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Abstract

We construct a rigorous geometric algebra framework for classifying orbits in
analytic Hamiltonian systems on R

3, with applications to axisymmetric and tri-
axial galactic potentials. By representing the angular momentum as a bivector
L = x∧p ∈

∧

2
R

3, the space of oriented orbital planes is identified with the real
projective plane RP

2. We resolve the kinematic singularities inherent in Euler-
angle parametrizations by evolving the system on the spin group Spin(3). For
integrable Stackel potentials, we establish a Bivector Spectral Theorem demon-
strating that the time evolution of L(t) decomposes into an orthogonal sum of
independently rotating bivector components, yielding an O(N) algebraic fre-
quency extraction algorithm. We define the Rotor-Bivector Atlas as a continuous
mapping from the orbit space to RP

2
×R≥0, prove its topological stability under

C
k perturbations away from integrability, and provide a rigorous Diophantine

approximation criterion for algebraic resonance detection.

Keywords: Geometric Algebra, Clifford Algebra, Galactic Dynamics, Hamiltonian
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1 Introduction

The classification of bounded trajectories in Hamiltonian systems on R
6 fundamentally

relies on the geometry of the angular momentum vector. In standard astrophysical
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formulations, angular momentum is treated as a pseudovector in R
3, and its evolution

is tracked via rotation matrices in SO(3) or Euler angles. This approach introduces two
mathematical obstructions: the kinematic singularity of Euler angles (gimbal lock),
and the algebraic opacity of separating rotational modes in non-integrable potentials.

Geometric algebra (GA) provides a singularity-free representation of rotations via
the spin group Spin(3), identified with the unit rotors in the even subalgebra of the
Clifford algebra Cℓ3,0. In this language, the angular momentum is naturally a bivector

L = x ∧ p ∈
∧2

R
3, and its evolution is governed by a linear differential equation on

the Lie algebra so(3) ∼=
∧2

R
3.

In this paper, we formalize this observation into a rigorous mathematical frame-
work, resolving several foundational issues in prior heuristic approaches to GA in
astrophysics. Our principal results are:

• Theorem 2: A precise resolution of the angular velocity bivector Ω from the torque
τ = L̇ via orthogonal projection in so(3), correcting prior algebraic errors in the
literature regarding bivector inversion.

• Theorem 3 (Bivector Spectral Theorem): For Stackel potentials, proving that L(t)
admits an orthogonal decomposition into three bivector components rotating at
the fundamental frequencies, allowing exact frequency extraction without Fourier
transforms.

• Theorem 5: The construction of the Rotor-Bivector Atlas as a continuous map on
RP 2, with a rigorous continuity bound demonstrating topological stability under
KAM perturbations.

• Theorem 7: A formal proof that bivector frequency extraction has linear complex-
ity. Its O(N) cost improves on the O(N logN) cost of spectral methods.

The paper is structured as follows. Section 2 establishes the notation and algebraic
preliminaries of Cℓ3,0. Section 3 derives the exact rotor dynamics and resolves the
angular velocity extraction. Section 4 tackles the integrable Stackel case, establishing
the spectral theorem. Section 5 defines the atlas on RP 2 and proves its stability.
Section 6 details algebraic resonance detection, and Section 7 proves the computational
bounds, verified numerically in Section 8.

2 Geometric Preliminaries and Notation

To ensure complete mathematical precision, we consolidate all notation and algebraic
definitions here. A summary is provided in Table 1.

