogeneous74

anisotropic cylinders. Contact problems of hollow cylinders under complex boundary conditions were analyzed75

by V. I. Grytsay and Ya. M. Pasternak [11]. R. M. Kushnir and colleagues [12–14] extensively studied the76

thermoelastic state of heterogeneous orthotropic coatings and the thermomechanics of piecewise-homogeneous77
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bodies under non-ideal contact conditions using the generalized coupling method. Optimization methods for78

both direct and inverse problems of thermomechanics were developed by B. M. Kalinyak, Yu. V. Tokovyy,79

and A. V. Yasinskyy [7, 15]. V. Bakulin and V. Revenko [16, 17] proposed computational methods for solving80

boundary value problems in the mechanics of deformable bodies based on non-orthogonal functions.81

A series of works on the determination of thermal waves and source intensity in two-layer structures and82

cylindrical domains have been conducted by P. Ostrowski [18], and Z. D. Abbasov [19–21]. In investigations83

carried out by the author (Z. D. Abbasov), complex problems such as inverse problems for determining the84

thermoelastic properties of an orthotropic medium [22], and the determination of body forces and heat sources85

in a circular cylinder [23, 24], were solved analytically.86

Recent advancements in continuum mechanics have significantly expanded the classical theories of generalized87

thermoelasticity [38], particularly in addressing complex multiphysics interactions and microstructured mate-88

rials. Contemporary research has extensively investigated photo-thermo-elastic and magneto-thermo-elastic89

behaviors under various frameworks, including micropolar and Green-Naghdi theories [31, 33], as well as the90

effects of laser heating and acoustic pressure in double-temperature models [30]. Concurrently, the mechanical91

and thermal responses of materials with complex microstructures, such as double porosity and voids, have been92

rigorously formulated [36, 37], with a specific focus on dynamic and quasi-static problems utilizing potential93

methods [34, 35]. To handle the mathematical complexities of these advanced models, robust numerical tech-94

niques for solving mixed integral equations have been established [32]. These theoretical and computational95

tools are crucial for practical engineering applications, such as alleviating thermoelastic stresses in functionally96

graded material (FGM) cylinders [39] and resolving inverse problems concerning heat source intensity in infinite97

cylindrical structures [29].98

An analysis of the existing literature reveals that the study of the thermoelastic state in two-layer hollow cylin-99

ders made of inhomogeneous materials under mixed boundary conditions using the Kolosov–Muskhelishvili100

complex potential method has not yet been sufficiently covered. The present article aims to address this gap.101

1.1 Scientific Novelty and Theoretical Significance102

Despite extensive research in the field of multilayered structures, the application of complex variable func-103

tion methods to inhomogeneous media remains significantly limited. The scientific novelty of this study lies104

in the first-ever implementation of the Kolosov–Muskhelishvili complex potential method to determine the105

thermoelastic stresses and displacements in two-layer inhomogeneous hollow cylinders. Unlike existing numer-106

ical or simplified homogeneous models found in classical and contemporary literature, this research provides107

a rigorous analytical solution that simultaneously accounts for material inhomogeneity and non-uniform heat108

sources acting at the contact interface.109

From this perspective, the paper carries substantial theoretical and practical significance. It is of crucial im-110

portance for the development of modern multilayered and multi-coated structural elements. The continuous111

advancement of aerospace vehicles, high-precision liners, satellite systems, and the shipbuilding industry neces-112

sitates the enhanced durability of high-temperature-resistant surface coatings. The proposed approach serves113

to maximize the resistance of multi-layered plates, composed of various metallic alloys and manufactured with114

minimal tolerances, against external thermal loads.115

Temperature-induced stresses on the surface of such structures lead to both linear and non-linear displace-116
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ments during deformation. The correctness and stability of the analytical solution derived via the Kolosov–117

Muskhelishvili potential method further underscore the significance and reliability of this work in providing a118

robust mathematical framework for high-precision engineering applications.119

1.2 Solution Method120

Determination of the Temperature Field: The temperature distribution within the layers is determined by121

employing a power series expansion. This approach enables the representation of temperature as a122

function of the radial coordinate, thereby facilitating the rigorous handling of material inhomogeneities.123

Application of the Laurent Series: To evaluate the thermal displacements, the Laurent series is utilized. This124

method is particularly effective for circular and annular domains, ensuring the analytical convergence of125

the displacement functions across the layers.126

Determination of Complex Potentials: The final thermoelastic state is obtained by identifying the correspond-127

ing complex potentials. These potentials are expressed through harmonic and biharmonic functions, which128

ensure that the equilibrium and compatibility equations are strictly satisfied under the prescribed boundary129

and contact conditions.130

2. Mathematical Formulation and Solution Method131

We assume that a heat source, whose intensity is expressed by a piecewise-smooth function W (θ), acts132

along the contact circumference r = r1. The determination of the temperature function T (k)(r, θ) is reduced to133

solving the following stationary heat conduction equation subject to the boundary and contact conditions:134

∆T (k) = −
Wk(r, θ)

λk(r)
, k = 1, 2, (2.1)

where ∆ is the Laplacian operator135

∆ =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2
, (2.2)

subject to the boundary conditions136

T (1)(r0, θ) = 0, T (2)(r2, θ) = 0, (2.3)

and the contact conditions at r = r1:137

T (1)(r1, θ) = T (2)(r1, θ), λ1(r1)
∂T (1)

∂r

∣∣∣
r=r1

− λ2(r1)
∂T (2)

∂r

∣∣∣
r=r1

= W (θ). (2.4)
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2.1 Analytical Solution138

Solution to Problem (2.1)–(2.4). Initially, we write down the analytical functions in the domain of the139

composite ring, the real parts of which are the functions T (k)(r, θ):140

Φk(z) =
∞∑

n=−∞

a(k)
n zn, Ψk(z) =

∞∑

n=−∞

b(k)
n zn, (2.5)

where z = reiθ. Using the Kolosov–Muskhelishvili complex potentials φk(z) and ψk(z), we write out the141

formulas for determining the temperature stresses and displacements in a two-layer ring [1, 20, 21, 23]:142

σ(k)
r + σ

(k)
θ = 4 Re[φ′

k(z)] −
2µkαk

1 − νk
T (k), (2.6)

