Supplementary material for
Effects of end-slip restraints on two-layer beams with interlayer slip

Beatrice TRAVASONI, Fabio MINGHINI, Nerio TULLINI

Department of Engineering; University of Ferrara, Italy

Reported in the following are 18 closed-form solutions for two-layer beams subjected to

different boundary conditions and loading.
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Parameters of the two-layer beam

EiAi fori=1,

2

Axial rigidity of the layer i.

EiJi fori=1,

2

Flexural rigidity of the layer i.

EJ, =EJ, +E,J,

Flexural rigidity for non-composite beams.

EJ, :EJO+d§/(ElA1+ EA
1 2

1

|

Flexural rigidity for fully composite beams.

1 1 d?

a‘ =k

2 h( + + =0
EA EA EJ

|

Parameter proportional to the slip modulus ky,
characterizing the degree of composite action.

~ o1 1 d?
a =Kk, + +
ElAi EZAZ E‘]O

|

Parameter proportional to the end-slip stiffness Rh,

characterizing the degree of composite action for two-
layer beam fastened at the beam ends only.

Ratio between the end-slip stiffness k, and the resultant

knL of the distributed springs with stiffness k.

k L
. EA
1,00 0 ]
EA+EA
EA

d,, =d,—~1 —
¥ P EA+EA,

Distance of the centroid of the fully composite beam
(oL = o) to the centroid of the layer 1 and 2.




S.1. Cantilever two-layer beam subjected to end axial forces Fx1 and Fx2

Fx 1
. :
X 2 >
Fx,Z
y
L
Boundary conditions
v(0) = u1(0) = u2(0) =v'(0) =0
Elpﬁulr(l—)_lzhus(l-) =F., EzAzué(L)"‘IZh u (L) =F,,
EJ V(L) + IZhdouS (L)=0, EJ,v"(L)-k,d,u. (L) =0
End displacements and rotation for fully composite beams (aL = o)
+F,)L C, L2 C,L
u, ()= Gt Bl v(=Sek 0. (=S
EA+EA, 2EJ, EJ,
where C, =F d,, —F,d,.,
Constants and functions
¢ =1+al & tanh(al), F = SR@X) g = g L= _SOSheX)
oL ¢, cosh(al) ¢, cosh(al)

Displacement field

£ (%) REC
u, () =u,. (L)~ +<poo(L)0|1{L m} U, (X) = U (L)__(P‘”(L)dz{L EJ,/EJ —J

) x) . cosh(ox)-1
v(x)—Vw(L)HLj (aL)2é cosh(ocL)]

0.(X) = F. Fo L (%) C.Ld, (%) _aC, EJ, sinh(ax)
EJ, —-EJ, k.d, EJ € cosh(alL)

EAi_EAz -

Stress resultants

N0 = BA () = =2,

c.[ B
dq
N,(9 = E.A, U;(0) =%um(u—%{1—% [1—g(x)]}

M, (%)= ~E3, V() = —C, = L~ g ()] fori=1,2

M(X) = M1(x) + M2(x) + [N2(X) d2,.c — N1(X) d1,0] = — Cwo
dlEZ‘JZ _d2E1J1
EJ,

T,(%) = =T, (x) = M{ () +k;, d, ug (x) = —k,u (x)

TX)=T1+T2=0




S.1. Cantilever two-layer beam subjected to end axial forces Fx,1 and Fx2 (continued)

Cantilever two-layer beam fastened at the beam end only (aL = 0)

X X 1
0,(x)=u_(L)—+o_(L)d, —|1+
(%) =L +e.(b) l*”L{ (1+&L)(EJOO/EJ0—1)}
6,00 =u (U)X -o (L) d, X1+ L
AP = A T R T () (B, 1B, - D)
aL
v(x)=v_(L
V(X) =V, ( )( j Tral
ljs(x): -
EA_l EA2 +ocL
N, () = 2Ry, )+ Sef1- B O
L d, | EJ, 1+aL
NZ(X)Z%UQ)(L)—& 1_ﬂ Od:
L d, | EJ, 1+aL
Mi(X)z—CmEa—E fori=1,2
EJ. 1+al

['e]

M (X) = M, (x) + M, (X) +[N,(x)d,,. — N,(x)d, ] =—C
T(x)=0 fori=1,2

T(x)=T,(x) +T,(x) =0




S.2. Cantilever two-layer beam subjected to a clockwise end couple Fx do

Fx
I
* 2 4
Fx
Iy 1
L
Boundary conditions
v(0) = u1(0) = u2(0) =v'(0) = 0
E,AU(L) kU (L) = F,, E, A (L) +K, U (L) = -F,
EJ,Vv"(L) +k,d,u, (L) =0, EJ,v"(L) —k,dou (L) =0

End vertical displacement and rotation for fully composite beams (aL = «)

Fd L2 FdL
v, (L) = =0 L) = Hxdob
. (L) 2E) 9, (L) E).

and end axial displacements for non-composite beams (aL = 0)

F L F L
ul,O(L): —, uz,o(l—):_ .
E.A E,A,
Constants and functions
¢ =1+al & tanh(aL), F) = SnX) gy ey L= _SOSN(@X)
al ¢ cosh(al) ¢, cosh(al)

Displacement field

w0 =0. (L) dk{g - ] f(x)} ~Uyo(L) F—i 2- f(x)ﬂ, 000 =~ 00

ﬁjz_z cosh(ax) -1 ]

v(x)=v_(L) H L (aL)?€, cosh(al)

_ _ _ 1 1 _ FdZL __oF,EJ, sinh(ox)
() = [0 (L) ~tho (D] 100 = FXL(EIA1+E2A2] f0= EJ, —EJ, f0= k.EJ, ¢ cosh(ol)

Stress resultants

N, (%) =N, (x) = E,A U/(x) = F, [1— = [1—9(x)]}
M, () =~EJ, V(%) = ~Fd, = [1- ()] fori=1,2

M(x) = M1(X) + M2(X) + [N2(X) 2 — Na(x) di] = — Fx do
dlEz‘Jz _d2E1J1

Tl(x):_Tz(X): M{(X)"‘kh dlus(x):_khus(x) EJ

TX)=T1+T2=0




S.2. Cantilever two-layer beam subjected to a clockwise end couple Fx do (continued)

Cantilever two-layer beam fastened at the beam end only (aL = 0)

() — x 1 X EJy ). | 1
6,00 = 0, (L) d, {u T _1)} —uL (L) L[u(l ]GL}

L TEJ, 1+al
X 1
u,(x) =-¢, (L) d,,, —| 1+
00000 Z'wL{ (1+dL)(EJOO/EJO—1)}
2 A
~ X oL
V(X)=v_(L)| —
() =, )[Lj L
OS(X):_FX 1 + 1 XA
EA EA J1+al
- . EJ. 6L
N,.(X)=—-N,(X)=F, <1- 0
(0=, (%) { o ML}
M, (x) = —F.d, Ed al: fori=1,2
EJ. 1+4L
M (X) = M, (x)+ M, (X) +[N,(x)d,,, - N,(x)d, ] = -F,d,
'ﬁ(x):o fori=1,2

T(x)=T,(x) +T,(x) =0




S.3. Cantilever two-layer beam subjected to a clockwise end couple C.

