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Supplementary Note 1: Analytical calculation of tight-binding model.








We consider a honeycomb lattice ribbon with lattice constant a = 1, consisting of two sublattices A and B (Fig. S1a). The wave vector is k = (kx, ky), and the lattice vectors are 1 = (0,), 2 = (,), and 3 = (,), respectively. We set the nearest-neighbor couplings as t1, and the parity-inversion breaking on-site potential as M. Therefore, the k-space Hamiltonian of Dirac semimetal is given by H(1,1) = M, H(1,2) = , H(2,1) = H*(1,2), and H(2,2) = -M. To simplify the analysis, we consider the Hamiltonian along the kx direction and set ky = 0. The Hamiltonian can be rewritten as H = . Solving the eigenvalue equation Hψ = Eψ will yield the band energies as E(kx) = , where ψ denotes the eigenstate wave function. In our configuration, we set M = 0 and the energies at the K and K' valley will be Ek = Ek' = 0.
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Fig. S1. Tight-binding models. (a) Dirac semimetal. The black solid lines represent the nearest-neighbor couplings. (b) Schematic for calculating projected bandstructure of a ribbon geometry. Periodic boundary conditions are applied along x direction and the outermost boundary site has an additional on-site mass Ms.
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Fig. S2. Projected bandstructures of the Dirac semimetal with different Ms. The color scale indicates the surface density of states (SDOS), highlighting edge-localized modes. (a) Ms = 0. (b) Ms = 0.40. (c) Ms = 0.70. (d) Ms = 1.00. (e) Ms = 1.36. (f) Ms = 1.74. (g) Ms = 2.50. (h) Ms = 3.40. (i) Ms = 4.36.


Next, we consider a zigzag strip comprising N cells in the y direction and periodic boundary conditions along the x direction, so that kx remains a good quantum number for calculating the project band (Fig. S1b). To implement flatband modification, we introduce an additional on-site mass Ms only on the topmost and the bottommost sites of the ribbon. For example, the topmost site’s Hamiltonian becomes H(1,1) = M + Ms. Figure1d-1e and Figure S2 show the projected bandstructure of a zigzag ribbon with N = 11 cells for different values of Ms. To distinguish and highlight the edge states from the bulk states, we evaluate the SDOS. Specifically, we define the boundary weight by integrating the eigenstates ψn over topmost and bottommost sites, which has the form Wn =. For bulk states, the wave functions extend across the entire ribbon, so the boundary contribution is small, yielding a small Wn. In contrast, edge states are concentrated near the ribbon boundaries, resulting in a larger Wn, which allows them to be highlighted in the projected spectrum. When Ms = 0, a pair of flatbands appears between two Dirac points at E = 0 (Fig. S2a). As Ms increases, the flatbands firstly shift up into the bulk bands, and then move into the trivial bandgap (Fig. S2b-S2i).
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Fig. S3. Programmable corner states in a triangular geometry with locally tailored additional on-site masses Ms. (a) The bulk, edge, and topological corner eigenstates calculated in a triangular geometry. The leftmost, topmost, and rightmost sites have different additional on-site masses Ms. (b)-(d) Corresponding eigenstate field profiles showing corner localization for three distinct Ms. (b) Ms = 2.50. (c) Ms = 3.40. (d) Ms = 4.36.

To calculate the corner states, we consider a finite triangular geometry where the leftmost, topmost, and rightmost sites are assigned different additional on-site masses Ms, chosen as 2.50, 3.40, and 4.36, respectively. The resulting spectrum is summarized in Fig. S3a and three in-gap corner states are clearly resolved. Figures S3b-S3d show the eigenstate fields of these three corner states, confirming that each mode is strongly localized at its designated corner while appearing at a distinct eigenenergy. This demonstrates corner states with programmable spectral positions enabled by local mass tailoring.

Supplementary Note 2: Surface density of states of photonic crystals.
[image: ]
Fig. S4. The surface configurations in photonic crystals. (a) Semi-infinite photonic crystals with surface modified rods and an open boundary (air cladding). (b) Semi-infinite photonic crystals without rod modification, terminated by a PEC boundary placed at a distance d from the photonic crystal surface.

