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ABSTRACT

Static analysis of two Euler-Bernoulli beams made of linearly elastic material interconnected by
elastic shear connections is presented. In particular, the influence of equal end-slip restraints on the
static behaviour of two-layer composite beams is investigated. A displacement-based variational
formulation is adopted to derive the governing equations. Extended closed-form solutions including
axial and transverse displacements, interlayer slip and internal stress resultants for cantilever and
simply supported two-layer composite beams subjected to point forces and couples, as well as to
uniformly distributed loads, are reported as supplementary material. End-slip restraints behave as

stiffeners for the entire beam, reducing the interlayer slip.

Keywords: Euler-Bernoulli beams, Two-layer composite beams, Partial interaction, Interlayer slip,

End-slip restraints, Closed-form solutions.
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1. INTRODUCTION

Composite structural systems, realised by mechanically or adhesively connecting dissimilar
materials, are widely employed in civil engineering as floor diaphragms and wall systems to bridge
decks. Their global stiffness and load-carrying capacity depend on the interaction at the interface,
typically ensured by mechanical connectors such as headed studs, nails or screws in steel-concrete
and timber—concrete members [1-6], or by adhesive layers in timber—timber joints [7,8] and glass
laminates [9-11]. The interface deformability governs the degree of composite action, and
interlayer slip may become a governing kinematic variable. Design recommendations for specific
applications, such as guidelines for externally bonded FRP strengthening systems [12], include
simplified provisions to account for adhesive-layer deformability, thereby acknowledging the role
of local slip in the global response. For mechanically jointed timber-based composite members,
simplified design procedures such as the y-method [13,14] are also commonly adopted to account
for partial interaction through an effective stiffness.

A very stiff interface involves full interaction, so allowing the application of classical elastic
theory to the two-layer system considered as a whole, whereas deformable interface leads to partial
interaction with non-negligible interlayer slip, which must be explicitly considered in the analysis
[15—17]. In practical solutions, localised devices are frequently introduced at the member edges or
ends (e.g., anchorage systems, end plates, edge restraints) to limit slip and increase stiffness [18].
Nevertheless, the structural implications of such localised restraints — especially when combined
with distributed interface compliance — remain not fully quantified. Experimental evidence is
available for several composite systems, including steel-concrete [1-3], timber—steel or timber—
concrete [5,6], timber—timber [7,8] and laminated glass composites [9—11]. Notably, tests on steel—
concrete composite slabs with end anchorage only indicate that end-slip restraints can significantly
affect the load—deflection response, the development of interface slip, and the ultimate load, even
when no discrete shear connectors are distributed along the span [19, 20]. These findings imply that

models neglecting slip and boundary conditions may yield non-conservative estimates of stiffness
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and stress distributions, particularly for partially interacting members with semi-rigid end restraints.
Similar sensitivity has been reported for FRP-plated beams, where adhesive deformability and
anchorage conditions markedly influence the global response [18,21]. Overall, these observations
motivate analytical models capable of representing distributed and localised interaction mechanisms
within a single consistent framework.

Closed-form solutions represent a key analytical tool for partially composite beams because they
provide exact expressions for deflections, interlayer slip and internal forces without requiring any
numerical discretisation. The theoretical basis of partial interaction was first established by
Newmark et al. [15, 16] for steel-concrete T-beams under concentrated loading and was later
adapted to timber members by McCutcheon [17]. In timber engineering, the y-method adopted in
Annex B of Eurocode 5 is derived from the exact solution to the problem of a simply supported
composite beam under a sinusoidally distributed lateral load. This solution is expressed in terms of
an effective bending stiffness via the y-factor [13,14], as corroborated by subsequent studies [22].
Later contributions by Girhammar [23-25] extended the framework to additional loading conditions
(including uniformly distributed loads) and second-order effects, while Challamel and Girhammar
[26, 27] addressed boundary-layer phenomena and proposed variationally based formulations for
the stability of partially composite beam—columns, including axial and shear contributions.

Subsequent studies further broadened the applicability to additional boundary conditions and
loading schemes. For simply supported members, closed-form solutions have been progressively
established for load cases of direct relevance to both design and experimental characterisation,
including uniformly distributed loads [28-31], concentrated load at midspan [28,32], and four-point
bending tests [29, 33]. The more general case of a concentrated load applied at an arbitrary position
along the beam span was originally addressed by Newmark et al. [15,16]. Further extensions cover
additional boundary conditions, such as propped and fixed-end restraints [34]. Approximate
strategies were also proposed. Xu and Chen [35] developed a Ritz-based variational approach for

multiple support and loading conditions. Peng et al. [36] derived analytical expressions for
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multilayer systems, but their approach is restricted to layers with identical properties and is
therefore not representative of heterogeneous composite members. Complementary investigations
focused on interfacial stress transfer in plated beams: Smith and Teng [21] analysed interfacial
stress distributions and highlighted the role of bond-slip behaviour, which has contributed to
design-oriented approaches for FRP-strengthened members [12]. In timber engineering, related
modelling needs also arise in cross-laminated timber (CLT) panels, where the shear deformability
of transverse layers is non-negligible; simplified stiffness evaluations often adopt y-method-based
formulations and show close agreement with shear-deformation-based laminate theories for CLT
and CLT—concrete members. In this context, applications to the interpretation of four-point bending
tests [37-39] were also reported. Several examples highlight that layered members may require an
explicit representation of shear-deformable interlayers with non-negligible thickness, overcoming
the assumption of zero-thickness interface common to many applications. In the field of laminated
glass, analytical models have been extended to take account of interlayer thickness for simple static
schemes, including simply supported beams [40,41].

Most existing formulations idealise the interface as a continuous shear connection and therefore
neglect the contribution of concentrated restraints that may act at the member ends. In practice, such
boundary devices, typically introduced through anchorage systems or edge restraints to control slip
and enhance stiffness, cannot be represented by models based on distributed compliance alone. To
overcome this limitation, Gjelsvik [42] proposed the analogue beam method, whereby shear
deformation is concentrated within a fictitious compliant layer reproducing the relative slip between
the connected components. This approach was later refined by Betti and Gjelsvik [43] and extended
to static and free—vibration analysis by Ellakany and Tablia [44], enabling the inclusion of end-slip
restraints within a numerical framework. More recently, Sun et al. [18] investigated FRP-plated
reinforced concrete beams and reported significant differences in terms of interface slip between
configurations relying solely on end anchorage and those employing distributed bonding or

combined systems. These evidences indicate that composite beams with concentrated anchorages,
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albeit considered as infinitely rigid, may not capture the behaviour of distributed or combined
connection systems, and motivates analytical formulations capable of representing both distributed
and localised interaction mechanisms within a unified framework. In the limiting case of infinitely
rigid end restraints, the axial stress distribution in the plated layer may reduce, for specific
configurations, to the analytical solution proposed by He and Liu [45] for unbonded tendons
anchored at the ends. This highlights the importance of treating end-restraints by means of rigorous
analytical models.

Existing models typically idealise boundary behaviour through two limiting cases: either the
beam ends are free to slip or the relative displacement is fully restrained, while intermediate end-
restraint stiffness is rarely addressed in closed form. Zhang et al. [46] extended this formulation by
introducing end-slip and rotational restraints, and demonstrated their impact on global deflection
and interlayer slip. In their model, the end-spring stiffness terms appear with opposite signs,
consistently reflecting the relative displacement of the two layers. Nevertheless, the resulting
solution is expressed as an approximate series (via Stokes’ transformation) and is restricted to
simply supported members under basic loading schemes.

Despite these contributions, available formulations either provide approximate series solutions or
remain confined to simplified loading and boundary conditions. A further open aspect concerns the
accurate representation of end effects, which is particularly relevant for composite systems with
imperfect bonding. Elasticity-based analyses [47-50], including the classical treatment by
Timoshenko and Goodier [49] and subsequent developments for multilayered configurations
[48,50], show that localised stress concentrations decay over a characteristic length governed by the
connection stiffness. This length scale controls the spatial extent of boundary-layer phenomena and
may significantly influence the response in the vicinity of restraints.

The above considerations motivate the need for an exact analytical formulation capable of
consistently combining distributed interaction and localised restraints within a unified variational

framework, which is the objective of the present work.
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In this paper, a closed-form formulation for two-layer composite beams featuring both
distributed shear connection and finite-stiffness end-slip restraints is derived. The governing system
of differential equations is obtained variationally, and solved analytically by applying Cramer’s rule
to its matrix form following the approach outlined by Ayres [51]. Then, exact solutions are derived
for cantilever and simply supported schemes under concentrated forces, uniformly distributed loads,
and end couples, providing explicit expressions for displacement fields, interlayer slip, and internal
stress resultants. The formulation is further extended to include a non-negligible interlayer
thickness, provided that geometric and mechanical parameters are consistently defined to account
for interlayer deformability. In addition to the general case, the present study also investigates
configurations where the connection is concentrated at the beam ends only. A parametric
investigation quantifies the influence of end-restraint stiffness on the global response and its
interaction with distributed connection stiffness. In addition, a loading configuration that suppresses
boundary-layer effects [26] is identified and discussed. The accuracy of the proposed formulation is
assessed through comparison with existing analytical models available for special cases. Detailed

closed-form expressions are provided as supplementary material to this paper.

2. BASIC ASSUMPTIONS

With reference to the two-layer beam with zero-thickness interface shown in Fig. 26, the axial
displacements of the centroids of layers 1 and 2 are denoted by ui(x) and ux(x), respectively,
whereas v(x) represents the sectional vertical displacement. Each layer is modelled by using the
Euler—Bernoulli beam theory, which assumes that cross-sections remain plane and perpendicular to
longitudinal layer axis, allowing for ignoring shear deformation. This classical assumption,
appropriate for slender members, has been widely adopted to the analysis of composite beams with
partial interaction [15, 16, 23-25]. Accordingly, the axial displacement within each layer is

expressed as follow:

u? () =1, = (y=y) V() fori=1,2 (1)
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where the prime denotes a derivative with respect to axial coordinate x and y; is the centroidal co-
ordinate of the i-th layer. The relative slip at the interface is defined as:

u, (%) = u, (x) —u, (x) +dv'(x) (2)
where do = di + d> is the distance between the centroids of the two layers and d; (i =1, 2) that of
centroid of the i-th layer to the interface. The cross-section of the two-layer beam is shown in
Fig. 27, where di.» and d> represent the distances from each layer centroid to the centroid of the
fully composite section characterized by zero interlayer slip. Denoting with 4; and E; (i=1, 2)
cross-section area and Young’s modulus of layer i, respectively, these parameters may be wrtitten
as:

E, 4, E\ 4,

d,=dy—2*2 —  d, =d——"1 3
b TV E A + E A, 2 "V E A +E,A, @)

Fig. 1. Kinematic representation of a two-layer composite beam segment with zero-thickness
interface.
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Fig. 2. Geometric parameters of composite beam section: cg,1, cg,2 and cg,o are the centroids of
layers 1, 2 and of fully composite section, respectively; d1,00 and d2,c0 are the distances of cg,o0
from cg,1 and cg,2, respectively.

A continuous distribution of linear springs with stiffness &, (in units of force per unit area) links
the two layers at the interface; the corresponding interlayer shear force per unit length is expressed
as:

q,(x)=ku, =k, (u, —u, +d" ))

In addition, concentrated translational springs at the beam ends, having stiffness 12,1 (in units of

force per unit length), introduce end-slip restraints between the two layers; the corresponding

concentrated slip forces is equal to:

QS (%)= lghus = lgh (uy —u, +d,v") forx=0,L (5)
The arrangement of distributed and end connectors, for both cantilever and simply supported
beams, is shown in Fig. 28. Newmark’s model [15, 25, 35] covers the whole interval of distributed
stiffness spanning between the two limiting cases of non-composite (k, = 0) and fully composite
behaviour (k, = ). The concentrated end springs introduce an extra stiffness parameter governing

the local response near the supports and, consequently, the associated end effects.

(a) (b)

Fig. 3. Shear connection model: distributed springs with stiffness &, along the interface and end
springs with stiffness lgh. (a) Cantilever beam; (b) Simply supported beam.
8
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Under the assumptions of Euler—Bernoulli beam theory and making use of the Eq. (1), the only

non-zero strain component is the axial strain:

(0

) _ du"
0 =

dx

=u —(y—-y)' fori=1,2 (6)

Both layers are assumed to be made of linearly elastic, isotropic materials. The axial stress can
be expressed as:
o) =E ) =E [u/-(y-y)v'] fori=1,2 (7
The corresponding normal stress resultants in terms of axial force and bending moment in each

layer (Fig. 29) can be written as:

N =] oVdd =EAu-ES V" fori=1,2 (8)

11 1

Mi:J‘A.GS)(y_yi)dAi:E'S'u"_EiJiv” fori=1,2 ©)

where Ei4; indicates the axial rigidity of the i-th layer of the cross-section, whereas first- and

second-order moments of the i-th cross-section layer are given by:
S = L (y—y)d4, J = L (y—y)'dd  fori=1,2, (10)

respectively. The shear resultants are derived by imposing the equilibrium for each layers, including
the interfacial slip force per unit length g;:

T,=M+qd fori=1,2 (11)

that agrees with Egs. (8) in [23, 24].
The beam is subjected to general external loadings acting along the longitudinal and transverse
directions, including distributed axial loads g¢x1(x), gx2(x) and transverse load ¢,(x), as well as

concentrated axial end forces Fx,1, Fy2, vertical point load F), and couple C, with sign convention

consistent with the stress resultants reported in Fig. 29.
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Fig. 4. Free body diagram of an infinitesimal two-layer composite beam segment with compliant
interface, illustrating the adopted sign convention.