. Y DG

Iy 7 1
Boundary conditions
v(0) = u1(0) = u2(0) =Vv'(0) =0
E,AU/(L)—ku,(L)=0, E,Au.(L)+k, u(L)=0
EJ V(L) +k,dgu, (L) =C,, EJv"(L) —k,dou (L) =0

End vertical displacement and rotation for fully composite beams (aL = o)

C L2 C L
v, (L)=—"—, L)=—=t
(L) 2E]. ¢, (L) EJ
Constants and functions
A . sinh(ax) , cosh(ax)
¢, =1+oal k tanh(al), f(x)= , X)=f'(X)L=—>—"2—
1 =1rol ktanh(ol) )= e ooshany’ 9= = oL
Displacement field

X X
u(x)=¢,(L)d,, [f — f (X)} u,(x)=-9,(L)d,, {E— f (X)}
2
v(x) =v. (L) (ﬁj y2| Bl g] cosh(ox) -1
L EJ, (al)“€, cosh(aL)

0, (X) = C,Ld, F(x) = aC, 1- EJ, Asmh(ocx)

EJ, k.d, EJ. )¢ cosh(al)
Stress resultants

, C EJ
N1(9 = =N, () = E,AU{(X) = - (1—5‘)] [1-g(x]
0 ©
EJ EJ .
M (x)=-EJ. V' (x)=-C, =—|1 2 -1 |g(x fori=1,2
|() ivi () LEJOO|:+(EJO ]g( ):|

M(X) = M1(x) + M2(X) + [N2(X) d2,0 — N1(X) di ] =— CL
dlEZ‘JZ _dZEl‘]l
EJ,

Tl(x) = _Tz (X) = Ml,(x) + kh dl US(X) = khus(x)

TX)=T1+T2=0




S.3. Cantilever two-layer beam subjected to a clockwise end couple Ci (continued)

Cantilever two-layer beam fastened at the beam end only (aL = 0)

X aL
a,(x) = L)d, —
1() (Poo( ) L 14 6L
X oL
0,(X)=—o_(L)d, —
2( ) (‘Poo( ) z’wL1+dL
2
000 =v. (L) 2] |14 Bl g | L
L EJ, ~J1+alL
6,00=0 X
EJ, 1+6L
. ; C EJ, ) &L
N,(X) ==N,(x) ==+ | 1-—2
1) () d, ( EJJH&L
Mi(x)=—cLﬂ 14 = 4 1A fori=1,2
EJ. EJ, ~Jl+al

M (x) = M, (X) + M, (X) +[N,(x)d,, - N,(x)d, . 1= -C,
T.(x)=0 fori=1,2

T(X)=Ty(X)+T,(x) =0




S.4. Cantilever two-layer beam subjected to a clockwise end couple C. + Fx do

Fx
— = e
Fx
y
| L |
Boundary conditions
v(0) = u1(0) =u2(0) =v'(0) =0
EAUi(L) —k,u (L) =-F,, E AU (L) +K, Uy (L) = F,
EJv"(L)+k,d,u (L) =C,, EJ,v"(L) —k,d,u (L) =0

End vertical displacement and rotation for fully composite beams (aL = o)

(C_+Fd,)L? (C.+Fd,)L
v, (L)=——"+—22"— | L)=-~2t ™ x70/=
(L) 2E) ¢ (L) EJ.
End vertical displacement and end axial displacement for non-composite beams (aL = 0)
V(L) = c.L’
2Ry,
F.L F.L
u L = X 1 u L = — X
1,0( ) E1A1 2,0( ) EzAz
Constants and functions
. . sinh(ax) , cosh(ax)
¢ =1+oal « tanh(al), f(x)= , X)=f'(X)L=—"">"2—
r =1rol ktanh(al) (%)= 3¢ cosh(al) 900 =00 = & osh(al)
Displacement field
X E.A
ul(X) =(poo(L)dl,ooE—i_(ul,O(L)_(Poo(L) dl,oo) f(x), U, (X) =— E u, (x)
2Py
2
X cosh(ax) -1
v(x)=v_(L)|—1| —2{v_(L)—v,(L
(0 =v.d )(Lj . O -vo (L] (alL)?¢é, cosh(al)
d d, L C,+Fd, C
Ug(X) = —| Uy —Uy o —2Vo(L) -2 | F(X) =— 0 X0 _ L If(x
L L e e R B [
Stress resultants
' ElAi
N, (%) = =N, () = EA Ui () == o, () d, + (Uo (D)=, (1)) 9 ()]
M. () =—EJ vi(x)=—Eg| SetFdo [CotFdo Gl fori=1,2
EJ, EJ, EJ,

M(X) = M1(X) + M2(x) + [N2(x) d2..0 — N1(X) di1c] = — (Fxdo + Cv)
dlEZ‘]Z _dZEl‘]l

Tl(x):_Tz(X): M:{(X)+kh dlus(x):khus(x) EJ

TX)=T1+T2=0




S.5. Cantilever two-layer beam subjected to a clockwise end couple C — Fx do, with CL. = Fx do

Fx
ﬁ( ; ) Fx d()
Fx
o
' L
Boundary conditions
v(0) = u1(0) =u2(0) =v'(0) =0
E, AU (L) —kyu, (L) = -F,, E AU (L) +K, U, (L) = F,
EJV"(L)+k,dou, (L) = F.d,, EJ,v"(L) —k,d,u (L) =0
End axial displacement for non-composite beams (aL = 0)
F.L F.L
Ul,o(l-):_ —, uz,o(l—) =
ElAl E2A2
Constants and functions
. . sinh(ox) , cosh(ax)
¢ =1+oal « tanh(al), f(x)= , X)=f'(X)L=—"""—
r =1rol ktanh(al) (%)=L ¢ cosh(al) 900 = 0IL = oshial)
Displacement field
ul(X) = u1,o(|—) f (X), uz(X) = Uz,o(l—) f (X)
2F.d_L*  sinh?(ax/2
v = 2P h’ (o 2)
EJ, (aL)°¢, cosh(aL)
2
u, (x) = ds + 1 + 1 FLf(X)= Ky (al)? f (X)
E‘]O ElAl EZAZ khL
Stress resultants
N, (X) = =N, (x) = E,A u;(x) =—F, 9(x)
M, (x) =-E,J; v'(x) =-F.d, E]J‘ g(x) fori=1,2
0

M(X) = M1(X) + M2(X) + [N2(X) d2,c — N1(X) d1] =0
dlEZ‘JZ _dZEl’Jl
EJ,

T (%) = =T, (x) = M{(x) + k, dy u, (X) = —k,u  (x)

T(X)=Ti+T2=0

10



S.6. Simply supported two-layer beam subjected to symmetric end axial forces Fx1 and Fx2

F.\'.! F.r..f
<« I —
e > o
X, . x,2
- 7 -
Boundary conditions
E,AU(0) +k,U, (0) = Fy,, E,AU;(0)—k, U, (0)=F,
v(0) =0, EJV"(0) -k, d,u, (0) =0
ur(L/2) = ux(L/2) = Vv'(L/2) = 0, EJ,v"(L/2)—k,d,u (L/2)=0
Displacements and rotation for fully composite beams (oL = o)
F.+F )L 2
u (L) =mu, @ = tEt ey gy G 0,00 =0, (L) = ==t
2(E,A +E,A) 8EJ, 2EJ,
where C, =F ,d, —-F..d,,
Constants and functions
¢, =1+l k tanh(alL/2),
sinh[aL/2 (1-2x/L , cosh[aL/2 (1-2x/L
f (x) = AL 2 €= 2XTL)] 9(x) =~ /(9 L = ML T2 E-2X L)

oL ¢ cosh(alL/2) ¢, cosh(aL/2)

Displacement field for x <L/2

o X X, 2T
Uy (x) = um(L)(1 2Lj+%(°)d1,w {1 2L+an/EJ0—1]

U, (x) = —Uw(l—)(l— 2%) ~¢,(0)d,,, {1_ 2 X +&}

L EJ,/EJ,-1
v(x) =V, (L/2) ﬂ(l—ij—m sinh(ax/2)sinh[ol/2 (1-x/L)]
w LU L (aL)?¢, cosh(aL/2)

00— Fub Bl oy _ CLdy ¢, oC, EJy sinhful/2(1-2x/L)]
: EA EA EJ, —EJ, k.d, EJ,  ¢cosh(aL/2)

Stress resultants for x <L/2

N = EA () = 228, (1) %{1—% - g(x)]}

N,( = E.A, Uy () = 2220, (L) + %{1—% [1—g(x)]}

M, () =—E,3, V(%) =C. == [1- ()] fori=1,2
M(x) = M1(x) + M2(x) + [Nz(X;o 02,0 — N1(X) di 0] = Cwo

dlEZ‘]Z — dZEl‘]l

Tl(X) = _Tz(x) = Mll(x)+ kh d1 Us(X) = khus(x) EJ

TX)=T1+T2=0

11



S.6. Simply supported two-layer beam subjected to Fx1 and Fx2 (continued)

Simply supported two-layer beam fastened at both beam ends only (aL = 0) for x <L/2