The SDOS calculations of photonic crystals are based on the approaches in Ref. 1. To obtain the SDOS spectrum associated with a well-defined single boundary of a semi-infinite system, we start from the surface Green’s function:

		




whereandare the permeability and permittivity at location r, I is a 3×3 identity tensor, andis the Dirac delta source at r'. Equation (S1) can be compactly written as ZG = I, with the operator. For a semi-infinite periodic crystal, the system can be discretized into identical layers normal to the surface. Considering the intra-coupling and inter-coupling between neighboring layers, the operator Z can be transformed into the following block-tridiagonal form:

		
[image: ]
Fig. S5. The SDOS calculations of the projected bandstructures of photonic crystals with different rE. (a) rE = 1.00r. (b) rE = 0.90r. (c) rE = 0.85r. (d) rE = 0.80r. (e) rE = 0.75r. (f) rE = 0.70r. (g) rE = 0.60r. (h) rE = 0.50r. (i) rE = 0.40r.

Figure S4a illustrates the surface configuration of a semi-infinite photonic crystal, where the edge rods are locally tailored and exposed to air (open boundary). The surface Green’s function can be derived through transfer matrix method2 applied to equation (S2). The SDOS is then evaluated from the imaginary part of G by introducing an infinitesimal imaginary frequency η in the following equation:

		
We calculate SDOS of projected bandstructures for different edge rod radii rE (Fig. 2 and Fig. S5). As rE is reduced, the edge bands will firstly move into the upper bulk bands (Fig. S5a-S5d), and become spectrally isolated inside the trivial bandgap between the second and third bands (Fig. S5e-S5i). In addition to geometric tailoring the edge rods, we find that the edge bands can also be tuned by modifying the separation between the photonic crystal and a perfect electric conductor (PEC) boundary (Fig. S4b). The edge bands can also shift into the trivial bandgap by reducing the distance d (Fig. S8).

Supplementary Note 3: The configurations for numerical calculation of corner states and experimental setups.
[image: ]
Fig. S6. The configurations for numerical calculations of corner states. (a) The configuration with modified corner rods in a honeycomb photonic crystal, surrounded by scattering boundaries. (b) Honeycomb photonic crystal enclosed by PEC boundaries. (c) The configuration with modified corner rods in a Kagome photonic crystal, surrounded by scattering boundaries.

The corner states in Fig. 2-4 are calculated by the configuration in Fig. S6a. In this setup, a finite triangular honeycomb photonic crystal is embedded in an unbounded x-y domain and enclosed by scattering boundaries to emulate an open system and suppress spurious reflections.
In Supplementary Note 4, the corner states are instead calculated in the PEC confined geometry illustrated in Fig. S6b, where the honeycomb photonic crystal is placed within PEC boundaries. The separation between the PEC boundaries and the unmodified photonic crystal surface is denoted by d.
For the Kagome-lattice corner states discussed in Supplementary Note 5, we again adopt an open-system configuration (Fig. S6c): a finite Kagome photonic crystal with locally modified corner rods is surrounded by scattering boundaries in the x-y plane.
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Fig. S7. Experimental setup and transmission measurements of corner states. (a) Overall picture of the measuring process. (b) Schematic of the measurement configuration, with plane-wave excitation applied from three sides. (c) Transmission spectra measured at the three corner positions (blue, orange, and green).

The experimental setup is displayed in Fig. S7a. To verify fabrication consistency, we measure the transmission spectra by exciting the sample from three different sides and probing the corresponding corners (Fig. S7b-S7c). In all cases, the resonance peaks appear at nearly the same frequency, with variation within the fabrication tolerance of the YIG cylinders (±0.1mm) and measurement uncertainty.

Supplementary Note 4: Modification of corner states through PEC boundaries.
In this section, we show that instead of modifying the radii of the corner rods, reducing the PEC boundary spacing can also shift Dirac flatbands into the trivial bandgap between the second and third bands. The corresponding geometry configuration is illustrated in Fig. S4b, where the distance between the photonic crystal edge and the PEC wall is denoted by d. We calculate the SDOS of projected bandstructures in photonic crystals for progressively reduced d (Figs. S8a-S8f). As the PEC walls approach the photonic crystal, the two edge bands between the Dirac points firstly move upward into the bulk bands (Fig. S8d). When d further decreases, these edge bands shift into the bandgap region (Fig. S8e-S8f). Therefore, isolated corner states can also be constructed within the bandgap purely by compressing the PEC boundary spacing, without any geometric modification of the dielectric rods (Fig. S8g and S8h). The eigenstate result confirms the emergence of corner modes within the bandgap, separated from the bulk states (Fig. S8g). The corresponding electromagnetic field distribution in Fig. S8h further demonstrates strong localization at three corner rods, showing that PEC spacing alone can be used to engineer corner states through flatband shifting.
[image: ]
Fig. S8. Modification of corner states by varying the PEC boundary separation. (a)-(f) The SDOS calculations of projected bandstructures with different distance d between the edge of photonic crystals and the PEC boundaries. (a) d = 0.3a. (b) d = 0.2a. (c) d = 0.15a. (d) d = 0.10a. (e) d = 0.05a. (f) d = 0.01a. (g) The eigenmodes of the bulk (blue dots) and corner modes (orange dots) in the triangle photonic crystal structure when d = 0.01a. (h) The electric field distribution of the corner modes at f = 0.412a/c, showing strong localization near the three corner rods.