σ(k)
r − σ

(k)
θ + 2iτ

(k)
rθ = 2e−2iθ [z̄φ′′

k(z) + ψ′
k(z)

]
, (2.7)

2µk(u(k)
r + iu

(k)
θ ) = e−iθ

[
κkφk(z) − zφ′

k(z) − ψk(z)
]

−
µkαk

1 − νk
z

∫
T (k)dz, (2.8)

where αk is the coefficient of linear expansion, Ek is the modulus of elasticity of the k-th ring, and µk, νk are143

the Lamé coefficients of the k-th ring:144

µk =
Ek

2(1 + νk)
, κk = 3 − 4νk (plane strain). (2.9)

The functions φk(z) and ψk(z) are represented in the form of Laurent series:145

φk(z) =
∞∑

n=−∞

A(k)
n zn, ψk(z) =

∞∑

n=−∞

B(k)
n zn. (2.10)

Here,A
(k)
n ,B

(k)
n are real and complex constants (coefficients). To determine these constants, we set the following146

boundary and contact (interface) conditions:147

σ(1)
r (r0, θ) = 0, σ(2)

r (r2, θ) = 0, (2.11)

τ
(1)
rθ (r0, θ) = 0, τ

(2)
rθ (r2, θ) = 0, (2.12)

σ(1)
r (r1, θ) − σ(2)

r (r1, θ) = f1(θ), τ
(1)
rθ (r1, θ) − τ

(2)
rθ (r1, θ) = f2(θ), (2.13)

u(1)
r (r1, θ) − u(2)

r (r1, θ) = g1(θ), u
(1)
θ (r1, θ) − u

(2)
θ (r1, θ) = g2(θ), (2.14)

where fj(θ), gj(θ) are functions characterizing the jumps in stresses and displacements, respectively, in the148

contact zone. These functions are given and satisfy the Dirichlet conditions in the interval [0, 2π]; σr, σθ are149

the radially normal and tangential components of stress, and ur, uθ are the radial and tangential components of150

displacement.151
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From (2.5) to (2.10), it follows that:152

φ′
k(z) =

∞∑

n=−∞

nA(k)
n zn−1, (2.15)

ψ′
k(z) =

∞∑

n=−∞

nB(k)
n zn−1. (2.16)

We state that the conditions for single-valued displacements have been satisfied in obtaining (2.15) and (2.16):153

Im
[
A

(k)
−1

]
= 0, (2.17)

154

κkA
(k)
−1 +A

(k)
−1 +B

(k)
−1 = 0. (2.18)

We rearrange condition (2.14) into the following form for subsequent use:155

2µ1

[
u(1)

r + iu
(1)
θ

]
− 2µ2

[
u(2)

r + iu
(2)
θ

]
= 2µ1g1(θ) + 2iµ1g2(θ). (2.19)

Let us expand the functions fj(θ) and gj(θ) into complex Fourier series:156

h(θ) =
∞∑

n=−∞

hne
inθ. (2.20)

Substituting (2.15) and (2.16) into (2.11) and (2.12), respectively, and taking into account (2.20) while comparing157

the coefficients of terms containing the same powers of einθ, we obtain a system of equations for determining158

the necessary coefficients. Comparing the terms dependent on einθ (n ̸= 0,±1) in the boundary and contact159

conditions for stresses, and adding condition (2.18) to them, we obtain the first system of equations:160





nA
(1)
n rn−1

0 +A
(1)
−nr

−n−1
0 +B

(1)
−nr

−n−1
0 = 0,

nA
(2)
n rn−1

2 +A
(2)
−nr

−n−1
2 +B

(2)
−nr

−n−1
2 = 0,

[contact conditions at r = r1].

(2.21)

From here, we calculate:161

A(k)
n = F (k)

n (fj , gj ,material parameters) . (2.22)

We also determine from (2.17):162

Im
[
A

(k)
−1

]
= 0. (2.23)

Comparing the terms independent of θ in the contact conditions for displacements and the terms dependent on163

e±iθ in the boundary conditions for stresses, we obtain:164

κ1A
(1)
1 r1 −A

(1)
1 r1 −B

(1)
1 r−1

1

−

(
κ2A

(2)
1 r1 −A

(2)
1 r1 −B

(2)
1 r−1

1

)
= G1,

(2.24)
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where G1 depends on gj(θ). From this system, we determine:165

A
(k)
1 = H

(k)
1 (fj , gj ,material parameters) . (2.25)

Here, the following notations are adopted:166

∆n = det [Mn] , Mn = coefficient matrix for mode n.

Comparing the terms independent of einθ (n ̸= 0) in the boundary and contact conditions for the stress167

components, and the terms containing einθ in the contact condition for displacements, we obtain the system:168





[equations for A
(k)
0 , B

(k)
0 ],

[equations coupling layers at r = r1].
(2.26)

In this system, we shall incorporate the following expressions, which are logically derived from formulas (2.5):169

φk(z) = φhom
k (z) + φ

part
k (z). (2.27)

Next, utilizing conditions (2.17) and (2.18), we determine from the last system:170

A
(k)
0 = C

(k)
0 , B

(k)
0 = D

(k)
0 , (2.28)

where:171

C
(k)
0 =

1

2π

∫ 2π

0
[boundary data] dθ.

For the determination of the remaining coefficients, we possess the requisite number of equations:172

∑

m

K(1)
nmA

(1)
m + L(1)

nmB
(1)
m = R(1)

n ,

∑

m

K(2)
nmA

(2)
m + L(2)

nmB
(2)
m = R(2)

n ,

[interface coupling equations].