. 2 _&
ul(x)—{ u,(L)+¢,(0) dlv{“ (2+dL)(EJw/EJo—1)}(1 Lj

o ) 2 _2x
uz(x)—{ u, (L) <pw(0)dzlo{“(2+&L)(EJOO/EJ0—1)}(1 Lj

4x x) alL
Vv(X)=v_ (L/2)—|1-—
() =v..( )L( Lj2+&L

F.L F.L
05 (X) — x,1 _ X,2 (1_§j 1’\
EA EA L J2+6aL

N, - 228 uw(L)—i—w{l——gO Z“EL}
0 w &t

Nz(x)z—ZEZAZuw(m%{l T }

L , | EJ, 2+aL

I\?Ii(x):CooE Od: fori=1,2
EJ, 2+aL

M (X) = M, (x)+ M, (x) +[N,(x)d,,, - N,(x)d,,]=C,

T.(x)=0 fori=1,2

T(x)=T,(x) +T,(x) =0

12



S.7. Simply supported two-layer beam subjected to symmetric end couples C

CC . . .‘jc

y |
L |
Boundary conditions
E,Au;(0) +k,u,(0) =0, E,AU;(0) -k, u,(0) =0
v(0) =0, EJ,v"(0) —k,d,u, (0) = —C
u1(L/2) = uz(L/2) = v'(L/2) = 0, EJ,v"(L/2)—k,d,u,(L/2)=0
Displacements and rotation for fully composite beams (oL = o)
v,(L12) - SE () =0, (L) = o
- 8EJ_ ' P =T 70k,
Constants and functions
¢, =1+oal k tanh(alL/2),
sinh[aL/2 (1-2x/L , coshfoL/2 (1-2x/L
f(x) = AL 26220 L)] 90 =~ /() L = oL /2 A2/ )]

oL € cosh(alL/2) ¢, cosh(alL/2)

Displacement field for x <L/2

0,00 =0, (0) 0, [1—2%—2f(x)j,
u,(x) = -9, (0) d,,, (1—2%— 2f (x)J

v(x) =V, (L/2) ﬂ(1_1]+16 EJ, _,|sinh(ax/2)sinh[al /2 (1-x/L)]
B L L EJ, (al)?¢, cosh(al/2)

000 = CLdy ¢y C (1_ EJOJsinh[ale(l—zx/L)]

EJ, k.d, EJ, ¢, cosh(alL/2)

Stress resultants for x <L/2

N,(X) =Ny () = EA 100 == (1— Ej‘)j[l— 9(x)]

EJ. EJ ]
M.(xX)=-EJ Vv'(x)=C |1 © _1 X fori=1,2
(0 =-EJ, V() ij{{ao ]g( )}

M(X) = M1(x) + M2(x) + [N2(X) d2,.c — N1(X) di1 o] =C
dlEZ‘]Z — dZEl‘]l
EJ,

Tl(X) = _Tz(x) = Mll(x)+ kh d1 Us(X) = khus(x)

TX)=T1+T2=0

13



S.7. Simply supported two-layer beam subjected to symmetric end couples C (continued)

Simply supported two-layer beam fastened at both beam ends only (aL = 0) for x <L/2

2x) alL
g, (x) = 0)d, |1-—
l() (Poo() 1,00( LJZ—'—&L
2x\ aL
0G,,(xX)=-0_(0)d, |1-—
(9 %(um[ Lj2+&L

v(x)=vw(L/2)ﬂ(1—ij 2B Lo | L
LU o\ B, T 2raL

O(X)_CLdo(l_gj 1
: EJ, L J2+aL

Nl(x)z—&(x):—dg[l

|\7|i(x)=cEi‘]i 14 Ee g ZA fori=1,2
EJ, EJ, )2+l

CEJ, ) Gl
EJ, )2+aL

M (%) = M, (X) + M, () +[N,(x)d,,, - N,(x)d, . ] =C
T.(x)=0 fori=1,2

T(x)=T,(x) +T,(x) =0

14



S.8. Simply supported two-layer beam subjected to symmetric end couples C + Fx do

Fy Fx
C C :’rx - .‘_F’—) c
y
- 5 -
Boundary conditions
E,AU;(0) +k,u, (0) = -F,, E,AU;(0)—k, U,(0) = F,
v(0) =0, EJV"(0) —k,d,u, (0) =-C
uz(L/2) = uz(L/2) = Vv'(L/2) =0, EJ,v"(L/2)—k,d,u,(L/2)=0
Displacements and rotation for fully composite beams (oL = o)
(C+Fd,) L? (C+Fd,) L

v, (L/2)= 9.0)=-0,(L)=

8EJ 2EJ

o0

Constants and functions
¢, =1+l k tanh(alL/2),

sinh[aL/2 (1-2x/L)]
oL €, cosh(al/2)

cosh[aL/2 (1—2x/L)]
¢, cosh(alL/2)

f(x)= ! g(x)=—f'(x)L=

Displacement field for x <L/2

L

Ld,, f
ul(X) = (\Doo (0) d]_oo (1_21)4- C + Fx do — C Lo (X) ,
’ EJ, EJ,JEJ /E),-1

EJ EJ, ) EJ,/EJ, -1

o0

Ld, f
u,(x) =-o,(0) dsz (1—2%j—[C +Fdg _ C J 2,00 (x)

) . .
V() =v.(L/2) ﬂ(l_ij_ C+Fd, C |2aL smh(oex/zzzsmh[ocL/Z (1-x/L)]
L EJ EJ, (ak)“€, cosh(al/2)

o0

0 () =— C+Fd, C Ld, f(x)
EJ, EJ, J1-EJ,/EJ,

Stress resultants for x <L/2

N0 =Ny () = EA 100 = -2 d, [2% © {

C+FRd, C L g(x)
EJ, EJ,)EJ /EJ,-1

M. (x)=-EJ, v'(x)=(C+Fd,) %[1— g(x)]+CIIEE‘—\;]i g(x) fori=1,2

M(X) = M1(x) + M2(x) + [N2(X) d2,.0 — N1(X) diw] =C + Fx do
dlEZJZ — dZEl‘]l

T,(x) = =T, (x) = M{(x) + k;, d; U, (x) = kqu, (x) £

TX)=Ti+T2=0

15



S.9. Cantilever two-layer beam subjected to a vertical end point load Fy

F,
A 4
1
* 2
Y |
L |
Boundary conditions
v(0) = u1(0) =u2(0) =v'(0) =0
E,AU; (L) —k,u, (L) =0, E,AU; (L) +k, u (L) =0
EJ V(L) + IZhdouS (L)=0, EJv"(L) —k,dou (L) =—F,
End vertical displacement and rotation for fully composite beams (aL = «)
v (L)= F, L3 ()= FyL2
ATV LR T-T]
and end rotation for non-composite beams (aL = 0)
(L) = F, L*
Pt =58y,

Constants and functions

¢, = tanh(alL) [1+ oL & tanh(al/ 2)]/[1+ oL & tanh(cL)]

f (x) = cosh(ax) — €, sinh(ax) , g(x) = f'(x)/ o =sinh(ax) — €, cosh(ox)

Displacement field

5 =0.() . F—LX—[S oy (09 —1)} , 000 =~ w0

F
a3 B e

B 1-f(x) F (. E}),
Uus(X) =20, (L) d, (o)’ —khdo(l EJJ[l f(x)]

Stress resultants

L EJ, X 9(x)
N,(X) =—N,(x) =EA u;(X) = F d (l EJ ](1_E+Ij

EJ L oL EJ

00

M, (x) = —E,J, v/(x) =—F,L =1 {1—5+i( EJ, j (x)} fori=1,2
M(X) = M1(X) + M2(X) + [N2(X) d2,0 — N1(X) d1.] =— Fy L (1 —x/L)

, - EJ d,EJ, —d,E,J, _
T.(X) = M{(x) +k, d;u,(x) = F, EJo + kug (x )—E‘]O fori=1,2
TX)=T1+T2=Fy
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S.9. Cantilever two-layer beam subjected to a vertical end point load Fy (continued)