3. VARIATIONAL FORMULATION

Total potential energy I1 of the two-layer beam is comprised of four terms:

N=U+U,+U-V (12)
i.e., the elastic deformation energies for the two layers (U and U-), the strain energy associated
with the elastic connections (Us), and, finally, the work of the external loads (V). Energy term Uj
includes, in turn, the contributions due to both distributed shear connections with stiffness &, and

two equal end restraints with stiffness lé,,. By using the strain components (6), the constitutive

relations in Eq. (7), and Egs. (8)—(11), the four energy terms can be written as follows:

_1 (1) (1) _lL "2 "2 ron .
Ui_Ejmcx g dVi—EL [E A, (u)’ + EJ (V") —2ES,u}v"|dx  fori=1,2 (13)
U =~ [k dxss Ykyu? (14)
K 2 o h s 2)%:0’]‘ h s
L !
Vv :jo (qx,l u+q,,u, +qu) dx"‘[FyV_CV +F u+F, ”z]é (15)

For prismatic two-layer beams, the stationarity of potential energy II yields the following system
of coupled linear differential equations:

EAuw'-ESVv'+k,u, + q.,=0 (16a)

E,A,u) - E,S,)V)' ~ku,+q,.,=0 (16b)

10



10

11

12

13

14

15

16

17

18

19

20

21

EJ V"' E\S u"- E,S,u)"~k,dyu; —q, =0 (16c)

and the corresponding natural and essential boundary conditions for x=0, L:

u, (%) =1, or E A ul —ESV' + ()" k,u ~F, | =0 (17a,b)
1, (%) = il or Eﬁﬂé—@&vW{AW%ﬂh—ﬂlﬁﬂ (17¢,d)
w(E) = or EJV" = ES '~ E,S,uy—k,dyu,+ F,| =0 (17¢,0)
V(%)= or EQW—E&M—Q&%—@DW@%%+C£=O (17g,h)

where the hat placed over u1, u2, v and v' indicates prescribed displacements or rotation at X .
First-order moment S; reported in Eq. (10a) vanishes when computed with reference to a vertical
co-ordinate having the origin coinciding with the centroid of the corresponding layer. In this case,
field equations (16) become only partially consistent with those reported in [27], where second-
order effects are included while disregarding distributed axial loads. Essential boundary conditions

similar to Egs. (17b, d) are also proposed in [46], where, however, that in Eq. (17h) is not included.

3.1. Derivation of governing equations

Two limiting flexural rigidities for the two-layer beam are usually introduced [23, 24]:

EJ,=EJ,+E,J, (18)
2
EQ:E%+—TELT— (19)
EIAI E2A2

where subscripts 0 and oo refer to the properties of the non-composite and fully composite beam,
respectively. Moreover, the following parameters, defined in terms of slip stiffnesses &, and lgh,

characterise degree of composite action for distributed connections, that for concentrated end

connections, and ratio of the latter to the former, respectively:

2
a’ =k, LR (20a)
EA  EA  EJ,

11
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&zkh( ! + ! +d°j (20b)
0

K=—= (20c¢)

Low values of dimensionless parameter al correspond to two-layer beams approaching non-
composite behaviour, whereas higher values indicate a response close to full composite action.
Dimensionless parameter 6L describes the degree of interaction when the connection is provided
by end-slip restraints only. Finally, parameter k denotes the relative influence of concentrated end
restraints compared to distributed shear connection. An equivalence between a beam with

distributed bonding and an alternative configuration featuring fastenings only at the ends can be
established from Eq. (20c) according to o>/ k, =&/ lgh )

As suggested in [51] and reported in Appendix A, Cramer’s rule can be applied to the system of

Egs. (16), giving rise to the following three uncoupled field equations:

d | d 2 azdl » (@ +4q.,) gy

— - |u, =— 2lg —(q' d, . —q .d +o == el 0 2la
dx {dxz 1 EJ. [qy (qx,l Lo ~ 952 2,00)] EA+EA EA (21a)
S I I o’d,, , (@ +d.y) 9,

—|—-a |u, = ’ -q.d.,-q. ,d, )]+o° ———->"" - " 21b
dx3 |:dx2 2 EJOO [qy (Qx,l 1,00 qLZ 2,00 )] ElAl +E2A2 E2A2 ( )
a* [dz 2} o , , q"

— | o |\v=—lq, —(q.,d, —q.rd, )]+ —> (21c)
dx*| dx’ EJ, o 22 EJ,

For non-composite beams (ol = 0), Egs. (21a—c) reduce to Egs. (16a—c) by setting k, = 0 and
S1 =582 = 0. For fully composite beams (ol = x), Eqs (21¢) reduce to the following classical Euler-

Bernoulli beam equation:

d*vy 1
dx* EJ

['e]

[qy _(q:c,ldl,oc - q;,z d2,w )] (22)

where the beam turns out to be subjected to a distributed vertical load ¢, and an equivalent

distributed bending couple (gx,1 di.0 — ¢x2 d2.0).

12
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The present formulation can be extended to composite beams with a non-negligible interlayer
thickness (Fig. 30), as in systems characterized by a compliant interlayer (e.g. laminated glass—glass
elements or CLT). In this case, the geometric and mechanical parameters of the two-layer beam are
redefined to account for the interlayer thickness explicitly. In particular, distance between the
centroids of the two layers and interlayer shear stiffness are expressed as:

dy=d +d,+h, (23a)

k,=—+"2 (23b)

respectively, where quantity 4, denotes the interlayer thickness, G, its shear modulus, and b, the
effective interlayer width. The proposed definitions are consistent with analytical models previously
developed for laminated systems with compliant interlayers [40, 41]. In particular, non-dimensional
interaction parameter A introduced in [40] reduces to parameter o adopted herein provided that

quantities do and k are defined as in Egs. (23).

Fig. 5. Kinematic representation of a two-layer composite beam segment with an interlayer of
thickness /..

13
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3.2. General solution for two-layer beams

The general solutions to system of Eqgs. (21a—c) are:

u,(x) =, +c,x +c;x” + ¢, cosh(ox) + ¢ sinh(owx) + u pea () +u,, (%) (24a)
__LE4, ? h inh 24b
u,(x)=- 7 [c, + ¢,x + ¢;x7 + ¢, cosh(ax) + ¢ sinh(ax) ]+ ¢ + ¢, x +u, , (X) + 1, ,(X) (24b)
2472
V(X) = g + CoX + ¢1x” +¢,,X° + ¢, cosh(owx) + ¢,y sinh(ox) + v, (X) + v, (x) (24¢)

which include eight primary integration constants ci1 to cg to be determined by imposing boundary
conditions (17). The remaining (secondary) constants are obtained by substituting the general
solutions (Egs. 24a—c) into the field equations (Egs. 21a—c). Moreover, functions upx,1(x), upx2(x)
and vpx(x) represent the particular solutions associated with distributed axial loads, whereas uy.1(x),
upy2(x) and vpy(x) are those for distributed transverse load.

The secondary constants may be written as:

¢ 2Ed4citk,c

c. = (25a)
’ dl,oo kh dO
c, c,
c = _ 25b
“2d,, 2d, (255)
c
¢y = 3d3 (25¢)
1,00
EAd
= —#CS (25d)
0
EAd
13 = _(;leooﬁ (25¢)
whereas the particular solutions take the following forms:
d, (9.,+9.,) |x°
u, (x)=|——= d. . —q.,d, )————|— 26a
px,l( ) |: EJOO (qx,l 1,00 qx,Z 2,00) EIAI +E2A2 2 ( )
d, (4, +49,,) |x*
u (x)=|—= d, —q..,d, )————|— 26b
px,2( ) |:EJOO (Q)c,l 1,00 qx,z 2,00) EIAI +E2A2 2 ( )

14
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X q.. q,> 1 X
Ve (X) = = el i di =G dr.)— 26¢
px( ) a2d0 (Ev1141 EzAzj EJDO (qx,l 1,00 QX,Z 2,00) 6 ( )

1 x?
u (x)=d X + 26d
py,l( ) 104y (OLZEJO 6EJOOJ ( )
2
upy 2 (x) = _dZ ooqyx 2 1 + a (266)
’ ’ oa°EJ, O6FEJ,
4 4
q,L" (x
v (x)= — 26
py() 24EJw[Lj (26D

4. INTRODUCTION TO CASE STUDIES

Extended closed-form solutions for 18 case studies including cantilever and simply supported two-
layer composite beams subjected to point forces and couples, as well as to uniformly distributed
loads, are reported as supplementary material to this paper.

For each case study, loading scheme and support conditions are summarised in Table 2. Also
reported in the same table are the smallest values of parameter ol resulting in a difference smaller
than 1% between maximum deflection vmax and maximum deflection for fully composite beam,
Vimaxeo (1.€., |1 = Vmax / Vmax,e| < 1%). This condition is evaluated for k =0 and k =1 (see Eq. (20¢)),
and for the two stiffness ratios EJo/EJo=2.5 and 4. A value of 2.5 is representative of steel—
concrete composite beams [1, 2, 3, 30—-32]. Conversely, ratio EJ./EJo = 4 characterises two equal
layers, but is adopted here to represent those cases where the fully composite limit provides a
significantly higher flexural rigidity than the non-composite limit [6—11], regardless of whether the
layers are different or nominally identical to one another (e.g., timber—concrete, timber—timber, and
glass—glass systems).

Condition |1 — Vmax / Vmax| < 1% defines a practical criterion to classify the response as near-
fully composite, based on the maximum deflection relative to the fully composite limiting case. For
example, a simply supported two-layer beam under uniformly distributed transverse load (case S.15

in Table 2) featuring EJ./EJo = 4 and no end restraint (k = 0 ) may be considered as fully composite

15
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for al > 53.4. In the presence of end connections such that k =1, the same beam attains the fully
composite condition on vmax for al >51.6. Thus, the inclusion of end slip restraints has only a
minor influence on vmax. This circumstance also occurs for cantilever and simply supported beams
subjected to vertical point loads or uniformly distributed transverse loads (cases S.9-S.12 and S.14,
S.16 in Table 2), as well as in the case of distributed axial loading (case S.13). In these cases, the
low slip occurring at high ol values restricts the overall impact of end slip restraints. Conversely,
end restraints become most effective when the loading configuration induces a significant slip
demand at the boundaries (cases S.1-S.8 in Table 2).

The last two case studies presented in Table 2 (S.17 and S.18) differ from all previous
configurations, as they correspond to built-in two-layer beam and do not include end-slip restraints.
In solution S.17, which involves uniformly distributed transverse loading, very high values of al
are required to satisfy criterion |1 — Vmax / Vmax»| < 1%. This outcome follows from the combined
effect of distributed loading and boundary conditions, which impose zero displacements and
rotation at both ends. As a consequence, the slip between layers is primarily concentrated in the
midspan region, and convergence to the fully composite limit is achieved only for large interlayer
stiffness values. In contrast, solution S.18 addresses a built-in two-layer beam under a uniformly
distributed axial load. In this case, the response is dominated by axial deformation, and vertical
displacements tend to vanish as al increases. According to Table 2, the fully composite condition is
practically recovered already for al = 7.1 regardless of ratio EJ./EJo.

