Supplementary Information
Beyond sensitivity: mechanism-resolved error budgets for designing quantum sensors

Nima Leclerc, Marco Capelli, Kevin James Rietwyk, Mark Dong, Dmitry Lyakh, Geoffrey Iwata,
Brandon Rodenburg, Sean Oliver, Benedikt Kloss, Jin-Sung Kim, Stefan Bogdanovic, Yunheng
Chen, Meysam Sharifzadeh Mirshekarloo, Cedric Weber, Marcus Doherty, Ethan Pratt, and
Joseph Hagmann

Contents
1 Extended Theoretical Derivations 3
1.1 NV Center Hamiltonian . . . . . . . . . . . . . .. .. ... . e 3
1.2 Lindblad Master Equation . . . . . . . . . .. .. L o 6
1.3 Tangent Master Equation . . . . . .. .. .. . . . o oL 9
1.4 Poisson Statistics and Photon Shot Noise . . . . .. .. .. .. ... .. ....... 10
2 Validation and benchmarks 11
2.1 Numerical checks of the assembled model . . . . . .. ... .. ... ... ...... 11
2.2 Tangent master equation versus finite difference . . . . . . . . . .. .. ... ... .. 12
2.3 Benchmark table . . . . . . . . . ... e 14
3 Numerical Implementations and Benchmarks 15
3.1 Temperature-Dependent Phonon Processes . . . . . . .. ... ... ... ...... 15
3.2 Optical readout: contrast and photon budget . . . . . ... .. .. ... ... ..., 17
4 Multi-metric definitions and per-mechanism attribution 18
4.1 The three metrics as functionals of one solve. . . . . . . ... ... ... 18
4.2 Unbiased and biased Cramér—Rao bounds: precision versus accuracy . . .. .. .. . 20
4.3 Per-mechanism attribution by Shapley values . . . . . . ... ... ... ... ... 20
4.4 Uncertainty quantification of the attribution shares . . . . . . . ... ... ... ... 23
5 Noise Models 25
5.1 Noise sources . . . . . . . . . e e e e 25
5.2  From PSDs to Time-Domain Noise Traces and Hamiltonian Insertion . . . . . . . . . 27
5.3 Sensitivity under time-dependent noise . . . . . .. ... Lo oo 29
6 Simulation Details 30
6.1 Multi-GPU CUDA-Q Backend . . . . . . . .. . .. .. ... .. .. ... ...... 30
7 Optically pumped magnetometer: cesium model and cross-platform test 34
7.1 Cesium-133 ground-state model and Breit—Rabi spectrum . . . . . .. ... ... .. 34
7.2 Mean-field spin-exchange master equation and readout . . . . . . ... ... ... .. 35
7.3 Tangent solve for the OPM . . . . . . . .. . . . .. 36
7.4 Cramér-Rao sensitivity . . . . . . . . . Lo 36
7.5 Heading-error accuracy bias . . . . . . . . .. L Lo Lo 37
7.6 Common-mode rejection by principal-component analysis . . . . . . ... ... ... 37



7.7 Equivalent-current-dipole localization . . . . . . . .. ... 0oL 38

7.8 From the model to the Fig. 5 panels . . . . .. ... ... . .. .. 39
8 Charge-state characterization from photoluminescence spectra 40
8.1 Experimental setup and samples . . . . . . . . ... 40
8.2 Spectral features . . . . . . . L e 41
8.3 Spectral decomposition . . . . . . . ... L e 41
9 Outlook: from mechanism attribution to adaptive, meta-learned control 42



Overview. This Supplementary Information provides the derivations, numerical methods, parame-
ter tables, and validation behind the main text. Supplementary Note 1 develops the open-quantum-
system model and the tangent master equation, Note 2 validates them against closed forms, Note 3
gives the first-principles rate and contrast inputs, Note 4 defines the three metrics and the Shap-
ley attribution, Note 5 provides the time-dependent-noise model, Note 6 describes the multi-GPU
implementation and its spatial output, Note 7 expands upon the cross-platform optically pumped
magnetometer, and Note 8 describes the experimental extraction of the charge-state fraction from
photoluminescence spectra. Time-dependent noise, per-pixel spatial structure at GPU scale, and a
second sensor platform are developed here and exercised only in these Supplementary results, while
the main text reports the deterministic single-point and real-device results.

Supplementary Note 1: Extended Theoretical Derivations

1.1 NV Center Hamiltonian

In this paper, we consider the Hamiltonian describing the electronic structure of the negatively
charged nitrogen vacancy center (NV™) in diamond, accounting for the ground and excited triplet
states and singlet states utilizing a 10-level system. The results in the main text are described by
an abstracted Hamiltonian that still accounts for both spatial (positions corresponding to points
in the field of view, r) and temporal (¢) dependencies,

Htotal (I', t) = HO (I'; {gsensor}) + Hcontrol (rv t; acontrol) + Hsense (ra t) + /Hnoise (t) . (Sl)

(S1) comprises a static term Hg (r; {0sensor}) describing the inherent electronic structure of
the quantum sensor, parameterized by the set of intrinsic material constants {fsensor} (€.g. fine
structure constants, spin-orbit coupling, etc), a control term Hcontrol (T t; Ocontrol) that captures
the spatiotemporally dependent microwave or laser drive used to manipulate the quantum sensor,
Hsense (r, ) captures the unknown field being sensed, and Hyoise (t) accounts for time-dependent
noise processes (e.g. microwave phase/amplitude noise, laser noise, etc.).

We ensure that our model properly accounts for phonon-induced temperature dependent rates,
laser-leakage (captured in the master equation approach), and local strain fields by using a 10-level
Hamiltonian in the Ez basis described by [1]. This basis spans the states (|14),]04), | — 14),]1%), [0Z), | — 1%), |1), |0
The states (|1,),]0,), | — 14)) are the spin-triplet states for the ground-state manifold (*Asz) of the
NV~ center mapping to mgs; = +1,0, —1 magnetic sub-levels, <|1§/y>, |0§/y>, | — 1§/y>> map to the
ms = +1,0, —1 spin triplet states for x (or y)-orbital branch of the excited manifold (*E), |ss) is a
shelving-state (SS) corresponding to the collapsed ' E and A singlet levels. The inclusion of these
10 states becomes relevant in high-magnetic field and high-strain environments typically encoun-
tered in quantum sensing applications. Drawing from the NV~ electronic structure formulation
first proposed by [2], we can expand the Hamiltonians for the ground and excited state manifolds
in (S2) and (S3) (the parameter values used and their sources are found in Table S1).

Hy(r,t N 2
9(h’ ) =D, (S;z— 31 ) +

3
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Here, D, is the ground-state fine structure constant, Sy;,¢ € x,y, 2 are the spin-1 operators

(3 x 3), I and I3 are the 2 x 2 and 3 x 3 identity matrices, pup = 2‘;}2& is the Bohr magneton, By
is the static bias magnetic field, 0byeise (t) is the time-dependent background magnetic field noise,
Bgense (t, 1) is the spatiotemporally varying magnetic field being sensed, g, and g. are the ground-
and excited-state spin gyromagnetic ratios, g; is the excited-state orbital g-factor, feontrol (T,%) is
the spatiotemporally varying magnetic field for the microwave drive, corresponding to the quantum
control pulse sequence being implemented, apeise (t) is the multiplicative amplitude noise, wyy, is
the microwave frequency driving the transition between the ms; = 0 and ms; = —1 sub-levels, ¢ (¢)
is the programmable time-dependent phase from the control pulse, d@noise (¢) is the time-dependent
microwave phase noise, and S;:Ol = |0g)(—14| and S 5, = | — 14)(0g| are triplet state operators
describing the population inversion between the mgs = 0 and ms = —1 states under the presence
of a microwave drive. The excited state Hamiltonian H.(r,¢) works in a composite spin-triplet-
orbital-doublet Hilbert space Horbit ® Hspin, Where the 65,7 € {x,y, 2} are the Pauli operators that

operate on the orbital-doublet basis, Dle| and DeL are the excited state fine structure constants along
the perpendicular and parallel directions, Se;,? € {z,y, 2z} are the spin-1 operators for the excited

states, and A\l and AL' are the spin-orbit coupling strengths along the perpendicular and parallel
directions.

Throughout, the Hamiltonians are written in frequency units (divided by h): the Zeeman
couplings (1,948 denote the corresponding Zeeman frequencies fipgg.eB/h = V4B, with 4. =
tvgge/h = 28 GHz/T, and in the effective detuning A.g of Eq. (S9) the carrier and phase-rate
terms are likewise expressed as ordinary frequencies (angular quantities divided by 27), so that
every term on the right-hand side carries units of frequency. Equation (S8) is instead written as an
energy Hamiltonian, with hA.g/2 on the diagonal.

In our implementation, we use a 10 x 10 Hamiltonian constructed from the ground (H4(r,t)),
excited (He(r,t)), and the shelving state (SS) (Egg) states given in (S4). Egg here is a scalar value
of the singlet state energy level.

Hy (r,1) 0 0
Hnvy (r,t) = 0 He(r,t) 0 (S4)
0 0 FEss

We work in the interaction picture and apply the rotating wave approximation, first separat-
ing out the time-dependent (¢-subscript) and time-independent (0-subscript) contributions for the
ground and excited states,

Ho,g (T) 0 0 Hig (r,t) 0
Hny (r,t) = 0 Hoe(r) O + 0 Hie(r,t) 0. (SH)
0 0 Esg 0 0 0



These contributions are expanded out in (S6).
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Note that time-dependent electric field noise and temperature dependent fluctuations due to
laser-induced heating are neglected here, though these effects can be included in the Hamiltonian
above. We now proceed to transform our lab-frame Hamiltonian to the interaction frame, first
defining the unitaries U g (t) = exp (—%Ho4 (r)) and Uy (t) = exp (—%Ho (r)). The interaction
frame Hamiltonian #; (¢) is then given in (S7).

UG, (1) Heg (r,8) Uog (1) 0 0
Hy(r,t) = 0 U, (t) Hee (r,t) Upe () 0 (S7)
0 0 0

We then apply the rotating-wave approximation (RWA) in the frame rotating at wy,,,, tuned
to the |0,) — | — 14) transition, giving the ground-state RWA Hamiltonian (S8). This reduced
expression retains the control variables (the microwave waveform feontrol(r,t), carrier wp,,, pro-
grammable phase ¢(t), and bias By) and the time-dependent noise terms (temperature 7'(¢), phase
®noise, amplitude apopise, and field dbyeise), collected into the effective detuning Acg(t) of (S9), in
which the temperature enters through D,(T). Counter-rotating terms give small Bloch-Siegert
shifts (< kHz here) and are neglected. The | 4 1,) sub-level remains a spectator, shifted only by
the slow drifts 6b and dD.

%Aeﬁ‘ (r,t) %feontrol (r,t) (1 + anoise (1)) el 0
HG (0,0) = | £ feontron (x,1) (1 + anoise (1)) ) =58 (1) 0
0 0 0

(S8)

Wmw . i 8¢noise (t)
2 27 ot

The interaction picture is defined with respect to the ground-state Hamiltonian, i.e. at mi-
crowave frequencies, whereas terms in the excited manifold evolve at optical frequencies (hundreds

Actr (r,t) = (Dg (T (t)) — vg (Bo + bsense (T, ) + dbnoise (1)) — (89)



of THz). Upon transforming to the interaction frame, the excited-state Hamiltonian acquires
rapidly oscillating phase factors. Under the rotating-wave approximation these oscillating terms
average to zero, leaving only the static diagonal splittings (orbital strain, spin—orbit coupling, Zee-
man shifts) and phonon-mediated mixing terms. As a result, the effective excited-state Hamiltonian
takes the same form in the interaction picture as in the Schrodinger picture. Throughout this work
we therefore use the Schrodinger-picture expressions for the excited manifold, while explicitly ap-
plying the interaction-picture/RWA treatment only to the ground-state spin Hamiltonian. The
final 10 x 10 spatiotemporal Hamiltonian used in the quantum dynamics simulations under RWA
is given in (S10). We do not include coherent optical drives. The green laser excitation enters only
via dissipators, so H. has no explicitl time dependence.

(I,RWA)

Hgy (r,t) 0 0
HIERVA) (p 1) = 0 H, (r,t) 0 (S10)
0 0 0

This provides us with a time-dependent Hamiltonian in the interaction picture that we can use
to evolve our master equation, as will be described in 1.2.

Table S1: Hamiltonian parameters used in the NV-center model, with the primary source for each
parameter listed. D, is the zero-temperature zero-field splitting, and its temperature dependence
enters separately in the thermal channel.

Parameter Symbol Value Reference/Note
Ground-state zero- Dy 2.878 GHz  [3]

field splitting

Ground/excited- dg 2.003 4]

state g-factor

Excited-state 1 DF 0.7705 GHz 1.541 GHz/2, nvratemodel conven-
splitting tion [5]
Excited-state || split- D! 1.44 GHz [5]

ting

|| spin-orbit coupling Q 5.33 GHz [5]

1 spin-orbit cou- A}X 0.154 GHz  [5]

pling

Excited-state orbital g 0.1 6]

g-factor

1.2 Lindblad Master Equation

The workhorse of the digital twin is its ability to combine time-dependent noise processes, control
protocols, and external fields with material-dependent energy level structures to forecast quanti-
ties of interest relevant to quantum sensing (e.g. sensitivity, accuracy) using quantum dynamics
simulations. We use the Lindblad master equation ([7]) to predict the density matrix trajectories
p (r,t) under various time-dependent processes, working in the interaction picture py (r,t). (S11)
defines the transformations of the density matrix p (r,¢) and collapse operators Cj, (r,t) into the
interaction frame (given for the kth collapse process). The collapse operators here are written a



Ci (r,t) = /7 (r,t) L where v (r,t) is a time and spatially dependent rate for kth dissipative
processes and Ly, is its corresponding non-unitary ”jump” operator.

o () = exp (10 () i (8) = U () (5.0 (.