Cantilever two-layer beam fastened at the beam end only (aL = 0)

aL X
4,(x) = L)d —
1( ) (Pw( ) 1,0 1+al) L
aL X
a(x)=-o_ (L)d, ———
2( ) (poo( ) 2,00 (1+&L) L
2 A
V(X):VW(L)[EJ 3 X, [B 4 6+3(}L X
2 (L L | EJ, 2(1+4L) L
X|2+aL x
a.(x)=o,(L)d, — S—
~ A L EJ alL
N,(x) ==N,(x) =F 1-=—2
1) (%) y2d0( EJOOJ(1+&L)

M () =—F LSt X (Bl 4 2+0L X
| CEL T LR, \2@eal) L

M (x) = My (x) + M, () + [N, (x)d,, - Nl(x)dl,w]=—FyL(1—{j

. EJ
T0=F 25"

0

T =T.()+T,(x) = F,

fori=1,2

fori=1,2

17



S.10. Simply supported two-layer beam subjected to a point load Fy at midspan

L2 L2
Boundary conditions
E,AU;(0) +k,u, (0) =0, E, AU;(0) ~k, U, (0) =0
v(0) =0, EJ,v"(0) — k,du, (0) =0
uz(L/2) = uz(L/2) = v'(L/2) =0, EJV"(L/2)=-F, /2
Vertical displacement at midspan and end rotation for fully composite beams (aL = )
F L F L
L/2)=—2—, 0)=—2
V(L2 = 28y =165
Constants and functions
¢, =1+ol « tanh(alL/2), ¢, =1+al ksinh(alL/2)
F(x) = ¢, sinh(ax) —alL « [cosh(aL /2) —1] cosh(ax)
oL ¢, cosh(al/2)
9(x) = F/(X)L = ¢, cosh(ax) — Od: & [cosh(aL / 2) —1] sinh(ax)
¢, cosh(alL/?2)
Displacement field for x <L/2
2
X 8 E,A
u(x)=0,(0)d,, 1-4| —| - 1-g(x)|¢, u,(x) =——22u,(x
(0=0.0) { ] b )]} 00 =0,
? FL ] _
v(x) =v, (L/2) X 3—4(5J BJ, _j|jx_Klcosh(ab/2) =1
L L 20°EJ, EJ L ¢, cosh(alL/2)
F,d, F, EJ
u,(x) = 1-—2 |[1-g(x
(0 =5 6. L-g(0]= P, ( EJJ[ 9(x)]

Stress resultants for x <L/2

N, (x) =N, (x) = EAu(x)——E[l— £, J(—— ()j

2d EJ.
F L
M. (x)=-E,J, v'(x) =—— EiJ, L B, f(x) fori=1,2
2 EJ,|L |EJ,
M(x) = M1(x) + M2(x) + [N2(X) d2,c — N1(X) d1,0] = Fy x/2
F E J. dEJ,—d,EJ. .
T.(x) = M/(x) +k, d, u (x) == ==L +k,u B Rt S R & fori=1,2
00 = Mi()+, 0,09 = Z+ku, (0 ==

TX)=T1+T2a=Fy /2

18



S.10. Simply supported two-layer beam subjected to a point load Fy at midspan (continued)

Simply supported two-layer beam fastened at both beam ends only (aL = 0) for x <L/2

. aL (o 2x
0, (x) = ¢, (0)d, 2+al) (1 ] j

i () = — _ab (o2
UZ(X)— (Poo(o)dz,oo (2+&L)(1 j

vt B {2 )
0 0 +oal L

+
L Ed) L
EJ, J(2+aL)

. FLEJ :
M) =Sl 2ok fy B, fori=1,2
4 EJ,| L 202+an)” EJ,

M (x) = M, (x) + M, (x) +[N,(x)d,, —N,(x)d, ] = %

R F, EJ
Ti(x):_y_E'\JI

fori=1,2
2 EJ,

T00=T,00+ 00 ="

19



S.11. Simply supported two-layer beam subjected to a point load Fy

le
1
2 2
; [ )
V
Ly

—— -—

Lg

Boundary conditions

E,Au;, (0)+k,u,, (0)=0, E,AU (L) —K,U, (L) =0
E,Au; (0)—k,u,, (0)=0, E, AU} (L) +k,U, o (L) =0
v (0)=0, vg(L)=0

EJov/ (0) —k,dou,, (0) =0, EJova (L) +K,dgu, (L) =0
U (L) =uR(lLy), Upr (L) =Uye(Ly)

U (L) =uie(Ly), Up (L) =Use(Ly)

v (L) =ve(L), vi(Ly) = Ve (L)

EJovi(L) - kthus,L(LL) = _Fy Le /L, EJovr(L) - khdous,R (L)= Fy L. /L

Vertical displacement for fully composite beams (aL = o)

F L, x
v, (X)=—L2 2L L, +L2-x? foro<x<L
L,oo() 6EJOOL( LR L ) =A=LL
F L X
Vo (X)=—L]1-2|[2L, L, + L2 — (L —X)? forLo<x<L
00 = g (1 ot () L<xs

Constants and functions

f (x) = sinh(ax) + aL k cosh(ax) , g(x) = f'(x)/ o = cosh(ax) + aL ksinh(ax)

A

6 - %cosh(aLL 12) sinh(aL, /2) —L—LRcosh(ocLR 12) sinh(aL, /2)

A

A K . _h .
¢, = f(L/Z)g(L/Z){smh(aLR/2)g(LR/2) 3 smh(aL/Z)g(L/Z)}

f(X) = o f(Lllz)g(le){g(LRIZ)sinh(ocLR 12) f (x) - oLy & g(L/2)sinh[o(L/2 - x)]}

, 1
gL (X) = Lg f

L= 1:(L,Z)g(L/Z){q(LR/2)sinh(ocLR/2)g(x)+ocLR & g(L/2)cosh[o(L/2-x)]}

f(X) = T (L/12) 2 {g(L,/2)sinh(al, /2) f(L—x)—al,&g(L/2)sinh[o(L/2 - X)]}

. 1
%00 ="t =+ a2

{9(L, /2)sinh(aL, /2)g(L-X)+al, &kg(L/2)cosh[a(L/2 - x)]}

20



S.11. Simply supported two-layer beam subjected to a point load Fy (continued)

Displacement field for 0 <x < L.

, FLd, |L, (EJ, 2k 6 E
ul,L(X):VL,w(X)dl,m_IE\Jyw(—Oi)z{TR"'(EJO -1 f(L/IZ)_gL(X) ) uz,L(X)z_E:ﬁz U, (%)

F L3 30
v =v, )+ [ Bl g fle 2KG X o Lag (g
' EJ_(aL)? | EJ, L f(L/2))L L

F,Ld, [L,
Us,L(X)_m[—— L( )}

Displacement field for Lo <x <L

ul,R(x)zv'R,Ax)ddem{“ fEJ 1] 2k¢, —gR(x)}, b, =~ By ()

EJ. (al)? EJ f(L/2) E,A,
VR(X):VRDO(X)+ FYL3 Z(E‘]w _1j|:i(1—1J_&i+éz—i fR(X)i|
' EJ_(al)?| EJ, LU L) fL/2)L L
FLd, L,
us,L(X): m‘:__ R( ):|

Stress resultants for 0 <x<L_

Ny () =N, (X) = EAA U, () = - 1% [1 H][——f()}

d, EJ.
E,J; EJ )
M, (x) =-E]J; v”x—FL + = f (x fori=1,2
i (X) (x) EJ. L_ (EJO ] L )}

ML(X) = M1,.L(X) + M2,.(X) + [N2,0(X) d2,0 — N1,.(X) dic] = Fy Lr X/L

L; EJ, dEJ, —d . EJ .
T, (x)=F ®==L4+k.u Rl B o Rt fori=1,2
(0 = U, (0 S

Te(X) =T+ ToL=Fy Lr/L

Stress resultants for Ly <x<L

F LL( EJ, J
Nur () = ~Ny o () = EA UL () = 1t 1 [1———f (x)}

d, EJ L
EJ X EJ .
M, s (x) =—E;J, v"x_FL 1-—+ > 1| f(x fori=1,2
ir(X) (X) E\]J L [EJO J r( )}

MR(X) = M1r(X) + M2Rr(X) + [N2Rr(X) d2..0 = N1Rr(X) di] = Fy L (1 - X/L)