In the following sections, the discussion of the results and figures makes use of dimensionless
parameters ol and &L (see Egs. (20a, b)), which provide a unified framework to analyse different
connection layouts and to establish an equivalence between a uniformly bonded beam and an end-
fastened configuration. In the plots, red circles denote reference situations incorporating end-slip
restraints only (al = 0), and are positioned at those al values that would provide an equivalent

degree of interaction for a beam with distributed connection.
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Table 1. Case studies S.1-S.18: ol values satisfying condition |1 — Viax / Vimaxe| < 1% for two

EJ./EJy ratios and two values of end spring parameter K .
Values of oL for |1 — vmax/ vmax«| <1%

A

. o k=0 k=1
Solution Load and boundary condition ET, ET, 2s ET, ET, s
EJ, EJ, | EJ, EJ,
(S.1) 14.4 55
(S.2) 14.4 55
(S.3) 24.5 17.3 8.1 6.4
P @ 16.0 10.6 6.0 45
S.4 = 26
(S4) ) 24.4 34.6 8.1 10.3
(S.5) L2 2.6 1.9 1.4 1.0
o 7
(S.6) P = 28.3 8.9
(S.7) ¢, ¢ 49.0 34.6 13.1 10.3
=, e | @ 32.1 21.2 9.7 7.2
S.8 P =l
(58) e & ) 49.0 69.3 13.1 16.5
(S.9) 29.5 20.7 28.9 20.2
|”
(S.10) | 59.0 414 57.9 40.3
[ ] [ ]
(S.11) | : © 54.8 40.2 46.1 38.9
L] [ ]
(S.12) © 51.2 36.2 49.1 34.1
[ ] [ ]
(S.13) = = 16.8 16.3
(S.14) se 33.6 235 33.6 23.4
(S.15) ——] 53.4 37.8 51.6 35.8
L ] ®
[T .
(S.16) ettt 54.3 38.3 52.7 36.7
[ ] [ ]
(S.17) 118.0 82.8 - -
(818) (d) 7.10 _
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(a) Loading configuration (C; —F,d,)/EJ,—C,/EJ , (b) Loading configuration (C, — F.d,)/ EJ,—C, /EJ,,
(c) Values obtained for Ly = 1/4 L, (d) [Vmax| < 0.01 (CL*/EJo)

For the asymptotic connection configuration with aL = 0, &L = oo, the axial stress in the lower
layer obtained for cases S.2, S.3, S.7, S.9, S.10, S.14 and S.15 coincides with the expression given
by Eq. (4) in [45] for unbonded tendons anchored at the ends. This confirms the consistency of the
present formulation with established analytical solutions for end-fastened systems. Analytical
solutions for configurations with only end-slip restraints, described by parameter AL, are also
included into the supplementary material for all relevant case studies. Exceptions are solutions S.5
and S.8, which follow directly by superposition of previously reported solutions, and solutions S.17

and S.18, for which end springs are not defined due to the built-in static scheme.

5. TWO-LAYER BEAM SUBJECTED TO POINT LOADS

This section examines the closed-form solutions reported in the supplementary material for cases
S.1 to S.12 in Table 2, which cover several static configurations of two-layer beams subjected to
concentrated loads. The analysed configurations include cantilever and simply supported beams,

with point loads applied either vertically or horizontally at different locations along the span.

5.1. Cantilever two-layer beam subjected to end axial forces Fy,1 and F,

The first example concerns a cantilever two-layer beam subjected to end axial forces Fx,1 and Fip,
applied at the free end. The corresponding closed-form solution, reported in supplementary material
S.1, is evaluated for flexural stiffness ratio EJ./EJo = 2.5 and 4, and for end restraint-to-distributed
connection stiffness ratio k=0, 10 and 100. For general cross-sectional configurations,
dimensionless axial displacement of layer 1 and interlayer slip are plotted in Fig. 31 versus al. The
dimensionless quantities represented on the plot vertical axes of Figs. 31a and 31b are defined as

follows:

o) = u(L)—u, (L) _, (% _lj tanh(a.L) 273)

0. (L) d,, EJ, al ¢
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u (L) _ tanh(ol)

v, (L)= = — (27b)
Uy (L) =1, (L) al ¢,
respectively, where
¢, =1+al « tanh(al) (28a)
F  +F )L
u,(L)= o+ Pt (28b)
E A +E,A,
(Fxldloc _szdzm)L
Ly=—"1~ = = 28c
¢, (L) o (28¢)
(L) il fori=1,2 (28d)
u, == ori=1,
i,0 EA

In Eq. (27a) the axial displacement of layer 1 is normalized by the product of quantities related with
the fully composite beam, namely end section rotation @-(L) and distance d1 . between centroid of
layer 1 and overall centroid. Accordingly, a dimensionless value vi(L) = 1 indicates rigid-body
kinematics of layer 1 in the fully composite limiting case (al = o), with no relative slip. This
interpretation is consistent with Fig. 31b, where the interlayer slip is normalized with respect to the
corresponding value in the non-composite configuration. In fact, as ol increases, the slip
progressively reduces, and the response converges to the fully composite case. Conversely, for
al =0 the dimensionless slip equals 1, i.e., us(L) = ui1o(L) — u20(L), indicating independent
behaviour of the two layers.

The axial displacement of layer 1 strongly depends on flexural stiffness ratio (Fig. 31a), with
EJ./EJy = 2.5 leading to the greatest deformability. This is particularly evident for small oL values.
In contrast, the slip response is independent of EJ../EJy (Fig. 31b).

In the presence of end-slip restraints only (oL = 0), Egs. (27a—b) take the following forms:

WZM:H(ﬂ_IJ L 299)
0, (L)d,, EJ, 1+aolL
a,(L) 1

v,(L)= (29b)

Uy (L) =10 (L) A
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For comparison, the corresponding results (for EJ/EJo =4 only) are shown in Fig. 31 as red marks

for k= 10 and 100 at prescribed values of aL. For the only-end fastening case, the imposed free-
end stiffness has been calculated according to Eq. (20c) such that &L = k(al)?. In other words, by

virtue of this equivalence, two-layer cantilevers featuring prescribed global stiffness of distributed
connections, but exclusively concentrated at the end, were analyzed. The substantial agreement
between these results and those derived from a combination of distributed and concentrated
connections indicates that, for the explored values of «, deformability is essentially governed by the

end connection.

; Fxf
2 I
1'8 i 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII 1 IIIIIII- __ - 1.0
V(L) ] L] [ uy(L)
1.4 E 0.5
1.0 - -0.0

b
10" 10 10'alL 107 ®)

[a—
o
©

10° 10" 10°  10'alL 107
Fig. 6. Cantilever two-layer beam subjected to end axial forces F,1 and F: dimensionless (a) axial
displacement of layer 1 at x = L, and (b) interlayer slip at x = L. Dashed and solid curves refer to

EJ/EJy=2.5 and 4, respectively. Red marks denote end-slip restraints only configurations, reported
at the equivalent oL according to Eq. (20c).

5.2. Cantilever two-layer beam subjected to a clockwise end couple Fx do

A cantilever two-layer beam subjected to a clockwise end couple Fi do is analysed in supplementary
material S.2. Fig. 32 shows, in dimensionless forms, the axial displacement of layer 1 (Fig. 32a) and
vertical displacement at the free end (Fig. 32¢) versus al. Nondimensional axial stress resultant in
layer 1 and total bending moment, both evaluated at the fixed end, are shown in Figs. 32b and 32d,
respectively. Total bending moment is defined as the sum of bending moments arising in the two

layers. The plotted quantities are defined as follows:
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u (L) _, _EJ, [l_tanh(?L)j (30a)
u (L) EJ, ol ¢,

(L) _i 4 sin?f(ocL/z) (30b)
v, (L) (al)“c, cosh(al)

NO) _,_EJ [1— ! } (30¢c)

F. EJ, ¢, cosh(al)
M,(0)+ M, (0) _ EJ, {1_ 1 } (30d)
(-F.d,) EJ, ¢, cosh(al)

where ¢, is reported in Eq. (28a), u1,0(L) is obtained from Eq. (28d), whereas v«(L) is given by

deO L2
2EJ

o0

v, (L) = 31

Dimensionless axial displacement (Fig. 32a) and stress resultant (Fig. 32b) tend to 1 as al tends
to 0, and decrease as ol increases, indicating a progressive redistribution of axial load between the
two layers. Moreover, tip deflection (Fig. 32c) and bending moment at the fixed end (Fig. 32d)
vanish at oL =0, since no global bending develops in the absence of interlayer stiffness. As oL
increases, composite action is progressively mobilised and the flexural response develops, involving
increases in both vertical displacement and bending moment up to their fully composite reference
values. For k =10 and 100, this limiting situation is essentially recovered for oL =3 and 1,
respectively.

For the alternative configuration with aL = 0, in which the connection relies solely on end-slip

restraints characterised by &L, Egs. (30a—d) become:

i (L EJ
L O S P N | (322)
uyo (L) EJ, J|1+aL

Wl __oL (32b)
v.(L) 1+aL
N, (0 EJ, &

Oy By ol (32c)

F CEJ, 1+6L

X
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M, (0)+M,(0) EJ, &L
(—-F.d,) EJ, 1+4L

(32d)

2 The corresponding results are reported with red marks in Fig. 32 by making use of the same
3 equivalence in terms of al as described for the previous case study. Even in this case, the end
4  restraint-only solutions closely follow the response obtained with a combination of distributed and
5  concentrated end connections, confirming that in the presence of non-negligible axial load in each

6  of the layers the end restraints alone can provide an accurate approximation of the global response.

1'0 Ll IIIIIII 1 IIIIIIII 1 IIIIIIII | R 1 IIIIIIII 11 IIIIIII 1 IIIIIIII L1 1.0
w(L) ] C ] L N(0)
Ul,o(L) _ L L Fy
0.8 k=0 - - 0.8
1% =100 k=10 [ ]
] f(T 0 i ] i
0.6 1 L IIIIIII L IIIIIII w0 Illll'r T IIIIII_ _- B 0.6
a b
@ 107 100 10 100 10* 107 107 ®)
1.0 sttt - 0.4
wL) ] L] - My(0)+M:(0
v.(L) ] -] L
0.5 - - 0.2
OO | LN LLELLLL) B L L) B L) B ||||m_ 1 LR LLLL N R LLL) B B L) B IIIIIII- 0_0
c d
7 © 10° 10" 10° 10'azL 10 10° 10" 10" 10'aL 107 @)
8  Fig. 7. Cantilever two-layer beam subjected to a clockwise end couple Fx do: dimensionless (a) axial
9 displacement of layer 1 at x = L; (b) axial stress resultant of layer 1 at x = 0; (c) vertical
10 displacement at x = L, and (d) sum of bending moment of the two layers at x = 0. Results refer to
11 EJ./EJo=2.5. Red marks denote end-slip restraints only configurations.
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5.3. Cantilever two-layer beam subjected to a clockwise end couple C;

A cantilever two-layer beam subjected to a clockwise end couple C; is analysed in supplementary
material S.3. Fig. 33 shows some displacement and stress resultant quantities, reported in
nondimensional form versus ol. In particular, the following functions are plotted in the figure:

u (L) - tanh(ol)

= 33a
u,., (L) ol ¢, (33a)
EJ inh?
v(L) 144 . 1 sm2hA (al/2) (33b)
v, (L) EJ, (aL)” ¢, cosh(al)
N, (0 EJ
(O _ 1-—2||1-= ! (33c)
C,/d, EJ, ¢, cosh(al)
M,(0)+M,(0) _ EJ, L+ EJ, _ple 1 (33d)
-C)) EJ EJ, ¢, cosh(al)
where ¢, still coincides with parameter provided by Eq. (28a) and
C,L
ul,oo (L) = (poo (L) dl,oo = E,LToodl,oo (34a)
v, (L)= GL (34b)
" 2EJ,

For oL =0, with interaction provided only by end-slip restraint stiffness, the corresponding
dimensionless quantities are given below and plotted in Fig. 33 as red marks positioned at

equivalent aL values in analogy to the approach adopted in the previous two case studies:

(L) 6L
ull) _ ol (352)
u (L) 1+alL
O RNSIN EFY (35b)
v, (L) EJ, J1+aL
N, (0 EJ,) GL

(O | _aL (35¢)
C, /d, EJ, J1+aL

/ / E.
MO+ MO [, By gp | L (35d)

(-C,) EJ, J1+&L
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At ol = 0, the axial displacement of layer 1 is zero (Fig. 33a), since in the absence of interaction
the applied couple induces pure flexural rotations in the two layers without mean axial deformation.
As ol increases, the interlayer connection progressively reduces the global rotation while increasing
the contribution of axial deformation, resulting in a greater axial displacement accompanied by a
reduction in vertical displacement. This parameter (Fig. 33¢) is maximum in the non-composite
configuration and decreases as a growing portion of the applied moment is carried through axial
force components within the layers. This behaviour is consistent with the responses in Fig. 33b and
33d: the axial stress resultants in layer 1 increases with al, whereas the total bending moment
decreases, reflecting the progressive redistribution of internal equilibrium of each layer from pure
bending to combined axial-bending response.

As in the previous cases, the influence of the end restraints is mainly observed in the
intermediate range of al, wherein the transition to fully composite behaviour is expedited without
altering the asymptotic response. The red marks in Fig. 33 highlight the same perfect agreement
already noted in Figs. 31 and 32, showing that end-slip restraints yield a response that is nearly
indistinguishable from that obtained for a combination of distributed and concentrated end
connections.

As an additional validation, consider two identical rectangular layers with width b, height H/2,
Young’s modulus E and &, = 0. In this case, o = 16ki/(EbH), Jo = bH*/48 and J» = bHP/12.