CL(t) =U (v,t) Cr, (x,1) Up (r, 1)

(S11)

Working in the transformed interaction frame, we solve for the density matrix p; solve the
quantum state dynamics in (S12). In our implementation, the master equation is solved in the
interaction picture and with the RWA where trajectories of py (r,¢) in time are solved up to the
maximum sensing duration Tgense, then they are transformed back to the Schrodinger picture using
the transformation in (S11) to recover p (r,t).

OPLD) LT (1, 1) o (e, 1)] 432 O )1 (0,0) O 1) O () (1,0, (e, 1))
k

ot h
(S12)

Remark on collapse operators in the interaction picture. The Lindblad dissipator is in-
variant under multiplication of a collapse operator by a global phase, i.e. D[e??®C]p = D[C]p.
When transforming to the interaction picture with respect to Hg, a generic collapse operator C (8)
becomes C(D(t) = Ug(t)C(S) Up(t). The ground-state channels (77 relaxation and dephasing) are
projectors or single ladders between Hj eigenstates, and their interaction-picture form differs from
the Schrodinger-picture form only by a phase factor ™!, which cancels inside the dissipator, so
they may be written in the same algebraic form in both pictures, with only their scalar rates ()
(e.g. laser-gating or temperature-dependent phonon exchange) carrying time dependence.

The excited-manifold channels (radiative decay, intersystem crossing, singlet relaxation, and
phonon-mediated orbital exchange) are written in the bare |E,), |E,) orbital basis, which is not di-
agonal in Hy . at finite strain, spin—orbit coupling, or magnetic field. We invoke the standard secular
(fast-orbital-averaging) approximation, valid above ~80 K where phonon-driven mixing dominates
(Methods), under which these cross terms average to zero, leaving a sum of single-frequency chan-
nels of the same algebraic form. Consistent with Sec. 1.1, we therefore use the Schrodinger-picture
expressions for the excited manifold.

Proof sketch. Let C((t) = ¢ C(S), Then

D[CcD]p = cDpcDt - %{C(DTC(I)M}
= 90 pe= (T _ %{C(S)TC(S)7 o}
=) pof - %{C(S)TC(S),,O}
= D[CF]p,
showing that global phases from the interaction-picture transformation cancel exactly. For any

collapse operator that is a projector or a single ladder between Hj eigenstates, the dissipator is
therefore unchanged and the operator takes the same form in either picture, which gives (S13).

8ma(tr,t) _ i [H(I,RWA) (r,1) ., pr (r,t)} +§kj Cio(r, t)p1 (v, 1) C,i(r,t)—%{C,i(r,t)Ck (r, 1), pr(r,1)}

h
(S13)



Table S2: Dissipation channels in the NV-center model.

Process

Collapse operator(s) Cjy

Rate(s) / Notes

Ground-state re-
laxation (77)

Ground-state de-
phasing (7%)
Laser excitation
(green pump)
Radiative decay

Intersystem cross-
ing (triplet — sin-
glet)

Singlet repump

\/PLi Og><_1g‘a \/PLT‘ -

14)(0g|

V8502 = 75 (11g) (L] — | —
1g)(=14)

\ Vex,ms (t) ‘6, m5><gv mS’

VT rad,me—m, |9, M%) (e, ms]

VTisc,m, |S) (e, ms|

VIs55010g) (S|

Phonon  orbital +/Tzy(T) | Ey, ms){Ey, ms,
exchange VIysa(T) | By, mg) (Ey, myg|

Rates: T'yy, I'i4. Spin-lattice re-
laxation; the 0 <+ 41 operators are
included analogously.

Rate: 74 = 2/T5. Pure dephasing
channel.

Rate:  Yex,m., (t)-
optical pumping.

Time-dependent

Rates: T'rad,m,—sm,. Optical emis-
sion with possible branching.

Rates:  I'tscm,- Non-radiative,
stronger for mg = +1.

Rate: I's_¢. Polarization pathway

back to |0g).

Rates: Ly (T), Lyso(T).
One-/two-phonon  processes, T-
dependent.

Table S3: Numerical values or scaling laws for the dissipation rates used in simulation. The
radiative, intersystem-crossing, and singlet rates are the NV~ rate-model values of Ref. [1] (their
Table I). The ground-state T} and T are representative ensemble inputs for the sensing context,
not part of that rate model; the attribution operating point instead uses 77 = 5ms and

T3 = 1.5 us (Table S7).

Process Symbol Value / scaling Source / note
Radiative (optical K, 55.7 us~! (17.9ns)
emission)
ISC, ms = +1 kg, 98.7 us~1 (10.1ns)
ISC, ms =0 ke, 8.2 us~! (122ns)
Singlet decay (I'=0) 750 320 ns
Singlet branching rg = 2.26
kso/ks1
Singlet phonon energy AFE 16.6 meV
Phonon orbital ex- Ty (T) full Debye integral 7 = 176 pus 'meV 3,
change (Sec. 3.1) R = 168 meV
Ground-state ~ relax- Iy (1 ms)~! Ensemble input
ation (77)
Ground-state dephas- 4 (0.5 ps) ™t Ensemble input (v, =
ing (73) 2/T3, Ty = 1 ps)




1.3 Tangent Master Equation

Many of the quantities of interest in this work, such as Fisher information and sensitivity bounds,
require not only the density matrix p(t) but also its derivatives with respect to system parameters.
For example, derivatives with respect to microwave detuning A.g, control amplitude feontrol(t), or
phonon transition rates I'y—,, (") are needed to quantify how parameter variations affect measure-
ment outcomes. While finite-difference methods are possible, they are computationally inefficient
and prone to numerical error. Instead, we employ the tangent master equation (TME), the standard
tangent-linear construction of open-system estimation [8], which propagates parameter derivatives
directly alongside the state.
Starting from the Lindblad master equation (Sec. 1.2),

p(t) = = [H®), p(t)] + Y (Cup(t)C] = HC[Crp(1)})
k

we differentiate with respect to a parameter 6. This yields the tangent master equation
5 (55) = =3 (1. 351+ 35.)
0 0
+ Z (a3cl - 3iclen )
> (%5900, + Cunl%5) — S+ CLS. 0}). (514)

This governs the joint dynamics of p and its tangent Jgp.

The TME describes the coupled evolution of the state p(t) and its tangent vectors dgp(t). It
preserves the Hermiticity and tracelessness of the tangent, Gy = Gg and Tr [Gy] = 0, with the parent
state p remaining trace-preserving and positive as in the Lindblad equation. The tangent Gy is not
itself a density matrix, being generically indefinite as the derivative of a state. This construction
avoids the need for repeated simulations with slightly perturbed parameters. In our NV-center
model, relevant parameters include Acg, feontrol(t), ground-state decoherence rates (I'1 |, I'1 1, 7v4),
and temperature-dependent orbital exchange rates (I'y—y(T"), I'y—2(T')).

The tangent master equation is central to our digital-twin framework: it provides analytic
parameter derivatives that are later used in Sec. 1.4 to compute Fisher information and sensitivity
bounds.

Tangent master equation for magnetic-field sensing (6 = bsense)

Setting. In the interaction/RWA frame (Sec. 1.2) the only explicit b-dependence (where b is the
magnetic field being sensed) of the Hamiltonian is in the ground-manifold detuning,

Aeﬂ"(t) = Dg(T) — KUBYg [BO + bsense S(t)] — KUBYg 5b(t) - Wmw — anoise(t)’

where s(t) is the known sensing waveform (for DC sensing take s(¢) = 1). In the {|04),| — 14)}

block we use o)
h 0 Qt)e ¥
(ILRWA) 5y _ 1 '
Hy ®) <Q(t)e+w(t) 2 Acg (t) > ’

2
We take Q(t) = 592 (1 + anoise (t)) feontrol (r:t) [{0g|Sg.e| — 1) . The excited/singlet blocks
have no explicit bgense dependence in our model (optical processes treated via dissipators).



Derivative operators. Let Gy(t) = 0Oh,,..pr(t). Since collapse operators Lj are fixed lad-
ders/projectors (Sec. 1.2), Op.....Lr = 0 and only 0y H contributes:

sense sense

aH(I,RWA) (t) 1

Obgense - —§,ungs(t) (10g)(0g] — |—14)(—14]) (DC case: s(t) =1).

Dissipation rates are taken b-independent (no Zeeman modification of optical/phonon rates is in-
cluded), so Oh,.,..7k(t) = 0.

NV-specific TME (single parameter). Differentiating the Lindblad equation (Sec. 1.2) yields

Go(t) = =7 (IHOFN (), Gy (1)) + [Onns HITD(0), p1(0)]) + > (0 DIL Gl

with initial condition G(0) = 0 if p7(0) is b-independent (standard for NV initialization).

Measurement derivative and Fisher link. For the photoluminescence (PL) readout modeled
by Mo = [0g)(0g],

abscnsczjo (t) = Tr[MO Gb(t)] ’
which we use in Sec. 1.4 to assemble the Fisher information for the chosen sensing sequence (Ram-
sey/echo), with s(t) encoding the known modulation.

1.4 Poisson Statistics and Photon Shot Noise

Assume that we have N independent emitters and we describe the probability of being in a correct
state for that emitter to emit a photon as s(7,b). We include the collection efficiency 7op¢ and
therefore the probability of detecting a photon from the single emitter is

Ps = noptS(Ta b) (815)

Now if we have a large collection of N independent emitters, the probability p(z|b) of detecting
x photons (where z is an integer in the range [0, N]) is given by a binomial distribution:

plat) = () 1= ¥ = )Y (s16)

Now we can compute the Fisher Information between the measurement of photon counting X
and the magnetic field characterized by b as

2 N
Zp z|b) (3p log(p(x|b))) Zp( (%p) szl(ﬁbp)2
=0 Tr= Op
N - — Nps 2
= Z ( PObps — T pﬁbps> xz%p< i )abps)
(0 NS Nt (N2 (s17)
=|—F—— T4 — s + (Nps)
<ps(1—ps)> ;)p[ b P ]
2
= (%) [(Nps(1 —ps) + (Nps)?) —2(Nps)® + (Nps)?]
_ N(@wps)® _ Nijopt <83(T, b)>2
ps(L—ps)  s(T,b) [1 —nopts(T,b)] Ob ’

10



where we have used E(z) = Nps and E(z?) = Nps(1 — ps) + (Nps)?. s(T,b) and Oys are obtained
from solving the Lindblad and tangent master equations in Sec. 1.2 and 1.3. Together, this provides
a framework to numerically evaluate the impacts of photon shot noise and other time-dependent
noise sources on the classical Fisher information and sensitivity of a quantum sensing protocol.

The same shot-noise treatment carries over to the optically pumped magnetometer of Sec. 7,
with two substitutions. The detected observable is the transmitted-probe optical rotation rather
than NV photoluminescence, and the estimated quantity is the Larmor precession frequency of
the free-induction-decay signal, which maps to the field through the gyromagnetic ratio . The
per-shot photon statistics enter the free-induction-decay Cramér—Rao bound of Sec. 7.4 in the
same binomial-to-Poisson form, so the sensitivity floors of both platforms are evaluated within one
photon-counting Fisher framework.

Supplementary Note 2: Validation and benchmarks

2.1 Numerical checks of the assembled model

Before validating the tangent solve against closed forms, we confirm that the assembled open-system
model reproduces known device physics and the full estimation chain end-to-end.

As a first check that the collapse-operator set and its rates are assembled correctly, we propagate
the master equation under continuous 532 nm optical pumping from several initial spin states
(Fig. S1). All initial states relax to a common steady-state polarization of ~0.69 into ms=0 within
~ 2 ps, driven by the spin-selective intersystem crossing through the shelving singlet, reproducing
the known optical spin-initialization mechanism of the NV~ center that sets the readout contrast.

Optical pumping at 1 mW: polarization to |ms = 0)

(a) Spin polarization vs time (b) Manifold populations during pumping

1.01 1.01

o
©

0.6 1

o
o

— GS (sum)
—— ES (sum)
—— singlet

P(ms =0)
Population
o
S

°
N

0.2 —— P(m, = 0) from Mixed ¥(|+1)+|0)+|-1))
P(ms=0) from |m_s=+1)

= P(ms=0) from |m_s=-1)
0.0 4 thermal equilibrium 0.01

T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
Time (us) Time (us)

Figure S1: Optical spin polarization in the ten-level model. (a) Probability P(ms=0) under
1mW 532 nm pumping, starting from the fully mixed state and from |ms==1). All initial states
converge to a steady-state polarization of ~0.69 within ~2 us, above the thermal-equilibrium
value 1/3 (dotted). (b) Ground-state, excited-state, and singlet manifold populations during
pumping. The transient excited-state population and the shelving singlet drive the spin-selective
repolarization. The model reproduces the spin-initialization physics of the NV~ center that sets
the readout contrast of Sec. 3.2.

The full estimation chain is exercised end to end in Fig. S2, which recovers a static 2 uT field
from a Ramsey sequence at T5=1 us and contrast C=0.46 under 1/f and photon shot noise. The
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forward density-matrix solve produces the calibration fringe p(B), a Poisson draw of 100 detected-
photon shots at the true field yields the noisy readout, and inverting the calibration recovers the
field. Repeating the draw multiple times sets the empirical field uncertainty, which sits a factor
~ 4.0 above the ideal projection Cramér—-Rao bound because of the finite contrast and the 1/f
background. This example exposes, in one figure, exactly which non-idealities (contrast dilution,
1/f dephasing, shot noise) separate the performance of a realistic device from the quantum limit.