L, EJ dEJ,—-d,EJ .
T.(X)=-F ="t 4ku_.(x) —2L—0—"1 fori=1,2
700 ==, k(0 S

Tr (X) =Tir+ Tor= Fy L./L
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S.11. Simply supported two-layer beam subjected to a point load Fy (continued)

Displacement field for k, = 0and 0 <x <Ly

, FL°d,, ( L, sinh(aL,)cosh(ox E
ul,L(X):VL,oo(X)dl,co-i_y—l'?_ -+ ( - R) ( ) | u2,L(X):_ lAi Ul,L(X)
EJ_ (alL) L sinh(oll) E,A,
F L i i
U () =V () + ), i(ﬁj_smh(al__,?)smh(ax)
' EJ (al)?| EJ, L\L aLsinh(aL)
0 (X) = FLUdy (L, sinh(alg)cosh(ox)
st EJ,(al)?| L sinh(alL)
Displacement field for k, =0 and L <x <L
F,L°d,, (L, sinh(aL,)cosh[a(L—x)] EA
u-)=v. (x)d _ ¥y Lo L L ’ __h=
Lr(X) = Ve, (X)dy, + EJ_(al)’ ( L sinh(al) Uy & (X) ) Uy & (X)
F,LC - - _
Vo (X) = Vi () + = EJ, i(l—ij— S|nh(ocLL)§|nh[a(L X)]
: EJ, (aL)?| EJ, LU L aLsinh(aL)

o=l (LL Si”h(aLL)cosh[aa—x)lj

EJ,(al)?\ L sinh(alL)

Stress resultants for k, =0 and 0 <x < L

Ny () = Ny, () = E,A U, () =~ % (1_ EJ, j { x_ Sinh(aLR)Sinh(ax)}

d, EJ,J|L  oal,sinh(ol)
M., (0 = F, L, E.J, §+ EJ, 1 smh(ocLF?)smh(ocx) fori=1, 2
’ EJ,|L (EJ, oL, sinh(al)
ML(X) = |\/|1,|_(X) + |\/|2,|_(X) + [Nz,L(X) 20 — N1,|_(X) d1,oo] =FyLr x/L
T (X) = Fyi E.J, +k,U, () diEJ, —doEyJ; fori=1,2
' L EJ, ’ EJ,

Te(X) =T+ ToL =Fy Lr/L

Stress resultants for k, =0 and L <x <L

Ny () = —Ny () =~ 2 (1_ EJ, j {1_1_ Si”h(aLL)Sinh[a(L—x)]}

do B, L al, sinh(aL)
Mir(x) = F,L L 1—1+ EJ, -1 smh(aLL)S_mh[a(L_X)] fori=1,2
| BJ.l L (B al, sinh(al)

Mgr(X) = M1r(X) + M2r(X) + [N2r(X) 02,0 — N1r(X) d1] = Fy L (1 —X/L)

L EJ, d,EJ, —d,E,J,

T .(X)=-F
() YL EJ, EJ,

+KyUg 5 (X) fori=1,2

Tr (X) =Tir+ Tor= Fy L./L
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S.11. Simply supported two-layer beam subjected to a point load Fy (continued)

Simply supported two-layer beam fastened at both beam ends only (aL = 0)

FLL.d - 0
d,(x) = L == l"’[E‘]w L LL+ 3oL (1—25ﬂ forO<x<L

12E), |EJ, L  2+aL L
FLL.d _ 5
U, (x) = ——L =R 2> B, L I‘L+ 30‘1‘ 1-2X forO<x<L
12E), |EJ, L  2+éL L
FLLL 2] 5
9, () = e XY B L "L+3—2£(5) [ Ea g 80k (1—5) for0<x<L.
12EJ, L|EJ,| L L L EJ, J2+aLl L
F,L L d,
u; (X) = 1—— +5 - L X for0<x<L.
2EJ, 2+a|_ LU L L

A CFRLLL( X
Ve (X) = -7
12EJ L

2 A
i_ﬁ AL B, 30‘} X forLL<x<L
L L L EJ, 2+alL L

FL L d,
0, o (x) = _ +i - Xl b b X forLo<x<L
2EJ, +al LT L LU L L
Nl(x):_Nz(X):_Fy LLLR 1- EJO OLI: for0<x<L
2Ld, (2+4L)

n FL L EJ 5

M, (x) === B L x_ OLLA 1- EJ, fori=1,2and 0<x<L_
’ L EJ,|L L 2@2+al)" EJ,

n n n ~ ~ F,LsX

M (X) =M, () +M,, (X)+[N,(x)d,,, —N,;(x)d; .]= yL for0<x<L

R F L. EJ.

TiL(X)=y—Rﬂ fori=1,2and 0<x <L,
' L EJ,

. . . F L,

TL (x) = T1,|_(X) +T2,|_(X) = yL forO0<x<L

F,L Ly ;
M, (x) = L+F B L(l—ﬁJ— OLLA 1- EJ, fori=1,2and Lo <x<L
L EJ,|L\U L) 2@+aL) EJ,

Mg (X) = My (X)+ M, (X) +[N,(x)d,, —N,(x)d, . ]1=F,L, (1—9 forL <x<L

. F L

Tir(X)=~- < LEJ fori=1,2and L. <x<L
| L EJ,

. . . F L

Ta(X) = Tl,R(X) +T2,R(X) == yL for0 <x<L
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S.12. Simply supported two-layer beam subjected to two point load Fy

' L, L2, L |
Boundary conditions
E1A1U1’,|_(0) + khus,L(O) =0, U, ¢ (L/2)=0
E,AU; (0) -k, (0)=0, Uy (L/2) =0
v (0)=0, ve(L/2)=0
EJov! (0) —k,dgu,  (0) =0, VI(L/2)=0
ul,L(LL)zul,C(LL)7 u2,L(LL) :u2,C(LL)
ulr,L(LL):ui,C(LL)1 u;,L(LL) :u;,C(LL)
VL(LL) :Vc(LL) ) VL(LL):V(,:(LL)
E‘]OVE,(LL) - khdous,L(LL) = _Fy ) E‘JOVg(LL) - khdous,c (LL) =0
Vertical displacement for fully composite beams (oL = o)
F L ?
v (X)=—2 Xlgbefi Loy (X forx<L.
' 6EJ, L| L L L
FL L L) X X
Ve (X) = === +3—]1-— forLL<x<L/2
‘ 6EJ, L L L L

Constants and functions

¢, =1+ alLktanh(al/2), ¢, =1+oLktanh(al, /2)

¢, =——12sinh(al, /2)sinh[o./2(L—-L, )]-aL, sinh(alL/2

= coshiaL/2) 2SNl /2sinhle/2(L - L))~ ol sinh(al./2)}

f(x) = cosh[o(L/2—L, )]sinh(ax)
YT allé, cosh(al /2)

A

¢ .\ _ 2K sinh(ax/2) {

fL(x) &, cosh(al/2) sinh[oc/2(L—x)]+cosh[a(L/2—LL)]sinh(ocx/2)}

1 erpoy  COsh[a(L/2—L, )]cosh(ax)
900 =L 109 = ¢, cosh(aL/2)

N 2, LK
6.0 =L f/(x) = ———=

& ooshiaL2) ST/ 2 X+ coshfa(L/ 2 L )lsinh(ax)}

{ (x) = CSinn(@L, ) coshlo(L/2-x)]
) al ¢ cosh(al /2)

. & sinh(aL, )sinh[a(L/2—X)]
X)=—-L fl(x) =2 L
9 () c() ¢, cosh(aL/2)
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S.12. Simply supported two-layer beam subjected to two point load Fy (continued)

Displacement field for 0 <x < L.

