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Stress Analysis of Anisotropic Inclusion Problems
Using Complex-Variable Methods

Liming Chen - Seiichi Nomura*

Abstract This work presents an analytical method for deriving the stress
fields in an elastic medium containing a circular anisotropic inclusion embed-
ded in an infinitely extended isotropic matrix and subjected to uniform far-field
stresses.

Stress functions are employed to represent the stress distributions. While
the Airy stress function has been widely used to derive stress fields in two-
dimensional isotropic materials, Lekhnitskii’s formalism provides an alterna-
tive approach for two-dimensional anisotropic materials. In this formulation,
the stress function is expressed as the real part of the sum of two analytic func-
tions of independent complex variables, which are determined from the roots
of the characteristic equation associated with the anisotropic elastic constants.

In the present study, the conventional Airy stress function is used for
the isotropic matrix, whereas Lekhnitskii’s formalism is employed for the
anisotropic inclusion. The stress function for the matrix is represented by a
Laurent series, while that for the inclusion is expressed as a Taylor series. The
unknown complex coefficients in these series are determined by enforcing the
continuity of displacements and tractions across the matrix—inclusion interface
and also satisfying the far-field boundary conditions.

The resulting stress fields are obtained in closed form, providing a novel
analytical solution to the circular anisotropic inclusion problem. The proposed
approach can also be extended to related problems, including thermal stress
and heat conduction, demonstrating its potential applicability to a broad range
of engineering and materials-science problems.
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1 Introduction

The usefulness of composite materials lies in their capability to be tailored
for specific applications by virtue of anisotropy. Despite this advantage, the
stress analysis for anisotropic composite materials presents a challenge with
limited resources available in the literature to address the complexity. This
challenge is particularly pronounced when considering composites comprising
matrix and inclusion (fiber) phases.

Significant research exists on stress analysis for composites with isotropic
constituents, pioneered by the work of Eshelby [1]. However, when one of the
constituents exhibits anisotropy, the complexity aggravates.

For stress analysis in 2-D, the Airy stress function has proven effective
for isotropic materials [2,3]. For 2-D anisotropic materials, Lekhnitskii [4,5]
derived formulas using complex variables related to the anisotropic material
constants.

This paper presents an analytical method aimed at obtaining the stress
fields in an elastic medium containing an anisotropic circular inclusion placed
within an infinitely extended isotropic matrix and subjected to far-field stresses.

Historically, the Airy stress function has been mainly used as a tool for 2-D
isotropic materials. In Lekhnitskii’s formulation for anisotropic materials, the
stress function is expressed as the real part of the sum of two analytic functions
of two independent complex variables related to the roots of the characteris-
tic equation associated with the anisotropic elastic constants. In this paper,
the Airy stress function for isotropic materials is used for the matrix phase,
while Lekhnitskii’s complex-variable representation of the Airy stress function
is used for the inclusion phase. The stress function for the matrix phase is
expressed by the Laurent series while the Taylor series is employed for the
inclusion phase. The unknown complex coefficients of the series can be deter-
mined by satisfying the boundary conditions and the continuity conditions for
the displacement and traction across the matrix-inclusion interface.

Although complex-variable methods have been used in elasticity for many
decades, their implementation and algebraic manipulation remain challenging.
Without a computer algebra system, obtaining the results reported in this
paper would have been impossible. The present method was implemented for
an inclusion problem where both the inclusion and matrix are isotropic [6],
making this paper a sequel to that work.
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2 Modeling
2.1 Stress Functions

In a state of 2-D stress (plane stress or plane strain), the strain-stress rela-
tionship for an anisotropic material is expressed as

Ex B11 P12 Bis Oz
gy | = | P12 B2 Bas oy | (1)
Yy Bi6 P26 Bos Ty

where (g4,€y,7zy) are the in-plane strain components, (04,0y,7zy) are the
in-plane stress components and ;; is defined as

Sij, plane stress,
Bij = 5353 :
J 845 — 2772 plane strain,
533

(2)
where s;; is the contracted elastic compliance.

The strain compatibility condition for 2-D is expressed as

D%e, N 0%y _ vy
Oy Ox2 0xdy

Substituting Eq. (1) into Eq. (3) yields

020, 9? 0%7, 020, 82 0%7,
B11 02 + B2 02y + Bis 872y + B2 5‘;2 -‘1-522 +Bg6 T R
0, P,
= ﬁlﬁ + Bo6 77 E 8 + Bes 89;); (4)

The stress equilibrium equations in a state of plane stress without a body
force are expressed as

0oy OTuy

ox Jy

ey | Doy

or dy

=0, =0. (5)

Equations (5) are automatically satisfied if the stress components are derived
from a single function, F', as

0?F 0*F 0?F
O’x:aiyw Uy=w7 Txy:—m- (6)
The function F is called the Airy stress function [7].