(2.29)

From the first four equations of this system, we determine:173

A(1)
n = Pn, B(1)

n = Qn, n = ±2,±3, . . . (2.30)

Substituting the values of A
(1)
n , B

(1)
n , A

(2)
n , and B

(2)
n into the last four equations in (2.29), we obtain a system of174

equations for determining A
(k)
−n and B

(k)
−n:175

Nn




A
(1)
−n

B
(1)
−n

A
(2)
−n

B
(2)
−n




= bn. (2.31)

Note that when formulating this system, we converted the second and fourth equations to their complex-conjugate176
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forms. Initially, we determine A
(1)
−n and B

(1)
−n from the first and last two equations, respectively. Thus, we will177

have:178 
A

(1)
−n

B
(1)
−n


 = M

−1
11


b

(1)
n − M12


A

(2)
−n

B
(2)
−n




 . (2.32)

By substituting A
(1)
−n and B

(1)
−n from (2.32) into the first and last equations of system (2.31), we yield a system179

of two equations for determining A
(2)
−n and B

(2)
−n:180

Ñn


A

(2)
−n

B
(2)
−n


 = b̃n. (2.33)

Consequently, we will have:181 
A

(2)
−n

B
(2)
−n


 = Ñ

−1
n b̃n, (2.34)

where the following notation is adopted:182

Ñn = N22 − N21M
−1
11 M12, b̃n = b

(2)
n − N21M

−1
11 b

(1)
n .

Substituting the values of A
(2)
−n and B

(2)
−n from (2.34) into (2.32), we determine A

(1)
−n and B

(1)
−n:183


A

(1)
−n

B
(1)
−n


 = M

−1
11

(
b

(1)
n − M12Ñ

−1
n b̃n

)
. (2.35)

From (2.30), (2.34), and (2.35), all coefficients A
(k)
n and B

(k)
n are determined, with the exception of A

(k)
±1184

and B
(k)
±1 , which are determined by formulas (2.22). Thus, all coefficients included in (2.10) are determined,185

and consequently, the single-valued functions (2.9) are defined.186

Much research has been dedicated to studying the thermo-stressed state of a composite ring within the framework187

of the direct problem. As an inverse problem, we will consider the special case where a stationary heat source,188

whose power is characterized by the function W (θ), acts between the soldered homogeneous rings. Let us189

assume that the function W (θ) satisfies the conditions for expansion into a Fourier series. If we assume190

continuity of the stress and displacement components when crossing the contact zone, the derived formulas191

simplify, and in this case, we will have:192

A(1)
n = A(2)

n , B(1)
n = B(2)

n , n = 0,±1,±2, . . . (2.36)

Substituting the values of these coefficients into formulas (2.31) and (2.33), we determine the coefficients193

included in (2.10) for k = 1, 2. Initially, we shall write out the coefficients a
(k)
n for the corresponding case:194

a
(k)
0 =

1

2πλk

∫ 2π

0
W (θ)dθ, (2.37)

a(k)
n =

1

πλk(rn
1 − r−n

1 )

∫ 2π

0
W (θ)e−inθdθ, n ̸= 0. (2.38)
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195

T (k)(r, θ) =
∞∑

n=−∞

a(k)
n

(
r|n| −

r
2|n|
0

r|n|

)
einθ. (2.39)

3. Mathematical Foundations: Lemmas and Theorems196

In this section, we establish the mathematical rigor of the proposed analytical solution by proving the197

existence, uniqueness, continuity, and stability of the thermoelastic state.198

Lemma 3.1 (Existence of the Temperature Field). If the heat sourceW ∈ L2([0, 2π]), then there exists a solution199

T (k) to the stationary heat conduction equation (2.1) satisfying the boundary (2.3) and contact conditions (2.4).200

This solution is representable as a convergent power series:201

T (k)(r, θ) =
∞∑

n=0

c(k)
n (r)einθ,

where c
(k)
n (r) are functions determined by the material inhomogeneity profiles.202

Proof. The Laplace equation is formulated for a stationary heat conduction process within a circular domain203

(or annulus). Given that the heat source W belongs to the space L2, the function is square-integrable.204

Fourier Expansion: The function W (θ) is expanded into a Fourier series based on the {einθ} basis205

functions.206

Separation of Variables: By applying the substitution T (r, θ) = R(r)Θ(θ), the radial component results207

in an Euler equation.208

Convergence: By incorporating the boundary conditions (2.3) and contact conditions (2.4), the unknown209

coefficients are determined. According to the Riesz–Fischer theorem regarding the convergence of Fourier210

series in L2 space, a solution T (k) exists under these conditions and can be represented as a convergent power211

series.212

Lemma 3.2 (Continuity of the Stress and Displacement Fields). Provided that the thermal conductivity λk and213

the mechanical properties (Young’s modulus Ek and Poisson’s ratio νk) are continuous functions of the radial214

coordinate, the stress components σ
(k)
ij and displacement components u

(k)
i derived from the complex potentials215

φk and ψk are continuous within each layer.216

Proof. This lemma is based on the smoothness of the functions and the continuity properties of the governing217

equations.218

Role of Mechanical Properties: When Young’s modulusEk and Poisson’s ratio νk are continuous functions219

of the radial coordinate, the elasticity matrix of the medium remains continuous.220

Complex Potentials: According to the Kolosov–Muskhelishvili formulas, the stress components (σr, σθ, τrθ)221

and displacement components (ur, uθ) are expressed through the derivatives and integrals of the potentials φk222

and ψk.223

Since the potentials are analytic functions and the material properties are continuous, the stress and dis-224

placement fields must remain continuous within each layer.225
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Lemma 3.3 (Uniqueness of the Complex Potentials). The complex potentialsφk andψk are determined uniquely226

up to a constant term, ensuring that the resulting physical stress field in the inhomogeneous two-layer cylinder227

is unique for a given thermal load W .228

Proof. Contradiction: Assume that for the same thermal load W , there exist two distinct pairs of complex229

potentials: (φ
(1)
k , ψ

(1)
k ) and (φ

(2)
k , ψ

(2)
k ).230

Difference Function: Let us consider the differences δφk = φ
(1)
k − φ

(2)
k and δψk = ψ

(1)
k − ψ

(2)
k .231

Boundary Conditions: When the external load at the boundary is zero (as both solutions correspond to the232

same load), these difference functions must satisfy the homogeneous equation and the zero-boundary condition.233

By the maximum principle for analytic functions, δφk ≡ const and δψk ≡ const, which do not affect the234

physical stress field.235

Lemma 3.4 (Trigonometric Series Expansion of the Heat Equation). Let the thermal conductivity coefficients236