F L?d, 1— 4
ul,L(X)=V'|_’DO(X)dlm— yL O, 1-g,(X)— g, (x)

, uz,L(X) == ElAi ul,L(X)

EJ, (al)? E,A,
_ RE (B), X ¢ n_ ¢ CFRLdy1-g,(0-6.(%
vL(x>—vL,w(x)+ij(aL)Z(EJO 1JL f(X) fL(x)] U 00 =55 oL

Displacement field for Lo <x <L/2

FLd;, go(x)

Uye () =Ve, ()d, , - Uy (X) = — 22y, (x)

EJ, (ab)®’ | E,A,

FL : F,L%d
Ve () =V o (X) + ———— B, , l‘L St U, o (x)=—L—2 O_gc(xz
' EJ, (aL)®| EJ, &L ¢ ' EJ, (aL)

Stress resultants for 0 <x<L_

FL "
Nu (9= =N,y (9 = EA UL () = - d[ = j(—-f()—ﬂJ

, E.J, EJ, f(x) _
M, (X)=-EJ;, v[(X) = FLEJ {LJ{EJO 1J(fL(X)+ o ﬂ fori=1,2

ML(X) = |\/|1,|_(X) + |\/|2,|_(X) + [Nz,L(X) dz,oo — N1,|_(X) d1,oo] = Fy X

Ti,L(X) =M i',L(X) +k, d, us,L(X) = I:y EIJJi + khUs,L(X) diEJOE;\]C]OEP]i fori=1,2
0 0

TL (X) = T1,|_ + T2,|_ = Fy

Stress resultants for L <x<L/2

F L
Nl,c (X) = _Nz,c (X) E A1 ulC (X) = [ &j I:%_ fc (X)}

do EJ,
EJ; | L EJ .
M c(X)=-EJ, v (x)=F L=— © 1| f.(x fori=1,2
s B2 (& o
Mc(X) = M1,c(X) + M2,c(X) + [N2c(X) d2.o — N1.c(X) di] = Fy LL
Tic () = M{c (X) +kj, d; Ug o (X) = Ky o (X) diEJOE;‘]dOEiJi fori=1,2
0

Tc(X)=Tic+Toc=0
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S.12. Simply supported two-layer beam subjected to two point load Fy (continued)

Constants and functions for k, = 0

6 =¢=1, ¢ =0, fL0=9.00=0

£ (x) = cosh[o(L /2L, )]sinh(ox) 0 (x) = L /() = cosh[a(L /2~ L, )]cosh(ax)
- aL cosh(aL/2) ’ - - cosh(aL/2)

£ (x)= sinh(aL, ) cosh[a(L/2-X)] 0. () = —L £/(x) = sinh(aL, )sinh[o(L/2—X)]
¢ aL cosh(al/2) ' ¢ ¢ cosh(alL/2)

Displacement field for k, = 0 and x < L,
F,L°dy, 1-g, ()

Uy (X) =V, (9., - , Uy () =~y (%)

EJ, (aL)? ' E,A
) FE (B3, \x_ _RLdy1-g,(x)
VLX) =V (X) + E1 (o) ( e 1]{ 1 fL(X)} , U (X) = £l (al)?

Displacement field for k, =0 and L. <x < L/2

, F L2d » 0c(X) E
U c (x) = Ve o (x) dl,oo - yE‘]: (OLCL)Z : U, c (x)=— Ezli‘lz U c (x)
FL (EJ L F,L%d, g.(x)
Ve (X) = Ve, (X) +——2 1| =+-f.(X)], u. . (x) = —2—03c?
(9 =Ve,. () E%#RY(E% J{L 4)} 0 ===
Stress resultants for k, = 0 and x < L,
FL EJ,
N1,L(X)=_N2,L(X) EAiulL(X)__d_O£ EJWJ(__]: ( )j
EJ EJ .
M, (X)=-EJ; v[(x)=F,L f fori=1,2
(0= —EJ v (x) = EJ{L (B j (ﬁ
M(X) = My,L(X) + M2,.(X) + [N2,L(X) d2,0 — N1,.(X) d1 ] = Fy X
T, (X)) =M/ (X)+k, d,u, (X)= F, EJ, +kyug  (X) M fori=1,2
’ ‘ ' EJ, ' EJ,
TLX) =Ty +ToL=Fy
Stress resultants for k, =0 and Ly <x < L/2
, FL EJ L
Nyc (X) ==N,c(X) = E/A U (X) = _dLO Ll_gzj (TL - fe (X)j
EJ; | L. EJ .
M. =-EJ =F L f fori=1,2
00 =-EJ () =F L [L+(B j uﬁ i
M(X) = My,L(X) + M2,L(X) + [N2,L(X) d2,0 — N1,.(X) d1,] = Fy LL
, d,EJ, —d,E;J; .
Tic(X) = M/ (X) +k;, d; ug c (X) = KUy o (X) —=——"—— fori=1,2

EJ,
Tc(X)=Tic+Toc=0
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S.12. Simply supported two-layer beam subjected to two point load Fy (continued)

Simply supported two-layer beam fastened at both beam ends only (aL = 0)

F L*d 5
G, (x) == ol ﬁ(l—ij(l—zf} forx<L/2

EJ. 2(2+6l) L L
FL°d 5
U,(x) =————2= OCLA i(l—ij(l—zﬁ) for x <L/2
EJ. 2(2+al) L L L
F L 2
0, ()= X]_3 i@—ij ix+aL £ (1—% —(ij forx < L.
6EJ, L |2+6L L L Bl U L L
F L% ?
a, (x) =22 25(1—L jlﬂxx [ﬁj for x < L.
’ 2EJ, | L L)2+aL (L
FL 2
0=k (i} L JeisaL i+&(1—ij 5(1—5j for L <x<L/2
6EJ, L | \ L) 2+aL L B3 U L)Ll L
F L*d
6,.(x=2-ok 2(1—L—j Lrax L _,x for Lu <x<L/2
* 2EJ, L L)2+aL L L
. . FL L EJ,) 4L
N,(X) ==N,(x) = E,A G/(X) = ———=|1-—=t || 1- =2 forx<L/2
0= N0 =EA B = ( Lj( EJJ2+&L
M, ()= F,L 5% i(l—"} B, 4] ot [BlXx fori=1,2and x<L/2
EJ.| L L)\ B3, J2+al EJ, L
ML(X) = Ml,L(X)+ MZ,L(X)+[N2(X)d2,w - I\All d,,.]=Fx forx<L.
A EJ. .
T . (x)=F—= fori=1,2andx <L,
: EJ,
T.(X) =T, (X)+T, (x) =F, for x <L
E, ; 5 .
Mo (X)=F,L, Jif ok fy L) B 2+al, fori=1,2andx> L.
EJ, |2+aL\" L) EJ, 2+4L
M (X) =M e (X) + M, () +[N,(x)d,, —N,d, . ]=F,L, for LL<x<L/2
fi,c(x)=0 fori=1,2and x> L.
Te(X) =T (X)+T,c(X) =0 for LL<x<L/2
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S.13. Cantilever two-layer beam subjected to distributed axial loads gx1 and gx2

q:r,I
- - - —- | |
—- X —- ——
qx,?
Iy
' L
Boundary conditions
v(0) = u1(0) = u2(0) =v'(0) =0
E,Au!(L)—K.u,(L)=0, E,Aul(L)+k, u,(L)=0
EJ,Vv"(L) +k,d,u, (L) =0, EJv"(L)—k,d,u (L) =0
End displacements and rotation for fully composite beams (oL = o)
(Qs +Au2) L’ c,L L L
uoo(L)= - 2 1 Voo(L):—’ (poo( )_
2(E,A +E,A) 3EJ, 2EJ
Where Cw = q)(,ldl,da - qX,ZdZ,w
Constants and functions
¢, =1+oalL «k tanh(al), ¢, =1+ oL k tanh(alL/2)
£ (x) =sinh(ox) - 2 tanh(ail) cosh(ax),  g(x) = f'(x)/ = cosh(ax) — 2 tanh(aL) sinh(ax)
Cl 1

Displacement field

ul(x)=<uw(L)+cpwdl,w>{( —{

2¢,d,,
(aL)’(EJ_/EJ —1)[ ~9(x)]

)
j 2¢.4d,..