This boundary-driven spectral restructuring differs fundamentally from both conventional defect-induced localization and previously reported topological corner states, which rely on either local perturbations or bulk topological invariants and symmetry protection. To make this distinction explicit, Table S1 systematically compares conventional defect modes, higher-order topological corner states, and the present mechanism in terms of physical origin and required conditions. This comparison highlights that the reported states constitute a complementary route to robust localization beyond existing paradigms.
Table S1 | The configuration and mechanism difference between traditional defect modes, topological corner states, and our work
[image: ]

Supplementary Note 5:  The design of tailored corner states in breathing Kagome lattice.
(i) Photonic design.
[bookmark: _Hlk189595284][bookmark: _Hlk189593688][bookmark: _Hlk189595268][bookmark: _Hlk189595578]In this section, we study the locally geometric tailored corner states in a breathing Kagome lattice case. The Kagome structure is arranged in equilateral triangle structure (Fig. S9a). Each unit Kagome cell consists of three rods with radius r = 0.1a. The coupling strength between the three rods within the same cell is denoted as t1 and the coupling strength between rods in adjacent cells is set as t2. To open a bandgap, we vary the coupling strengths t1 and t2 by shifting the cylinders closer to or farther away from one another. For the unperturbed Kagome lattice, the distance between the three rods in one unit cell is set as d = 0.5a consistently (Fig. S9b, position 1), which means that inter-cell and intra-cell coupling strengths t1 and t2 are identical. The bandstructure in this case exhibits two degenerate Dirac points at K and K' points in the Brillouin zone, as indicated by the blue lines in the bulk bandstructures in Fig. S9c. When the distant d is tuned to be larger or smaller than 0.5a, corresponding to positions 2 and 3 in Fig. S9b, the crystalline symmetry is reduced, leading to the opening of a complete topological bandgap. Note that, topologically nontrivial structures are corresponded with expanded structure where d > 0.5a, for which |t1/t2| < 1. By contrast, the shrunken structures with d < 0.5a correspond to topologically trivial structures. The topological nontrivial expanded structure and trivial shrunken structure have identical bulk bandstructures, indicated by the red lines in Fig. S9c. 
[image: ]
[bookmark: _Hlk196078862]Fig. S9 The construction of symmetry-dependent corner states in Kagome lattice. (a) The schematic of the Kagome triangular photonic crystal. (b) The lattice unit cells of unperturbed (1), expanded (2), and shrunken (3) Kagome lattices. (c) The bulk bandstructures of unperturbed (1), expanded (2), and shrunken (3) Kagome lattices. (d) The eigenfrequencies of modes in Kagome triangular structure. (e) Electric field distribution of symmetry-dependent corner states at the normalized frequency f = 0.357(a/c).

In our configuration, we set d = 0.7a for opening a topological bandgap, and Fig. S9d shows the calculated eigenfrequencies in the normalized frequency range 0.30~0.50(a/c). There will be Type-I, Type-II corner states, and edge states appeared within the bandgap (see Refs. 3,4). In our discussion, we focus on Type-I corner modes (highlight with dash lines in Fig. S9d). These three symmetry-dependent corner modes appear at three corners, as the field profile shown in Fig. S9e.
[image: ]
[bookmark: _Hlk196079044]Fig. S10. The construction of tailored corner states in Kagome lattice. (a) Schematic diagram of the corner-tailored Kagome triangular photonic crystal. (b) Calculated eigenfrequencies of modes in Kagome triangular structure. (c)-(d) Electric field distributions of (c) symmetry-independent corner states at the normalized frequency f = 0.400 (a/c), and (d) symmetry-dependent corner states at the normalized frequency f = 0.357 (a/c).

