
1 

Supplementary material for 

Effects of end-slip restraints on two-layer beams with interlayer slip 

Beatrice TRAVASONI, Fabio MINGHINI, Nerio TULLINI 

Department of Engineering; University of Ferrara, Italy 

Reported in the following are 18 closed-form solutions for two-layer beams subjected to 

different boundary conditions and loading. 

 

 

Newmark kinematical model  
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Parameters of the two-layer beam 

 EiAi   for i = 1, 2 Axial rigidity of the layer i. 

 EiJi   for i = 1, 2 Flexural rigidity of the layer i. 

22110 JEJEEJ   Flexural rigidity for non-composite beams. 
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Parameter proportional to the slip modulus kh, 

characterizing the degree of composite action. 
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Parameter proportional to the end-slip stiffness hk̂ , 

characterizing the degree of composite action for two-

layer beam fastened at the beam ends only. 
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Ratio between the end-slip stiffness hk̂  and the resultant 

khL of the distributed springs with stiffness kh. 
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Distance of the centroid of the fully composite beam 

(αL = ∞) to the centroid of the layer 1 and 2. 
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S.1. Cantilever two-layer beam subjected to end axial forces Fx,1 and Fx,2 

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 

1,111 )(ˆ)( xsh FLukLuAE  , 2,222 )(ˆ)( xsh FLukLuAE   

0)(ˆ)( 00  LudkLvEJ sh , 0)()( 00  LudkLvEJ sh  

End displacements and rotation for fully composite beams (αL = ∞) 
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  for i = 1, 2 

M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = ‒ C∞ 
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T(x) = T1 + T2 = 0 
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S.1. Cantilever two-layer beam subjected to end axial forces Fx,1 and Fx,2 (continued) 

Cantilever two-layer beam fastened at the beam end only (αL = 0) 
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S.2. Cantilever two-layer beam subjected to a clockwise end couple Fx d0 

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 

xsh FLukLuAE  )(ˆ)(111 , xsh FLukLuAE  )(ˆ)(222  
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 for i = 1, 2 

M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = ‒ Fx d0 
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T(x) = T1 + T2 = 0 
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S.2. Cantilever two-layer beam subjected to a clockwise end couple Fx d0 (continued) 

Cantilever two-layer beam fastened at the beam end only (αL = 0) 
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S.3. Cantilever two-layer beam subjected to a clockwise end couple CL 

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 
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M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = ‒ CL 
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T(x) = T1 + T2 = 0 
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S.3. Cantilever two-layer beam subjected to a clockwise end couple CL (continued) 

Cantilever two-layer beam fastened at the beam end only (αL = 0) 
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S.4. Cantilever two-layer beam subjected to a clockwise end couple CL + Fx d0 

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 
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iiiii  for i = 1, 2 

M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = ‒ (Fx d0 + CL) 

0

112221
1121 )()()()()(

EJ

JEdJEd
xukxudkxMxTxT shsh


  

T(x) = T1 + T2 = 0 
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S.5. Cantilever two-layer beam subjected to a clockwise end couple CL ‒ Fx d0, with CL = Fx d0 

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 

xsh FLukLuAE  )(ˆ)(111 , xsh FLukLuAE  )(ˆ)(222  

000 )(ˆ)( dFLudkLvEJ xsh  , 0)()( 00  LudkLvEJ sh  

End axial displacement for non-composite beams (αL = 0) 

11

0,1 )(
AE

LF
Lu x , 

22

0,2 )(
AE

LF
Lu x  

Constants and functions 

)tanh(ˆ11̂ LLc  , 
)cosh(ˆ

)sinh(
)(

1 LcL

x
xf




 , 

)cosh(ˆ

)cosh(
)()(

1 Lc

x
Lxfxg




  

Displacement field 

)()()( 0,11 xfLuxu  , )()()( 0,22 xfLuxu   

)cosh(ˆ)(

)2/(sinh2
)(

1

2

2

0

2

LcL

x

EJ

LdF
xv ox




  

)()()(
11

)( 2

22110

2

0 xfL
Lk

F
xfLF

AEAEEJ

d
xu

h

x
xs 










  

Stress resultants 

)()()()( 11121 xgFxuAExNxN x  

)()()(
0

0 xg
EJ

JE
dFxvJExM ii

xiii   for i = 1, 2 

M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = 0 

0

112221
1121 )()()()()(

EJ

JEdJEd
xukxudkxMxTxT shsh


  

T(x) = T1 + T2 = 0 
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S.6. Simply supported two-layer beam subjected to symmetric end axial forces Fx,1 and Fx,2 