X
UZ(X)z(U”(L)_%dZ'”)E( (aL)?(EJ, /EJ —1)[ ~900]
v(x)=L(L) (ﬁjz(fz—ﬁ}—L ocx+—tanh(ocL)(cosh(ocx) 1) —sinh(ax)
2 (L L) (aL)? ¢,

(e G ) L o C, C, Bl
us(x)‘(EzAz EA](GL)Z -oMl=- e eyt 9= gy 9]
Stress resultants

3 oy BAL X}, CL{, EJ), X_ f(x)

N, (x)=EA Ul(X)_E—lAi"'EzAz (qx,1+qx,2)(1 L]‘*‘ d, (1 EJOOJ{]- L OLL(EJOO/EJO—].):|

B , _i X _C.L(, EJ X f(x)

N0 =B UZ(X)_E1A1+E2AZ (qu1+qu2)(1 Lj d, (1 EJJ{l L aL(EJOO/EJO—l)}
M. (x) = —E.J. V'(X) =—3ch(1—5+@) fori=1,2
EJ, L oL
M(X) = M1(x) + M2(x) + [N2(X) 02,0 — N1(X) d1,c] =— Cw L (1 —X/L)
Ti(X):d EOTJ [1_g(x)](doE1‘]1_d1E‘]o) fori=1,2

TX)=T1+T2=0
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S.13. Cantilever two-layer beam subjected to distributed axial loads gx: and gx2 (continued)

Cantilever two-layer beam fastened at the beam end only (aL = 0)

R X X ¢.d, . X(2+aL X
G,(X)=(u_(L)+¢d, )—|2—— |+ : = _Z
()= (L+e. 1‘°°)L( L) (BJ, /EJ, -1 L[1+&L Lj

. X X ¢,d,, X(2+aL X
U,(x) =(u,(L)-o,d,,.)—| 2—— |- : = _Z
00 = (De. 2'°°)|_( Lj (EJ,/EJ,-1) L(1+dL Lj

V(x) =v&/2)%(8

e E[ZWL_KJ_} AL gl 5(2+&L_xj
S 2(EJ, —EJ,)L\1+aL L

2| E,A, EA JLUL+aL L
Nl(x):i(qquyz)(l_i}% E3, (EJw _1j(1_£j+2+_0t}_5
EA +EA, L) d, EJ, || EJ, L) 2@+aL) L
N, () = 2t (qx,1+qx,z)(1—ij—CwL = (EJ«v _1j(1_1j+—2+°£L X
EA+EA, L) d, EJ, |\ EJ, L) 2@+al) L
M (x)=—c Lo ok fori=1,2

EJ. 2(1+6L)
09 =W, 4,0 +[N,001. ~ (19,1 =-C. 1

T(x)=0 fori=1,2

T(X)=T,(x)+T,(x) =0
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S.14. Cantilever two-layer beam subjected to a distributed load qy

IR AR AR A

Y
1 7 1
Boundary conditions
v(0) = u1(0) =u2(0) =v'(0) =0
EAu;(L) —kyu, (L) =0, E, AUz (L) +K, Uy (L) =0
EJ,Vv"(L) +Kk,d,u, (L) =0, EJv"(L)—k,d,u (L) =0
End vertical displacement and rotation for fully composite beams (aL = o)
q,L* q,L°
Vv L = J f L = y
(L) = 0. (L) 6E].
Constants and functions
¢, =1+oal k tanh(al), ¢, =[1+ aLsinh(aL)]/(¢, cosh(aL)) + (aL)® &/ ¢,
0= 1L i laLsinh(e)—¢,coshi@]. 909 = f'(x)L:iL [l cosh(ax) — ¢, sinh(ax)]
a (08

Displacement field

_ X (XY (XY __6 (;_x_ __EA
ul(x)-cpw(L)dl,{sL 3@ {J PR (1 ” g(x)ﬂ, (0 =~ 5 0.0
v(x)=v°';(|')(5j2{6—45+(5j2}+ qy2L4 (EJm—ljF(l—Lj—é—zz—f(x)}

3 (L L (L (aL)’EJ, | EJ, LU 2L) (ab)

B qust 1 X 3 qu 3 EJO X
0= (el {1 ] g(x)}khdo (1 EJJP ] g(x)}

Stress resultants

NI(X)Z_NZ(X):ElAlul,(X):quL (1_ E%j{(l—f] N i)2+2f(x)}
o

d, U EJ, L) " (
L2 I 2
'\"i(X)Z—EiJiV”(X):_qy—ﬂ (biJ 2|5 . ~+ (%) fori=1,2
2 B, |U L E), )\ (L)
M(X) = M1(X) + M2(x) + [N2(X) d2.. — N1(X) di] =gy L%2 (1 —x/L)?
: EJdi(, X d,EJ, —d,E,J. a
700 = M09+ 0,09 =, L £ (1| ) BB, fori=12

TX)=T1+T2=qyL (1-xL)
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S.14. Cantilever two-layer beam subjected to a distributed load gy (continued)

Cantilever two-layer beam fastened at the beam end only (aL = 0)
aL x

u(x)=e,(L)d,, @ral)L

0,(x) = - Elii 0,(x)

2 2 2 A
wx):w)(é 6_4£+(ﬁj+5w_ 6_4£+(éj_2a}
3 L L \L EJ, L \L 1+al

L3d B 2 A
0,(x)=h=To X 3_314{1] aL }

6EJ, L L \L) 1+aL
9l (. EJ,) aL
N,(X) =-N,(x) = L—[1- =2
109 =N () 6d, ( EJJH&L

M (g B Ed (11)2 ), _ (1_)a_t
YT 2 B, L EJ, L) 3(+aL)

M (x) = My(X) + M, (x) + [N, (x)d,,. - N,(x)d, ] - (1_5

2 L

A X\EJ
T(X)=q,L|1-—|—1L
) qy[ JEJO

709 =00+ 7,0 =q,L 1

)

fori=1,2

fori=1,2
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S.15. Simply supported two-layer beam subjected to a distributed load gy

Boundary conditions
E,Au; (0) + k,u, (0) =0, E, AU} (0) —k, u (0) =0
EJV"(0) —k,d,u, (0)=0, v(0)=0
ur(L/2) = ux(L/2) = v'(L/2) =v™"'(L/12) =0
Vertical displacement at midspan and end rotation for fully composite beams (aL = «)
5 qu4 qu3
9,.(0) =

v (L/2)=—> 2~
384 EJ, 24E]

Constants and functions
¢ =[1+(0cL)2f</2]/[1+ oL k tanh(alL/2)]
f (x) = ¢ sinh[o(x—L/2)]/[aL cosh(al/2)], g(x)= f'(x)L = ¢, cosh[o(x—L/2)]/cosh(aL/2)

Displacement field for x <L/2
} A 0L

X\’ x)' 24 [1 «x
Ul(X):(POO(O) dl,oo {l_G(E) +4(Ej _W{E_E_'—f(x) UZ(X)Z—E

_ gl | x x) (xY 12 (EJ, X X 2 .
Vo) —{E {1‘2@ [E) }—(auz (EJO ‘1J [E [1‘1)‘—@@2 [Clg(x)]}}

2

 24EJ
°d L
0, (x) = b= 12[1—5+f(x)}=qy 1-E F—iﬂ‘(x)}
EJ, (L |2 L kd, . EJ )2 L

Stress resultants for x <L/2

L2 _
N, =N, (0 = EA () =~ 2 [1—%} {{ [1-3)-2E-9 [iaf)ﬁx)]}

M () =8 Vi) = % % {45 (1_E)+( gw _1j i [t;l_g)(zx)]} fori=1,2

L

M(x) = M(x) + M2(x) + [N2(X) d2,o — N1(x) di.c] = qy X (L —X)/2

T, (x) = M/(x) +k, d; us(x) = &= ﬂ (1—%j+ kU (X) d,EJO—d.JE,J, fori=12
2 EJ EJ,

T(X) =T1+ T2 =qy (L —2X)/2
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S.15. Simply supported two-layer beam subjected to a distributed load gy (continued)

Simply supported two-layer beam fastened at both beam ends only (aL = 0) for x <L/2

. aL (o 2x
0, (x) = ¢, (0)d, 2+al) (1 ] j

0.0 =~ 09

L4 2 2 A
i) = 5(1_1 1+z_(1j o B 1+1_(é) A
24EJ, L L L L EJ, L \L 2+al
L%d i 2
GS(X)ZM@_QJ ﬁ_(iJ —r
12EJ, L)L (L 2+al