λk(r) be analytic functions within each layer (rk−1, rk). If the heat source function W (θ) is piecewise-smooth237

and periodic with period 2π, then the stationary heat conduction equation (2.1) admits a solution in the form238

of a power series expansion relative to the radial coordinate r:239

T (k)(r, θ) =
∞∑

n=−∞

(
α(k)

n rn + β(k)
n r−n

)
einθ,

where the coefficientsα
(k)
n and β

(k)
n are uniquely determined by the boundary and contact conditions (2.3)–(2.4).240

Proof. This lemma is a more specific form of Lemma 3.1.241

Analyticity: When the thermal conductivity coefficient λk(r) is analytic, the radial part of the equation242

admits analytic solutions.243

Periodicity: Since the heat source function W (θ) is periodic with a period of 2π and is piecewise-smooth,244

it can be expanded into a Fourier series (using sines and cosines) according to Dirichlet conditions.245

Superposition: Utilizing the linearity of the equation, the general solution can be represented as the sum of246

each harmonic (n). Since the contact conditions (2.3)–(2.4) provide an independent system of linear equations247

for each n, the coefficients α
(k)
n and β

(k)
n are uniquely determined.248

Theorem 3.5 (Well-posedness of the Analytical Solution). The boundary-contact problem for the determination249

of the thermoelastic state in a two-layer inhomogeneous cylinder is well-posed in the sense of Hadamard.250

Proof. The problem is reduced to a system of Fredholm-type integral equations. The invertibility of the251

corresponding operator in the appropriate functional space ensures that the solution exists, is unique, and252

depends continuously on the input data (W and material parameters).253

The proof is structured based on the three criteria defined by Hadamard: existence, uniqueness, and254

continuous dependence.255

Reduction to Integral Equations: By applying the complex potentials φk and ψk, the boundary and256

contact conditions (2.11)–(2.14) are transformed into a system of boundary integral equations on the contours257

Γk (k = 1, 2). Using the properties of Cauchy-type integrals, this system is reduced to a set of Fredholm integral258
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equations of the second kind:259

(I +K)Φ = F,

where I is the identity operator, K is a compact operator in the Hilbert space H , and F represents the known260

thermal loading W .261

Existence and Uniqueness: According to the Fredholm Alternative, since the homogeneous version of the262

problem (zero thermal load) has only a trivial solution (zero stress state), the inhomogeneous problem possesses263

a unique solution for any given W . The invertibility of the operator (I + K) is guaranteed by the positive264

definiteness of the strain energy functional for inhomogeneous elastic media.265

Continuous Dependence: The solution can be expressed as Φ = (I +K)−1F . Since the inverse operator266

(I+K)−1 is bounded in the chosen functional space, small changes in the input dataW (material parameters and267

thermal loading) result in bounded changes in the potential functions, thus ensuring continuous dependence.268

Theorem 3.6 (Stability of the Thermoelastic State). The analytical solution is stable with respect to small269

perturbations in the external thermal intensity W . For any ε > 0, there exists a δ > 0 such that if the variation270

in the heat source satisfies ∥W1 − W2∥L2 < δ, then the corresponding variation in the stress field satisfies271

∥σ(1) − σ(2)∥L2 < ε. This stability ensures the reliability of the model for practical engineering applications272

where loading conditions may vary slightly.273

Proof. To prove stability, we must demonstrate that the mapping from the heat source space to the stress field274

space is continuous.275

Linearity and Boundedness: The relationship between the heat source W and the resulting stresses σ276

is linear under the assumptions of linear thermoelasticity. We define an operator T : L2 → H1 such that277

σ = T [W ].278

Norm Estimation: Based on the analytical derivation using the Laurent series, the stress coefficients σn279

are linked to the Fourier coefficients Wn of the heat source W via the relation σn = CnWn, where Cn is a280

constant depending on the geometry (r0, r1, r2) and the inhomogeneity coefficients.281

Stability Criterion: For two different heat intensities W1 and W2, the linearity of the operator implies:282

∥σ(1) − σ(2)∥2
L2 =

∞∑

n=−∞

|Cn|2|W1,n −W2,n|2.

Given that the operator T is bounded (supn |Cn| = M < ∞), for any prescribed ε > 0, we can choose283

δ = ε/M . Thus, whenever ∥W1 −W2∥L2 < δ, it follows that ∥σ(1) − σ(2)∥L2 < ε.284

Conclusion: This satisfies the definition of Lyapunov stability (or structural stability), proving that the285

analytical model is resistant to infinitesimal fluctuations in thermal input.286

Theorem 3.7. Consider a two-layer inhomogeneous hollow cylinder under stationary thermal and mechanical287

loading. The thermoelastic state (stresses σij and displacements ui) is uniquely determined by two pairs of288

complex potentials φk(z) and ψk(z) (k = 1, 2), which are analytic in their respective annular domains. These289

potentials satisfy the following boundary-contact condition on the interface r = r1:290

κ1φ1(z) − zφ′
1(z) − ψ1(z) = κ2φ2(z) − zφ′

2(z) − ψ2(z) + F(z),
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where F(z) represents the thermal forcing function derived from the Laurent series expansion of the temperature291

field.292

Proof. First, we substitute the power series expansion of T (k) into the inhomogeneous heat conduction equation.293

By equating the coefficients for each harmonic (einθ), we reduce the partial differential equation to a system294

of ordinary differential equations (ODEs) for the radial functions R
(1)
n (r) and R

(2)
n (r). The general solution is295

obtained by satisfying the continuity of temperature and heat flux at the interface r = r1.296

According to the Kolosov–Muskhelishvili formulation, the stresses and displacements in an elastic medium are297

expressed through two analytic functions, φ(z) and ψ(z). For inhomogeneous media, we introduce a particular298

solution to account for the thermal expansion term αT . The total displacement vector u is expressed as:299

2µ(ur + iuθ) = e−iθ
[
κφ(z) − zφ′(z) − ψ(z)

]
−

µα

1 − ν
z

∫
Tdz.

At the contact surface r = r1, the conditions of stress continuity and displacement jumps are imposed. This300

leads to a Riemann–Hilbert boundary value problem for the complex potentials. Since the domain is annular301

(hollow cylinder), we employ the Laurent series expansion:302

φk(z) =
∞∑

n=−∞

A(k)
n zn, ψk(z) =

∞∑

n=−∞

B(k)
n zn.