 
Boundary conditions 

1,111 )0(ˆ)0( xsh FukuAE  , 2,222 )0(ˆ)0( xsh FukuAE   

v(0) = 0, 0)0(ˆ)0( 00 
sh udkvEJ  

u1(L/2) = u2(L/2) = v'(L/2) = 0,  0)2/()2/( 00  LudkLvEJ sh  

Displacements and rotation for fully composite beams (αL = ∞) 

)(2

)(
)0()(

2211

2,1,

AEAE

LFF
uLu

xx




  , 




 

EJ

LC
Lv

8
)2/(

2

, 



 

EJ

LC
L

2
)()0(  

where   ,11,,22, dFdFC xx  

Constants and functions 

)2/tanh(ˆ11̂ LLc  , 

)2/cosh(ˆ

)]/21(2/sinh[
)(

1 LcL

LxL
xf




 , 

)2/cosh(ˆ

)]/21(2/cosh[
)()(

1 Lc

LxL
Lxfxg




  

Displacement field for x ≤ L/2 

























1/

)(2
21)0(21)()(

0

,11
EJEJ

xf

L

x
d

L

x
Luxu , 

























1/

)(2
21)0(21)()(

0

,22
EJEJ

xf

L

x
d

L

x
Luxu  





















 

)2/cosh(ˆ)(

)]/1(2/sinh[)2/sinh(
161

4
)2/()(

1

2 LcL

LxLx

L

x

L

x
Lvxv  

)2/cosh(ˆ

)]/21(2/sinh[
)()()(

1

0

00

0

22

2,

11

1,

Lc

LxL

EJ

EJ

dk

C
xf

EJEJ

dLC
xf

AE

LF

AE

LF
xu

h

xx

s























  

Stress resultants for x ≤ L/2 













 )](1[1)(

2
)()( 0

0

11
1111 xg

EJ

EJ

d

C
Lu

L

AE
xuAExN  













 )](1[1)(

2
)()( 0

0

22
2222 xg

EJ

EJ

d

C
Lu

L

AE
xuAExN  

)](1[)()( xg
EJ

JE
CxvJExM ii

iii 


  for i = 1, 2 

M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = C∞ 

0

112221
1121 )()()()()(

EJ

JEdJEd
xukxudkxMxTxT shsh


  

T(x) = T1 + T2 = 0 
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S.6. Simply supported two-layer beam subjected to Fx,1 and Fx,2 (continued) 

Simply supported two-layer beam fastened at both beam ends only (αL = 0) for x ≤ L/2 


































L

x

EJEJL
dLuxu

2
1

)1/()ˆ2(

2
1)0()()(ˆ

0

,11  


































L

x

EJEJL
dLuxu

2
1

)1/()ˆ2(

2
1)0()()(ˆ

0

,22  

L

L

L

x

L

x
Lvxv












 

ˆ2

ˆ
1

4
)2/()(ˆ  

LL

x

AE

LF

AE

LF
xu

xx

s





















ˆ2

12
1)(ˆ

22

2,

11

1,
 



















L

L

EJ

EJ

d

C
Lu

L

AE
xN

ˆ2

ˆ
1)(

2
)(ˆ 0

0

11
1  



















L

L

EJ

EJ

d

C
Lu

L

AE
xN

ˆ2

ˆ
1)(

2
)(ˆ 0

0

22
2  

L

L

EJ

JE
CxM ii

i








ˆ2

ˆ
)(ˆ  for i = 1, 2 

  CdxNdxNxMxMxM ])(ˆ)(ˆ[)(ˆ)(ˆ)(ˆ
,11,2221  

0)(ˆ xTi  for i = 1, 2 

0)(ˆ)(ˆ)(ˆ
21  xTxTxT  
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S.7. Simply supported two-layer beam subjected to symmetric end couples C 

 
Boundary conditions 

0)0(ˆ)0(111 
shukuAE , 0)0(ˆ)0(222 

sh ukuAE  

v(0) = 0, CudkvEJ sh  )0(ˆ)0( 00  

u1(L/2) = u2(L/2) = v'(L/2) = 0,  0)2/()2/( 00  LudkLvEJ sh  

Displacements and rotation for fully composite beams (αL = ∞) 



 
EJ

CL
Lv

8
)2/(

2

, 


 
EJ

CL
L

2
)()0(  

Constants and functions 

)2/tanh(ˆ11̂ LLc  , 

)2/cosh(ˆ

)]/21(2/sinh[
)(

1 LcL

LxL
xf




 , 

)2/cosh(ˆ

)]/21(2/cosh[
)()(

1 Lc

LxL
Lxfxg




  