Substituting Eq. (6) into Eq. (4) yields a fourth-order differential equation
for F as

64 0*F 0*F 0*F 64
511 2516a 9 + (2612 +566)W 526 3 +ﬁ22 =0. (7)
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Equation (7) can be written as
L4F =0, (8)

where the 4th-order differential operator, Ly, is defined as

4 4 4 84 84

Ly = ﬁ1187y4 _2&6879343 + (2612 +ﬁ66)8x278y2 —Qﬁ%m +522@- (9)

2.2 Complex Variable Approach

The characteristic equation for Eq. (8) is in the form of

Bript — 2B161” + (2B12 + Bos)p® — 2Baep + Paz = 0. (10)

Equation (10) has four complex roots, forming two pairs of complex
conjugates, as follows

e = ag + Bk, f
k

Bk -0 ap — Zﬁkv (11)

=1,2

The general solution to Eq. (8) is expressed as
F = Fi(x+ my) + Fo(x + poy) + Fs(z + fny) + Fa(z + foy), (12)

where F; ~ Fj are four independent complex functions of the argument.

Introducing a general complex variable, z, and its conjugate, Zy, defined
as

2k =T + kY, Zr = T + [ry. (13)

Additionally, since F is real, the right-hand side of Eq. (12) must consist of
two complex-conjugate pairs and can therefore be reduced to

F:2R6(F1(Zl)+F2(22)), (14)

where F} and F5 are independent functions of z; and zs, respectively, and
Re(f) is the real part of a complex function f.
With Egs. (14) and (6), the stress components are expressed as

dQFl(Zl) d2FQ(2’2)
oz =2Re </JJ% d2’12 ,Ltg dzg > ) (15)
d2F1 (21) dQFQ(ZQ)
=2 1
oy Re ( iz + iz , (16)
d2F1(Z1) dZFQ(ZQ)
Tzy = —2Re (,ul i 9 a2 . (17)
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Substituting Egs. (15)—(17) into Eq. (1) and integrating the result yield
the expression of the displacements as

u=2Re | ay dfi(z1) JrazdFQ(Z?) — w3y + uo, (18)
le dZQ
F F:

v=2Re b1d 1(z1) —|—de 2(2) + w3x + vo, (19)
dz; dzo

where ws is the rigid body rotation around the z-axis, ug and vy are the rigid
body translations in the z- and the y-direction, respectively. The symbols ay
and b, are defined as

ar = By + Biz — Bietk,
k=1,2. (20)
b = Biapur + % — B

If the characteristic equation of Eq. (10) has repeating roots, i.e.,
p1 = p2 =a+1i, f1 = fiz = a —1f3, (21)
the solution to Eq. (7) is expressed as
F = Fi(z1) 4+ z21Fa(21) + F3(21) + 21 F4(Z1), (22)

where F; ~ F} are four independent complex functions of the argument. Again,
using the condition that F' must be real, it can be shown that Eq. (22) is
reduced to

F:2R6(F1(21)+21F2(21)), (23)

using two independent functions.
For isotropic materials, it follows

p1 = p2 =1, i = flg = —1,
a=0, B=1, (24)
z1=x+1y =2z, Zi=x -1y =2Z.
Therefore, F' can be expressed as
F =2Re (Fi(z) + zFz(2)), (25)
or commonly written as
F =Re(x(2) +27(2)), (26)

where x(z) and «y(z) are independent analytic functions of z. Equation (26)
is the well-known elasticity solution for an isotropic material. The complex
representation of the z- and y-displacements for isotropic material is expressed
as [3,6,7]

wtiv = 3= [m(z) = 76 ~ X)) (27)
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where p is the shear modulus and « is the Kolosov parameter expressed as

3—v 1 ¢
—_— ane stress,
k=< 1+v P

3 —4v, plane strain,

(28)

where v is Poisson’s ratio.

2.3 Determination of Stress Functions for Inclusion and Matrix

An infinitely extended isotropic medium with an anisotropic circular inclusion
at its center, having a radius of a, is considered (Fig. 1). The entire medium
is subjected to a uniform far-field stress.

O—;° boundary
T T conditions

monoclinic

isotropic

Interface

Fig. 1 An anisotropic inclusion in an isotropic matrix phase

As shown in the previous section, the stress functions for both the inclusion
and matrix phases are expressed by analytic functions of the complex variables.
These functions are to be determined from the topology of the domain and
the boundary conditions [3,7]. In a simply-connected domain, they can be
represented by the Taylor series. Hence, the analytic components of the Airy
stress-function representation, F(z1) and Fy(22), for the inclusion phase are
expanded by the Taylor series as

00 o)
F1 (21) = ZAiZi’ FQ(ZQ) = ZBlzé (29)
=1 =1

where A; and B; are unknown complex coefficients to be determined from
the boundary and continuity conditions. As these analytic functions enter the
stress expressions through differentiation, the index begins at ¢ = 1.
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In the doubly-connected domain of the matrix phase, the analytic functions
x(z) and v(z) in the isotropic formulation can be expressed by Laurent series
as

x(z) = 51 log z + 62zlogz + Z C;z', (30)
v(z) = 51 log z + Bgzlogz + Z D;z', (31)
1=—00

where C;, D; and Cy ~ Dy are unknown complex coefficients yet to be deter-
mined. The log z and zlog z terms are added to account for the 1/z term after
differentiations (log z for the first-order derivative and zlog z for the second-
order derivative).