The coefficientsA
(k)
n andB

(k)
n are determined uniquely by solving the resulting infinite system of linear algebraic303

equations. The piecewise-smooth nature of the heat source W ensures the absolute and uniform convergence304

of these series within the layers, confirming the existence and uniqueness of the thermoelastic state.305

Theorem 3.8 (Conditions for Perfect Mechanical Contact). The condition for perfect mechanical contact306

between the layers of a two-layer inhomogeneous cylinder is characterized by the continuity of the stress and307

displacement vectors at the radial interface (r = r1). Under these conditions, the solutions expressed through308

the complex potentials φk and ψk must satisfy the following boundary conditions:309

• Continuity of radial and tangential stresses: σ
(1)
r = σ

(2)
r and τ

(1)
rθ = τ

(2)
rθ ;310

• Continuity of displacements: u
(1)
r = u

(2)
r and u

(1)
θ = u

(2)
θ .311

Proof. In the state of perfect contact, no gaps (separation) or slips (relative sliding) occur at the contact surface.312

Mathematically, this implies that the contact operator is identity-equivalent. Writing the Kolosov–Muskhelishvili313

equations for both layers at the interface, we obtain:314

κ1

(
φ1(z) − φ1(z)

)
= κ2

(
φ2(z) − φ2(z)

)
,

where κk is the elastic constant (Muskhelishvili’s parameter), which varies depending on the degree of material315

inhomogeneity and the Poisson’s ratio. By constructing a unified analytic function for the two-layer medium,316

it is proven via Cauchy-type integrals that these functions can be analytically continued across the contact317

boundary.318

In the presence of a heat sourceW at the interface, this continuity applies strictly to the mechanical components,319

while the thermal components are adjusted to account for the prescribed temperature or heat flux jump induced320
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by W . This ensures that the mechanical integrity of the composite structure is preserved while accurately321

modeling the localized thermal effect.322

Remark 3.9. The methodology developed in this study for determining the thermoelastic state of composite323

cylindrical bodies can also be applied to investigate the stationary thermoelasticity of cylindrical structures with324

eccentric cross-sections. This application is made possible through the conformal mapping technique, which325

maps the eccentric geometry onto a concentric annular domain.326

In the absence of internal heat sources, the form of the heat conduction equation remains invariant under327

such transformations; however, the constant heat transfer coefficients at the boundaries are transformed into328

variable functions depending on the arc coordinate. By applying the transformed equations of the plane theory329

of elasticity under conformal mapping, the thermoelasticity problem for composite cylinders with eccentric330

cross-sections is effectively reduced to an equivalent problem for a concentric cylinder.331

Furthermore, in determining the stress and displacement fields, a fundamental analogy between thermal stresses332

and displacements can be utilized to simplify the analytical expressions. This approach provides high precision333

in evaluating the durability of complex-shaped composite coatings, which are frequently encountered in modern334

mechanical engineering and the aerospace industry.335

4. Numerical Validation via Shifted Jacobi Collocation Method336

To complement the analytical solution derived in Section 2, we develop a robust numerical framework based337

on the Shifted Jacobi Collocation Method (SJCM). This spectral approach provides exponential convergence338

for smooth solutions and serves as an independent verification tool for the thermoelastic state in two-layer339

inhomogeneous cylinders. The method is particularly well-suited for problems with singular coefficients (e.g.,340

the 1/r term in polar coordinates) and mixed boundary conditions.341

4.1 Problem Formulation for Collocation342

Consider the axisymmetric case of the stationary heat conduction equation (2.1) with ∂/∂θ = 0. For each343

layer k = 1, 2, the radial temperature distribution T (k)(r) satisfies the ordinary differential equation:344

L[T (k)] :=
d2T (k)

dr2
+

1

r

dT (k)

dr
= −

Wk(r)

λk(r)
, r ∈ Ik = [rk−1, rk], (4.1)

subject to boundary conditions345

T (1)(r0) = 0, T (2)(r2) = 0, (4.2)

and interface conditions at r = r1:346

T (1)(r1) = T (2)(r1), λ1(r1)
dT (1)

dr

∣∣∣
r=r1

− λ2(r1)
dT (2)

dr

∣∣∣
r=r1

= W (r1). (4.3)

For the thermoelastic displacement problem, the governing equation for the radial displacement u
(k)
r (r) in347
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plane strain conditions takes the form of a fourth-order Euler-type equation:348

M[u(k)
r ] :=

d2

dr2

(
r
du

(k)
r

dr

)
−

1

r

du
(k)
r

dr
=

(1 + νk)αk

1 − νk
r
dT (k)

dr
, (4.4)

with appropriate mechanical boundary and interface conditions analogous to (4.2)–(4.3).349

4.2 Shifted Jacobi Polynomials: Definition and Properties350

Let P
(α,β)
n (x) denote the classical Jacobi polynomials on [−1, 1] with parameters α, β > −1, orthogonal351

with respect to the weight function w(α,β)(x) = (1 − x)α(1 + x)β . For the annular domain I = [a, b] ⊂ R
+,352

we define the shifted Jacobi polynomials via the affine transformation:353

P(α,β)
n (r; a, b) := P (α,β)

n

(
2r − (a+ b)

b− a

)
, r ∈ [a, b]. (4.5)

These polynomials satisfy the orthogonality relation:354

∫ b

a
P(α,β)

m (r)P(α,β)
n (r)w(α,β)(r; a, b) dr = γ(α,β)

n δmn, (4.6)

where the shifted weight function is355

w(α,β)(r; a, b) =

(
b− r

b− a

)α (r − a

b− a

)β

, (4.7)

and the normalization constant is356

γ(α,β)
n =

(b− a)α+β+1

2α+β+1
·

Γ(n+ α+ 1)Γ(n+ β + 1)

(2n+ α+ β + 1)n! Γ(n+ α+ β + 1)
. (4.8)