Digital twin in action — recover a static 2 uT field (T2*=1 ps, C=0.46, 1/f + photon shot noise)
Step 1 — Ramsey protocol: /2 — T — n/2 Step 2 — master equation + 1/f noise ensemble Step 3 — calibration fringe (swing 0.16)

1.0 —— ensemble mean 0.66 Bire=2.0 T

0.54 0.94
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Step 4 — realistic readout: C=0.46 + 1/f + shot (100 shots) Step 5 — invert calibration - recover B Step 6 — readout penalty x4.1 above the ideal CRLB
60 4 == pltrue) = 0.565
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Figure S2: The digital twin recovering a static field, end to end. A 2 uT DC field is recovered
from a Ramsey sequence at T5=1 us and contrast C=0.46, under 1/f and photon shot noise.
(Step 1) the 7/2-7-7/2 pulse sequence. (Step 2) the ground-state readout P(|0)) propagated by
the master equation (Sec. 1.2) over a 1/f noise ensemble. (Step 3) the calibration fringe p(B) of
swing 0.16. (Step 4) the Poisson-sampled readout p over 100 shots at the true field. (Step 5)
inverting the calibration recovers B=1.91 + 0.21 uT against a true 2.0 uT. (Step 6) the field
uncertainty op versus shot number, where the realistic readout (contrast, 1/f, and shot noise)
sits a factor ~4.0 above the ideal projection Cramér-Rao bound. Together these steps exercise
the full sensitivity pipeline of Secs. 1.3 and 1.4.

2.2 Tangent master equation versus finite difference

The tangent solve is the computational linchpin of the framework, so we validate it against in-
dependent references along two axes. First, the propagated derivative Opp agrees with a central
finite-difference of two full solves to better than 10~% across the operating range, and the resulting
sensitivity is independent of the integration time-grid (a spurious y/N; drift appears only if the
Fisher information is accumulated incorrectly). The quantum Fisher information (QFI) used as
the reference here is defined through the symmetric logarithmic derivative (SLD) Lj, the Hermitian
operator solving 9yp = 3(Lyp+ pLyp), as Fo(b) = Tr[p(b) LE]. 1t is the estimator-independent upper
bound on the classical Fisher information of any measurement, Fr:(b) < F(b), and we assemble
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it from the same tangent Gy = Jpp that the framework already propagates (Sec. 1.3), so it is a
check on the classical photon-counting Fisher information rather than a separate solve. Second, the
assembled Fisher information reproduces closed-form limits (Fig. S3): with dissipation switched off
it saturates the closed-system quantum Fisher information Fyy = (277.7)% to ~5 x 107°. Under
Markovian dephasing it tracks F' = (277%7)26_27/ T3 to ~3 x 1073. The symmetric-logarithmic-
derivative quantum Fisher information upper-bounds the projective classical Fisher information

. —T T*
(Fo < Fg), as required, and the readout contrast decays as e /13
(a) Closed-system QFI saturation (b) Pure-dephasing Fisher (T, =5 us)
oud " Fo=(2mye1)? e 101! 4 == (2nye7)%e27 PN it SN
® Fc (TME, projective) poCE m  Fc (TME, dephasing) B od L]
g -
Ve /1
o b g
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Figure S3: Validation of the tangent-master-equation Fisher pipeline against closed forms.

(a) With dissipation switched off, the propagated classical Fisher information saturates the
closed-system quantum Fisher information Fyy = (277.7)? (agreement ~5 x 107°). (b) Under
Markovian dephasing it tracks F = (277,7)%e~27/7% (agreement ~3 x 1072). (c) The
symmetric-logarithmic-derivative quantum Fisher information (reduced p) upper-bounds the
projective classical Fisher information, Fo < Fp. (d) The readout coherence contrast follows the
Markovian envelope e~ /73 |

Numerical stability of the derivative. The < 10™* agreement above is attained at a well-
chosen step. A finite-difference derivative is not unconditionally accurate, because it must balance
truncation error (which grows as (Ab)? for a central difference) against floating-point cancellation
of two nearly equal solves (which grows as ¢/Ab as Ab—0). Sweeping the step Ab on the validated
three-level NV spin model with a 77 channel (the setup of the derivative test above), the relative
error of the central-difference d(c,) is U-shaped (Fig. S4): it reaches a minimum of only ~ 1 x 10712
in a narrow window near (Ab)* &~ 5 x 10~'T (a fractional step ~ 5 x 107%), and degrades to
~ 5 x 1073 at the largest step (truncation-limited) and floors near ~ 10~7 at the smallest step
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(cancellation-limited). The best attainable finite-difference accuracy therefore sits three to four
orders of magnitude above machine precision, and the optimal step is problem-dependent, so a
finite-difference budget must retune Ab at every operating point. The tangent solve carries no
such step-size error: it integrates the exact variational equation alongside p, returning dyp to the
integrator roundoff floor (~e = 2.2 x 10716) at every operating point without tuning. This is why
the framework propagates the tangent state rather than perturbing the field and re-solving.

1 —e— central finite difference —— machine precision (TME floor)
10 1 truncation « (Ab)? FD optimum ((Ab) =5e —11T)

round-off o« (Ab)~1
2

Wmmmmﬂmmﬂmmﬁ
1071% 10713 107%? 107! 107%° 107° 10°% 1077 10°°
finite-difference step Ab (T)

= =

o o
I |
1 1

=

o
®
I

relative error in 9,5

Figure S4: Numerical instability of the finite-difference field-derivative. For the validated
three-level NV spin model with a 7} channel, the relative error of a central finite-difference 0y (o,)
versus step size Ab is U-shaped: truncation error o< (Ab)? at large Ab (dashed guide) and
floating-point cancellation o< (Ab)~! at small Ab (dotted guide). The optimum

((Ab)*~5 x 1071 T, star) reaches only ~107'2, three to four orders of magnitude above machine
precision. The tangent master equation returns the same derivative exactly, to the integrator
roundoff floor (orange line), with no step-size dependence.

2.3 Benchmark table

Table S4 collects the quantitative validation benchmarks. Each row compares a digital-twin output
to an independent analytic or numerical reference and corresponds to a reproducible example in the
code distribution, so every headline quantity used in the main text, from the thermal apparent-field
bias and the readout contrast to the Cramér—Rao sensitivity and the GPU/CPU parity, is traceable
to a documented check at the stated tolerance.
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Table S4: Validation benchmarks. Each check compares a digital-twin output to an independent
reference.

Check Reference Agreement
Tangent derivative Oyp central finite difference <1074
Finite-difference Ops optimum central-difference step sweep ~10712 at h*~5 x 10711 T

Fisher information (no dissipation) closed-system QFI (277.7)%2 5 x 107°

Fisher information (dephasing) (2myeT)%e= 27/ T3 3x 1073

Sensitivity versus time grid grid-independence 1.000x

Thermal apparent field —ADgs/7e < 0.02%

Synthesized 1/ f spectral slope target —1 —1.00

Cs Breit—Rabi spectrum analytic Breit—Rabi ~2x 1076

Contrast and sensitivity Barry et al. ODMR relation  within reported scatter
GPU versus CPU (TME, np) bitwise-parity target <10

Supplementary Note 3: Numerical Implementations and Benchmarks

Having established in Secs. 1.3-1.4 how to propagate tangent states G(t) and compute Fisher
information, we now convert these results into sensitivity benchmarks. For a single sensing-and-
readout cycle of duration 7gpet (including initialization, control, and readout) and additional dead
time Tgead, the total number of repetitions in an experiment of duration T} is

,Ttot

V= —
Tshot + Tdead

The total Fisher information is Fio(b) = vFi(b), and the Cramér—Rao bound implies where b is

the estimate of b )
Var(b) > .
() = Fiot(b)

We define the field sensitivity referred to Hz~ /2 as

2 Tshot + Tdead
ng =/ Var(b) Tiot = 7;1(1)) . (S18)

Equation (S18) is the metric reported in the main text. It is determined entirely by the choice of
sensing sequence s(t) (Ramsey, echo, etc.), the NV~ Hamiltonian and dissipation parameters listed
in Tables S1-S3, and the statistical detection model outlined in Sec. 1.4. In practice, we simulate
p1(t) and Gy(t), compute po(b) and 9ppo(b), assemble Fi(b) via Eq. (S17), and finally report 7.

3.1 Temperature-Dependent Phonon Processes

Phonon-mediated orbital hopping between the excited-state branches E, and E, sets the temper-
ature dependence of the optical contrast and the excited-state relaxation. We follow the derivation
of Ernst et al. In this framework, we retain all the terms across the strain and temperature range
of interest rather than taking a high- or low-temperature limit. The electron—phonon interaction
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couples the orbital doublet to E-symmetric acoustic phonons through the dynamic Jahn-Teller
effect, and the hopping rate between the two branches, split by AA |, follows from Fermi’s golden
rule taken to second order in the coupling.

Phonon spectral density. Assuming a linear acoustic dispersion and phonon wavelengths large
compared with the lattice spacing, the Debye model gives a mode density p(¢) o €2 and a per-mode
coupling A oc 1/, so the polarization-independent phonon spectral density is (in units of us™!)

J(e) = né, (S19)

with 7 the effective E-phonon coupling strength and A€2 the Debye cutoff energy. The Bose-Einstein
occupation is n(e, T') = [exp(e/kpT) — 1] .

One-phonon process. At first order the upward hop E, — E, absorbs a single phonon of energy
hA |, so evaluating J at the splitting gives

kra(T) = dn (hA L) n(hAL,T), (520)

and the downward (emission) rate follows from detailed balance,

k
k(1) = A (18,0 (AL, T) 1], T =T/t (s21)
Writing the splitting as hA | ~ 2§ | h with 6| the transverse-strain half-splitting, the low-temperature
rate scales as 3217 h35i n(26, h,T). In the high-temperature limit kgT > AA ] it reduces to a term
linear in temperature, k1 = 16nh2éi kpT.

Two-phonon Raman process. At second order the dominant contribution is a Raman process
in which one phonon is absorbed and one emitted. Using J(e) = ne® with the reduced variables
x =¢€/kpT and z; = hA ) /kpT, the downward Raman rate is

(z—z1) [2*+ (z — z1)?]
2(e® —1)(em—*L —1)

64 WQ/kET o o
bal) = SRR TR NT ), 116 = [

Tl

dx,
(S22)

with the upward rate again fixed by detailed balance. The two-phonon emission and absorption
channels, in which both phonons move in the same direction, contribute below 1% for the strains
(6, < 100 GHz) and temperatures (7" > 10 K) of interest and are neglected. The retained Raman
rate scales as T° at low reduced temperature.

Implementation in the digital twin. The total downward hopping rate is k|, = k| 1 + k| 2,
with ky = k| e "A1/kBT  The twin evaluates the full rates: the one-phonon term of Eq. (S20) in
closed form and the two-phonon Raman term of Eq. (S22) up to the cutoff 72 = 0.168 eV, at the
operating temperature and orbital splitting. It does not use a fitted polynomial. The rates are
inserted into the Lindblad equation (Sec. 1.2) as collapse operators coupling £, < E,, with a rate
cap imposed for numerical stability at extreme strain, using the coupling n = 176 s~ 'meV 2 of
the derivation cited above.
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3.2 Optical readout: contrast and photon budget

The photon-counting Fisher information of Sec. 4.1 in the main text enters through two read-
out quantities: the effective contrast Ceg, which scales the spin-dependent fringe amplitude, and
the detected-photon budget Nge;. Both are computed from the open-system model rather than
assumed. The optical-cycle contrast Cgptical is the normalized difference in time-integrated flu-
orescence between the my=0 and ms==1 spin projections, obtained by propagating the ten-
level readout (Sec. 1.2) through a full initialization-and-readout cycle. It falls with temperature
T (phonon-activated excited-state mixing erodes spin contrast) and with transverse strain F
(excited-state orbital mixing). Because a per-point optical-cycle solve is expensive, we tabulate
the spin-projection-averaged contrast C'(T, E|) on a temperature and strain grid (Supplementary
Fig. S5), and interpolate it within the smooth operating region, which replaces a per-point optical-
cycle solve with a table lookup at a large speed-up. The contrast that dilutes the measured signal
is Ceft = Coptical fyy—, With fyy- the measured NV~ charge-state fraction (only NV~ carries spin
contrast, while NV? adds unmodulated background, Fig. 4a), extracted from photoluminescence
spectra as described in Sec. 8. The detected-photon budget is Nget = Econv [IV] V nayvg, from the
conversion efficiency Egony, the nitrogen concentration [N], and the sensing volume V (so that
Econy [N]V is the number of NV~ emitters), and n,y, the mean detected photons per NV~ per
readout window, which folds in the optical collection efficiency. Its fixed prefactors are representa-
tive assumed values (Sec. 6.1).

(a) Table vs first-principles solve (b) Accuracy: <2% in the bulk (E, =5 GHz)

0.40

035

0.30

contrast C

0.25

relative interp error (%)
s S

0.20

107" 10° 10" 10" 10° 10!
transverse strain £, (GHz) transverse strain £, (GHz)

(c) Speedup ~2,901,673x (d) The C(T,E,) surface the GPU interpolates

37204035

wall time for 10,000 contrasts (s)

Frovteic i ‘o

Figure S5: First-principles readout-contrast table. (a) The spin-projection-averaged optical-cycle
contrast C(T, E1) from the ten-level readout (lines) against direct per-point solves (open circles)
versus transverse strain E| at three temperatures. (b) The relative interpolation error stays
below 2% throughout the operating region (E; < 5GHz). (c) Replacing the per-point
optical-cycle solve with a table lookup is a ~10°x speed-up over 10* direct solves. (d) The full

C(T, E,) surface the GPU interpolates. The table supplies the effective contrast Ceg used in the
sensitivity and accuracy budgets.
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Supplementary Note 4: Multi-metric definitions and per-mechanism
attribution

The digital twin evaluates three metrics from a single open-system solve: the sensitivity np, the
accuracy (systematic bias and root-mean-square error), and the robustness Rj,. The solve is
parameterized by the operating-parameter vector 8 = (fsensor, Ocontrol; fenv ), collecting the material,
control, and environment inputs of Eq. (S1). All three metrics are functionals of the same field-
dependent density matrix p(b,t;6) and its tangent Gy(t;0) = Opp(t;0) (Sec. 1.3): the sensitivity
and accuracy are read at the fixed nominal 6y, and the robustness measures their stability as 6
drifts about 6. They respond to distinct features of the same solve. This section (i) defines the
three metrics, (ii) proves that sensitivity and accuracy are governed by different quantities of the
same solve through the unbiased and biased Cramér-Rao bounds, and (iii) derives the Shapley
attribution that assigns each error mechanism a unique, fair share of every metric.