Displacement field for x ≤ L/2 









  )(221)0()( ,11 xf

L

x
dxu , 









  )(221)0()( ,22 xf

L

x
dxu  






























 


)2/cosh(ˆ)(

)]/1(2/sinh[)2/sinh(
1161

4
)2/()(

1

2

0 LcL

LxLx

EJ

EJ

L

x

L

x
Lvxv  

)2/cosh(ˆ

)]/21(2/sinh[
1)()(

1

0

00

0

Lc

LxL

EJ

EJ

dk

C
xf

EJ

CLd
xu

h

s


















 

Stress resultants for x ≤ L/2 

)](1[1)()()( 0

0

11121 xg
EJ

EJ

d

C
xuAExNxN 












 




















 



)(11)()(
0

xg
EJ

EJ

EJ

JE
CxvJExM ii

iii  for i = 1, 2 

M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = C 

0

112221
1121 )()()()()(

EJ

JEdJEd
xukxudkxMxTxT shsh


  

T(x) = T1 + T2 = 0 
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S.7. Simply supported two-layer beam subjected to symmetric end couples C (continued) 

Simply supported two-layer beam fastened at both beam ends only (αL = 0) for x ≤ L/2 

L

L

L

x
dxu












 

ˆ2

ˆ2
1)0()(ˆ

,11  

L

L

L

x
dxu












 

ˆ2

ˆ2
1)0()(ˆ

,22  

L
L

EJ

EJ

L

x

L

x
Lvxv


















 


ˆ2

1
ˆ21

4
)2/()(ˆ

0

 

LL

x

EJ

dLC
xus












ˆ2

12
1)(ˆ

0

0  

L

L

EJ

EJ

d

C
xNxN















ˆ2

ˆ
1)(ˆ)(ˆ 0

0

21  


















 

 LEJ

EJ

EJ

JE
CxM ii

i
ˆ2

2
11)(ˆ

0

 for i = 1, 2 

CdxNdxNxMxMxM   ])(ˆ)(ˆ[)(ˆ)(ˆ)(ˆ
,11,2221  

0)(ˆ xTi  for i = 1, 2 

0)(ˆ)(ˆ)(ˆ
21  xTxTxT  
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S.8. Simply supported two-layer beam subjected to symmetric end couples C + Fx d0 

 
Boundary conditions 

xsh FukuAE  )0(ˆ)0(111 , xsh FukuAE  )0(ˆ)0(222  

v(0) = 0, CudkvEJ sh  )0(ˆ)0( 00  

u1(L/2) = u2(L/2) = v'(L/2) = 0,  0)2/()2/( 00  LudkLvEJ sh  

Displacements and rotation for fully composite beams (αL = ∞) 








EJ

LdFC
Lv x

8

)(
)2/(

2

0 , 







EJ

LdFC
L x

2

)(
)()0( 0  

Constants and functions 

)2/tanh(ˆ11̂ LLc  , 

)2/cosh(ˆ

)]/21(2/sinh[
)(

1 LcL

LxL
xf




 , 

)2/cosh(ˆ

)]/21(2/cosh[
)()(

1 Lc

LxL
Lxfxg




  

Displacement field for x ≤ L/2 

1/

)(
21)0()(

0

,1

0

0
,11





























EJEJ

xfdL

EJ

C

EJ

dFC

L

x
dxu x , 

1/

)(
21)0()(

0

,2

0

0
,22





























EJEJ

xfdL

EJ

C

EJ

dFC

L

x
dxu x  

)2/cosh(ˆ)(

)]/1(2/sinh[)2/sinh(2
1

4
)2/()(

1

2

2

0

0

LcL

LxLxL

EJ

C

EJ

dFC

L

x

L

x
Lvxv x



























  

 














EJEJ

xfdL

EJ

C

EJ

dFC
xu x

s
/1

)(
)(

0

0

0

0  

Stress resultants for x ≤ L/2 




























1/

)(
)0(2)()()(

00

0
,1

11
11121

EJEJ

xgL

EJ

C

EJ

dFC
d

L

AE
xuAExNxN x  

)()](1[)()()(
0

0 xg
EJ

JE
Cxg

EJ

JE
dFCxvJExM iiii

xiii 


 for i = 1, 2 

M(x) = M1(x) + M2(x) + [N2(x) d2,∞ – N1(x) d1,∞] = C + Fx d0 

0

112221
1121 )()()()()(

EJ

JEdJEd
xukxudkxMxTxT shsh


  

T(x) = T1 + T2 = 0 
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S.9. Cantilever two-layer beam subjected to a vertical end point load Fy  