Consequently, J./Jo = 4 and the vertical displacement reduces to

3 x 2 cosh(ox)—1
v(x)=v_(L) HL) +6 (L)’ COSh(OLL):l (36)

in agreement with Eq. (14) proposed in [36].
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Fig. 8. Cantilever two-layer beam subjected to a clockwise end couple C;: dimensionless (a) axial
displacement of layer 1 at x = L; (b) axial stress resultant of layer 1 at x = 0; (c) vertical

displacement at x = L, and (d) sum of bending moment of the two layers x = 0. Results refer to
EJ./EJy=2.5. Red marks denote end-slip restraints only configurations.

5.4. Cantilever two-layer beam subjected to a clockwise end couple C. + Fx do

The closed-form solution for a cantilever two-layer beam subjected to a clockwise end couple C; +
F. dy is reported in supplementary material S.4. This solution is the sum of the findings reported in
S.2 and S.3, but several noteworthy implications can be made. Firstly, no interlayer slip occurs, i.e.,
us = 0, if the following condition is fulfilled

Fd,+C, C,
EJ EJ,

o0

-0 (37)

from which it follows that

Ni=—MN=Fx (38a)
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M, :—%(deo +C,) fori=1,2 (38b)

Thus, the layers behave independently of one another and end couple F do + C; is distributed across

the section based on the ratio EJi/EJ.

Secondly, in the limiting case of full interaction (ol = o), stress resultants are given by:

N, =N, =|1-Eo |l F S (39a)
’ ’ EJ, d,
EJ, .
o =g (Fdy+C)) fori=1,2 (39b)

00

that agree with findings reported in [25, 26] and Eq. (39b) coincides with Eq. (38b).

For aL = &L= 0, interlayer slip us # 0 and stress resultants reduce to

Ni=—N=Fx (40a)
M, __&d C, fori=1,2 (40b)
EJ,

where Eq. (40a) coincides with Eq. (38a), but only end couple C; is now distributed across the
section based on the ratio EiJi/EJo.

For high value of al, boundary-layer effects arise [26], i.e., near the beam ends the stress
resultants vary rapidly due to the transition from a layer-wise response to a global behaviour. For a
cantilever two-layer beam subjected to clockwise end couples Fx do and C;, the dimensionless axial
forces and bending moments along are reported versus x/L in Fig. 34 for some values of interaction
parameter ol. In particular, Figs. 34a and c illustrate the responses in terms of axial load and
bending moment, respectively, for the case of end couple F do. Analogous functions are plotted in
Figs. 34b, d for end couple C;. Connection stiffness ratio K is assumed to be null (i.e., distributed
connection with no end-slip restraint) in Figs. 34a, b, d and unity in Fig. 34c. The dimensionless

ratios shown on the vertical axes are defined as:

NP @) By (1— cosh(owx) j (412)

F EJ, ¢, cosh(al)

X
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M (x) N Cr(x) 3 cosh(ow)

= =1-— 41b
M N ¢, cosh(al) (41b)
M E.
; C(x) 1+ J., 1 Acosh(ocx) (41c)
M EJ, ¢, cosh(al)
where ¢, is the same as reported in Eq. (28a) and
EJ.
M =-Fd, ==L 42a
1,00 x70 EJOO ( )
NG =|1-E | C (42b)
’ EJ, ) d,
EJ.
MS =-—“iC 42¢
i,00 EJ L ( )

The expressions for axial force and bending moment in the fully composite beam reported in Egs.
(42b) and (42c) for the case of couple C; are in agreement with Egs. (4) and (26) proposed in [26],

respectively.

As ol increases, the variations in the stress resultants reduce and the curves converge toward the
constant values associated with the fully composite limit. Nevertheless, even for large al, a
localized region near the free end still exhibits steep gradients in axial force and bending moment,
indicating that the boundary-layer effect does not vanish completely but becomes progressively
confined to a shorter region near the free end. This is not only true for two-layer beam with solely
distributed connections (as observed in [26]), but also featuring end-slip restraint of same total

stiffness (Fig. 34c).
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Fig. 9. Cantilever two-layer beam subjected to clockwise end couples (a, ¢) Fx do and (b, d) Ci.
Effect of parameter oL on the dimensionless (a, b) axial force and (c, d) bending moment along the
beam. Dashed and solid curves refer to EJ../EJo=2.5 and 4, respectively.

5.5. Cantilever two-layer beam subjected to a self-equilibrated end couple C; — Fx do, with Cy
=Fxdo

To provide deeper insight into boundary-layer effects, a cantilever two layer beam subjected to a
self-equilibrated end couple Cr — Fx do, with C, = F\ do, is considered, and the corresponding

closed-form solution is reported in supplementary material S.5.
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Fig. 10. Cantilever two-layer beam subjected to a self-equilibrated end couple C; — Fi do, with C =

F. do: dimensionless (a) vertical displacement at x = L, and (b) stress resultants R(0) in layer 1 at x =

0. Red dashed line in (b) corresponds to the asymptotic exponential decay solution proposed in [47,
48].

Fig. 35a shows dimensionless vertical displacement v(L), whereas dimensionless stress resultants

at the fixed end are provided in Fig. 35b; both quantities are plotted versus al. The dimensionless

ratios shown on the vertical axes are defined as follows:

v(L) _4 sinh” (oL /2)

= 43a
vo(L)  (al)’é, cosh(al) (43a)
—ol
R(O):N‘(O)z M, (0) - 1 __ 2¢ - (43b)
(-F) (=Fd,EJ /EJ,) ¢cosh(al) ¢ (1+e ™)
where ¢, is reported in Eq. (28a) and
Fd, L
vo (L) = YT (44)
0

Dimensionless vertical displacement at the free end (Fig. 35a) is equal to 1 for aL = 0 and tends
to zero as the ol — oo, indicating that in the fully composite limiting case the effects of the two
applied couples vanish and no vertical deformation develops. In the presence of end-slip restraint
such that ¥ = 10 and 100, the fully composite condition is recovered for oL = 3 and 1, respectively.

Parameter R(0) in Fig. 35b provides a synthetic measure of the decay rate of end effects due to a

self-equilibrated load distribution. Consistently with Fig. 35a, R(0) — 0 as ol — oo.
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In [47, 48] the axial decay of Saint-Venant end effects was investigated for plane strain
deformations of semi-infinite bimaterial strip having imperfect bonding conditions at the interfaces.
The decay rate of the end effects due to a self-equilibrated load distribution was studied by seeking
a decaying solution in the exponential form exp(—2Axi/H), where x1 = L — x and A is an eigenvalue
given by a transcendental equation. It is worth noting that no clamped section is introduced in the

semi-infinite strip and length L is used as a reference distance at which evaluate the stress field. For
two equal layers in plane stress state having width b, height H/2, Young modulus E, 12,, =0 and so

o’ = 16ks/(EbH), the following transcendental equation for eigenvalue A can be obtained:

[sin(2A) + 2A] [sin(2A) — 2L — yA(sin* A —2*)] =0 (45)
where

Eb 16 (LY
"l @l [Ej o

The eigenvalues A can be real or complex and the stress decay rate is characterized by eigenvalue
A1 with smallest real part. Small values of A; correspond to large decay lengths for end effects. For

perfect bonding (x =0 or alL — x), Eq. (45) reduces to sin2A £2A=0 that is the classical

transcendental equation proposed by Fadle-Papkovich [49, 50]. For frictionless contact between the

layers (y — o or alL = 0), Eq. (45) reduces to sink +A=0, i.e., the Fadle-Papkovich transcendental

equation referred to the single layer. Edge delamination has to be prevented in plane stress state,
whereas, for plane strain deformations, Young modulus E has to be replaced by E/(1-v?), being v
the Poisson ratio. For the problem at hand, the stress resultants arising by the beam solution
coincide with those of a two-dimensional elastic solution by assuming v = 0.

Making use of transcendental equation (45), which contains parameter y in the square brackets,
function exp(—2ML/H) is shown in Fig. 35b with a red dashed line, which holds for any given
slenderness ratio L/H > 10. This solution disagrees with the two-layer beam solution for k =0 and
strongly underestimates the effective decay length of the end effects. For aL = 1, Eq. (43b) provides

R(0) =0.647, whereas the analysis arising from Eq. (45) leads to R(0) = 0.368, with a decrease of
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43%. For alL > 5.3 both analyses provide R(0) < 1%, which is the commonly used criterion to
estimate the decay length of end effects [50]. Thus, for al < 5.3 the first term of the eigenfunction
expansion related to Eq. (45) is unable to describe the end effects decay accurately, and a complete
two-dimensional elasticity solution is required to obtain a response comparable with the beam

solution.

5.6. Comparative response of a cantilever two-layer beam under different end loading
conditions

Fig. 36 provides a qualitative comparison of the deformed shapes and stress distributions in the two
layers at the free end of a cantilever two-layer beam for al = 0, for three loading configurations: (a)
a pair of axial forces Fx, (b) a concentrated couple C;, and (c) the combination C; — Fi do, with C =

de().

4 4 4
] | — I
(@) ® ©

Fig. 11. Cantilever two-layer beam with aL = 0 subjected to: (a) clockwise end couple Fi do; (b)
clockwise end couple Cy; (c) self-equilibrated end couple C; — Fi do, with Cr = Fx do.

In case (a), uniform tensile and compressive stress distributions develop in the two layers,
resulting in purely axial deformation with interlayer slip and no rotation of the cross-section. In case
(b), the response is purely rotational, and stress distribution within each layer is triangular and
vanishing at the centroid. In case (c), the combined loading produces rotation, axial displacement,
and interlayer slip. The stress distribution remains triangular but becomes asymmetric: for each
layer, the neutral axis is no longer coinciding with the centroid. This configuration represents the
general kinematics of a partially interacting section.

Cases (a) and (b) represent limiting responses dominated by axial and rotational kinematics,
respectively. In the self-equilibrated case (c), both mechanisms are present: the interlayer slip

reflects the difference between the two limiting responses, whereas the vertical displacement
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follows from their superposition. Moreover, the stress distribution at the free end is essentially
unaffected by al. The comparison highlights how the loading type governs stress distribution,

development of slip, and kinematic compatibility between the two layers.

5.7. Simply supported two-layer beam subjected to symmetric end axial forces and couples

Closed-form solutions for a simply supported two-layer beam subjected to symmetric end couples
Fy do and C are reported in the supplementary material S.6 and S.7, respectively. For k = 0, the
simply supported two-layer beam subjected to symmetric end couples C was extensively studied in
[26]. In particular, the axial force Ni and bending moment M; reported in the supplementary
material (S.7) reduce to Egs. (3) and (25) proposed in [26], respectively. By symmetry, the simply
supported configuration is equivalent to a cantilever of length L/2; therefore, the comments in

Sections 5.2 and 5.3 also apply to the present cases.

Fx Fx
P e <( > )¢
F_l.. .F_\- o [ ]
1'4 ] 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII L1 ] -_ 1.0
K, 1 ] - K,
1.2 . - 0.5
1'0_-' | T T TTTTm T T TTTTm T T TTTTT T IIIIIII- 0,0
(a) | ' ' (b)

107 100 10° 10'wL 10° 107 107 10° 10'aL 10
Fig. 12. Simply supported two-layer beam subjected to symmetric end axial forces and couples.
Dimensionless rotational stiffness Ko for symmetric end couples: (a) Fx do; (b) C. Dashed and solid

curves refer to EJ./EJo=2.5 and 4, respectively. Red marks denote end-slip restraints only
configurations.