Throughout, b denotes the sensed field, p(b) = Tr[My p(b)] the readout probability of the mea-
surement projector My = [04)(0,4], and p/(b) = dpp(b) = Tr[My Gy its tangent (Sec. 1.3). We write
C € (0,1] for the optical readout contrast and Nge for the number of detected photons per shot.
For the ground-state Ramsey readout used throughout, this probability takes the fringe form

pb) = S[14 V(1) cospd)], V(&) =T, o) =77+ g0, (523)

with visibility V' set by coherence and phase ¢ set by the accumulated Zeeman rotation (v, =
K1BYg/h and g the calibration phase). Pure dephasing scales V' without shifting ¢, the thermal
shift displaces ¢, and optical leakage lowers V' and adds a readout-baseline offset. The attribution
below exploits that these mechanisms act on different factors of the same fringe.

4.1 The three metrics as functionals of one solve
Sensitivity. As derived in Sec. 1.4, the single-shot classical Fisher information for photon count-
ing is
2
N, det (p,(b))
p(b) [1 - p(b)]

which reduces to F| = Nget(p')?/p in the Poisson limit. The field sensitivity referred to unit

bandwidth is
Tshot + Tdead
h) = )= _cead 2
O e (525)

the Cramér-Rao-limited field resolution per vHz. The ideal-device sensitivity 03 is Eq. (S25)
evaluated with all imperfections switched off. It is the shot-noise floor and serves as the baseline
against which sensitivity is attributed below.

Fi(b) = (binomial readout), (S24)

Accuracy. Accuracy quantifies how faithfully a field estimate b recovers the true b. The estimate
is formed by inverting a calibration generated at a reference operating point. Let (pref,p;ef) be
the readout probability and slope of the ideal device (all mechanisms off), and let the optical
fringe seen by the detector be the contrast-diluted pop; = % +C(p— %) A single shot draws
k ~ Poisson(Nget Popt). Inverting the contrast gives the probability estimate p = (k/Nget — %) /C —1—%,
and the linear calibration inverse yields the field estimate

b = byop + L Lret (S26)

Dret
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Taking the expectation over the shot noise (E[p] = p) gives the systematic bias

7 b) — ref
s0) = B~ = PPy (s27)
Dret
the displacement of the true fringe from the reference, referred to field units through the reference
slope. Crucially, § is a deterministic functional of p(b): it involves no sampling. The statistical
part is the shot-noise precision floor

(P's)?  Naet C2 (plog)?’

and the reported accuracy is the root-mean-square error

RMSE(b) = /B(b)? + 2. (S29)

The decomposition of Eq. (S29) into a deterministic bias and a shot-noise floor is exact and is the
reason accuracy and sensitivity can disagree: oy, is (like np) set by the Fisher information, whereas
[ is not.

Robustness. Robustness measures the stability of np under slow drift of the operating parame-
ters 0 = (01, ...,0,) about their nominal values 6. We define the primitive robustness as the ratio
of the root-mean-square sensitivity under drift to the nominal sensitivity,

)
R=Y"""""" 9=0,+0, (S30)

where the drifts are independent and zero-mean, (66;) = 0 and (56;66;) = ¢2;;, with o; the root-
mean-square drift budget of parameter ¢ and (-) the average over the drift distribution. R =1 is
a perfectly stable operating point. R > 1 is the fractional inflation of the effective sensitivity by
drift.

To leading order in the drift we linearize the sensitivity,

77B(9) =0+ 2(891773) 00; + 0(692)7 o = 77B(90>7 (831)

and insert this into Eq. (S30). Squaring, n% = n¢ +2n0 >;(0e,n5) 66; + >i.;(00,nB)(00;np) 60:60; +
O(06%); the linear term averages to zero and the quadratic term is diagonal ({66;60;) = 026;;),
leaving

(ng) =g + Z(Bemfe)2 o7 +0(c®). (S32)

Dividing by n3 and using 9y,n5/n0 = 0y, lognp gives the linearized robustness index,

o )
lin 7723(00)

lin

=1+ Z o? (e, log 173)2. (S33)

Equivalently B2 — 1 = ((0np/m0)?) is the relative variance of the sensitivity in the linear-response
regime, so Ry, = 1 denotes a drift-immune operating point and Ry, = 1.1 an environment that
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inflates the effective sensitivity by 10%. The log-gradients are evaluated by centred finite differences,
Op, lognp ~ [lognp(0;+h;) —lognp(0i—hi)]/(2h;), and each parameter’s normalized share is

2(9p. 1 2
. — fwgw a1, (S34)
Rlin_1

additive by construction. This form assumes the parameter drifts are uncorrelated, (30;66;) = 025;;.
Correlated drifts (for example temperature and optical leakage through radio-frequency heating of
the modulator) would add cross terms o;; 0y, logng Op; lognp and make the robustness budget
itself non-additive. Retaining the second-order term in Eq. (S31) adds a curvature correction
Ei(aging /no) o? to (n%)/nd that Ry, omits. When it is not negligible (large drift, or an 7p
strongly nonlinear in 6) we evaluate the primitive definition Eq. (S30) directly by Monte Carlo,
sampling 60 ~ N(0,diag(c?)), recomputing np per draw, and forming Renv = 1/(n%)/n5(60)-
One has Reny — Riin in the small-drift limit o; 0y, lognp < 1. The drift budget used throughout
is {op=10T, 07=0.1K, 0.=1075, ory=2%, or,=10% } (background field, temperature, optical
leakage, coherence, and relaxation).

4.2 Unbiased and biased Cramér—Rao bounds: precision versus accuracy

The mean-squared error of any field estimator decomposes exactly as

MSE(b) = E[(b—b)%] = (E[B] —b)* + Var(b) . (S35)
B(b)2 precision

~

For an unbiased estimator (8 = 0), the Cramér-Rao bound gives Var(b) > 1/F;t(b) with Fior = vF)
and v = Tiot/(Tshot + Tdead)- The sensitivity Eq. (S25) is precisely the bandwidth-referred form of
this bound. For a biased estimator with bias function 5(b), the bound generalizes to

T [1+80)"
Var(b) > T F(d)  Fot(b)

where ' = 9,3. Equation (S36) makes the metric split explicit: the achievable precision is set by
the Fisher information F} (hence by np), whereas the accuracy floor is set by 3, an independent
functional of the same solve. A device optimized to minimize np (maximize F;) therefore carries
no guarantee on 5. The two are bounded by different quantities and, as the next subsection shows,
are limited by different physical mechanisms.

MSE(b) > B(b)? + (S36)

4.3 Per-mechanism attribution by Shapley values

Let M = {1,...,M} index the error mechanisms. Each admits an idealized “off” operation:
optical leakage € — 0, relaxation T — oo, dephasing v, — 0, and the thermal channel is switched
off by recalibrating the microwave carrier to the operating Dy(7"). That recalibration removes
the apparent-field shift a temperature offset 67T would otherwise impose: with the carrier fixed at
Dy(Tca1), the offset 07D, 6T is indistinguishable from a Zeeman shift, i.e. an apparent field

9rDy| 6T _ |AD,|
Ve Ve

using OrDy = —79kHz/K and v, = 28.0 GHz/T. The thermal “off” is thus a recalibration rather
than the removal of a physical channel, so the thermal contribution to the accuracy budget is

B = = 282 0T (6T = 0.1 K), (S37)
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equivalently the bias incurred by failing to recalibrate the carrier as Dy(T") drifts. Because both
the accumulated phase and the field inferred from it scale with 7, §i, carries no interrogation-time
dependence of its own. For a coalition S C M, define the value function

v:2M SR, v(S) = [metric evaluated with exactly the mechanisms in S active],  (S38)

so v(@) is the ideal device and v(M) the full one. For sensitivity we take v(S) = np(S), decomposing
the reported operational metric itself; because ng o< F~1/2 is a nonlinear transform of the Fisher
information, decomposing F instead would give different shares, and we attribute np as the quantity
with direct sensing meaning. For accuracy v(S) = S(S5) of Eq. (S27) with v(@) = 0; this holds
exactly rather than by assumption because the linear calibration is referenced to the all-off device
at the operating field (byef = birue), S0 the fringe inversion is exact there and the residual cosine
curvature is O((7.b7)?)~107!0 at b = 1 nT, negligible against the nanotesla-scale attributed biases.
The attribution problem is to split the total degradation v(M) — v(&) among the mechanisms.

Well-posedness of the value function. The Shapley value requires v to be a function of the
set S, not of the order in which mechanisms are toggled. This is manifest from the definition,
Eq. (S38): each mechanism 4 carries a nominal value §; and an off value 697 (for ¢ and Ty the
removed dissipative rate, for 4 the removed dephasing, and for the thermal channel the microwave
carrier recalibrated to Dy(T)), and v(.S) is the metric evaluated at the single parameter vector in
which mechanisms in S take their nominal values and those outside take their off values. That
parameter vector is a function of the set S alone, with no dependence on ordering, so v is well
defined on 2™ and Eq. (S39) is unambiguous. Non-additivity of this well-defined v is precisely the
mechanism interaction that the Shapley partition distributes and that the pairwise index quantifies
below (Supplementary Table S6). It does not enter through the readout contrast. Because the
thermal “off” is a carrier recalibration at fixed temperature, 7" and hence C(7T') are identical across
all 16 coalitions, so C(T") is a constant of the game and not a source of interaction. For accuracy
the interaction arises instead from the nonlinear fringe inversion that defines 8. Dephasing lowers
the fringe visibility, and inverting a lower-visibility fringe recovers the thermal apparent-field offset
nonlinearly, as detailed in the leave-one-out analysis below.

Axioms and uniqueness. A fair attribution ¢ : v — (¢1,...,¢r) should satisfy: (i) efficiency,
> 5 = v(M)—v(@); (ii) symmetry, if v(SU{i}) = v(SU{j}) for every S Z i, j then ¢; = ¢;; (iii)
null player, if v(SU{j}) = v(S) for every S then ¢; = 0; and (i) linearity, ¢;(v+w) = ¢;(v)+o;(w).
Shapley’s theorem states that a unique map obeys all four,

S| (M —|S| —1)!
3 [SIH(M — 5]~ 1)

0 = L (S U gih - u(s)]. (539)

SCM\{j}

That a unique map obeys all four axioms, namely Eq. (S39), is Shapley’s theorem. Uniqueness
follows by expanding any coalition game in the basis of unanimity games ur(S) = W[T C 9],
fixing ¢ on each through the null-player, symmetry, and efficiency axioms, and combining them by
linearity to reach an arbitrary game. Existence is the direct check that Eq. (S39) satisfies all four.
The equivalent order-averaging form below is the one we evaluate in practice.

Equivalently, writing II,; for the M! orderings of M and PT for the set of mechanisms preceding
j in ordering ,

6= 1 O W(PFULGH —v(Pf], (540)

w€ellps
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i.e. ¢; is the marginal effect of switching mechanism j on, averaged over every order in which
the mechanisms could be activated. The weight in Eq. (S39) is the fraction of orderings whose
predecessors of j are exactly S. For each ordering m the sum over players telescopes, > j [U(Pj7r U
{4} - v(Pf)] = v(M) — v(9), so averaging over 7 yields efficiency, >, ¢; = v(M) — v(2).
With the 2™ coalitions enumerated exactly, efficiency holds identically for any v, so recovering
|Zj ¢; — (v(M) —v(2))]/[v(M) — v(2)| < 2 x 1070 checks the arithmetic of our implementation
rather than the soundness of the decomposition. The substantive validation is the interaction-index
analysis below. Evaluating Eq. (S39) requires the 2 coalition solves. For the dissipative set plus
the thermal channel (M = 4) this is 16 open-system solves per operating point, shared between the
sensitivity and accuracy value functions.

Leave-one-out and non-additivity. The single-difference or “leave-one-out” (LOO) attribu-
tion, (ﬁ?oo =v(M) —v(M\ {j}), is the special case of Eq. (S39) that keeps only the full-coalition
term. It equals the Shapley value iff the marginal contribution v(SU{j})—v(S) is independent of .S,
i.e. iff v is additive (no interactions). Deviations are measured by the pairwise Shapley interaction
index

Ij= Y. |S]E M __’S’,_ 2)! [0(S U {i,j}) —v(SU{i}) —v(SU{j}) +v(5)]. (S41)
SCM\{ij} (M- 1)

For sensitivity, the mechanisms act on 7np through nearly independent factors (a mechanism that
lowers V' and one that adds a photon-baseline offset combine multiplicatively near the operating
point), so the I;; are small and LOO and Shapley agree to within a few percent. For accuracy,
the estimate Eq. (526) inverts the nonlinear fringe Eq. (S23): two mechanisms that each reshape
the fringe produce a cross term 825/892-8@- # 0. The dominant coupling is between dephasing
and the thermal shift. Dephasing lowers the visibility V', and the maximum-likelihood inversion of
a lower-contrast fringe recovers the thermal apparent-field offset nonlinearly, so the bias ascribed
to the thermal channel depends strongly on whether dephasing is active. Concretely, thermal
alone produces the full-visibility apparent field of Eq. (S37), v({thermal}) = 282nT, well above
the full-device total v(M) — v(@) = 110nT. The gap is the interaction. With dephasing ac-
tive the fringe visibility falls to V & 0.67, so the same thermal offset inverts to V -282 ~ 189nT
(v({dephasing, thermal}) = 189 nT), and adding leakage brings it to the 110nT full-device value.
The reduction from 282 to 189 nT on adding dephasing is the —91 nT dephasing—thermal cross term
of Supplementary Table S6 made explicit, and leakage supplies the remaining reduction to 110nT.
The full set of coalition values is listed in Supplementary Table S5.