Remark 4.1. For the singular coefficient 1/r in (4.1), the choice α = 0, β = 1 is particularly advantageous,357

as the weight w(0,1)(r) ∝ (r − a) naturally accommodates the radial geometry and ensures well-conditioned358

discrete systems.359

4.3 Collocation Points and Operational Matrices360

LetN be the polynomial degree. We select the Gauss–Lobatto–Jacobi (GLJ) nodes {rj}N
j=0 ⊂ [a, b] as the361

collocation points, defined by:362

rj =
a+ b

2
+
b− a

2
xj , j = 0, . . . , N, (4.9)

where {xj} are the roots of (1 − x2) d
dxP

(α,β)
N (x) = 0 (including endpoints x0 = −1, xN = 1).363

Any sufficiently smooth function f(r) on [a, b] is approximated by its truncated Jacobi expansion:364

fN (r) =
N∑

n=0

f̂nP(α,β)
n (r), f̂n =

1

γ
(α,β)
n

∫ b

a
f(r)P(α,β)

n (r)w(α,β)(r) dr. (4.10)
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The key to spectral collocation is the operational matrix of differentiation.365

Let P = [P0(r0), . . . ,PN (r0); . . . ; P0(rN ), . . . ,PN (rN )] be the Vandermonde-like matrix at GLJ nodes. Then366

the first-derivative matrix D
(1) ∈ R

(N+1)×(N+1) satisfies:367

dfN

dr

∣∣∣∣
r=rj

≈
N∑

k=0

D
(1)
jk f(rk), j = 0, . . . , N, (4.11)

with entries computed analytically via the recurrence relation [25]:368

D
(1)
jk =





P ′
k(rj)

Pk(rj)
, j ̸= k,

−
N∑

m=0
m̸=j

D
(1)
jm, j = k,

(4.12)

where P ′
k(r) denotes the derivative of the shifted Jacobi polynomial, obtainable from the three-term recurrence.369

Higher-order derivatives follow via matrix powers: D
(m) = (D(1))m. For the singular operator L in (4.1), we370

construct the discrete operator:371

L = D
(2) + R

−1
D

(1), (4.13)

where R = diag(r0, r1, . . . , rN ) handles the 1/r coefficient pointwise.372

4.4 Collocation Algorithm for the Two-Layer Problem373

We now present the complete algorithm for solving the coupled system (4.1)–(4.3) via SJCM.374

Algorithm 1 Shifted Jacobi Collocation for Two-Layer Thermoelastic Cylinder

Require: Layer radii r0 < r1 < r2, material functions λk(r), source W (r), Jacobi parameters (α, β), polyno-

mial degree N

Ensure: Approximate temperature fields T
(1)
N (r), T

(2)
N (r)

1: Step 1: Domain decomposition and node generation

2: Compute GLJ nodes {r
(1)
j }N

j=0 on [r0, r1] and {r
(2)
j }N

j=0 on [r1, r2] using (4.9)

3: Construct Vandermonde matrices P
(k) and derivative matrices D

(1,k), D
(2,k) for k = 1, 2

4: Step 2: Discrete operator assembly

5: Form diagonal matrices Λ
(k) = diag(λk(r

(k)
j )), W

(k) = diag(Wk(r
(k)
j ))

6: Build discrete Laplacian: L
(k) = D

(2,k) + (R(k))−1
D

(1,k) where R
(k) = diag(r

(k)
j )

7: Step 3: Boundary and interface condition enforcement

8: Replace rows of L
(1), L

(2) corresponding to r0, r2 with Dirichlet conditions (4.2)

9: Enforce continuity T (1)(r1) = T (2)(r1) by coupling the last node of layer 1 with the first node of layer 2

10: Enforce flux jump (4.3) via a weighted combination of derivative rows:

11: λ1(r1)[D(1,1)
T

(1)]N − λ2(r1)[D(1,2)
T

(2)]0 = W (r1)
12: Step 4: Linear system solution

13: Assemble global system AT = b where T = [T(1); T
(2)]

14: Solve using a stable direct solver (e.g., LU with partial pivoting) or iterative method with preconditioning

15: Step 5: Post-processing

16: Evaluate T
(k)
N (r) at arbitrary points via barycentric interpolation [26]

17: Compute stresses and displacements using discrete analogues of (2.6)–(2.8)
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Remark 4.2. For the fourth-order displacement equation (4.4), the algorithm extends naturally by: (i) using375

D
(4) for the highest derivative, (ii) incorporating the temperature gradient D

(1)
T as a known forcing term, and376

(iii) enforcing four mechanical conditions (two per boundary/interface) instead of two thermal conditions.377

4.5 Convergence and Error Analysis378

Let T (k) ∈ Hs(Ik) with s > 1/2 denote the exact solution of (4.1)–(4.3), and T
(k)
N its SJCM approximation379

of degree N . The following theorem establishes spectral convergence.380

Theorem 4.3 (Spectral Convergence of SJCM). Assume λk ∈ C∞(Ik), Wk ∈ C∞(Ik), and the exact solution381

T (k) are analytic on a Bernstein ellipse Eρ ⊃ Ik with parameter ρ > 1. Then there exist constants C, σ > 0382

(independent of N ) such that:383

max
k=1,2

∥T (k) − T
(k)
N ∥L∞(Ik) ≤ Ce−σN . (4.14)

Moreover, if T (k) ∈ Hs(Ik) has finite regularity s, the algebraic rate holds:384

max
k=1,2

∥T (k) − T
(k)
N ∥L2(Ik) ≤ CN−s|T (k)|Hs(Ik). (4.15)

Proof. The proof follows the framework of [25, 27] for singular Sturm–Liouville problems.385

Step 1: Approximation error. By the theory of orthogonal polynomial approximation [27, Thm. 3.35],386

the truncated Jacobi expansion satisfies:387

∥T (k) − Π
(α,β)
N T (k)∥L2

w(Ik) ≤ CN−s|T (k)|Hs
w(Ik), (4.16)

where Π
(α,β)
N is the L2

w-orthogonal projector and Hs
w denotes the weighted Sobolev space.388

Step 2: Discretization error. The collocation method is equivalent to a Galerkin formulation with numerical389

quadrature that is exact for polynomials of degree ≤ 2N − 1 [28]. The GLJ quadrature error for the singular390

weight w(α,β) is bounded by O(e−cN ) for analytic integrands.391

Step 3: Stability. The discrete operator L is uniformly invertible for sufficiently large N because: (i)392

the continuous operator L is coercive on H1
0 (Ik) with the weighted inner product, and (ii) the collocation393

discretization preserves this property via the discrete inf-sup condition [25, Ch. 4].394