[bookmark: _Hlk196150557]Then, we set the topmost pillar radius to rE = 0.75r (Fig. S10a). The calculated eigenfrequencies (Fig. S10b) indicate that the symmetry-independent corner state has an eigenfrequency of 0.400(c/a). The unperturbed leftmost and rightmost rods still support the symmetry-dependent corner modes, which are located at lower frequency 0.357(c/a) in Fig. S10b. Figures S10c and S10d show the electric field distribution of symmetry-independent corner mode and symmetry-dependent corner modes, respectively. Therefore, our approach of constructing corner state through local modification of the corner rod yields a different eigenfrequency and more localized field distribution compared to the symmetry-dependent ones. We have illustrated that such tailored topological corner states can be realized within both trivial and nontrivial bandgaps.

(ii) Experimental identification.
[bookmark: _Hlk196150633]We investigate the symmetry-independent corner states in a Kagome triangular photonic crystal with a lattice constant of 15 mm. The radii of the YIG rods are 1.5 mm, while the corner cylinders are tailored by ones with radii of 1.125 mm (Fig. S11a). Figure S11b shows the numerically calculated eigenfrequencies of the corner and bulk modes. A bandgap can be observed approximate from 6.92 to 8.78 GHz, as indicated by the black line in Fig. S11c. The red line shows the transmission spectrum at the topmost corner of the Kagome triangle structure, where a peak at 8 GHz is observed. The electric field (Fig. S11e) indicates strong field confinement at the topmost corner. The slight discrepancy between the simulated and experimental field profiles arises from the fixed probe position used in the near-field scanning, together with the intrinsically broader spatial distribution of the Kagome corner state. For comparison, Figs. S11d and S11f show the field distributions of the bulk modes in the lower and upper bands. Hence, we experimentally observe symmetry-independent corner states within nontrivial bandgap here and trivial bandgap in the main text, showing that our approach of constructing tailored corner state can be applied in different photonic crystal systems.
[image: ]
[bookmark: _Hlk196503281]Fig. S11. Experimental observation of tailored corner state in Kagome lattice. (a) Top view of the Kagome triangular sample, without the top aluminium plates. (b) Calculated eigenfrequencies of bulk and corner states. (c) Measured transmission spectra at the bulk (black line) and corner (red line) positions under plane wave excitation. (d)-(f) Measured electric field distributions at representative frequencies: (d) 6 GHz (bulk mode), (e) 8 GHz (corner mode), and (f) 10 GHz (bulk mode).

[bookmark: _Hlk196080759](iii) Corner states stability against disorders in Kagome lattices.
We also investigate the stability of the corner states in breathing Kagome lattices. Figures S12a – S12c show the unperturbed Kagome lattice and two types of disordered configurations. We utilize the same fluctuated strength () definition in the main text for characterizing the degree of disorders. In all calculations, the photonic crystal is composed of dielectric cylinders with radii of r = 0.1a and the relative permittivity  = 11.5, while the modified corner rod is set to rE = 0.75r.
[image: ]
Fig. S12. Robustness of corner states under structural disorder. (a)-(c) Sketch maps of the Kagome photonic crystals: (a) Unperturbed Kagome photonic crystal. (b) Position-perturbation photonic crystal. (c) Radius-perturbation photonic crystal. (d)-(e) Calculated eigenfrequencies of corner and bulk modes as a function of disorder strength for (d) position disorder and (e) radius disorder.

[bookmark: _Hlk196081707][bookmark: _Hlk192540869][bookmark: _Hlk192622560]Figures S12d and S12e show the eigenfrequencies in Kagome lattices as a function of  for the position perturbations and radius perturbations, separately. In position disorder cases, the topological Kagome bandgap close more quickly than the trivial bandgap shown in Fig. 4d. The Kagome bandgap is closed when  is approximately larger than 0.35, and the corner modes merge into bulk modes when  > 0.20. We note that the topological Kagome bandgap is protected by the global symmetries. Therefore, this bandgap is more affected by the position perturbations, since the symmetry is associated with specific interference pathways in the lattice. However, in radius disorder case, the topological bandgap still exists when  is larger than 0.50 (Fig. S12e). Compared with trivial bandgap displayed in Fig. 4e, the topological bandgap is more stable in radius disorder case, possibly because this type of perturbations has less impact on the global symmetries. However, with the increase of the fluctuated strength, there will be other localized modes exist within the bandgap. The corner modes may merge into bulk modes when  > 0.42. Therefore, the corner states constructed in the main text ― being independent of global symmetry ― exhibit enhanced robustness against position perturbations.
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