We evaluate the interaction index Eq. (S41) directly from the 16 coalition solves (Supplementary
Table S6). For sensitivity every |[;;| is at most 4% of the total and the leave-one-out residual is
—4%: the budget is additive and LOO reproduces Shapley. For accuracy the dephasing—thermal
interaction alone is —91nT (83% of the total degradation), the leakage-thermal interaction adds a
further 10%, and a single leave-one-out ordering leaves 89% of the bias in a non-additive residual.
Only the order-averaged Shapley partition of Eq. (S39) returns a unique, order-independent share,
which is why the accuracy budget of the main text requires the Shapley construction whereas the
sensitivity budget does not. The pairwise indices do not capture the interaction in full: the leave-
one-out residual plus the sum of the I;; leaves a higher-order (three- and four-body) remainder of
—2.1nT for accuracy, about 2% of the total, and essentially zero for sensitivity, so the non-additivity
is dominated by, but not confined to, pairwise terms.
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Table S5: The 16 coalition values v(S) at the budget operating point of Fig. 4, from which every
quantity in this subsection follows, namely the Shapley shares Eq. (S39), the leave-one-out
residuals, the pairwise interaction indices of Supplementary Table S6, and the higher-order
remainder. In each coalition S C {e,T1,T5, temp} the listed mechanisms are active and the rest
are toggled off (¢ optical leakage, T} relaxation, T5 dephasing, temp the thermal channel), and
both metrics are read from that single solve, sensitivity v(S) = ng(S) and accuracy v(S) = B(5).
v(@) is the ideal device and v(M) the full one. Totals and the derived quantities of
Supplementary Table S6 use the unrounded solves and can differ from a subtraction of the
two-decimal entries above by up to 0.01.

coalition S n5(S) (pT/vVHz) B(S) (nT)
1% 16.59 0.00
(e} 17.33 ~70.15
() 16.59 —0.57
() 24.74 ~0.33
{temp} 16.71 282.18
(e, T1} 17.33 ~70.71
(e, T3} 25.85 —70.46
{¢, temp} 17.45 199.48
(11, T3} 24.75 ~0.90
{T, temp} 16.71 281.57
{T5, temp} 24.87 188.82
(e, TV, T}} 95.86 —71.03
{e,T1, temp} 17.45 198.87
{e,T5,temp} 25.98 110.27
{1y, T}, temp} 24.87 188.22
{e,T1, T}, temp} 95.98 109.68

4.4 Uncertainty quantification of the attribution shares

The attribution shares carry two distinct uncertainties, quantified separately. The accuracy shares
are the output of a photon-counting estimator, so their statistical uncertainty follows from re-
sampling: holding the 2™ coalition solves fixed, we redraw the Poisson optical readout of each
coalition (one Ngei-photon measurement per coalition) over R realizations, propagate each through
the Shapley formula Eq. (S39), and report the 2.5 to 97.5 percentile interval of every share; aver-
aging over K repeated measurements narrows these by v K. Because the coalitions are redrawn
independently rather than with common random numbers, the readout noise does not cancel in the
marginal differences v(SU{j}) —v(S), so the reported intervals are conservative; common random
numbers across coalitions would tighten them without shifting the shares. The sensitivity shares
are a deterministic Cramér—Rao quantity and the robustness shares a deterministic finite-difference
functional, so neither carries shot-noise seed variance. Their uncertainty is parametric, and we
report it by sweeping the dominant input (the measured T3 range for sensitivity, the assumed
drift budget for robustness). Across the swept ranges the dominant mechanism of each metric is
unchanged, so the metric-dependent inversion is insensitive to the precise values of the assumed
inputs. For robustness this dominance is quantitative: leakage drift remains the leading contributor
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Table S6: Pairwise Shapley interaction index I;; (Eq. (S41)) and the leave-one-out (LOO)
residual, evaluated from the 2% coalition solves at the budget operating point. Sensitivity is
near-additive (|Z;;| and residual <4% of the total). Accuracy is strongly non-additive, dominated
by the dephasing—thermal cross term. Percentages are of the total degradation v(M) — v(9).

Mechanism pair (i,7) I;;, sensitivity (pT/vHz) I,;, accuracy (nT)

dephasing x thermal 0.00 (0%) —90.95 (83%)
leakage x thermal 0.00 (0%) —10.49 (10%)
leakage x dephasing 0.37 (4%) 2.08 (2%)
Ty x thermal 0.00 (0%) —0.04 (0%)
T) x dephasing 0.00 (0%) 0.01 (0%)
leakage x T} 0.00 (0%) 0.01 (0%)
total v(M) — v(D) 9.40 109.68
sum of LOO contributions 9.77 12.38
LOO residual —0.37 (—4%) 97.30 (89%)

provided the assumed leakage-drift budget satisfies 0. > 1.8 x 1076 (about an 18% extinction-ratio
drift, roughly 5.5x tighter than the value adopted here), below which coherence (7%) drift takes
over. The adopted o. = 107° is a representative extinction-ratio-stability assumption, and the
~96% leakage share of Ry, should be read against it. Because the signed accuracy contributions
partially cancel, the net bias can be small or pass through zero, so shares expressed as a percentage
of it would diverge. We therefore quote the accuracy contributions as absolute apparent-field offsets
rather than as percentages of the net bias.

Whether the accuracy is limited by this bias or by the shot floor depends on the photon budget.
At low photon number the falling readout contrast enters the accuracy only through the shot-noise
precision o, o< 1/ (Ceff\/]v ). Once enough photons are collected that o}, averages below the thermal
Dy bias, the accuracy saturates at the bias and is flat across the operating range (Supplementary
Fig. S6).
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(a) shot floor < thermal bias even for a single shot (b) RMSE vs averaging at P = 1e+07:
contrast affects only the shot floor, not the bias bias-limited once shot < bias

—— ensemble (x1e+03)
single confocal spot

nT)

field RMSE (nT)
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Figure S6: Shot-limited accuracy regime (companion to Fig. 4¢). (a) Versus laser power, the
shot-noise precision floor oy, oc 1/(Cegv/N) (solid, with the measured Ceg(P); dotted, at frozen
contrast) stays below the thermal Dy bias (dashed, 282nT'), so the falling readout contrast enters
the accuracy only through the shot floor, not through the systematic bias 5. (b) Versus averaging
time at fixed power, the field RMSE relaxes onto that thermal-bias floor, so once the floor
averages below the bias the accuracy becomes bias-limited and nearly flat across the measured
power range.

Generality of the attribution across the design space. The metric-dependent attribution
is not specific to the single operating point of the main text. Supplementary Fig. S7 maps each
metric’s magnitude, together with its dominant-limiter boundary, across five two-parameter design
planes. Each pixel of each panel is a full attribution. The three metrics and the 2 mechanism
coalitions are recomputed at that operating point, the per-mechanism shares are formed as in
Sec. 4.3 (Shapley values for sensitivity and accuracy, the additive decomposition of Eq. (S34) for
robustness), and the dominant limiter is the mechanism holding the largest share, whose region
boundary is drawn in white. Reading down the three metric columns, the outcome is the same
across all five planes: sensitivity is limited by dephasing (7%), robustness by optical leakage (¢),
and accuracy by the thermal Dy shift (temperature) over most of the space, with optical leakage
taking over only in the high-leakage, low-thermal-drift corners. This inversion of the dominant
mechanism between metrics persists throughout the design space, so the attribution is a property
of the sensing stack and not of a particular design choice.

Supplementary Note 5: Noise Models

This section specifies the stochastic models used for control and environment noise and how we
synthesize one-sided power spectral densities (PSDs) into time-domain traces that are inserted
into the Hamiltonian and dissipative rates in Sec. 1.1-1.2. In our model, microwave phase noise
dnoise(t) perturbs the control phase and contributes via its time derivative to the effective detuning
Aeg(t) in (S9), microwave amplitude noise aneise(t) multiplies the control envelope, and background
magnetic-field noise dbyeise(t) adds to the Zeeman term in (S6)—(S10). Laser/AOM noise enters as
fluctuations of optical rates in the collapse operators (Sec. 1.2).

5.1 Noise sources

The model admits four stochastic channels, each specified by a one-sided power spectral density
(PSD) and its insertion point, together with photon shot noise (a Poisson readout process, Sec. 1.4).
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Figure S7: Generality of the metric-dependent attribution across the design space. Rows are the
two-parameter design planes (7,7%), (7,¢), (T3, AT), (b,T5), and (73,771). Columns are the three
metrics (sensitivity np, accuracy NRMSE, robustness Ry, ), with color the metric magnitude.
White curves are the dominant-limiter boundaries, labeled by the limiting mechanism (T35 =
dephasing, ¢ = optical leakage, temp. = thermal Dy shift). Across every plane, sensitivity is
limited by dephasing, robustness by optical leakage, and accuracy by the thermal shift, so the
metric-dependent inversion holds throughout the design space.
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Of these, the field, phase, and amplitude channels are realized as synthesized time-domain traces
by the procedure of Sec. 5.2, and the optical-rate channel enters through the collapse-operator rates
rather than as a synthesized trace.

Microwave phase noise. A stochastic phase on the control drive, ¢(t) — ¢(t) + dPnoise(t), with

h_ h_ h_
So(f) = =+ =+ — +ho+hyrf  [rad?/Hz], (S42)
f f f
enters the effective detuning of (S9) through its derivative, Acg(t) < Aeg(t) — énois_e(t). A vendor
frequency-noise PSD S, (f) [Hz?/Hz| converts as Sg(f) = Su(f)/f* (f > 0), since ¢ = 27v makes
the 27 factors cancel.

Microwave amplitude noise. A multiplicative fluctuation on the Rabi envelope, Q(t) — (1 +
noise (1)) Q(t) with Su(f) = a_1/f +ap [(fractional)? /Hz] and |apeise| < 1, modifies the off-diagonal
control elements of (S6), (S8). These spectra are measured with a power-spectrum analyzer.

Laser intensity noise and AOM leakage. Optical-rate fluctuations I'exe — Texe + 0T exc(t)
with PSD Sr(f) [s~2/Hz], plus a constant leakage rate Tk, enter the collapse-operator rates of
Sec. 1.2 rather than the Hamiltonian.

Background magnetic-field noise. An additive Zeeman fluctuation dbyeise(t) with Sp(f) =
B-1/f + Bo [T%/Hz] shifts Ag(t) through the coupling ppg of (S9).

Photon shot noise. Photon counting is a Poisson process with mean A = noptRa Tine (Ra the
spin-dependent fluorescence rate, Tiy; the integration time) plus a background offset A, with the
Fisher-information formulas in Sec. 1.4.

5.2 From PSDs to Time-Domain Noise Traces and Hamiltonian Insertion

We synthesize real stationary Gaussian time series z(¢) from assumed one-sided PSDs S;(f) and
insert them into the Hamiltonian (Sec. 1.1) or dissipative rates (Sec. 1.2). The construction is
spectrally faithful: naive decimation aliases the spectral slope toward —0.64 near the Nyquist
frequency and inflates the variance, whereas the band-limited synthesis holds the target 1/f slope
at —1.00 across the sensing band with a variance independent of the oversampling factor (Fig. S8).
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Figure S8: Spectral fidelity of the synthesized 1/f noise. (left) The periodogram: naive
decimation aliases the spectral slope from —1 toward —0.64 near the Nyquist frequency, whereas
the band-limited library synthesis holds the target slope at —1.00 across the sensing band.
(right) The delivered variance: naive decimation inflates it as the oversampling factor grows,
while the band-limited synthesis keeps it independent of oversampling.

Discrete grid. Choose duration T, step At, and N = T/At (even). Define sampling rate f; =
1/At and frequency resolution Af = 1/T'. Positive frequency bins are f, = kAf for k =0,...,N/2.

Random spectrum with Hermitian symmetry. Construct complex Fourier coefficients { X} }:
X =1/35:(fu) Af (Z1g +iZog), k=1,...,N/2—1, (S44)

Xyop=Xi, k=1,...,N/2—1, (S45)
with Z1 g, Za ~ N(0,1) i.i.d. The factor 1/2 splits the one-sided PSD into conjugate bins.

Time series and bandlimits. Apply an upper cutoff f. < f;/2 (hardware bandwidth). Set
Sy(f > fe) = 0. For 1/f* components, regularize low-f by Sy(f) o< 1/ max(f, fimin) With fuin =
1/T. Obtain the real sequence via the unnormalized inverse discrete Fourier transform
N-1

z[n] = IFFT{X,}[n] = Xpe2 /N —0,...,N—-1, (S46)
k=0
under which the per-bin power E|X.|? = S.(fr)Af delivers the target time-domain variance
> i Sz(fi)Af. For control pipelines, generate at 2-4x the integrator rate, apply waveform-domain
filtering if needed, then decimate.

Insertion of the synthesized traces. Each trace is inserted at the point defined in Sec. 5.1,
namely the phase and amplitude channels into the control terms, the field channel additively
in the Zeeman term, and the laser/AOM channel into the collapse-operator rates. The phase
channel additionally uses the discrete derivative q‘ﬁnoise[n] A (Pnoise[n+1] — ¢noise[n—1])/(2At) for
the detuning shift in (S9). The model admits all four of these stochastic channels. The main-
text figures use none of them, being computed from deterministic dynamics with a parametric
drift budget, and the channels are exercised only in the time-dependent-noise study of Sec. 5.3.
Reporting this subset is a scope choice for the paper, not a limitation of the model.
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Monte Carlo and reproducibility. For each condition we draw R independent paths {5(15("), a”), 5b(T)}ﬁ:1
with distinct RNG seeds, propagate the Lindblad/TME dynamics, and report mean +1o. We log
{N, At, f., fmin} and fitted PSD coefficients {h., «., 8.} with the figure artifacts.