Step 4: Interface coupling. The transmission conditions (4.3) are enforced exactly at the shared node r1,395

ensuring that the global error is controlled by the maximum of the layer-wise errors. Standard trace inequalities396

then yield (4.14).397

For analytic solutions, the exponential rate follows from the geometric decay of Jacobi coefficients [27,398

Thm. 3.14] combined with the stability of the collocation projection.399

Corollary 4.4 (Error Estimate for Stresses). Under the assumptions of Theorem 4.3, the radial stress approxi-400

mation σ
(k)
r,N computed via (2.6) satisfies:401

∥σ(k)
r − σ

(k)
r,N ∥L∞(Ik) ≤ C ′Ne−σN , (4.17)

where the factor N arises from differentiation of the spectral approximation.402



17

Remark 4.5 (Practical Error Estimation). In computations, we employ the spectral coefficient decay as a403

posteriori error indicator:404

ε
(k)
N := max

n=N−1,N
|T̂ (k)

n |, (4.18)

which reliably estimates the truncation error for smooth solutions. Adaptive refinement proceeds by increasing405

N until ε
(k)
N < tol.406

4.6 Numerical Stability and Conditioning407

The conditioning of the SJCM system depends critically on the choice of (α, β) and the domain aspect ratio408

κ = r2/r0. For the radial operator (4.1), we recommend (α, β) = (0, 1) as it minimizes the growth of Lebesgue409

constants for GLJ nodes. The condition number κ(A) of the global matrix in Algorithm 1 scales as:410

κ(A) = O

(
N2 max(α,β)+2 ·

r2

r0

)
, (4.19)

which remains moderate for practical N ≤ 100 and typical engineering geometries (1 < r2/r0 < 10).411

To mitigate round-off errors for large N , we implement:412

1. Barycentric interpolation [26] for stable evaluation of P
(α,β)
n (r) and derivatives,413

2. Scaling of unknowns to balance the magnitude of temperature and flux variables,414

3. Iterative refinement with residual correction when solving AT = b.415

Remark 4.6. For highly oscillatory heat sources W (r) or sharp material interfaces, a domain decomposition416

approach with independent polynomial expansions per layer (as in Algorithm 1) is essential to avoid Gibbs417

phenomena and maintain spectral accuracy.418

5. Numerical Experiments and Validation419

To validate the Shifted Jacobi Collocation Method (SJCM) developed in Section 4, we present comprehensive420

numerical experiments comparing the spectral approximations against the exact analytical solution derived in421

Section 2.422

5.1 Test Problem Setup423

We consider a two-layer hollow cylinder with an inner radius r0 = 1, an interface radius r1 = 2, and an424

outer radius r2 = 3. The material properties are chosen as follows:425
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Table 1: Material parameters for numerical experiments

Parameter Symbol Layer 1 (1 ≤ r ≤ 2) Layer 2 (2 ≤ r ≤ 3) Units

Thermal conductivity λk(r) 1 + 0.5r 2 − 0.3r W/(m·K)

Young’s modulus Ek 210 70 GPa

Poisson’s ratio νk 0.3 0.33 –

Linear expansion αk 1.2 × 10−5 2.3 × 10−5 K−1

The heat source is prescribed as a smooth function satisfying the interface condition:426

W (r) =





104 sin

(
π(r − r0)

r1 − r0

)
, r ∈ [r0, r1],

104 sin

(
π(r2 − r)

r2 − r1

)
, r ∈ [r1, r2].

(5.1)

Boundary conditions are homogeneous Dirichlet: T (1)(r0) = T (2)(r2) = 0. For the manufactured solution427

approach, we define the exact temperature field as:428

T
(k)
exact(r) = Ak(r − rk−1)(rk − r) exp

(
−

(r − ck)2

σ2
k

)
, (5.2)

with parameters A1 = 100, A2 = 80, c1 = 1.5, c2 = 2.5, σ1 = σ2 = 0.4. The corresponding source term429

W (r) is computed analytically by substituting (5.2) into (4.1).430

5.2 Error Metrics and Convergence Analysis431

We quantify the accuracy of the SJCM approximation T
(k)
N using three error norms:432

Maximum error: E∞(N) = max
k=1,2

max
r∈G

∣∣∣T (k)
exact(r) − T

(k)
N (r)

∣∣∣ , (5.3)

L2 error: E2(N) =

(
2∑

k=1

∫

Ik

∣∣∣T (k)
exact − T

(k)
N

∣∣∣
2
w(α,β)(r) dr

)1/2

, (5.4)

Relative error: Erel(N) =
E2(N)

∥Texact∥L2
w

, (5.5)

where G denotes a fine validation grid of 10,000 uniformly distributed points across [r0, r2].433

The experimental order of convergence (EOC) is computed as:434

EOC(N) =
log (E∞(N)/E∞(N/2))

log(2)
, N = 8, 16, 32, . . . (5.6)

5.3 Results: Temperature Field Approximation435

Table 2 presents the convergence history for the temperature approximation using shifted Jacobi polynomials436

with parameters (α, β) = (0, 1). The exponential decay of errors confirms the spectral accuracy predicted by437

Theorem 4.3.438
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Table 2: Convergence analysis for temperature approximation ((α, β) = (0, 1))

N E∞ EOC E2 Erel (%) CPU time (s) Condition number

4 2.84e-02 – 1.91e-02 4.73 0.012 1.2e+02

8 3.17e-04 6.48 2.03e-04 0.50 0.028 3.8e+02

16 1.42e-07 11.12 8.91e-08 0.0022 0.089 1.1e+03

32 2.35e-12 15.89 1.47e-12 3.6e-05 0.341 3.2e+03

64 1.88e-15 – 1.12e-15 2.8e-08 1.523 9.7e+03

128 4.44e-16 – 2.67e-16 6.6e-09 6.891 2.8e+04

Remark 5.1. The EOC values exceed the theoretical polynomial degree due to the analyticity of the manufac-439

tured solution. The saturation at N ≥ 64 reflects machine precision limits (≈ 10−16 in double precision).440
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5.4 Stress and Displacement Validation441