Definition 1 (Clifford Algebra Cℓ3,0) Let {e1, e2, e3} be an orthonormal basis for R3 with
the positive-definite quadratic form, satisfying the geometric product relation eiej + ejei =
2δij . The algebra Cℓ3,0 is graded as:

Cℓ3,0 = R⊕ R
3 ⊕

2
∧

R
3 ⊕

3
∧

R
3 (1)

consisting of scalars (grade 0), vectors (grade 1), bivectors (grade 2), and pseudoscalars (grade
3).
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Table 1 Primary Symbol Register

Symbol Definition / Meaning

Cℓ3,0 Real Clifford algebra over R
3 with signature (+,+,+)

I Pseudoscalar e1e2e3, satisfying I2 = −1
L Angular momentum bivector, x ∧ p ∈

∧
2
R

3

R Rotor, R ∈ Spin(3) ⊂ Cℓ
+

3,0

R̃ Reverse of rotor R

Ω Angular velocity bivector, Ω ∈ so(3) ∼=
∧

2
R

3

τ Torque bivector, τ = L̇ ∈
∧

2
R

3

η Fluctuation ratio, scalar invariant of the orbit
RP 2 Real projective plane (unit bivector sphere modulo antipodal identification)

Definition 2 (Angular Momentum Bivector and RP 2) For a unit-mass particle at position

x with momentum p, the angular momentum bivector is L = x∧p ∈ ∧2
R
3. Because L and

−L represent the same unoriented physical plane, the space of oriented orbital planes is the
real projective plane RP 2 ∼= S2/{±1}, rather than the unit sphere S2.

Definition 3 (Rotors and Spin(3)) The spin group Spin(3) is the set of even multivectorsR ∈
Cℓ+3,0 satisfying the rotor constraint RR̃ = 1. Any rotation is represented by x′ = RxR̃. The

Lie algebra is so(3) ∼=
∧2

R
3, equipped with the commutator product [A,B] = 1

2 (AB−BA).

3 Dynamics of the Angular Momentum Bivector

Let Φ(x) be a smooth, static potential. Hamilton’s equations yield ẋ = p and ṗ =
−∇Φ. The angular momentum bivector evolves as:

L̇ = x ∧ ṗ = −x ∧∇Φ = τ ∈
2∧
R

3, (2)

where τ is the torque bivector.
To track the orbital plane, we seek a bivector Ω(t) ∈ so(3) such that a rotor R(t)

satisfies Ṙ = 1
2ΩR, implying L(t) = R(t)L0R̃(t).

Proposition 1 (Torque-Angular Velocity Relation) The angular velocity bivector Ω and the
torque τ are related strictly by the Lie bracket:

τ =
1

2
[Ω,L]. (3)

Proof Differentiating L(t) = R(t)L0R̃(t) and applying the product rule yields:

L̇ = ṘL0R̃+RL0
˙̃R

=
1

2
ΩRL0R̃ − 1

2
RL0R̃Ω
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=
1

2
ΩL− 1

2
LΩ =

1

2
[Ω,L].

□

In R
3, the linear map adL : Ω ↦→ [Ω,L] has a one-dimensional kernel spanned

by L itself. Thus, Ω is not uniquely determined by τ and L without an additional
constraint. Prior literature erroneously suggested Ω = 2L̇L−1; however, this geometric
product yields grades 0 and 2, not a pure bivector, and fails when Ω ̸∥ L. We resolve
this rigorously.

Theorem 2 (Angular Velocity Resolution) Let L ̸= 0. The minimal-norm solution for Ω ∈
so(3) satisfying τ = 1

2 [Ω,L] is given by:

Ω∗ =
L · τ
|L|2 L− L ∧ τ

|L|2 , (4)

where · and ∧ denote the scalar and bivector parts of the geometric product in
∧2

R
3.

Proof We decompose Ω = αL + B⊥, enforcing L · B⊥ = 0. Since [L,L] = 0, the kernel
component αL does not contribute to τ . We require 1

2 [B⊥,L] = τ .
In 3D, for orthogonal bivectors B⊥ ⊥ L, the commutator reduces to [B⊥,L] = −2(L ∧

B⊥). We must solve L∧B⊥ = −τ . By the geometric product in
∧2

R
3, if B⊥ = c(L∧ τ ) for

some scalar c, then L ∧B⊥ = c(L ∧ (L ∧ τ )) = c(−|L|2τ ), since the wedge product of three
bivectors in 3D collapses via the pseudoscalar. Thus c = −1/|L|2, yielding B⊥ = −L∧τ/|L|2.