. . L2 A~
N, () = =N, () =~ [ 1 2o | 9L
12d, | EJ, J2+aL

; L* E,J, .
(9 = b= B 45(1—5} S 45(1—5}—20": fori=1,2
8 EJ,| LU L) \EJ LU L) 3(2+aL)

M (X) = M, (X) + M, () +[N, () d,, =N, (x)d, ] = 4L ﬁ(l‘ij

2 L L

L XJE“]‘ fori=1,2

T.(x)=q,L| =-—
(=4, (2 L) EJ,

A . - 1 x
709 =T00+T,00=a,t (3~
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S.16. Simply supported two-layer beam subjected to a sinusoidal load go sin(wx/L)

(0

L
Boundary conditions
E,Au.(0) +k,u, (0) =0, E, AU, (0)—k, u,(0)=0
EJ,V"(0) —k,d,u, (0) =0, v(0)=0

us(L/2) = up(L/2) = V'(L/2) = v (L/2) = 0

Vertical displacement at midspan and end rotation for fully composite beams (aL = )

1 gL' 1 g,L°
v, (L/2)=—2—, 0)=——2—
AL12) =8y 0.0=¢r
Constants and functions
¢, =1+oaLktanh(al/2), €=
C,[(aL)” + m“]cosh(al / 2)
2 2
E‘]ef = EJw—(aL) R , Bz (aL)Z +n2i
B EJ,

q,(X) = g sin(mx/ L)

Displacement field for particular solution (also referred to gamma method)

, (aL)’ EA
ul,p(x) :Vp(x) dl,oc T! u2,p(x) = E;Az ul,p(X)
qy(X)L4 ' qOL3
v (X)=—2—"—, vV (X) = cos(mx /L
() ="egs () = gy cos(m/L)
3
U, () = qoL docosgnx/i_)
nEJ, (aL) +mn
Displacement field
2 A A Elp‘l
U, (x) =t , (x) + 9, (0)d,, ©* all &, sinh[a(L/2 - x)], U, (%) = - =L, (x)

E,A

v(x) =V, (X) —2vw(L/2)(%—1]n3 ¢, sinh(ox/ 2) sinh[ou/ 2(L — x)]

0

0, (X) =, , (%) —usvp(O)ﬁ&/z)sinh[a(LIZ— %]
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S.16. Simply supported two-layer beam subjected to a sinusoidal load go sin(zx/L) (continued)

Stress resultants

N, () = =N, () = E,A U], (x) L (1— go j(aL)z ¢, cosh[o(L/2 - X)]

TCdO ©
q,L° EJ; | Bsin(nx/L) (EJ, 2 A o
M. (x) = - -1 L)€, cosh[a(L/2—X fori=1,2
(%) 2 EJ. (OLL)Z—I-TCZ EJ, n(al)® ¢, [ou( )]
L2
M(X):M1+M2+N2d2,w_N1d1,oo—qy(X)
TU
T.00 = %E B cosimxr 1) + kyu, () B ~GoEd: fori=1,2
n EJ, EJ,

TX)=T,(X)+T,(x)= %L cos(mx/ L)
T

Simply supported two-layer beam fastened at both beam ends only (aL = 0)

o aL [, 2x
0,(x) =¢..(0)d,, 2+al) [1 3 j

000 =~ R 609

90 =v. (L12)| Bz sin(ax /L) -| Bz _q | ok 5(1—5j
EJ, EJ, J2+aL Ll L

6,(x) = ?TOE? {cos( x/1)-—2 [1—3ﬂ

0 2+al L
. . L2 A
N, () = =N, (x) =~ [ 1 Eo | 9L
12d, \” EJ, J2+alL
2 A
M, (x) = q0|2_ EJ, = sin(nx/ L) — B, 4 Zalj fori=1,2
T EJ EJ, EJ, n(2+al)
. A . q,(x) L
M(X):M1+M2+N2d2,w_N1d1,w= ’ 2
Y
T (0 = 3ok Bidi comnxr 1) fori=1,2
n EJ

0

T(X) =T () +T ,(X) = cos(rcx/ L)
T
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S.17. Built-in two-layer beam subjected to a distributed load qy

c b R

= 2

Boundary conditions
u1(0) = u2(0) = v(0) =Vv'(0) = 0, u(L/2) = uz(L/2) = v'(L/2) =v"'(L/2) =0

Vertical displacement for fully composite beams (aL = o)

4 X 2 X 2
V. (x )_24EJ (IJ (1_Ej

Functions
f (x) =sinh(ax/2)cosh[a/2 (L — x)]/sinh(aL/2)
g(x) =2f'(x)/a. = cosh[a(L/2—-Xx)]/sinh(aL/2)

[—— f( )}} U (%) = EEl;‘: 0,(x)

2

Displacement field

3 X
()= 12EJ G {E(l 2 L)(l__j

_ gl 1 (EJ,
V(X)_V""(X)+2EJOO (ocL)3£EJO ){ ( ]coth(aL/2)+g(x)}

°d, 1 EJ, \[ x
u()_ EJ, (L)[ L f()} khdo( EJJ{_E”(X)}

Stress resultants

N, () = =N, (x) = E,A U{(x) = 12;( B ]{1_&6(5] M}

EJ Lo\ (L)’
2EJ 2 _
M, =-E, 09 =L By By gl X | By jPI2-al 9] fori=1,2
12 81| L \L) gy, (L)
q,L’ 6X X\
M(X)=M, +M,+N,d, —Nd_=— _6x (X
() 1TM,+N, 0, 1 Y100 12 |: L [ijl
LEJ EJ—dEJ
T (X) = M/(X)+k, d u,(x) :‘Lﬂ[l_ﬁ} k u, (x) JiEdo —doB:J; fori=1 2
2 B3, L EJ,

T(X)=T1+T2=qyL/2(1-2x/L)
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S.18. Built-in two-layer beam subjected to distributed axial loads gx1 and gx.

.1
— — — - = - 1
- X - - - )
y,2
y

Boundary conditions
u1(0) = u2(0) =v(0) = v'(0) =0, ur(L) =uz(L) =v(L) =Vv'(L/2) =0

Axial displacement for fully composite beams (oL = o0) and distributed couple
2
UOO(X) — (qX,1+qX,2)L 5(1_ij,
2(EL[A+EA) L L
Constant and functions
24 [ EJ,
(aL)’
f (x) =sinh(ax/2)sinh[a./2(L — x)]/cosh(alL/2)
g(x) =2f'(x)/ o =sinh[a.(L/2—x)]/cosh(aL/2)

Coo = qx,ldl,oo - qX,ZdZ,oo

c, =1+

J [aL/2—tanh(al/2)]

Displacement field

0, = Y09, € =1 Gl 5(1_5} 2C, 12 f(x)
l G ¢, 2BAL L) d.BEA (aL)ZCh

2(X)_u LX), G- ~149,,L° 1(1_£j_ 2C_ L2 f(X)

c, c, 2E,A L L) d,E,A, (aL)’c,

V(X) = - CEJL (aLl) { {1_3_LX+2( )}{14{%) +4(E) }tanh(aL/2)+g(x)}

f(X)

u(x)——

Stress resultants

szaawmz{ 5A

(qx,l + qx,Z)L + Ch _1 qxi'—:|[l_%j+%ﬂ

EA+EA 2 c, 2 L) d, aLg,
L ¢ -1q,,L

N, (X) = E,A, 1) (X) = EAy (Gt 0i2)b | € —10k @_gj_c LL g(x)

EA+EA, 2 ¢, 2 L) d, alc,

C L EJ 2X ]
M.(X)=—EJ. V'(X)=——= i%i212|1— == oL /2 —tanh(al / 2)] - (aL)? g (x fori=1,2
(0= —EJ,v'(x) «uf%E%{ ( ij (@ n<a)g(%
CL EJ
M(X) =M, +M, +N,d,, —N,d,, =— ? 5 - EJ“°12(1——)[0¢L/2 tanh(aL/ 2)]
C E.J. d,EJ, —d,E;J; .
T(X)=——2—""121— L/2—tanh(aL/2)];+k.u —i=v0 0t fori=1,2
i (X) ‘. EJO{ © I_)3[0c (a0 )]} s(X) £),

T(x)=T1+T2=—%{1 oL )3[ al/2- tanh(aL/Z)]}
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