Implementation sketch.
1. Fix T, At, N covering the full pulse schedule (incl. idle windows).

2. For each PSD S,(f), build the one-sided grid, sample { X} } with variance S, (fx)Af/2, enforce
Hermitian symmetry, and IFFT to z[n].

3. Apply masks for f > f. and low-f regularization; add deterministic leakage (e.g. AOM).

4. Insert xz[n] into H or rate channels per above; for phase, also compute Broise [n] for (S9).

5.3 Sensitivity under time-dependent noise

The main-text sensitivity is evaluated at fixed dissipative rates, where dephasing enters as a Lind-
blad T35 channel. Here we document the complementary, fully time-resolved calculation, in which
the dephasing is generated by an explicit stochastic magnetic-field trace rather than a rate. For each
noise flavor we synthesize db(t) from its power spectral density (Supplementary Fig. S9a), inject
the time-dependent detuning A(t) = ~v.[b + db(¢)] into the rotating-frame Hamiltonian, and co-
propagate the density matrix and its field derivative dpp through the master equation (the tangent
solve of Sec. 1.3, with the synthesized trace as the sole dephasing source). Averaging the optical
readout over 4096 independent realizations (512 per seed, 8 seeds), and forming the Poisson-photon
Fisher information at the measured contrast and photon budget, yields the field sensitivity npz(7)
(Supplementary Fig. S9b). Because the synthesized trace is the only source of decoherence, np(7)
reflects purely the spectral content of the environment.
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Figure S9: Time-dependent field noise and its effect on sensitivity. (a) One-sided power spectral
density Ssp(f) (top) and a representative synthesized trace 0b(t) (bottom) for the field-noise
flavors used in the time-dependent study: 1/f2, 1/f, an Ornstein—Uhlenbeck (OU) spin bath
(corner ~50kHz), white (Johnson) noise, and a high-frequency Ornstein—Uhlenbeck process
(~2MHz). Traces are synthesized by the Hermitian-symmetric inverse-FFT construction of

Sec. 5.2. (b) Ramsey field sensitivity np(7) for these flavors (the near-flat white-noise curve is
omitted for clarity), obtained by co-propagating p and Jyp under the injected stochastic detuning
over 4096 realizations (512 x 8 seeds), averaging the readout, and forming the Poisson-photon
Fisher information at the measured contrast and detected-photon budget. Quasi-static (1/f2,
1/f) noise, whose weight lies below the sensing bandwidth 1/7, produces the deepest, most
sharply rising curves, whereas the high-frequency Ornstein—Uhlenbeck process (~2MHz), largely
averaged out within each interrogation, gives the shallowest.

Supplementary Note 6: Simulation Details

This section details the numerical protocols used to propagate the NV dynamics and tangent-space
equations under noise realizations synthesized from Sec. 5.

6.1 Multi-GPU CUDA-Q Backend

We implement our digital-twin dynamics on top of NVIDIA’s cuQuantum Python bindings, specif-
ically the cuDensityMat backend for mixed-state (density-matrix) simulation. Each MPI rank is
bound to a single GPU and initializes a WorkStream object, which defines the CUDA stream and
attaches to a multi-GPU multi-node (MGMN) communicator with the MPI provider. This allows
domain decomposition across spatial points r, noise realizations £, and pulse-sequence indices s.

Batched state layout. For a given rank, we instantiate a DenseMixedState object with batch
dimension B = |r| x [¢| x |s|. The storage is allocated once on device and initialized to py = |0)0]
for each batch element. The cuDensityMat API provides local-slice information so that each GPU
only stores and evolves its shard of the full batch.
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Operator Construction The Liouvillian superoperator £(t) is built once using Operator and
OperatorTerm objects. Its structure includes commutator contributions from the NV-center Hamil-
tonian and dissipators for radiative decay, intersystem crossing (ISC), phonon exchange, etc. Time
dependence enters through parameters (drive envelopes, noise traces, detuning) provided at each
call to compute_action. An OperatorAction handle is prepared so that the entire batch of density
matrices can be updated efficiently on device.

Time integration. The batched state is advanced by a fixed-step RK4 integrator implemented in
CuPy that applies the cuDensityMat operator action at each stage. The scalar-OPM solve of Sec. 7
instead uses Strang splitting for its stiff hyperfine term, and torchdiffeq.odeint with adaptive
doprib is available as an integration cross-check. At each step: 1. Pulses from the experimental
sequence library are interpolated to t. 2. Noise traces {d¢(t), Gamp(t),0b(t)} are indexed for each
(r,€). 3. Effective Hamiltonian coefficients are assembled and passed to compute_action, yielding
p = L(t)p. 4. In the tangent master equation mode, the pair (p, dgp) is propagated by re-using the
same operator action plus the additional source term 0y.L p.

Multi-GPU distribution. Each GPU integrates its shard of trajectories in parallel, with the
batched DenseMixedState distributed across ranks through the cuDensityMat MGMN communi-
cator. Observable quantities (readout probabilities Tr[M p] and their field tangents, Fisher incre-
ments) are reduced over each rank’s local noise and pulse-sequence axes, then gathered to assemble
the global spatial maps and noise-averaged statistics.

Pseudocode for the batched solve.

# one MPI rank per GPU; WorkStream carries the CUDA stream + MGMN communicator
WS = WorkStream(device); WS.set_communicator(comm, provider="MPI")

L_action = OperatorAction(WS, (Operator(hilbert_dims),)) # Liouvillian, built once
rho = DenseMixedState(WS, hilbert_dims, batch_size=B_local) # B = |r|*|xi|*|s|, sharded
drho = rho.clone(zeros_like_storage=True) # tangent state d(rho)/d(theta)
def RHS(t, rho, drho): # evaluated at each RK4 stage

H_t = assemble_H_I_RWA(t, pulses, noise) # Eq. (89)

rho_dot = L_action.compute_action(time=t, params=H_t, state_in=rho)

drho_dot = L_action.compute_action(time=t, params=H_t, state_in=drho) \
- i*2*pix[assemble_dH_db(t), rho] # + TME source

return rho_dot, drho_dot
rho_t, drho_t = rk4_integrate(RHS, (rho, drho), tgrid) # fixed-step RK4 in CuPy

p, dp = Tr[M @ rho_t], Tr[M @ drho_t]; F = Fisher_from(p, dp) # Secs. 1.4-1.5
# reduce over local (xi, s), then gather across ranks via the MGMN communicator
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GPU-scale spatial output. Figure S10 shows the backend producing the full per-pixel error
budget over a dense grid, the GPU-scale, spatially-resolved counterpart of the single-operating-
point measured-device attribution of the main text. Each pixel carries its own coherence, relaxation,
control, and stress, so a spatially varying device is a batch of independent open-system solves rather
than a single one. Here a 64 x 64 grid with 64 noise realizations per pixel and Ny;=1500 steps is
2.6 x 10° tangent trajectories, propagated as one batch across the eight GPUs and reduced to
the six maps of Fig. S10 in a single run (the sensitivity and shot floor from the photon Fisher
information of Sec. 1.4, the strain and control biases from the closed forms of Sec. 4). The metric-
dependent attribution is a local statement. Which mechanism limits a pixel depends on that pixel’s
material, so a real sensor is not limited uniformly. Resolving that requires exactly this per-pixel
treatment at scale, which the batched GPU formulation makes a single propagation rather than
tens of thousands of serial solves. The same batched propagation scales to a realistic fabrication
run: the per-pixel solves are independent, so a wafer-scale map of order 10° to 10° pixels is the
same computation at a larger batch, with its throughput set by the aggregate GPU memory (the
B x N, trajectory-memory budget) and the number of GPUs rather than by any serial step.
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Figure S10: Per-pixel metric-dependent attribution on the multi-GPU backend, over a synthetic
64 x 64 grid with 64 noise realizations per pixel and N;=1500 steps to T'=4 us. This is a pipeline
demonstration on smooth synthetic material maps, the spatially-resolved GPU-scale counterpart
of the single-operating-point measured-device attribution of the main text (Fig. 4). Each pixel
runs the stochastic-Hamiltonian tangent solve with its own coherence 75 (r), relaxation T1(r),
control amplitude (r), and stress oqiag(r), at a detected-photon budget Nget=4 X 10% and
per-pixel readout contrast C'(r)~0.09 to 0.25. (top row) the sensitivity np(r) (median
~10pT/v/Hz), the coherence Ti(r) it tracks (both peaking at the grid center), and the accuracy,
shown as the total root-mean-square field error RMSE(r) (median ~1.3 4T, whose per-mechanism
decomposition into the strain, control, and shot channels appears in the bottom row) follows a
different spatial pattern. (bottom row) the accuracy bias decomposed into its three channels,
each set by a different input map: the irreducible strain channel from the stress ogiag(r)

(—ADgg /7. via the measured 14.58 MHz/GPa hydrostatic coupling of Doherty et al., Phys. Rev.
Lett. 112, 047601, reaching ~2.6 uT), the removable finite-pulse control bias from the drive
amplitude Q(r) (S$3nT), and the photon shot floor oy (r) set by the shot-noise-limited readout at
the detected-photon budget Nget and per-pixel contrast C(r) (~1 to 13nT). Thus each map is
tied to a specific input: the sensitivity ng(r) to the coherence T5(r), the strain bias to the stress
Odiag(7), the control bias to the drive amplitude €2(r), and the shot floor to the photon budget.
The accuracy is limited almost entirely by the irreducible strain, while the sensitivity is set by
coherence. Because each metric is governed by a different input map, their spatial structures need
not coincide: the control bias, for example, vanishes along the contour where {2 matches its
calibrated value and so is offset from the coherence-set sensitivity. This reproduces the
metric-dependent attribution of the main text, resolved per pixel at GPU scale.
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Parameter sets. The intrinsic Hamiltonian and dissipation parameters are listed in Tables S1—
S3. Table S7 collects the operating point used for the per-mechanism attribution of Sec. 4, to-
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gether with the readout and drift budgets. The contrast and photon-budget prefactors are the
representative values of Sec. 3.2, and the coherence times follow the measured inverse-linear law
T3 [N] ~ 9.6 us-ppm over [N] = 0.08 to 60 ppm.

Table S7: Operating point and drift budgets for the per-mechanism attribution. Intrinsic
constants are listed in Tables S1-S3.

Quantity Symbol Value
Sensed field b 1nT
Interrogation time T 0.6 us
Dephasing time Ty 1.5 us
Relaxation time T 5ms
Optical leakage € 107°
Calibration temperature Teal 300K
Temperature offset AT 0.1K
Effective contrast Coft 0.14
Detected photons per shot Nyet 5 x 109
Zero-field splitting (0K anchor) Dy 2.8777 GHz
Gyromagnetic ratio Ve 28.03 GHz/T
Thermal shift Or D —79kHz/K
Thermal apparent field OrDgs/ve 2.82 uT/K
Drift, background field Op 1nT

Drift, temperature or 0.1K

Drift, optical leakage O¢ 107°

Drift, coherence ory 2%

Drift, relaxation o 10%

Supplementary Note 7: Optically pumped magnetometer: cesium
model and cross-platform test

The framework transfers to a second sensing platform: a scalar optically pumped magnetometer
(OPM) run as a total-field sensor. We instantiate the same construction (an open-system solve,
a Fisher-based sensitivity, and a system-level design margin) for a cesium-133 vapor and apply it
to a real magnetocardiography recording. We use an established OPM model to test whether the
metric-dependent, device-grounded provisioning logic carries across platforms.

7.1 Cesium-133 ground-state model and Breit—Rabi spectrum

The sensing states are the '33Cs ground manifold 625, /2, With nuclear spin I = 7/2 and hyperfine
constant Ans = Eye/(I +3) = 2.298 GHz (from the ground-state splitting Ey¢ = 9.192631770 GHz).
In a bias field B the Hamiltonian is

H = A I-S+ (gsuBS + grupl) - B, (547)
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whose eigenvalues are given exactly by the Breit—Rabi formula for the two hyperfine manifolds
F =141 =234 In the linear (low-field) regime the Zeeman splitting of the stretched F = 4
manifold is hyB with the gyromagnetic ratio

:QFMB _ gJ
T T o

~
~

= 7~ 3.50 Hz/nT, (548)

I

half the 8"Rb value (gr = %) As an internal consistency check on the Hamiltonian construction and
diagonalization, our numerically diagonalized spectrum reproduces the analytic Breit—Rabi eigen-
values of the same Hamiltonian to a relative accuracy of a few parts in 10 across the geomagnetic
range. The leading departure from linearity, the quadratic (nonlinear) Zeeman term o< B?/FEyy,
sets the scalar heading dependence and the systematic-error scale of the total-field readout.

Table S8: Cesium-133 ground-state parameters used in the scalar-OPM model. Atomic constants
follow the standard !33Cs D-line data (Steck, Cesium D Line Data). The nuclear g; is in the
Steck convention (relative to up). The lower block lists the nominal operating point.

Parameter Symbol Value
Nuclear spin 1 7/2
Hyperfine splitting By 9.192631770 GHz
Magnetic-dipole constant Apg = Ene/(I + %) 2.298 GHz
Electronic g-factor qJ 2.00254
Nuclear g-factor g1 —3.989 x 1074
Stretched-manifold — gyromagnetic -~y (F=4) 3.50Hz/nT
ratio
Spin-exchange cross-section Ose 2.0 x 107 ¥ m?
D1 wavelength, linewidth Api, I'p1 894.593 nm,

4.56 MHz
Vapor pressure (log;g Pror = A — A, B 7.046, 3830 K
B/T)
Bias field By 50 uT
Cell temperature Teen 330K
Spin-destruction rate Ryq 300 Hz
Transverse coherence time T 6.6 ms
Search  window (7' optimized Tax 7ms (optimum 7" ~
within) 4.9ms, Fig. S12b)
Readout noise on (F}) On 1073

7.2 Mean-field spin-exchange master equation and readout

At the atomic densities of a practical cell, spin-exchange collisions dominate the relaxation. Rather
than a Lindblad-jump treatment, we propagate the single-atom density matrix under a mean-field
spin-exchange term, in which the collision rate couples each atom to the ensemble-averaged spin
(F). This is the standard density-matrix description of a spin-exchange-broadened (as opposed to
spin-exchange-relaxation-free) alkali magnetometer. The coherent Larmor precession and the spin-
exchange term are advanced by Strang splitting, alternating the two half-steps to preserve second-
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order accuracy. The magnetometer is read out by free-induction decay: after optical preparation
the transverse spin precesses at the Larmor frequency, and is detected on two quadratures, so its
amplitude and phase are recovered independently and the readout is insensitive to the absolute
optical phase.