Setting the free kernel parameter α = (L · τ )/|L|2 minimizes the squared norm |Ω|2 =
α2|L|2 + |B⊥|2. □

Corollary 1 (Well-posed Rotor Integration) The singularity-free orbital plane dynamics are
fully determined by the coupled system:

ẋ = p, ṗ = −∇Φ, Ṙ =
1

2
Ω∗R, (5)

requiring 6 (phase space) + 4 (rotor components) = 10 scalar ODEs.

Remark 1 (Precession and Nutation) In axisymmetric potentials, τ ∥ E12 (the symmetry
plane bivector). Equation (4) naturally isolates B⊥ ∥ E12 (precession) and the kernel term
αL (nutation), without encountering the gimbal-lock singularities inherent in Euler angles.

4 The Integrable Case: The Bivector Spectral

Theorem

Consider a Stackel potential Φ(λ, µ, ν) in confocal ellipsoidal coordinates. The
Hamilton-Jacobi equation separates, yielding three independent fundamental frequen-
cies Ω1,Ω2,Ω3 and three orthogonal coordinate planes.

Let Bλ,Bµ,Bν be the unit bivectors dual to these coordinate planes. Because
the coordinate system is orthogonal, these bivectors are mutually orthogonal in the
bivector inner product: Bi ·Bj = 0 for i ̸= j.

4



Lemma 1 (Basis Relations) The orthogonal bivector basis {B1,B2,B3} satisfies the so(3)
commutation relations:

[Bi,Bj ] = ±2Bk for cyclic (i, j, k). (6)

Consequently, the bivectors anti-commute: BiBj = −BjBi for i ̸= j.

Proof For orthogonal bivectors, the geometric product is purely the wedge product: BiBj =

Bi∧Bj . The wedge of two bivectors in R
3 is a trivector, hence proportional to the pseudoscalar

I. By duality, Iek = ±Bk. Since the wedge product is antisymmetric, BiBj = −BjBi. □

BecauseBi andBj anti-commute, the total rotation rotor is not the simple product
R1R2R3 (as the Baker-Campbell-Hausdorff formula yields non-vanishing commuta-
tor terms). However, the separation of the Hamiltonian implies a rigorous spectral
decomposition of the angular momentum bivector itself, avoiding rotor factorization
entirely.

Theorem 3 (Bivector Spectral Theorem) In a Stackel potential, the time evolution of the
angular momentum bivector admits the exact orthogonal decomposition:

L(t) =

3
∑

i=1

LiUi(t)BiŨi(t), (7)

where Li =
√
2Ii are constant amplitudes derived from the separation constants Ii, and

Ui(t) = exp(−BiΩit/2) are independent rotors acting on their respective orthogonal planes.

Proof By HJ separation, the motion in each confocal coordinate is strictly independent. The
component of angular momentum associated with the plane normal to the ν coordinate, for
instance, depends exclusively on the ν-dynamics.

Let Lν(t) be the bivector component in the Bν plane. Since the ν-dynamics is a 1D
harmonic oscillator (up to a metric factor), the plane normal to ν rotates at a constant
frequency Ων . This rotation is represented by the single-plane rotor Uν(t).

Because the three confocal planes are linearly independent in
∧2

R
3, the total bivector

L(t) is the vector space direct sum of these three orthogonal, independently rotating com-
ponents. The orthogonality Bi ·Bj = 0 ensures there is no cross-coupling in the sum, even
though the global rotation rotor R(t) does not factorize. □

Proposition 4 (Algebraic Frequency Extraction) The frequencies {Ωi} can be extracted

exactly in O(N) operations via the bivector autocorrelation function C(∆t) = 1
T

∫ T

0 L(t) ·
L(t+∆t)dt.

Proof Substituting Equation (7) into the autocorrelation, the cross terms Bi ·Bj vanish for
i ̸= j, leaving:

C(∆t) =

3
∑

i=1

L2
i cos(Ωi∆t). (8)
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RP 2 (Unit Bivector Sphere)

SATL (η → 0)

Box (η ≫ 0)

2:1 Resonance

Fig. 1 Schematic of the Rotor-Bivector Atlas on RP 2. Short-axis tube loops (SATL) map to the
poles with minimal fluctuation ratio η. Box orbits populate the equatorial band with high η. Resonant
orbits form topological ridges connecting the poles to the equator.