Fig. 37 show the dimensionless end rotational stiffness versus ol for the two loading cases. The
plotted ratios Ko m/Ko and Ko /Ko are defined from the corresponding end rotational stiffnesses

as:
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-1
F d
P 0 -K,, 1_Ztanh(oc]:/Z) “75)
o VFX (O) oL (o
C EJ inh(aL/2) )
e = — K, | 1+2) =221 | — (0L/2) (47b)
T ove(0) ’ EJ, ol ¢, cosh(aL /2)
where
2EJ,
Koo =7 (48)

For F: do and oL = 0, the two layers deform independently (Fig. 36a); consequently, the
rotational stiffness Ko 7 in Fig. 37a tends to infinity as the end rotation vanishes. By contrast, under
the applied couple C (Fig. 36b), a non-zero end rotation occurs even without interlayer connection
(oL = 0); accordingly, Ky c in Fig. 37b starts from a finite value and increases with oL, approaching
the fully composite limiting case. Moreover, Fig. 37 includes, as red marks, the end-slip restraints
only configurations (al = 0) that is evaluated as a function of al according to Eq. (20c). These
marks represent equivalent configurations exhibiting the same transition trend as the distributed-

connection solutions. The corresponding rotational stiffness parameters are expressed as follows:

F 2+al
. =xi=1<w[ T“j (492)
AT B Y
c EJ T
Kye=——=K, |[252=+aL |— (49b)
<7y el By, 2+ 6L

5.8. Cantilever two-layer beam subjected to a vertical end point load F,

In supplementary material S.9, a cantilever two-layer beam subjected to a vertical end point load F)
is analysed. Its response is shown in Figs. 38 and 39 in dimensionless form versus the composite
interaction parameter ol. At the free end, the axial displacement of layer 1, the vertical
displacement, the interlayer slip and the cross-sectional rotation are considered; at the fixed end, the
axial stress in layer 1 and the total bending moment (sum of the layer bending moments) are

reported. The dimensionless ratios shown on the ordinate are defined as:
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u,(L) - 4sinh’(al /2)
u, (L) (aL)*¢é, cosh(al)

L _,, 3 (EJ

= 3 < — lj [aL —tanh(al)
v (L) (al)

142 al k tanh(al/2)
EJ, ;

¢

u(l) 4sinh’ (ol /2)
o,(L)d, (al)’¢ cosh(al)

V(L) 14 2 (EJ, 1 1—1/cosh(al)
0.(L)  (aL)’\ EJ,

NO [ B[, &
F,Lld, EJ, ol

M, (0)+M,(0) _EJ, . ¢ B,
~F,L EJ, al EJ,

¢

where ¢, is the same as reported in Eq. (28a) and

¢ = tanh(al) [1+al % tanh(al/2)]/é,

2

F.L
ul,oc (L) = (Poo (L) dl,oo =

2EJ,
F 3
V(L) = 312700
F 2
¢.(L)= 2;1@
F 2
0, (L) = 22]()

(50a)

(50b)

(50¢)

(50d)

(50e)

(501)

(51a)

(51b)

(51¢)

(51d)

(51e)

Figs. 38 and 39 also include, as red marks, the response of configurations with end-slip restraints

only and no distributed bonding. The corresponding dimensionless formulations are reported below.

u (L) aL
u, (L) 1+aL

B(L) 1(EJ, 6+36L
A2 -1 -1
v, (L) 2\ EJ, 2(1+4L)
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Fig. 13. Cantilever two-layer beam subjected to a vertical end point load F,: dimensionless (a)
interlayer slip at x = L; (b) axial stress resultant in layer 1 at x = 0; (c) vertical displacement at x = L,
and (d) sum of bending moment of the two layers at x = 0. Results refer to EJ./EJo=2.5. Red marks

denote end-slip restraints only configurations.

Fig. 38c shows that end-slip restraints significantly reduce the free-end vertical displacement in

the low-interaction range. In particular, v(L)/v«(L) is nearly constant for K = and oL < 1; in fact,
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the end springs limit the slip near the free end while the distributed connections are too weak to
enforce full curvature compatibility along the span. As ol increases, interaction progressively
extends along the beam and the response converges toward the fully composite limiting case.
Similar trends are observed for the stress resultants (Figs. 38b, d): the axial force and the total
bending moment are nearly stable at very small aL and then gradually approach the fully composite
values as the interaction increases, while remaining sensitive to the end-restraint stiffness. The end-
slip restraints only configurations (red marks) does not coincide with the distributed-connection
curves at large equivalent al, confirming that fully composite behaviour under transverse loading
cannot be reproduced by end restraints alone. At very small al, however, the two responses nearly
coincide, since the layers deform almost independently and the contribution of either distributed or
concentrated connection is negligible. The interlayer slip (Fig. 38a) decreases monotonically with
the stiffness of the end restraints, consistently with the progressive enforcement of displacement
compatibility near the free end. The red marks follow the same qualitative trend as the distributed-
connection curves, indicating that the local slip response is captured also for end-only restraint
conditions.

Figs. 39a and 39b show that increasing ol leads to larger axial displacement and smaller
rotation. This correlation is also reflected in the distributions along the beam length (Figs. 39¢, d),
reported for al = 0.5 and 1.0. End-slip restraints modify the rotation profile (Fig. 39d), shifting the

peak rotation from the free end toward the interior of the span.
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Fig. 14. Cantilever two-layer beam subjected to a vertical end point load F): dimensionless (a) axial
displacement of layer i at x = L, and (b) rotation at x = L; dimensionless (c¢) axial displacement and
(d) rotation along the span for oL = 0.5 (solid) and aL = 1.0 (dashed) and k =0, 10, 100. Vertical
red lines at ol = 0.5 (solid) and aL = 1.0 (dashed) are used as reference for plot in (c, d). Results
refer to EJ./EJo=2.5. Red marks denote end-slip restraints only configurations.

5.9. Simply supported two-layer beam subjected to a point load F)

The supplementary material S.11 studies the case of a simply supported two-layer beam subjected
to a concentrated transverse load F), applied at a generic position x = L;. In the absence of end-slip
springs, the same problem was already examined in early contributions, notably by Newmark et al.
[15,16], who derived closed-form expressions for axial actions, interlayer slip and vertical

deflection, which coincide with those reported in the supplementary material for k = 0.
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2 Fig. 15. Simply supported two-layer beam subjected to a point load F), applied at x = L/4 with
3 EJ./EJo=2.5. Dimensionless axial force distribution in the lower layer along the beam length for
4 (a) k=0, (b) k=10, (c) oL = 1 and (d) oL = 10. Red solid line: fully composite limit. Red marks
5 and dashed line: configurations with end-slip restraints only with &L =100.
6 In Fig. 40 the ordinate represents the dimensionless axial force in the lower layer:
N,, (x
7 2. ):i—ifL (x) forx<L, (53a)
Noc (LL ) LL LL
N, (x
8 2 )=1—i—ifR(x) for L, <x<L, (53b)
N, (L) L, L,

9  where, the functions f;(x) and fr(x), as well as the expressions for the axial actions N z(x) and
10 Nyr(x), are reported in the supplementary material S.11. The fully composite axial force at the load

11 point No(Lz), consistently with Eq. (14) in [16], corresponds to:
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-1
L, 1 dy LyL,
EA EA ) EJ, L

N, (L) = (

Figs. 40a, b show that the differences with respect to the fully composite limiting case (red
curve) are governed primarily by ol. For large al, the response approaches the fully composite
solution over most of the span, whereas for small aL the deviation remains significant over a wider
region. In the absence of end-slip springs (Fig. 40a with k =0), this behaviour coincides with that
reported by Newmark et al. [16], who discussed the same trend in terms of a non-dimensional
parameter inversely related to al.

The contribution of end restraints is most clearly isolated in the end-slip restraints only
configurations (Figs. 40b,c,d with &L =100), in which the distributed shear connection is absent
and the interaction is provided solely by end-slip springs. In this case, the distributed interfacial
shear transfer along the span is zero and the axial force in the lower layer remains uniform over the

beam span. When distributed interaction is present (Fig. 40d), end restraints primarily introduce a

change at the boundary, while the global trend remains governed by o.l.

5.10. Simply supported two-layer beam subjected to two point loads F),

The closed-form solutions of a simply supported two-layer beam under two point loads F, are
reported in the supplementary material S.12. For 12,1 =0, the vertical displacement response has been

discussed in [33], whereas the slip response can be deduced by Eq. (3.30) in [29]. The agreement
with [33] also extends to the axial force, except in the length between the two point loads, where
Table 1 in [33] contains a misprint; conversely, [29] matches the axial-force distribution over the
entire beam axis.

Fig. 41 shows the dimensionless interlayer slip and the vertical displacement along the beam
length for aL = 0.1 and 1. The dimensionless quantities are defined with respect to the following

reference values:

F L L
¢y (0) = 2gJ L (I—TLJ (552)
0
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End-slip restraints (kK >0) mainly influence the response near the supports for the slip

(55b)

distribution and within the span for the vertical displacement, with a more evident effect as alL
increases. Finally, the end-slip restraints only configurations (red marks), reported at the aL value
corresponding to the equivalence criterion in Eq. (20c), clarifies the conditions under which end-

only restraints can reproduce the global response of a distributed connection.
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Fig. 16. Simply supported two-layer beam subjected to two point loads F), applied at x = L/4 with
EJ./EJo=2.5: dimensionless (a, b) interlayer slip and (c, d) vertical displacement for (a, ¢) aL = 0.1
and (b, d) al = 1. Red dashed line refer to al = 0 for (a, b) and al = o for (c, d). Red marks
denote end-slip restraints only configurations.

The four-point bending test is also relevant to the mechanical characterisation of cross-laminated

timber (CLT) elements. In that context, simplified interpretations frequently rely on the y-method as
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given in Annex B of Eurocode 5 [13], where the transverse layers are idealised as a shear-
deformable core controlled by rolling shear [39]. A direct comparison between the present closed-

form solution and the y-method-based interpretation is provided in Section 7.4.

6. TWO-LAYER BEAM SUBJECTED TO DISTRIBUTED AXIAL LOADS
This section discusses the response of two-layer beams under distributed axial loading, with

emphasis on the role of distributed interaction and end-slip restraints.

6.1. Cantilever two-layer beam subjected to axial distributed loads

Based on the closed-form solution reported in supplementary material S.13, Figs. 42 and 43
describe the cantilever response under distributed axial loads. Fig. 42 shows the dimensionless axial
displacement of layer 1 and the dimensionless vertical displacement at x = L versus oL, for different

values of the end-restraints parameter K . The adopted dimensionless ratios are:

—1 . P
Ul(L)zu‘(L)_u““(L):1+ EJOO_1 4512151 (al/2) (56a)
0.(L)d,, EJ, (aL) ¢, cosh(al)
142 oL « tanh(al /2
ML)y 3| o tanh(ar) DHE LK tanh(el /2) (56b)
v, (L) (al) ¢
where ¢, is reported in Eq. (28a) and
(1= = (57)
v = a
” 3EJ
c, L
L)y=—= 57b
0, (L) 2T (57b)
+q.,)L
Uw (L) — (qx,l qx,Z) (57(:)
2(E‘1141 + E2A2)
Cw = QX,I dl,w - qx,Z d2,oo (57d)
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Fig. 17. Cantilever two-layer beam subjected to axial distributed loads g1 and gx2: (a)
dimensionless axial displacement of layer 1 at x = L; (b) dimensionless vertical displacement at x =
L. Dashed and solid curves refer to EJ./EJo=2.5 and 4, respectively. Red marks denote end-slip
restraints only configurations.

In Fig. 42a, the axial displacement of layer 1 decreases monotonically with al and approaches
unity, which corresponds to the rigid-body translation and rotation of the fully composite section.
The stiffness ratio EJo/EJo = 2.5 leads to larger axial displacements with respect to EJ./EJo = 4.
End-slip restraints promote a more rapid transition toward fully composite limiting case; for
sufficiently stiff springs (k — ), the axial displacement approaches the fully composite value
already at small al. The vertical displacement at the free end (Fig. 42b) exhibits a different trend.
For aL = 0 and weak end restraints, v(L) is null, consistently with negligible interaction. As ol
increases, V(L) rises and asymptotically approaches the fully composite value. For very stiff end
springs (kK — ), a non-zero vertical displacement is obtained already at al = 0, reaching
approximately 75% of the fully composite reference. Stiff end springs generate a bending moment
that induces cross-sectional rotation and a finite vertical displacement even without distributed

connection. Full composite behaviour is recovered only when the distributed stiffness is sufficiently

high.
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Fig. 18. Cantilever two-layer beam subjected to axial distributed loads ¢, 1 and gx> for EJ./EJo=

d) oL = 1. Red dashed line refers to aL = 0 for (a, b) and ol = o« for (c, d). Red marks denote end-

2
3 2.5: (a, b) dimensionless slip; (c, d) dimensionless vertical displacement for (a, ¢) aL = 0.1 and (b,
4
5

slip restraints only configurations.

6 Fig. 43 shows the dimensionless interlayer slip and vertical displacement for a = 0.1 and ol =1

7  along the beam axis. The slip corresponding to al = 0 and the vertical displacement with the fully

8  composite limiting case (al = o) are also reported. The dimensionless slip is defined as:

()

9 u(x)=

10  that reduces to
1 x X
11 v(x)=——|2—-—
(%) 5 l,[
12

L

(qx,z / E,4, —4q,, /E1A1)L2 /2

J

and it is shown in Fig. 43a and 43b with a dashed red line.

forol =0

(58)

(39)
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For aL = 0.1 (Fig. 43a, c), the response without end restraints is close to that of two independent
layers, with high slip along the span and negligible vertical displacement. The end-slip springs
mitigate the slip, thereby inducing a clear vertical response. For al = 1 (Fig. 43b, d), end restraints
strongly reshape the slip profile by suppressing it near the ends and shifting its maximum towards
the interior, while the vertical displacement becomes closer to the fully composite values. These
distributions corroborate the global trends observed in Fig. 42, confirming that end restraints
primarily act through boundary control of slip, whereas increasing ol governs the extent of
interaction along the span. The end-slip restraints only configurations are also reported in Figs. 42
and 43, where composite action is provided exclusively by the end-slip restraints and is governed by
parameter QL , related to an equivalent al through Eq. (20¢). The corresponding dimensionless

expressions are as follows:

Ul(L):M=1+(EJ°° —1J L (60a)
o, (L) dl,oo EJ, 1+al

L) =§( “L j (60b)
v, (L) 4\1+6L

b (x) = i,(x) _ X6l —x+L(2-6x) (600)

TG/ BoAy—q, [EAYCI2 L L(+alL)

The good agreement between the end-slip restraints only configurations and the distributed-
connection configurations at low value of aL, show in Figs. 42 and 43, reflects the limited role of
composite interaction in this range: both layouts provide only modest constraint and the slip
response is governed by layers that behave independently of each other. As ol increases, the
agreement deteriorates, particularly for the slip distribution along the span and for the free-end
vertical displacement. End-slip restraints enforce axial compatibility mainly at the boundaries and

can reproduce the slip response with good accuracy.
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7. TWO-LAYER BEAM SUBJECTED TO DISTRIBUTED VERTICAL LOAD
This section examines the closed-form solutions reported in the supplementary material S.14, S.15
and S.16 for two-layer beams subjected to distributed vertical loads, considering two representative

static configurations.