Explicitly, the single-atom density matrix evolves as

p=—i2m[H,p]+ Vsp(p) + Vse(p) + Vor(p), (549)

with the three mean-field dissipators, following Mouloudakis et al. (arXiv:2402.10746),

Vsp(p) = Rea(Trgp ® 310 — p), (S50)
VSE(p) = Rse(TrSp ® 30(<S>) - p)? 90(<S>) = %H2 +2 <S> -8, (851)
Vop(p) = Rop(Trsp @ 1) (1] = p), (S52)

where Trg is the partial trace over the electron spin, (S) = Tr(Sp), and Rsq, Rse, Rop are the
spin-destruction, spin-exchange, and optical-pumping rates. Spin destruction and optical pumping
are linear in p. The spin-exchange term is nonlinear, because the electron spin-temperature state
©((S)) depends on p through (S).

7.3 Tangent solve for the OPM

The field sensitivity requires the tangent Gg = Opp, propagated by the same construction as the
NV platform (Sec. 1.3) but adapted to the nonlinear mean-field generator. Differentiating Eq. (S49)
with respect to the field along the bias axis gives the coupled tangent equation

9iBS: + grupl;

Gp = —i2n[H,Gg|+ Dinlp, Gp) —i 27 [05H, p], OpH = ; ,

(S53)

whose last term is the source that seeds the tangent. The linearized dissipator Dy, = Vsp + Vop +
DsE 1in keeps Vsp and Vop unchanged for the two linear channels, while the nonlinear spin-exchange
term contributes its Fréchet derivative,

Dsp,iin(p: GB) = Ree [TrsGp @ ¢((S)) + Trsp ® 00(Gp) — G|, 6p(Gp) =2 _ Tr(SkGp) Sk-
k

(Sh4)
The extra term Trgp ® do(Gp) has no NV analog. It is the derivative of the ensemble spin-
temperature feedback, and it is what distinguishes the tangent of a nonlinear (spin-exchange-
coupled) generator from the linear NV Lindbladian, for which Dy, = D. Equations (S49)-(S54)
are integrated together by Strang splitting, which exponentiates the fast ~9.2 GHz hyperfine term
exactly while resolving the ~175kHz transverse Larmor precession, so p and Gp advance on the
same grid and the readout tangent dp(Fy(t)) = Tr(F,Gp) is available at every step with no finite-
difference reference.

7.4 Cramér—Rao sensitivity

F, = I, + S, is the y-component of the ground-state total angular momentum F = I + S, writ-
ten in the coupled hyperfine basis {|F,mp)} (dimension 16 for !33Cs, with F = 3 and F = 4).
The readout is the transverse magnetization (F,)(t) = Tr[p(t) F,], a damped sinusoid at the
Larmor frequency from which |B] is estimated. The sensitivity is built from the Hamiltonian
in four steps that mirror the NV sensitivity chain (Secs. 1.3-1.4). (i) The atoms are optically
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pumped into the stretched state |F=4,m=+4) and tipped transverse to the bias field, py =
e~ /DFy |F=4, +4)(F=4, 44| et ("/2Fy_ (ii) The state is propagated under Eq. (S49) with the
pump off (Rop, = 0), so the transverse spin precesses at the Larmor frequency and decays. (iii)
The field tangent Op(Fy(t)) = Tr(F,Gp) is read from the co-propagated G'g of Eq. (S53). (iv) The
tangent is accumulated into the field Fisher information below. The scalar readout is a frequency
estimation: the field is inferred from the Larmor frequency f; = vB of the free-induction decay.
The field Fisher information accumulates the squared tangent of the transverse spin over the decay,

2
@R T

IB(T) = " T(T)’

(S55)
t<T n

with Op(F),) co-propagated by the same tangent solve (Sec. 1.3) and o, the per-sample readout
noise on (Fy). Evaluated on the recording, and optimizing the sensing time over a free-induction-
decay window longer than 75 (a 1 ms window truncates the optimum and inflates np by ~2.4x),
Eq. (S55) gives np ~ 4.0fT/v/Hz across the cardiac band, more than four orders of magnitude
below the unshielded ~ 59 pT/v/Hz ambient, so the quantum layer never limits the measurement.
This value is anchored to an assumed readout noise o,, so the sensor is modeled as readout-
(technical-) noise-limited rather than projection-limited. The first-principles spin-projection floor,
n%QL = 1/(MadV Nat T2) ~ 1.1 fT/\/IE, lies a further factor of ~ 4 below, so the conclusion that
the quantum layer is far from the system bottleneck holds under either noise model.

7.5 Heading-error accuracy bias

The accuracy channel of the scalar OPM is the heading error: the apparent field depends on the
angle 6 between the spin polarization (set by the pump/light axis) and the bias field. This is
the cross-platform analog of the NV thermal Dgg shift, a systematic bias that is independent of
the interrogation time. The dominant contribution is the nonlinear Zeeman effect. The quadratic
Breit-Rabi term o B2/ Eyy splits the 2F adjacent m —m~—1 transitions of the F=4 manifold, so a
single-sinusoid (centroid) readout returns the population-weighted mean of these lines, which shifts
as the tilt reweights the m-coherences toward high m. We evaluate it by propagating the tilted
state po(0) = e 0| F=4,4+4)(F=4,+4|e*®" and taking the power-weighted spectral centroid
£(0), with the bias referred to field units as 5(6) = [f(6) — f(6ref)]/Vcal, calibrated at the symmetric
heading 0, = m/2. Two subdominant corrections enter the same centroid: the nuclear Zeeman
term grupl - B shifts the two hyperfine manifolds oppositely at the g;/g; ~ 2 x 107 level, and a
light shift along the pump axis adds an effective-field offset 55 = B cos 8, whose heading derivative
— Bigsin @ is largest at # = 90°, so this term is not stationary at the operating heading. These biases
are apparent fields set by the sensor geometry rather than by the coherence, so, like the NV thermal
bias, they fix the accuracy floor of the total-field readout without entering the sensitivity. Because
each is a slowly-varying (near-DC) offset over the recording, it is further suppressed by the R-
peak-aligned beat averaging used to form the mean cardiac field, which is the operative reason the
array-level heading bias is small.

7.6 Common-mode rejection by principal-component analysis

The dominant environmental noise in an unshielded array is the spatially correlated ambient field,
common to all sensors. We reject it by principal-component analysis. Forming the centered multi-
sensor data matrix X (channels x time), we take its singular-value decomposition and project out
the leading k spatial modes,

Xies = Xe — X ViV, (S56)
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where V}, holds the leading k right-singular vectors. The residual per-channel power spectral density
in the cardiac band gives the rejected floor. Projecting out a single common mode (k=1) suppresses
the ambient by ~13x, from ~59 to ~4.4pT/ vHz. Retaining more components keeps improving
the rejection but begins to remove genuine spatial structure, so k=1 is the conservative choice.

7.7 Equivalent-current-dipole localization

The application-level metric is the accuracy with which the cardiac source is localized. We model
the source as an equivalent current dipole of moment m at position rg, with the exact point-dipole
lead field o

~ po 3(m-R)R —m
T dn R3 ’
Given a trial position the moment enters linearly and is solved in closed form by least squares, so
only the three source coordinates are optimized (Levenberg—Marquardt). The localization error is
the root-mean-square displacement of the fitted position under Monte-Carlo per-sensor field noise
and gain mismatch. It rises from a gain- and geometry-limited floor of ~0.37 mm (at the spin-
projection field-noise floor and a 1% gain match) to ~60 mm at the raw single-channel ambient,
steeply but sub-linearly in the per-sensor field noise, floor-limited at low noise and saturating at high
noise. The error is also proportional to the cross-sensor gain mismatch (unit slope, from 0.037 mm
at 0.1% to 3.7mm at 10%), but at a realistic 1% match it is 0.37 mm, about 14x under the 5 mm
clinical specification, so gain calibration is not the binding constraint (Fig. S11). Common-mode
rejection (Sec. 7.6) carries the device onto the few-millimeter contour set by the clinical requirement.
The limiting factor is therefore the array-level field-noise floor, not the atomic sensitivity, the same
provisioning lesson as the NV platform.

B(R)

R = roepsor — ro- (S57)

OPM array: localization vs cross-sensor calibration
(equivalent dipole 7.3 cm deep, fit to the real QRS field)

5 mm clinical spec

o—
0.37 mm @ 1% gain match
(14x under spec)

107" = o

dipole localization error (mm)

0.1 1 10
cross-sensor gain match (%)

Figure S11: Localization design margin. Root-mean-square error of the equivalent-current-dipole
fit to the QRS field (source ~7cm deep) versus the cross-sensor gain match, propagated by
Monte Carlo. At a 1% gain match the error is 0.37 mm, about 14x under the 5 mm clinical
localization specification (dashed), so cross-sensor calibration is not the limiting factor. The
array-level field-noise floor is.
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7.8 From the model to the Fig. 5 panels

The four panels of Fig. 5 are produced from the cesium model above and the single unshielded
recording, by the same steps used on the bench. Supplementary Fig. S12 shows the intermediate
quantity behind each panel, computed by the same core routines (the opm_scalar model) that
populate the figure, so every reported number is reproducible from the recording.

Panel (a), the recording. The R-peak-aligned average of the multi-channel record gives the
mean cardiac beat, with its P, QRS, and T waves (Fig. S12f), and the per-sensor field at the QRS
peak, interpolated over the array geometry, gives the dipole-field map.

Panel (b), the engine grounded in the recording. The free-induction decay is propagated
with its field tangent (Sec. 7.4). The transverse spin (F,(t)) and its derivative dp(F,(t)) (Fig. S12a)
accumulate the field Fisher information, and minimizing /T /+/Zp(T) over the window returns
ng ~ 4.0fT/v/Hz at an optimal window T =~ 4.9 ms (Fig. S12b). The frequency-resolved nz(f) and
the Larmor-versus-Breit—Rabi check are read from the same solve.

Panel (c), the sensitivity and robustness budgets. The sensitivity is split into its spin-
projection floor and the residual readout shot noise, both from the Fisher information. The ro-
bustness is the low-band (1 to 10 Hz) ambient field-noise floor before and after projecting out the
leading spatial principal component (Eq. (S56)). The field amplitude spectral density before and
after rejection (Fig. S12d), integrated over the band, gives the ~ 13x common-mode rejection
(58.7 — 4.4pT/+/Hz), with the leading mode carrying 99.9% of the array variance. This mode is
a near-uniform ambient field, nearly orthogonal to the cardiac dipole pattern, so projecting it out
removes < 0.01% of the QRS amplitude while suppressing the common-mode ambient, and the
cardiac signal is preserved.

Panel (d), the localization design space. An equivalent current dipole is fit to the QRS
field across the 26 sensors (Eq. (S57)). The fitted dipole reproduces the measured field at a source
depth of ~7cm (Fig. S12e). Sweeping the per-sensor field noise and the cross-sensor gain mismatch
by Monte Carlo (Sec. 7.7) then maps the localization error over the design space against the 5 mm
clinical requirement.

The accuracy channel of the model, the heading-error bias 3(6) (Sec. 7.5), is nearly common-
mode for this array because every sensor sits within 1-2° of the same heading, 6 =~ 90°. The bias
B(0) varies approximately linearly there (slope |d3/df| ~ 0.12nT/deg, Fig. S12c), so the shared
offset is absorbed into the single field calibration and only a residual spread of ~265pT survives.
It therefore does not appear as a separate Fig. 5 panel.
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FID readout and its field tangent sensing-time optimum heading error (array spread = 264.8 pT)
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Figure S12: Intermediate quantities behind the Fig. 5 panels, each computed from the cesium
model and the recording by the same routines that populate the figure. (a) The
free-induction-decay readout (Fy(t)) (left axis) and its co-propagated field tangent O (Fy(t))
(right axis) over the first 0.15ms. (b) The sensing-time curve vT 65(T), whose minimum is the
reported sensitivity np ~ 4.0fT/vHz at T ~ 4.9 ms. (c) The heading-error calibration 3(6). The
26 real sensors cluster within 1-2° of # = 90°, where [ varies nearly linearly, so their shared offset
calibrates out and the array-level accuracy bias is nearly common-mode. (d) The field amplitude
spectral density of a single channel and of the PCA common-mode-rejected residual. Integrated
over 1 to 10 Hz the ambient falls from 58.7 to 4.4 pT/v/Hz (~13x), the leading principal
component carrying 99.9% of the array variance (inset). (e) The equivalent-current-dipole fit: the
model field against the measured QRS field across the 26 sensors, for a source at ~7 cm depth.
(f) The R-peak-aligned averaged cardiac beat with its P, QRS, and T waves.

Supplementary Note 8: Charge-state characterization from photo-
luminescence spectra

Only the negatively charged state NV~ carries spin contrast, so the sensitivity and photon budgets
depend on the fraction of centers in that state. The effective readout contrast is Ceg = Coptical Syv-
(Sec. 3.2), and the measured NV~ /NVT charge fraction fnv- as a function of optical power is the
starting input of the Fig. 4 analysis (Fig. 4a). This section describes how that fraction was extracted
from photoluminescence (PL) spectra, following the method of Thalassinos et al. [9].