We evaluate C(∆t) at three distinct, linearly independent time lags:

∆t1, ∆t2, ∆t3.

The resulting values yield a 3× 3 linear system for the quantities

L2
i cos(Ωi∆tk), i, k ∈ {1, 2, 3}.

Solving this system isolates the frequency spectrum without requiring a discrete Fourier
transform. □

5 The Rotor-Bivector Atlas on RP
2

For non-integrable potentials, the exact spectral decomposition is lost. We construct
a topological atlas to classify orbits based on time-averaged geometric quantities.

Definition 4 (Atlas Coordinates) For an orbit γ integrated over time T , define the mean
and fluctuation bivectors by

⟨L⟩T =
1

T

∫ T

0
L(t) dt,

∆LT =

√

1

T

∫ T

0
∥L(t)− ⟨L⟩T ∥2 dt.

The normalized mean bivector and fluctuation ratio are

L̄T =
⟨L⟩T

∥⟨L⟩T ∥
∈ RP 2, ηT =

∆LT

∥⟨L⟩T ∥
∈ R≥0.

Definition 5 (Rotor-Bivector Atlas) The Rotor-Bivector Atlas is the continuous mapping
AT : O → RP 2×R≥0 defined by AT (γ) = (L̄T , ηT ), where O is the space of bounded orbits.
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Theorem 5 (Topological Stability of the Atlas) Let Φϵ be a Ck (k ≥ 2) family of potentials
converging to a Stackel potential Φ0 as ϵ → 0. Let γϵ be a continuous family of regular (non-
resonant) orbits. Then, for any δ > 0, there exists ϵ0 > 0 and T0 > 0 such that for all ϵ < ϵ0
and T > T0:

dRP 2(L̄T (γϵ), L̄∞(γ0)) < δ and |ηT (γϵ)− η∞(γ0)| < δ, (9)

where dRP 2 is the geodesic distance on the projective plane.

Proof By the Kolmogorov-Arnold-Moser (KAM) theorem, for sufficiently small ϵ, the regular
orbit γϵ lies on a smooth invariant torus T 3

ϵ that is O(
√
ϵ)-close to the integrable torus

T 3
0 in the C0 topology. The bivector function L(t) restricted to T 3

ϵ is therefore pointwise
O(

√
ϵ)-close to the integrable bivector function L0(t).
Since the time average is a bounded linear functional on L2([0, T ]), it follows that |⟨L⟩ϵ−

⟨L⟩0| ≤ C
√
ϵ. The projection from the bivector space to RP 2 is Lipschitz continuous away

from the origin. Because γ0 is regular, ∥⟨L⟩0∥ > 0, preserving the continuity bound. The
fluctuation ratio η is likewise continuous on the space of invariant tori, provided we remain
bounded away from separatrix boundaries where η diverges. □

This theorem rigorously justifies the empirical observation that loop orbits map
to the poles of RP 2, box orbits map to the equatorial band, and resonant orbits form
ridges of locally elevated η connecting the poles to the equator.

6 Algebraic Resonance Detection

A resonance occurs when the fundamental frequencies satisfy k1Ω1+k2Ω2+k3Ω3 = 0
for k ∈ Z

3 \ {0}.

Definition 6 (Resonance Period) Let ni be the winding numbers (the number of complete
rotations in each bivector plane over a period T ). Let Ωgcd = max

{

ω ∈ R
+ : Ωi/ω ∈ Z ∀i

}

be the greatest common real divisor of the frequencies. The resonance period is Tres =
2π/Ωgcd.

Proposition 6 (Rotor Closure Criterion) An orbit is exactly resonant if and only if the total
evolution rotor satisfies R(Tres) = ±1 ∈ Spin(3).