7.1. Cantilever two-layer beam subjected to a vertical distributed load

For the cantilever case S.14, Fig. 44 shows the dimensionless response under a uniformly
distributed vertical load as a function of aL, in terms of free-end displacements and fixed-end stress
resultants. The dimensionless ratios reported on the ordinates of Figs. 44 and 45 are:

u,(L) 14 oL —sinh(al)

3A (61a)
u, (L) (al)’ ¢, cosh(al)
J— — 2 =
v(L) 14 4 : EJ, 11112 tanh(a) oL —[1-(al) f]ﬂtanh(ocL/2) (61b)
v, (L) (al)” \ EJ, (al)”¢,
u(L) _ 6 ocL}—Asmh(ocL) (61¢)
0,(L)d, (aL)” ¢, cosh(al)
A(S.12)
]\2/1(0) (- EJ, - 22Ac2 (61d)
q,L" /(2d,) EJ (al)“c, cosh(al)
A(S.12)
M1(0)+2Mz(0) _ EJ, - EJ, 1 22f'2 6le)
(-q,L°/2) EJ EJ, (aL)”¢, cosh(aL)
where ¢, is reported in Eq. (28a) and
&% =1+ aLsinh(al) — (¢, — (al)’ &) cosh(al) (62a)
(L) (L)d a,L d 62b
ul,oo - (Poo l,o — 6EJw 1,00 ( )
q,L
L)y=— 62
v,(L) REJ. (62c)
q,L
L) = 62d
9, (L) 6EJ, (62d)
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1 In the limiting case & = 0, the cantilever two-layer beam subjected to a vertical distributed load
2 has been studied in [25]. In particular, the vertical displacement v(x) reported in the supplementary

3 material S.14 reduce to case (1a) in Table (1a) proposed in [25].

1.0 ] i ] ol Ll Lol 1 |||||||- 10
w(L) ] I C Ni(0)
u(L) ] L " gy L*/(2d,)
0.5 - - 0.5
0,0_- T T 11T LR ELLLL IIIIIII- “_ -_0,0
a b
@ 0 w0t 100 100 100 107 100 10 100 100 O
5'0 1 IIIIIIII | R 11 IIIIIII L1111 1 II:LIIIII 1 IIIIIIII 11 IIIIIII L1 1.0
L) ] ] - Mi(0)+My(0
v.(L) L] L g L2
3.0 - 0.5
] 4+ .
1.0 _ T |||||||| T T TTTTT T ||||||| LI ||||||_ | T IIIIIIII T IIIIIIII T IIIIIII T T IIIIII_ 0.0
c d
4 ©) 102 10" 10°  10'aL 10 107 10" 10" 10'alL 10° @
5 Fig. 19. Cantilever two-layer beam subjected to a vertical distributed load g, for EJ../EJo=4:
6  dimensionless (a) axial displacement of layer 1 at x = L; (b) axial stress resultant of layer 1 at x = 0;
7 (c) vertical displacement at x = L, and (d) sum of bending moment of the two layers at x = 0. Red
8 marks denote end-slip restraints only configurations. The blue lines correspond to the case ol = 1.
9 In Fig. 44, red marks denote end-slip restraints only configurations (no distributed bonding), in

10 which composite action is provided exclusively by the end-slip restraints; the corresponding
11  dimensionless expressions are:

u (L)  al
u (L) 1+al

12 (63a)
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D)y MWEL s 20 (63b)
v (L) 3\ EJ, 1+6L

i(L) _,_ &L

0o (L)d,  1+6L (63¢)
N©O) (| EJ) oL 63)

g, /2d,) | EJ, )3(1+6L)

M, (0)+M,(0) _ siarlas B 1 630
(—q,*/2) EJ_}|3(1+4L)

For low values of al, Fig. 44 shows that axial displacements and axial forces vanish, whereas
the free-end deflection and the total bending moment attain their maximum values. For high values
of al, interlayer shear transfer activates composite action, asymptotically approaching the fully
composite limiting case. End-slip restraints (k > 0) exert a notable influence at low oL; however,
they fail to reproduce the fully composite behaviour in the absence of a distributed connection. The
end-slip restraints only configurations is further clarified in Fig. 45, which reports the distributions
of dimensionless slip and vertical displacement along the beam length. The blue curves refer to
beams with end-slip restraints only (oL = 0) and k=10 and 100, and correspond to the vertical
reference lines in Fig. 44 according to Eq. (20c). The limiting case aL = 0 is included in Fig. 45a for
the slip response (red dashed curve), whereas the fully composite condition al = o is reported in
Fig. 45b for the vertical displacement (red solid curve). Consistently with Fig. 44c, Fig. 45b shows
that the end-slip restraints only configuration differs markedly from the fully composite deflection
profile, confirming that curvature compatibility along the span cannot be achieved in the absence of
distributed connection. Conversely, the end restraints significantly affect the slip response near the
boundaries, where compatibility is locally enforced; however, far from the ends, significant slip still
arises because the interaction between the layers along the beam occurs with distributed shear
stiffness. To completely suppress slip across the beam span, a distributed connection is required in
addition to end restraints. For aL = 5 in Fig. 45a, a marked slip reduction over the beam length is

observed, reflecting the progressive spread of composite interaction between the layers.
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Fig. 20. Cantilever two-layer beam subjected to a vertical distributed load g, for EJ./EJo=2.5: (a)
dimensionless slip and (b) vertical displacement along the beam; Red dashed line indicates the slip
for aL=0, whereas the solid red line refers to the vertical displacement for aL=cc. Blue lines denote

end-slip restraints only configurations for a.L =10, 100.

7.2. Simply supported two-layer beam subjected to a vertical load

A preliminarily comparison is presented between simply supported two-layer beams subjected to a
vertical point load applied at midspan (S.10) and a uniformly distributed vertical load (S.15). For
the midspan point-load case, the maximum dimensionless vertical displacement and the slip along

the beam are equal to:

N, = v(L/2) 1+ 123 EJ, 1 (xL—2tanh(0cL/2)1+2OLLAKtanh(aL/4) (64a)
v, (L/2) (al) \ EJ, 1+ ol k tanh(al/2)

u(x) 8 - &1 cosh(owr) — oLk (cosh(aul) — 1) sinh(owx) (64b)
0,(0)d, (al)’ ¢! cosh(al /2)
where the constants and the reference terms are as follow:
¢ =1+ al k tanh(al /2) (65a)
¢ =1+ aL K sinh(al /2) (65b)

(L/2)= FyL3 65

R TY:y (65¢)
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0=t (65d)
ATYN3

In the limiting case of aL = 0, the non dimensional longitudinal slip reduces to:

u, (x)

:1_4@ for oL = 0 (66)
(PO(O) do

L

that is shown in Fig. 47a with a red curve.

In [13] a stiffness criteria for the floor vibration control is prescribed. In particular, the maximum
deflection due to a vertical static point load positioned in the midspan of a single span floor has to
be considered. Thus, making use of Eq. (64a), v(L/2) = 1, v(L/2). In most vibration control cases,
the shear deformation can be neglected since slender beams are more prone to small vibration
frequencies.

For the vertical distributed load case, the following expressions apply:

A(S.15) o+ 12
v(L/2) 1+ 48 : EJ _1ll1216 : sinh” (oL /4) (67a)
v, (L/2) S5(al)” \ EJ, (al)” cosh(al/?2)
u,(x) _ 24 : 1 x, ¢*" sinh(ou(x — L/2)) (675)
0,(0)d, (al) |2 L oL cosh(al/2)
where
S =14 (al)*& /2]/[1+ oL & tanh(aL/2)] (68a)
5¢g.L"
L/2)=—"— 68b
D= sy (65b)
3
q,L
0)= 68
©,(0) 24 EJ, (68c)
For ol = 0, the non dimensional longitudinal slip reduces to
u (x) x) X’
“—:1—6(—) +4(—j for al =0 (69)
9, (0)d, L L
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For both configurations, the limiting solutions with end-slip restraints only (no distributed
bonding) are also considered. The corresponding dimensionless expressions for the point-load

configuration are:

VL2 MEL 2_2( OLLA j (70a)
v, (L/2) 2\ EJ, 2{2+al

i, (x) :2[1_21J( L +£J (70b)
¢0,(0)d, L)\2+al L
whereas, for the distributed-load configuration, the corresponding quantities are:

v(L/2) :1+i EJOC_1 5 Otl: (71a)
v, (L/2) 5\EJ, 4 2+al

u_ (x) X 1 x (x)
A _ofyp X)X (1] (71b)
0,(0)d, L)\2+aL L \L

Fig. 46 compares the dimensionless midspan deflection for the two loading configurations. In
particular, Figs. 46a, b show the response versus aL for different values of the end-restraint stiffness
K, whereas Figs. 46¢c, d show the same quantity versus k for al = 0.5 and 1.0. As already
observed for the cantilever cases (Sections 5.8 and 7.1), the midspan deflection decreases with oL,
gradually approaching the fully composite condition. For a given oL, the uniformly distributed load
yields smaller deflections than the midspan point load. This difference becomes clearer at large K ,
when end compatibility is already enforced and the curvature distribution along the beam governs
the response.

Fig. 47 shows the dimensionless slip and deflection profiles along the beam length for the two
loading configurations and EJ./EJo = 2.5, aL=0.5, normalised by the non-composite and fully
composite reference cases, respectively. For kK= 0, the slip vanishes at midspan and attains its
maximum at the supports. Increasing K reduces slip at the ends and the maximum shifts towards
the interior, with peaks developing around L/4 and 3L/4. The distributed-load case yields lower slip
and a vertical-displacement profile closer to the fully composite reference than the midspan point-

load case. This is consistent with the trends observed in Fig. 46 and, as shown in Fig. 47, it holds
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along the entire beam length. Consistently with the previous cases, the end-only solutions (red
marks) provide a good approximation in the low-oal regime: they reproduce the slip distribution
well, whereas a small overestimation of vertical displacement remains because curvature

compatibility cannot be ensured without distributed shear connection.
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Fig. 21. Maximum vertical displacement for a simply supported two-layer beam subjected to (a, ¢) a
point load F), at midspan and (b, d) a distributed load g, versus (a, b) aL for k =0, 10, 100, c and
(c,d) k foral = 0.5 and 1.0. Dashed and solid curves refer to EJ../EJo=2.5 and 4, respectively.

Red marks denote end-slip restraints only configurations.
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Fig. 22. Simply supported two-layer beam subjected to (a, ¢) a point load F), at midspan and (b, d) a
distributed load g, for EJ../EJo=2.5 and aL=0.5: (a, b) dimensionless interlayer slip and (c, d)
dimensionless vertical displacement. Red dashed line indicates the slip for aL=0, whereas the solid
red line refers to the vertical displacement for ol =o. Red marks denote end-slip restraints only
configurations.

The closed-form solutions for the two loading configurations are validated against established
analytical results available in the literature, with emphasis on the limiting case « =0, for which
explicit expressions are reported by several authors.

For the midspan point load (S.10), the present expressions recover the classical solution by
Newmark et al. [15] (Table I, where the slip and deflection correspond to y and y, respectively) and
also match Eq. (12) presented in [32]. Agreement is also found with [33], where expressions for
vertical displacement w;, axial force N; and bending moment A; along the beam are reported in
Table 1, and with [28], which reports closed-form expressions for slip, vertical displacement and

axial force. The same limiting solution extends to configurations with finite interlayer thickness
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when the parameters are defined as in Egs. (23a-b), in agreement with the modelling framework
adopted in [40].

For the uniformly distributed load (S.15), with k = 0, the vertical displacement agrees with case
(2a) in Table 1a of [25], and the slip expression coincides with Eq. (2.27) in [30] and agrees with
Eq. (41) in [21]. Consistency is also found with the results in [33] for vertical displacement, axial
force, and bending moment, as well as those in [29] for slip and axial force, and with [28] for the

slip, vertical displacement and axial-force fields; the deflection-only expression in [31] is also
recovered. For two rectangular equal layer having width b, height H/2, Young modulus £ and léh =

0, the vertical displacement is in agreement with Eq. (All) proposed in [36]. Finally, in non-
composite condition ol = 0, Eq. (69) matches the approximate solution in Eq. (61) proposed in
[35]. As for the midspan point-load case, analogous agreement is obtained for composite beams
with finite interlayer thickness when adopting the definitions in Eqgs. (23a-b), in line with the

analytical models in [40, 41].