8.1 Experimental setup and samples

The PL measurements used a WITec confocal microscope with a Zeiss 100x objective (numerical
aperture NA = 0.9). The excitation was a 532nm laser with the power incident on the objective
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varied from 0.1 to 50 mW. From the objective NA and the excitation wavelength, the excitation
spot has an estimated lateral diameter of 306 nm and a confocal depth of 930 nm. A second laser
at 355nm, held fixed at 3mW, recorded a reference NV? spectrum. Under ultraviolet excitation
the ensemble is driven predominantly into the neutral charge state, so this spectrum gives the pure
NV? emission line shape [9]. The samples were two commercial nitrogen-vacancy-doped diamond
substrates (Element Six, supplied by Thorlabs, product codes DNVB1 and DNVB14), the two
growths used for the charge-state and photon-budget inputs of Fig. 4.

8.2 Spectral features

Table S9 lists the spectral features in the 560 to 710 nm detection window. The zero-phonon lines
(ZPLs) of the two charge states lie at 575nm (NVY) and 637nm (NV ™) [4], each with a broad
phonon sideband extending roughly 100 nm to longer wavelengths. Under 532nm excitation the
first-order diamond Raman line (1332cm™") [10] falls at 572.6nm, on the rising edge of the NV
ZPL, and is not resolved as a separate peak at the spectral resolution used here.

Table S9: Spectral features in the 560 to 710 nm detection window.

Feature Position Origin Ref.
NV° ZPL 575nm (2.156eV) NV zero-phonon transition [4]
NV~ ZPL 637nm (1.945eV) NV~ zero-phonon transition [4]
Diamond Raman 572.6nm (532nm exc.) first-order phonon, 1332cm=t  [10]
NV sideband ~580 to 650 nm phonon-assisted NV? emission  [4]
NV~ sideband ~650 to 750 nm phonon-assisted NV~ emission  [4]

8.3 Spectral decomposition

The two charge-state contributions were separated as follows. The 355 nm reference spectrum was
clipped to non-negative values and normalized to unit integrated area, giving the pure NV line
shape Syyo(A). The pure NV~ line shape Syy-(A) was obtained from a 532 nm spectrum by sub-
tracting Syyo, scaled by least squares to match the measured spectrum over 565 to 585 nm, where
NV~ emission is negligible (its ZPL lies at 637 nm and its sideband extends to longer wavelengths).
The non-negative residual, normalized to unit area, was taken as Syy-. We note that the 532 nm-
excited first-order diamond Raman line at 572.6 nm falls within this 565-585 nm scaling window,
whereas the 355 nm reference has no Raman feature there (its Raman line lies near 373 nm), so the
least-squares scaling can absorb a small amount of Raman intensity into the NVY amplitude and
bias fyy- slightly low. The line is unresolved and the fit residual is below 1% of the peak, which
bounds the effect. A Raman-free scaling window or an explicit Raman basis component would
remove it.
Each measured spectrum y(A) was then decomposed as

Y(A) = co Syyo(A) + 1 Syy- (A), co, c1 > 0, (S58)

with the coefficients found by non-negative least squares [11] as implemented in SciPy [12]. Because
the reference line shapes are area-normalized, ¢y and c; equal the integrated PL intensities of the
NV? and NV~ components, and these are the quantities reported as a function of excitation power.
A representative decomposition is shown in Fig. S13, and across the data set the root-mean-square
fit residual is below 1% of the peak intensity. The ratio of PL intensities maps onto a ratio of
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charge-state populations only after correcting for the different emission and collection efficiencies
of the two charge states within the detection window [9]. That corrected ratio is the NV~ /NVT
fraction fyy- used in the effective contrast of Sec. 3.2 and plotted against optical power in Fig. 4a.
The raw spectra for both samples are available as described in Sec. 77.
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Figure S13: Representative decomposition of a measured photoluminescence spectrum (black)
into its NV (blue) and NV~ (red) components. The zero-phonon lines of the two charge states
are labeled, and the dotted line marks the first-order diamond Raman line under 532 nm
excitation, which overlaps the rising edge of the NVY ZPL. The area under each component is the
integrated photoluminescence intensity of that charge state (Eq. (S58)).

Supplementary Note 9: Outlook: from mechanism attribution to
adaptive, meta-learned control

Current practice manages device heterogeneity and drift by recalibrating the control stack on a fixed
schedule, a cost that grows with processor size. Pairing the mechanism-resolved twin developed
here with recent scaling laws for meta-learned adaptation [13] suggests a different route, in which
calibration is budgeted per device and tracked online rather than repeated wholesale. The object
being tuned is a generalized control vector § € R¥ that is agnostic to physical parameterization.
Beyond gate-pulse coefficients, 6 can collect any calibratable knob across the stack, from quasi-
static hardware flux biases and environmental setpoints such as thermoelectric-cooler currents to
compilation choices such as virtual-Z offsets or dynamical-decoupling delays.

Setup. Let a device instance be a task £ € E drawn from a distribution P(§), where £ collects
the mechanism parameters (coherence times, noise rates, strain, couplings). From a single tangent
solve the twin returns the performance objective L(6; &) = 1—F and its gradient VgL, alongside the
metrics and Shapley shares of the main text. A knob enters this construction whenever its coupling
to the physical model parameters p is known, since the same tangent supplies its sensitivity by the
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chain rule,

dp Op
O, p = — — S59
so the framework is agnostic to what 6; physically is, provided dp/d0; is characterized. The coupling
through p also groups the coordinates {1,..., P} into mechanism-aligned blocks Sy, ..., S,,, where

S; collects the knobs that act on mechanism j. The Shapley value ¢;(£) of the main text quantifies
how much mechanism j currently degrades the objective, and Ilg denotes the orthogonal projection
that restricts an update to a block S.

The twin as a data engine. As a forward model grounded in and updated from measured
device data, the twin is a generator of physically accurate synthetic training data on which a con-
trol policy 7y can be meta-trained to a device family before deployment. Because the twin can
activate or suppress each mechanism in the model, that data carries ground-truth per-mechanism
labels no hardware measurement can supply, which is what makes it a supervised-learning source
rather than a plain simulator. Producing that data at the scale meta-training demands is where the
twin’s batched, multi-GPU backend (Sec. 6.1) becomes essential. A single campaign co-propagates
the state and its tangent across a large grid of device configurations at once, sweeping the exper-
imental parameters £ and batching over spatial position and noise realization, so one run defines
the task distribution P(£) the policy is trained on rather than solving each configuration in series
(Algorithm 1).

When and how much to adapt. At deployment the twin supplies the inputs that set the adap-
tation budget. It measures the device-to-device and temporal variance Jg of the task parameters &,
and it estimates the local landscape geometry from the tangent, so a few probe steps yield a finite
budget rather than an open-ended search. The companion scaling law states that the expected gain
from per-device adaptation grows with this variance and saturates with the number of adaptation
steps K,

GK) ~ Ax(1—ePK),  Ag x o2, (S60)
with an achievable ceiling A, set by the measured heterogeneity and an adaptation-rate constant

[ that fixes a budget beyond which returns diminish. We reproduce only the form. The derivation,
the constant 3, and the conditions under which the bound holds are given by Leclerc et al. [13].

Mechanism-targeted adaptation. Because the twin resolves error by mechanism, the same
attribution directs the budget. Rather than optimizing blindly over the full multi-layer parameter
space, a runtime diagnosis restricts the update to the block that couples to the mechanism worth
correcting, and the adaptation step is a masked gradient descent on the objective,

0 < 0—nllgVyL(0;¢), (S61)

with step size n and VgL read from the same tangent, so the inactive parameters are held fixed
and the adaptation stays within a well-behaved region of the landscape. The block is chosen by
the recoverable gain, which is limited both by how much a mechanism currently costs and by how
much adaptation on its block can deliver,

S = S, j* = argmax min(¢;(¢), Af;gj)), (S62)
j

where Agj ) is the ceiling of Eq. (S60) restricted to block S; and inherits its scaling with that block’s
task variance (Algorithm 2).
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What the readout must resolve. Targeting a single mechanism presumes the readout can tell
mechanisms apart. A scalar readout, a single contrast value or one field estimate, can respond
almost identically to a thermal shift, a dephasing, and an optical leakage, leaving their Shapley
shares collinear and a masked update on one channel indistinguishable from a misdirected update
on another. Per-mechanism targeting is well-posed only when the Fisher information over the
mechanism parameters is well conditioned, and a richer readout, a time-resolved Ramsey or free-
induction trace, several pulse sequences, or a spectral or multi-axis measurement, raises its rank
and separates the shares. The two platforms studied here show the effect. The NV sequence family
separates coherence loss from a temperature shift because each acts on a different part of the time-
resolved signal, and the cesium free-induction spectrum separates a heading bias from the true field
because the two enter the line shape differently. Choosing the readout to be informative about
the mechanisms one intends to control is thus the measurement-side counterpart of choosing which
knobs to actuate, and the twin can rank a candidate readout by the conditioning of the mechanism
Fisher matrix it would produce.

Design time versus runtime. The closed loop suppresses only those mechanisms whose con-
trolling parameters are adjustable during operation. Pulse coefficients, flux biases, thermoelectric
setpoints, and compilation choices can be retuned in flight. Many device properties cannot. The
fabrication of the control lines, the layout of the photonic circuit, and the material itself, including
its defect density and strain, are fixed at design and growth time, and no online update can change
them. The attribution separates these two regimes. A large Shapley share on an online-adjustable
channel is what the runtime loop is for, whereas a large share on a parameter frozen at fabrica-
tion points instead to a design-time change, a different control-line geometry, a lower-loss photonic
switch, or a cleaner material. The same per-mechanism budget therefore allocates effort across the
development cycle, indicating whether a given metric is best recovered by better fabrication or by
better operation.

Algorithm 1 Offline: task-distribution generation and meta-training (twin, multi-GPU).

Require: parameter grid Z = {¢M)_ ... ¢} policy my, meta-iterations M
1: solve the twin in one batched multi-GPU campaign over =, batching position, noise realization,
and parameter sweep, collecting for each & the objective L, gradient VgL, and mechanism
shares {¢;} > populates P (&)
2: meta-train 7y on this ensemble for M iterations
3: return meta-initialization g
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Algorithm 2 Online: closed-loop, mechanism-targeted calibration (edge device).

Require: device, twin, meta-initialization 6y, gain threshold ¢, step 7

1: 6« 6y

2: loop

3: Probe: run N characterization steps — estimate task parameters f

4: Diagnose: one tangent solve at (6,&) — L, VoL, {¢;}

5: select block S = S;» by Eq. (S62); estimate 02 and geometry — ceiling Ao, budget K

6: if Ay, < e then

7 keep 6 (non-adaptive) and continue > near-nominal device
8: end if

9: Adapt: for k=1to K do 0« 0 —nIlg VoL(6;€)

10: Deploy 0; re-probe as drift accrues

11: end loop

GPU cam- task dist.

paign
over grid = P

meta-train
T — 90

edge probe masked adapt
device 0+—0—nllsVoL

diagnose budget K
L,VoL,{¢;} from o2

deploy, re-probe

Figure S14: The proposed closed loop. Offiine, one batched multi-GPU campaign over a
parameter grid Z defines the task distribution P(§) and meta-trains the policy to an initialization
0o (Algorithm 1). Online, the twin probes and diagnoses the edge device from a single tangent
solve, sets the adaptation budget K from the measured heterogeneity o2, and applies masked
updates to the diagnosed block before redeploying and re-probing as drift accrues (Algorithm 2).
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Figure S15: Proposed integration of the twin and the meta-learned controller in a sensing
apparatus (high level; not implemented here). At design time, a batched multi-GPU campaign
over the parameter grid = defines the task distribution and meta-trains the policy to an
initialization 6. At runtime, an edge controller holding 7y actuates the sensor’s control knobs ¢
(microwave phase and amplitude, bias field, optical power); the photon-count or free-induction
readout is estimated and passed to the twin, which runs a single tangent solve to identify the
active mechanism, read its Shapley share {¢;} and sensitivities, and return a masked gradient
with an adaptation budget K. The controller applies the targeted update, and the loop repeats as
drift accrues. The readout must be informative enough to separate the mechanisms being
diagnosed; a scalar readout can leave their shares unidentifiable, whereas a time-resolved or
spectral readout makes them separable. Any platform exposing these control knobs and a
differentiable model instantiates the sensor block; the NV ensemble and the cesium magnetometer
studied here are two such instances.

Operational sensing. This loop matters most for quantum sensors that operate outside the
laboratory, where the environment drifts and the platform itself moves. In these settings accuracy,
the systematic bias emphasized throughout this work, is the binding metric, because a navigation
or detection decision integrates the sensor output over time and a slowly-varying bias accumulates
into a growing error rather than averaging away. A magnetometer flown for anomaly detection
on a moving vehicle sees its dominant bias source change as the platform moves, from a heading-
dependent shift as the vehicle turns to a thermal shift of the transition frequency as it heats or a
stray field from onboard electronics. A self-adapting sensor uses the twin to diagnose which channel
is active at each moment and spends a bounded adaptation budget re-nulling only that channel,
so a genuine anomaly is separated from a platform artifact without returning to calibration. The
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same construction supports positioning, navigation, and timing in GPS-denied conditions, where
the worth of a magnetometer, gravimeter, or clock is set by how well its bias is held over an
operational interval.

Status. Assembled, these pieces describe a closed loop: probe the edge device, diagnose the active
mechanisms and read the sensitivities from one tangent solve, set the budget from the measured
heterogeneity and geometry, apply targeted updates, and re-probe as drift accumulates (Fig. S14),
mapped onto an apparatus in Fig. S15. We present this as a direction rather than a demonstration.
The attribution framework is established here and the adaptation scaling laws are established
separately, but closing the loop end to end on hardware, within the controllability and model-
fidelity assumptions each component requires, remains open. Its appeal is a change in what the
hardware is asked to do, from a passive subject of environmental drift toward an active participant
in its own stabilization.
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