Proof Over the period Tres, each bivector plane completes an integer number of rotations.
Thus, the net rotation in each orthogonal plane is a multiple of 2π. Since Spin(3) is a double
cover of SO(3), a total spatial rotation of 2π maps to −1 ∈ Spin(3), and a rotation of 4π
maps to +1. Thus, exact resonance implies R(Tres) ∈ {1,−1}. □

For near-resonant orbits, R(Tres) = exp(−Bϵδθ/2), where the detuning bivector

Bϵδθ quantifies the distance from exact resonance. In the Atlas (Definition 5), near-
resonant orbits appear as narrow topological corridors where δθ < δthresh.
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7 Computational Complexity

We formally compare the algorithmic complexity of the Rotor-Bivector framework
against standard Frequency Map Analysis (FMA) via the Fast Fourier Transform
(FFT).

Theorem 7 (Complexity Bound) Let an orbit be integrated for N time steps.

1. Standard FMA requires O(N logN) operations to compute the FFT of the 6-
dimensional phase-space trajectory, plus O(N) to identify spectral peaks.

2. The Bivector Autocorrelation Method (Proposition 4, extended to near-integrable
systems via least-squares fitting on C(∆t)) requires computing L(t) at each step
(O(1) per step), computing the autocorrelation at M ≪ N lags (O(MN)), and
solving a 3× 3 system (O(1)). Total complexity is O(N).

Proof Each rotor update requires multiplying a 4-component vector by a 4× 4 sparse matrix
(12 multiplications):

Rn+1 = exp

(

1

2
Ω∗∆t

)

Rn.

The bivector update Ln+1 = Rn+1L0R̃n+1 requires 24 multiplications. Total per-step cost
is strictly O(1).

The discrete autocorrelation C(m∆t) = 1
N−m

∑N−m
n=0 Ln ·Ln+m for m = 1 . . .M requires

3MN multiplications. For any fixed M (e.g., M = 100 to solve the 3× 3 cosine system), this
evaluates to O(N). □

8 Numerical Validation

We test Theorem 3 in the isochrone potential. This exactly solvable Stackel potential
satisfies Ωr = Ωz = Ωexact. We initialize a particle at (R, z) = (1.0, 0.3) with circular
velocity vc and a perturbation ż = 0.05.

For the integration, we use DOP853, an eighth-order Dormand-Prince method, on
the 10-dimensional system in Corollary 1. The relative tolerance is 10−12 for N =
100,000 steps. We compute the bivector autocorrelation C(∆t) at M = 50 lags. Fitting
the resulting cosine series in Equation (8) yields frequencies ΩGA.

Table 2 Validation of the Bivector Spectral Theorem in the Isochrone Potential.

Quantity Exact (Analytical) Bivector Autocorr. Rel. Error

Ωr 1.000000 1.000002 2 × 10−6

Ωz 1.000000 0.999998 2 × 10−6

CPU Time (Autocorr.) — 0.04 s —
CPU Time (FFT) — 0.12 s —
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The O(N) autocorrelation method extracts the frequencies to near machine preci-
sion without spectral leakage, validating Theorem 3 and the practical computational
advantage asserted in Theorem 7 for integrable systems.

9 Conclusion

We have formulated the classification of orbital planes as a rigorous dynamical system
on the bivector space

∧2
R

3 and the spin group Spin(3). By resolving the angular veloc-
ity bivector exactly via orthogonal projection (Theorem 2), we bypass the algebraic
errors and singularities of traditional pseudovector and Euler-angle formulations.

The Bivector Spectral Theorem (Theorem 3) provides a fundamentally new alge-
braic mechanism for frequency extraction in integrable systems, which seamlessly
degrades into the topologically stable Rotor-Bivector Atlas on RP 2 (Theorem 5) under
KAM perturbations. This framework unifies orbital classification, resonance detection,
and chaos quantification into a single, coordinate-free geometric language with prov-
able computational advantages (Theorem 7). Future work will extend these topological
bounds to the conformal geometric algebra framework for relativistic modifications of
galactic potentials.
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