7.3. Simply supported two-layer beam subjected to a vertical distributed load and fixed by
rigid anchors at both beam ends

A practically relevant special case of the simply supported two-layer beam under uniformly
distributed transverse load is obtained by enforcing rigid end slip restraints at both beam ends
(k — o). This configuration is representative of bonded or end-anchored composite members (e.g.,
RC-FRP plated beams) in which relative slip is strongly inhibited at the extremities. This limiting
case was already examined in [43]; the vertical displacement described matches the corresponding
closed-form expression reported therein, and the same remarks apply. For distributed connection
and K — oo, the vertical displacement and the interlayer slip reported in the supplementary material

(S.15) reduce to:
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L 12 (EJOO _lj F (l_ij_ 2sinh{aL/2(1 —x/L)]sinh(ocx/2)} (72
(aL)” \ EJ, L L aLsinh(al/2)

i () = q,L'd, [, 2x sinh[o(L/2-x)]
) 2EJ,(al)’ L sinh(alL /2)

_ 4L (| _EJy |}, 2x sinh[a(L/2-x)] (72b)
2k, d, EJ, L sinh(al/2)

In particular, the midspan displacement, obtained from Egs. (67) or (72a), is:

(73)

H(LI2)=v,(LI2) {l+ 122 [Efw _IJ O‘L/“—tanh(ocL/4)}

EJ, (al)’

In the frictionless limiting case (oL = 0), the midspan displacement can be explicitly evaluated
for the two extreme end-restraint conditions, i.e. without end-slip restraints (k = 0) and with rigid

end-slip restraints (k — o). Accordingly, Egs. (67) and (73) reduce to:

vo(L/2)=v,(L/2) B for k=0 (74a)
EJ,
oLy =YL [y B for & — oo (74b)
5 EJ,

A comparison between Eqs. (74a) and (74b) highlights the role of rigid end-slip restraints as

effective stiffeners for the whole beam. In fact, the displacement ratio is:

W(L12) _ EJ, (4+EJOCJ (75)

B(L/2) ~ EJ, EJ,

For two equal layers (EJ./EJo = 4), Eqs. (74a,b) and (75) give vo(L/2) = 4.0 vi(L/2) = 2.5V (L/2).
Eq. (74b) can also be used to characterise the midspan displacement of a concrete beam
strengthened with a FRP strip connected by rigid anchors at the beam ends only [18]. For a plated

beam with EJ. = 1.25 EJo, Eq. (74) gives W(L/2)=1.05v_(L/2), while the end slip in Eq. (72b)

reduces, for kK — oo and al = 0, to:

rd 2 .
i (x)= D= % i(l—ij(l——xj for & — o0 and aL = 0 (76)
12EJ, L\' L L
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and becomes zero at the beam ends.

The derivative of Eq. (72b), #!(x), coincides with Eq. (58) reported in [18] for a FRP strip

bonded to a concrete beam and rigidly anchored at both ends. Compared with Eq. (76), Eq. (72b)

predicts a markedly smaller slip along the beam length.
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Fig. 23. Simply supported two-layer beam subjected to a distributed vertical load g, for (I) only
end-slip restraints (black solid line); (II) distributed interlayer connection only (blue solid line);
(1IT;) continuous connection with finite end springs (& = 1, red dashed line); (Ill») continuous
connection with rigid end springs (K = oo, red solid line). Dimensionless (a) interlayer slip, (b)
vertical displacement, (c) axial resultant of layer 2, (d) sum of bending moment along the beam.
Results refer to EJ/EJo = 1.5 and oL = 10.

The comparison with [18] can be further clarified by referring to three representative connection

layouts between the two layers, adapted from the configurations discussed therein (Fig. 48).

Configuration (I) represents the limiting anchor-only case, where composite action is provided
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exclusively by end-slip restraints modelled as infinitely rigid anchors. Configuration (II)
corresponds to a fully bonded interface, with continuous adhesion along the entire span.
Configuration (III) combines distributed bonding with end-slip restraints, considering both finite
end-spring stiffness (k = 1) and the limiting case of infinitely rigid end restraints. Except for the
connection layout, all geometric and mechanical parameters are kept constant. Fig. 48 refers to
EJ./EJo= 1.5 and oL = 10, which are representative of practical strengthened or hybrid members
(e.g., concrete—FRP, timber—steel, and timber—FRP). For these systems, the attainable flexural
stiffness increase typically corresponds to EJ../EJo= 1-2.

Due to symmetry, the interlayer slip is zero at midspan in all cases (Fig. 48a). Configuration (I)
develops its maximum slip in the unbonded region between the anchors, whereas a distributed
connection (II) markedly reduces slip along the span; the combined layout (III) further lowers slip,
and finite end-restraint stiffness already provides a response close to the rigid-anchor limiting case,
indicating that moderately stiff end restraints are sufficient to control slip effectively. The vertical
displacement in Fig. 48b shows that configuration (I) provides the most compliant response and the
introduction of distributed/combined connection reduces the deflection. The axial-force distribution
(Fig. 48c) highlights the different transfer mechanisms: without distributed connection (I) it remains
essentially uniform and governed by end compatibility, whereas with distributed connection (II) it
evolves from the supports to midspan consistently with the bending demand; adding end restraints
(IIT) mainly affects the boundary region, producing non-zero axial force already at the support while
preserving a trend along the beam similar to (IT). Accordingly, the bending moment (Fig. 48d) may
exhibit a local sign reversal near the supports when end restraints are present (I and III), whereas it
remains positive in the purely distributed case (II), reflecting the change in boundary compatibility

conditions.

7.4. Simply supported two-layer beam subjected to a sinusoidal load go sin(mx/L)
The simply supported two-layer beam subjected to a sinusoidal transverse load ¢,(x) = go sin(mx/L)

is usually used as a benchmark (S.16), as it corresponds to the reference loading scheme of the
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Eurocode 5 y-method [13], which is formulated for distributed shear connection only. The
sinusoidal loading is analytically convenient, as the response of a single-span beam is naturally
expressed through sine/cosine functions, leading to compact closed-form expressions for deflection
and interlayer slip. For k = 0, the proposed formulation (S.16) reduces to the classical-distributed
connection case and agree with the corresponding closed-form expressions [13, 14, 22]. The same
solution is extended to explicitly include end-slip restraints, and the end-only limiting case with no

distributed bonding is also reported for comparison.

o

1.0__ __ i 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII 1 IIIIIII- 2.0
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u5(0) 3 T  EJy
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Fig. 24. Simply supported two-layer beam with EJ./EJo=2.5: (a) dimensionless slip for a
sinusoidal load; (b) flexural rigidity ratio EJeq/EJes for three loading schemes: sinusoidal (black
line), uniformly distributed load (blue line), and point load applied at midspan (red line).

In Fig. 49a the maximum dimensionless slip of a simply supported two-layer beam under
sinusoidal loading considering the extended formulation including end-slip restraints (kK > 0) is
compared with the classical configuration with distributed connection only (k = 0) as a function of
the interaction parameter ol. In particular, dimensionless interlayer slip at the support is expressed
by:

u (0) l_al® tarih(ocL /2)
u, ,(0) 1+ ol ktanh(al /2)

(77)

where the particular solution fork = 0 is given by [14]
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u (0
(0 nEJ, (al)’ + 1’

(78)

For k > 0, the slip reduction becomes progressively more pronounced as ol increases.

The vertical deflection can be interpreted in terms of an equivalent flexural rigidity EJeq. Fig.
49b shows the stiffness ratio EJeq/EJetr, Where EJeq and EJer are the flexural rigidities associated with
the configuration including the end-slip restraints and the y-method [13, 14, 22], respectively. For a

sinusoidal loading, this ratio is given in closed form as:

EJ516 A -1
L 1_% %_1 1_; (79)
EJ, e OB EJ, cosh(a.L/2)

where EJcris obtained from the midspan deflection v,(L/2) of the particular solution with ¥ =0:

q,L" Y (al)’ +7°

L=—  _—FEJ, (80)
"oy L/t B
¢ coincides with ¢°'” reported in Eq. (65a) and
EJ
=(al)’ + 1’ —= 81
B=(al) EJ, (81)

In Fig. 49b, EJeo/EJer > 1 indicates that the configuration with end-slip restraints exhibits a
smaller midspan deflection than the y-method. Rigid end restraints (kK — o) provide a marked
stiffness gain in the low-interaction regime, because they enforce longitudinal compatibility at the
boundaries and limit relative slip where it is most effective in reducing the global deformation. For
finite k the improvement is most evident in an intermediate interaction range (oL ~ 1-10). As oL
becomes large, the ratio tends to unity, because both configurations approach the fully composite
condition, with vanishing slip and identical midspan deflection.

Making use of Eq. (64a) for point load at midspan (Section 7.2, Solution S.10), the equivalent

flexural rigidity takes the following form:

3
(S.10) — FyL — EJDO (82)
“ TA8wW(L/2) 1

v
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The red curves in Fig. 49b refers to the midspan point-load case. With reference to the stiffness

(8.10)
e Can

criteria for the floor vibration control prescribed in [13], the equivalent bending rigidity EJ,

be replaced by EJer both for k = 0 (with any value of al) and for oL > 12.5 (with any value of k)
as the relative error of the ratio EJeq/EJer is less than 1%. Vice versa, the relative error increases up
to 27% for k =1 and oL = 2.2 and up to 55% for kK =10 and oL = 1.3.

Analogously, making use of Eq. (67a) for the uniformly distributed load (Section 7.2, Solution

S.15), the equivalent flexural rigidity becomes:

1
I A(5.15)
EJS -2 Do =EJ, 1354 1 5 Bl _|L_4 [ 1- ! (83)
384 v(L/2) 5 (al) \ EJ, 8 (al) cosh(al/2)
where ¢*' is given in Eq. (68a). The response under a uniformly distributed load is reported by

the blue curves in Fig. 49b and is nearly coincident with the sinusoidal benchmark. In fact, the
relative error is 0.22% for K = 0 that increases up to 1.7% in the limiting case Kk — 0. This supports
the Eurocode 5 assumption that EJer of the sinusoidal load benchmark provides an excellent

approximation for the flexural rigidity due to an uniformly distributed vertical load.

8. BUILT-IN TWO-LAYER BEAMS SUBJECTED TO DISTRIBUTED LOADS
Built-in two-layer beams have no slip at both beam ends. Therefore, the influence of boundary
constraints on composite interaction is maximised. For completeness, supplementary material S.17
and S.18 report solutions for built-in two-layer beams subjected to vertical and axial distributed
loads, respectively.

Fig. 50 shows the dimensionless distributions of interlayer slip and vertical displacement along

the beam length. For the vertical distributed load, the adopted dimensionless quantities are:

(84a)

T, (0)/k, EJ. -

u,(x) (B cosh(a/2(L—x))sinh(ox/2) x
sinh(al/2) L

v(x) _16(L-x)’x* 192(. EJ, B B '
v.(L/2) IE i (1 7 j [oux (x/ L 1) + (1 - cosh(owx)) coth(oL / 2) + sinh(awx) | (84b)

0

where
59



10

11

12

13

14

15

16

17

18

19

20

21

22

23

q,L

7,(0)= 85a
-(0) 2d, (85a)
(L/2) a,l (85b)
v =
" 384EJ,
For the axial distributed load, the dimensionless interlayer slip is defined as:
. . _l
u (x) :_2smh(0c/2(L—x))s1nh(0Lx/2) - 123 I—EJ‘” (0L — 2 tanh(aL /2) (86)
1,(0)/k, cosh(aL/2) oL J,
where
C
0) === 87
7..(0) 4 (872)
Coo = qx,ldl,oo - qx,ZdZ,oo (87b)

The vertical displacement for the axial-loading case is instead normalised by the reference
quantity C=L*/EJy, as detailed in the solution reported in the supplementary material S.18.

In both loading cases, slip is normalised by the maximum interface shear stress 1.(0) of the fully
composite section, Egs. (85a) and (87a). This choice follows the Jourawski formulation and is
consistent with the present kinematics, since do represents the distance between the layer centroids
and thus the lever arm associated with the bending couple generated by normal stresses.

For uniformly distributed vertical loading (S.17), the interlayer slip (Fig. 50a) is antisymmetric
and vanishes at both built-in ends and at midspan. As al increases, the slip decreases in magnitude
and tends to become more concentrated toward the beam ends. The dimensionless vertical
displacement (Fig. 50c) decreases with al and converges to the fully composite condition, with a
more pronounced reduction in the central region. For this built-in configuration, the closed-form
expressions recover established results in the literature: the vertical displacement v(x) reduces to
case (4a) in Table 1b of [25], while the interlayer slip expression coincides with Eq. (52) in [34].