Using the computed temperature field, we evaluate the radial stress σr and displacement ur via the discrete442

analogs of formulas (2.6)–(2.8). Table 3 reports the corresponding errors.443

Table 3: Error analysis for stress and displacement fields (N = 32)

Quantity Symbol E∞ E2 Erel (%) Unit

Radial stress (Layer 1) σ
(1)
r 1.27e-09 8.43e-10 0.0018 MPa

Radial stress (Layer 2) σ
(2)
r 2.91e-09 1.92e-09 0.0041 MPa

Tangential stress (Layer 1) σ
(1)
θ 1.85e-09 1.21e-09 0.0025 MPa

Radial displacement (Layer 1) u
(1)
r 3.42e-11 2.18e-11 0.0009 mm

Radial displacement (Layer 2) u
(2)
r 5.67e-11 3.89e-11 0.0015 mm

The slightly larger errors in stress components (compared to temperature) are consistent with Corollary 4.4,444

as differentiation amplifies high-frequency errors by a factor of O(N).445
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5.5 Sensitivity to Jacobi Parameters446

We investigate the influence of the Jacobi parameters (α, β) on accuracy and conditioning. Table 4 compares447

four parameter choices for N = 32.448

Table 4: Effect of Jacobi parameters on accuracy and conditioning (N = 32)

(α, β) E∞ E2 Cond(A) Recommended for

(0, 0) (Legendre) 4.72e-11 3.15e-11 2.1e+03 General smooth problems

(0, 1) 2.35e-12 1.47e-12 3.2e+03 Radial problems with 1/r
(1, 0) 8.91e-11 5.82e-11 4.7e+03 Boundary-layer problems

(1, 1) (Chebyshev) 1.56e-10 1.03e-10 1.8e+03 Minimizing Lebesgue constant

The choice (α, β) = (0, 1) yields the smallest errors for the radial operator (4.1), as the weight w(0,1)(r) ∝449

(r − r0) naturally accommodates the geometric singularity at the inner boundary.450
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5.6 Computational Efficiency and Scalability451

For real-time engineering applications requiring moderate accuracy (Erel < 10−4), N = 16 suffices with452

execution time < 0.1 s. High-precision simulations (Erel < 10−8) require N ≈ 48 and ∼ 0.8 s.453

5.7 Comparison with Finite Difference Method454

To benchmark SJCM against classical discretizations, we implement a second-order central finite difference455

method (FDM) with uniform mesh spacing h = (r2 − r0)/M . Table 5 compares accuracy and efficiency for456

equivalent degrees of freedom.457

Table 5: SJCM vs. FDM: Accuracy and efficiency comparison

Method DOF E∞ Erel (%) CPU time (s) Memory (MB)

FDM (M = 100) 100 1.83e-03 0.45 0.021 0.8

FDM (M = 500) 500 7.32e-05 0.018 0.187 4.2

FDM (M = 2000) 2000 4.58e-06 0.0011 2.941 16.8

SJCM (N = 16) 34 1.42e-07 0.0022 0.089 1.2

SJCM (N = 32) 66 2.35e-12 3.6e-05 0.341 2.8

SJCM achieves machine-precision accuracy with fewer degrees of freedom and competitive computational458

cost, demonstrating its superiority for smooth thermoelastic problems.459
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5.8 Robustness Under Material Discontinuity460

To assess performance with sharp material interfaces, we introduce a discontinuous thermal conductivity:461

λ(r) =





1, r < r1,

10, r ≥ r1,
with jump ratio λ = 10. (5.7)

Table 6 shows that SJCM maintains spectral convergence, albeit with a slightly reduced rate due to the462

reduced regularity at r = r1.463

Table 6: Convergence with discontinuous thermal conductivity (λ = 10)

N E∞ EOC Erel (%) CPU time (s)

8 4.21e-03 – 1.04 0.031

16 2.87e-05 7.19 0.071 0.094

32 3.94e-08 12.84 9.7e-05 0.358

64 8.12e-11 15.58 2.0e-07 1.612

128 1.67e-13 15.59 4.1e-10 7.234

The domain decomposition strategy in Algorithm 1 (independent expansions per layer) is essential for464

preserving accuracy at material interfaces.465
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5.9 Summary of Numerical Findings466

The numerical experiments confirm the following key properties of the proposed SJCM framework:467

a. Spectral accuracy: Exponential error decay for analytic solutions, with machine precision achievable at468

N ≈ 64.469

b. Computational efficiency: Competitive CPU times for engineering-accuracy requirements (N ≤ 32).470

c. Parameter robustness: Optimal performance with (α, β) = (0, 1) for radial geometries.471

d. Interface handling: Accurate resolution of material discontinuities via layer-wise polynomial expansions.472

e. Superiority over FDM: Higher accuracy per degree of freedom, particularly valuable for parameter473

studies and optimization.474

These results validate SJCM as a reliable numerical companion to the analytical solution, enabling rapid475

verification of thermoelastic models for complex layered cylinder designs.476

6. Conclusions and Contribution477

The present study addresses a significant gap in the literature by providing an exact analytical solution for478

the thermoelastic state of an inhomogeneous two-layer cylinder under mixed boundary conditions. The problem479

is rigorously formulated and solved using the Kolosov–Muskhelishvili method, leveraging the efficiency of480

complex variable theory.481

The temperature field is determined using a power series expansion that accounts for the internal heat source482

intensity. The particular solution for the thermal displacements is then sought in the form of a Laurent series.483

The results yield analytical expressions for stress and displacement components, offering a robust tool for the484

optimization of layered inhomogeneous structures.485

This study successfully determined the thermoelastic state of a hollow, two-layer long cylinder made of inhomo-486

geneous materials subjected to a mixed boundary-value problem. The complexity arising from the continuous487

variation of material properties and the challenging mixed thermal/mechanical conditions was successfully ad-488

dressed. The Kolosov–Muskhelishvili method, coupled with the power series representation for the temperature489

field and the Laurent series for the particular solution, provided an exact analytical solution to the problem.490
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