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 

0)(ˆ)(111  LukLuAE sh , 0)(ˆ)(222  LukLuAE sh  

0)(ˆ)( 00  LudkLvEJ sh , ysh FLudkLvEJ  )()( 00  

End vertical displacement and rotation for fully composite beams (αL = ∞) 



 
EJ

LF
Lv

y

3
)(

3

, 


 
EJ

LF
L

y

2
)(

2

 

and end rotation for non-composite beams (αL = 0) 

0

2

0
2

)(
EJ

LF
L

y
  

Constants and functions 

)]tanh(ˆ1[)]2/tanh(ˆ1[)tanh(1̂ LLLLLc   

)sinh(ˆ)cosh()( 1 xcxxf  , )cosh(ˆ)sinh(/)()( 1 xcxxfxg   

Displacement field 

 























  1)(

)(

22
)()(

2

2

,11 xf
LL

x

L

x
dLxu , )()( 1

22

11
2 xu

AE
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S.9. Cantilever two-layer beam subjected to a vertical end point load Fy (continued) 

Cantilever two-layer beam fastened at the beam end only (αL = 0) 
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S.10. Simply supported two-layer beam subjected to a point load Fy at midspan 
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S.10. Simply supported two-layer beam subjected to a point load Fy at midspan (continued) 

Simply supported two-layer beam fastened at both beam ends only (αL = 0) for x ≤ L/2 
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S.11. Simply supported two-layer beam subjected to a point load Fy 

 
Boundary conditions 
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S.11. Simply supported two-layer beam subjected to a point load Fy (continued) 

Displacement field for 0 ≤ x ≤ LL 
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S.11. Simply supported two-layer beam subjected to a point load Fy (continued) 

Displacement field for hk̂ = 0 and 0 ≤ x ≤ LL 
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S.11. Simply supported two-layer beam subjected to a point load Fy (continued) 

Simply supported two-layer beam fastened at both beam ends only (αL = 0) 
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S.12. Simply supported two-layer beam subjected to two point load Fy 

 
Boundary conditions 
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S.12. Simply supported two-layer beam subjected to two point load Fy (continued) 

Displacement field for 0 ≤ x ≤ LL 
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S.12. Simply supported two-layer beam subjected to two point load Fy (continued) 

Constants and functions for hk̂ = 0 
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S.12. Simply supported two-layer beam subjected to two point load Fy (continued) 

Simply supported two-layer beam fastened at both beam ends only (αL = 0) 
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S.13. Cantilever two-layer beam subjected to distributed axial loads qx1 and qx2 

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 

0)(ˆ)(111  LukLuAE sh , 0)(ˆ)(222  LukLuAE sh  

0)(ˆ)( 00  LudkLvEJ sh , 0)()( 00  LudkLvEJ sh  

End displacements and rotation for fully composite beams (αL = ∞) 
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S.13. Cantilever two-layer beam subjected to distributed axial loads qx1 and qx2 (continued) 

Cantilever two-layer beam fastened at the beam end only (αL = 0) 
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S.14. Cantilever two-layer beam subjected to a distributed load qy 

 
Boundary conditions 

v(0) = u1(0) = u2(0) = v'(0) = 0 

0)(ˆ)(111  LukLuAE sh , 0)(ˆ)(222  LukLuAE sh  

0)(ˆ)( 00  LudkLvEJ sh , 0)()( 00  LudkLvEJ sh  

End vertical displacement and rotation for fully composite beams (αL = ∞) 
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S.14. Cantilever two-layer beam subjected to a distributed load qy (continued) 

Cantilever two-layer beam fastened at the beam end only (αL = 0) 
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S.15. Simply supported two-layer beam subjected to a distributed load qy 
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S.15. Simply supported two-layer beam subjected to a distributed load qy (continued) 

Simply supported two-layer beam fastened at both beam ends only (αL = 0) for x ≤ L/2 
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S.16. Simply supported two-layer beam subjected to a sinusoidal load q0 sin(πx/L) 
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S.16. Simply supported two-layer beam subjected to a sinusoidal load q0 sin(πx/L) (continued) 
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S.17. Built-in two-layer beam subjected to a distributed load qy 

 
Boundary conditions 

u1(0) = u2(0) = v(0) = v'(0) = 0, u1(L/2) = u2(L/2) = v'(L/2) = v'''(L/2) = 0 

Vertical displacement for fully composite beams (αL = ∞) 
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S.18. Built-in two-layer beam subjected to distributed axial loads qx1 and qx2 

 
Boundary conditions 

u1(0) = u2(0) = v(0) = v'(0) = 0, u1(L) = u2(L) = v(L) = v'(L/2) = 0 

Axial displacement for fully composite beams (αL = ∞) and distributed couple 
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