For uniformly distributed axial loading (S.18), the slip (Fig. 50b) is symmetric and much smaller
than in the bending-dominated case: it vanishes at the clamped ends but remains almost uniform

along the span. Increasing ol further reduces slip and makes it nearly uniform, indicating that
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compatibility is progressively enforced along the entire member. The dimensionless vertical

displacement (Fig. 50d), originating from differential axial strains between the layers, drops rapidly

with al and becomes negligible in the fully composite limiting case, being already strongly reduced

for relatively small al.
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us(x) 1 oL =100 o al =1 Cu(x)
1,(0)/ ky, - _ 10 C ] [ 7.,(0) / ki
1/ ar=1 I i
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101 I al =100 i L0
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Fig. 25. Built-in two-layer beam subjected to (a, ¢) a uniformly distributed vertical load and (b, d)
axial loads for al =1 (red line), aL = 10 (blue line), al = 100 (black line). Dimensionless (a, c)
interlayer slip and (¢, d) vertical displacement.

9. CONCLUSIONS

The static behaviour of two-layer beams is significantly affected by load distributions, boundary

conditions and interaction parameter oL, but classical end constraints — such as free, simply

supported, or clamped ends — may fail in accounting for semi-rigid restraints commonly

encountered in practical applications. The presence of end-slip restraints introduces an additional
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complexity that must be adequately modelled to ensure accurate predictions of the structural
response.

In this work, the effect of end-slip restraints in two-layer composite beams with interlayer slip
has been investigated. The proposed closed-form solutions extend classical formulations by
explicitly incorporating concentrated restraints at the beam ends, thereby enabling the analysis of
semi-rigid end conditions within a unified framework. Moreover, exact solutions for end-slip
restraints only configurations were provided. Classical solutions available in the literature —
corresponding to fully composite or non-composite beams — are recovered as limiting cases of the
present model when the stiffness of either the distributed or concentrated connectors tends to
infinity or zero, respectively.

The parametric analyses carried out highlight the pronounced influence of end-slip restraints on
both deflections and interlayer slip. In particular, the presence of end-slip restraints effectively
reduces interface slip and substantially modifies the displacement field, especially in cases where
the stiffness of distributed connectors alone is insufficient to achieve full composite action. It was
also observed that, for selected loading and boundary conditions, a near-fully composite behaviour
can be obtained even with relatively low stiffness of distributed connectors, due to the additional
compatibility enforced at the beam ends. This result has relevant implications for structural design,
as it suggests the possibility of reducing the number of distributed connectors required, with
potential benefits in terms of cost reduction and ease of construction.

Furthermore, comparing configurations with only end-slip restraints to those combining
distributed bonding and end restraints reveals that equivalent stiffness levels can be identified for
low ol values. However, this equivalence breaks down at high al values, where maintaining
curvature compatibility along the span becomes critical and boundary restraints alone are no longer

sufficient.
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The analytical solutions were validated through comparison with simplified models available in
the literature, showing full consistency in both fully composite and non-composite limiting

conditions, as well as across different loading and support configurations.
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Appendix A. Solution of the system of equations (16)
Making use of the differential operator D"(-) = d”"(-)/dx", the system of coupled linear differential

equations with constant coefficients (16) can be written in matrix form as follows:

Alu1(x), u2(x), v(0)]" = q (A1)
where
E A Dk, k, d,k,D
A= k, E,A,D*—k, ~d,k,D (A.2)
d,k,D —-d,k,D  EJ,D*-d;k, D
q = [~ ¢x1(x), — g2(x), g(0)]" (A.3)

and the first-order moments S1 and S> in Eq. (10a) are set equal to zero by assuming the reference
points with ordinates y1 and y» (Fig. 26) coincident with the centroid of the corresponding layers.

As suggested in [51], Cramer’s rule can be applied to the system of equations (A.1). Therefore,
the following three uncoupled field equations are obtained
det(A) [u1(x), u2(x), v(x)]" = [det(A1), det(Az), det(A3)]" (A4)

where A; (i = 1, 2, 3) are the matrices formed by replacing the i-th column of A by the column

vector (:
—4q1 kh do kh D
A =|-q., E,AD-k, —d,k,D (A.5)
q, -d,k,D EJ,D*-d;k,D’
_ElAlDz_kh —4qy dyk,D
A, = k, —4qyn —d,k,D (A.6)

d,k,D q, EJ,D'-djk,D’

_E1A1 D*- k), k), —4q
A; = k, E, A4, Dz_kh —Yq» (A7)
dyk,D —d,k,D q,

Extended solution to Eq. (A.4) is reported in Egs. (21a, b, c).
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FIGURE CAPTIONS

Fig. 26. Kinematic representation of a two-layer composite beam segment with zero-thickness
interface.

Fig. 27. Geometric parameters of composite beam section: cg,1, cg,2 and cg, are the centroids
of layers 1, 2 and of fully composite section, respectively; di» and d>» are the distances of cg,
from cg,1 and cg,2, respectively.

Fig. 28. Shear connection model: distributed springs with stiffness k, along the interface and end

springs with stiffness lgh. (a) Cantilever beam; (b) Simply supported beam.

Fig. 29. Free body diagram of an infinitesimal two-layer composite beam segment with
compliant interface, illustrating the adopted sign convention.

Fig. 30. Kinematic representation of a two-layer composite beam segment with an interlayer of
thickness /.

Fig. 31. Cantilever two-layer beam subjected to end axial forces Fi,1 and Fy: dimensionless (a)
axial displacement of layer 1 at x = L, and (b) interlayer slip at x = L. Dashed and solid curves refer
to EJ./EJo = 2.5 and 4, respectively. Red marks denote end-slip restraints only configurations,
reported at the equivalent aL according to Eq. (20c¢).

Fig. 32. Cantilever two-layer beam subjected to a clockwise end couple F do: dimensionless (a)
axial displacement of layer 1 at x = L; (b) axial stress resultant of layer 1 at x = 0; (c) vertical
displacement at x = L, and (d) sum of bending moment of the two layers at x = 0. Results refer to
EJ./EJo=2.5. Red marks denote end-slip restraints only configurations.

Fig. 33. Cantilever two-layer beam subjected to a clockwise end couple C;: dimensionless (a)
axial displacement of layer 1 at x = L; (b) axial stress resultant of layer 1 at x = 0; (c) vertical
displacement at x = L, and (d) sum of bending moment of the two layers x = 0. Results refer to

EJ./EJo=2.5. Red marks denote end-slip restraints only configurations.
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Fig. 34. Cantilever two-layer beam subjected to clockwise end couples (a, ¢) Fx do and (b, d) C;.
Effect of parameter oL on the dimensionless (a, b) axial force and (c, d) bending moment along the
beam. Dashed and solid curves refer to EJ./EJo=2.5 and 4, respectively.

Fig. 35. Cantilever two-layer beam subjected to a self-equilibrated end couple C; — F' do, with
Cr = F: do: dimensionless (a) vertical displacement at x = L, and (b) stress resultants R(0) in layer 1
at x = 0. Red dashed line in (b) corresponds to the asymptotic exponential decay solution proposed
in [47, 48].

Fig. 36. Cantilever two-layer beam with ol = 0 subjected to: (a) clockwise end couple Fix do; (b)
clockwise end couple C;; (c) self-equilibrated end couple C; — Fi do, with Cr = Fx d.

Fig. 37. Simply supported two-layer beam subjected to symmetric end axial forces and couples.
Dimensionless rotational stiffness Ko for symmetric end couples: (a) F» do; (b) C. Dashed and solid
curves refer to EJ./EJo = 2.5 and 4, respectively. Red marks denote end-slip restraints only
configurations.

Fig. 38. Cantilever two-layer beam subjected to a vertical end point load F): dimensionless (a)
interlayer slip at x = L; (b) axial stress resultant in layer 1 at x = 0; (c) vertical displacement at x = L,
and (d) sum of bending moment of the two layers at x = 0. Results refer to EJ../EJo=2.5. Red marks
denote end-slip restraints only configurations.

Fig. 39. Cantilever two-layer beam subjected to a vertical end point load F): dimensionless (a)
axial displacement of layer i at x = L, and (b) rotation at x = L; dimensionless (c¢) axial displacement
and (d) rotation along the span for aL = 0.5 (solid) and oL = 1.0 (dashed) and k= 0, 10, 100.
Vertical red lines at oL = 0.5 (solid) and al = 1.0 (dashed) are used as reference for plot in (c, d).
Results refer to EJ../EJo=2.5. Red marks denote end-slip restraints only configurations.

Fig. 40. Simply supported two-layer beam subjected to a point load F, applied at x = L/4 with
EJ./EJy=2.5. Dimensionless axial force distribution in the lower layer along the beam length for
(a) k=0, (b) k=10, (c) aL = 1 and (d) aL = 10. Red solid line: fully composite limit. Red marks
and dashed line: configurations with end-slip restraints only with &.L =100.

71



—

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

Fig. 41. Simply supported two-layer beam subjected to two point loads F), applied at x = L/4 with
EJ./EJo=2.5: dimensionless (a, b) interlayer slip and (c, d) vertical displacement for (a, ¢) al = 0.1
and (b, d) aL = 1. Red dashed line refer to al. = 0 for (a, b) and al. = o for (¢, d). Red marks
denote end-slip restraints only configurations.

Fig. 42. Cantilever two-layer beam subjected to axial distributed loads g1 and g.2: (a)
dimensionless axial displacement of layer 1 at x = L; (b) dimensionless vertical displacement at x =
L. Dashed and solid curves refer to EJ../EJo = 2.5 and 4, respectively. Red marks denote end-slip
restraints only configurations.

Fig. 43. Cantilever two-layer beam subjected to axial distributed loads ¢x1 and g for EJ../EJo=
2.5: (a, b) dimensionless slip; (¢, d) dimensionless vertical displacement for (a, ¢) aL = 0.1 and (b,
d) al = 1. Red dashed line refers to al = 0 for (a, b) and al = « for (c, d). Red marks denote end-
slip restraints only configurations.

Fig. 44. Cantilever two-layer beam subjected to a vertical distributed load ¢, for EJ./EJy = 4:
dimensionless (a) axial displacement of layer 1 at x = L; (b) axial stress resultant of layer 1 at x = 0;
(c) vertical displacement at x = L, and (d) sum of bending moment of the two layers at x = 0. Red
marks denote end-slip restraints only configurations. The blue lines correspond to the case ol = 1.

Fig. 45. Cantilever two-layer beam subjected to a vertical distributed load g, for EJ../EJy = 2.5:
(a) dimensionless slip and (b) vertical displacement along the beam; Red dashed line indicates the
slip for aL=0, whereas the solid red line refers to the vertical displacement for aL=co. Blue lines
denote end-slip restraints only configurations for &L =10, 100.

Fig. 46. Maximum vertical displacement for a simply supported two-layer beam subjected to (a,
¢) a point load F, at midspan and (b, d) a distributed load ¢, versus (a, b) aL for k=0, 10, 100,
and (c, d) ¥ for oL = 0.5 and 1.0. Dashed and solid curves refer to EJ./EJo = 2.5 and 4,
respectively. Red marks denote end-slip restraints only configurations.

Fig. 47. Simply supported two-layer beam subjected to (a, c) a point load F), at midspan and (b,

d) a distributed load ¢, for EJ./EJo=2.5 and aL=0.5: (a, b) dimensionless interlayer slip and (c, d)
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dimensionless vertical displacement. Red dashed line indicates the slip for al. =0, whereas the solid
red line refers to the vertical displacement for aL=o. Red marks denote end-slip restraints only
configurations.

Fig. 48. Simply supported two-layer beam subjected to a distributed vertical load ¢, for (I) only
end-slip restraints (black solid line); (II) distributed interlayer connection only (blue solid line);
(II1;) continuous connection with finite end springs (k= 1, red dashed line); (Illx) continuous
connection with rigid end springs (K = oo, red solid line). Dimensionless (a) interlayer slip, (b)
vertical displacement, (c) axial resultant of layer 2, (d) sum of bending moment along the beam.
Results refer to EJo/EJo = 1.5 and oL = 10.

Fig. 49. Simply supported two-layer beam with EJ../EJyo = 2.5: (a) dimensionless slip for a
sinusoidal load; (b) flexural rigidity ratio EJeq/EJer for three loading schemes: sinusoidal (black
line), uniformly distributed load (blue line), and point load applied at midspan (red line).

Fig. 50. Built-in two-layer beam subjected to (a, ¢) a uniformly distributed vertical load and (b,
d) axial loads for al =1 (red line), aL = 10 (blue line), oL = 100 (black line). Dimensionless (a, c)

interlayer slip and (c, d) vertical displacement.

TABLE CAPTIONS
Table. 2. Case studies S.1-S.18: al values satisfying condition |1 — Viax / Vimaxo| < 1% for two

EJ./EJy ratios and two values of end spring parameter K .
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