The continuity conditions of the displacements and traction forces at r = a
must be satisfied as

umatrlx — ulnclusmn’ Umatrlx — Ulnclu51on7 r = a, (32)

matrix __ sinclusion matrix __ yinclusion _
to =t ) ty =t, ) r=a, (33)

where v and v are the displacements and ¢, and ¢, are the traction forces. In
addition, the far-field stress components are assumed to be uniform as

(UIvay’Txy) - (0—207

0, Tyy) 85 T — 00, Yy — 00. (34)

The unknown coefficients in Eqgs. (29)—(31) can be determined to satisfy Eqgs. (32)—
(34).

3 Results and Discussion

After solving for all the unknown coefficients subject to the boundary and
continuity conditions, it was found that As, By, C_1, Cy, D_s, D1 and D5 are
the only non-zero coefficients while all other coefficients are zero. The resulting
analytic functions for the anisotropic inclusion phase take the form

Fi(z1) = (a[l] + a[2]i)27,  Fa(ze) = (b[1] + b[2]i)23, (35)
and the complex potentials for the isotropic matrix phase are given by

_ c[1] + ¢[2)¢ n oy +o,°

x(z) . 1 z, (36)
v(z) = M + (27—52 + i(cf;o — O';O)> 2% 4 d[3] log 2. (37)

where a[l] ~ d[3] are real-valued unknown constants to be determined from
the continuity and boundary conditions of Egs. (32)—(34). These nine unknown
constants can be solved exactly using symbolic-capable software [8]. The re-
sulting expressions are too lengthy to be presented here, but they are com-
pletely manageable and available upon request. Figure 2 shows a screenshot
of a portion of the symbolic output.
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oxinclusion

((1+xm) (2p1%B11 322 xm Oxw + 2 22 km OXe + B1% B11 2% xm? OXeo + $22 KM OXco -
4 312 11 B12 822 um oxoo + 4 B1% B11 322 um OXoo - 4 B12 B22 um Oxoo + 4 B11 2% 22 um OXw +
2 312 B11 322 xm um X + 2 B11 22 322 km um oXeo + 6 12 f11 B22 S22 kM um OXw +
6 3222 xm um oXw - 4 1% 311 122 322 um? oxoo + 4 12 B11 12 B22 um? oXw - 4 3122 22 um? OXwo +
4 811 12 322 B22 um? oxew - 12 1% 11 12 B22 322 um? oxeo + 12 1% 11 222 um? oXeo -
12 812 B222 um? oxwo + 12 B11 B22 B22% um? oxoo + 4 B12 B11 B16 B22 B26 um? oXwo +
12 p1% 311 B2% B262% um? oxw - 2 1% B11 B2% km Oyw - 2 B22 xm Oy + f1% B11 22 km? Oy +
B22 kxm? oyw + 4 $12 B11 312 B22 um oyw - 4 f12 B11 B22 um oyw + 4 12 322 um Oy -
4 311 2% 322 um oyeo - 8 f1% 11 B12 2% xm um oyoo + 2 f1% 11 $22 kM M Oy -
8 312 322 xm um oyoo + 2 11 $22 322 xm um oy - 2 1% 311 22 22 km um Oy - 2 222 kM um oyoo +
12 1% 311 122 322 um? oye - 12 12 311 12 322 um? oyeo + 12 3122 322 um? oyw -
12 811 812 B22 22 um? oyw + 4 f12 B11 B12 B22 B22 um? oyw - 4 B1% B11 222 um? oy +
4 12 B22% um? oyw - 4 B11 B22 B22? um? oy - 12 1% 11 16 B22 B26 um? Oy -
4 812 B11 2% 262 um? oy + 8 a2 B12 B11 B22 um? (- ((B16 + 3 B26) OXw) + (3 B16 + B26) Oyw) +

QAT RIT R vm (A2 1D L vm 22 R1ID im 2 B RID im) Aves o

Fig. 2 Partial output of the solution from Mathematica
3.1 Illustrative Example

To demonstrate the closed-form solution, an illustrative example is considered
for a circular anisotropic inclusion embedded in an isotropic matrix under
plane-stress loading. All the input values are normalized hence dimensionless.

For this example, the isotropic matrix is assumed to be epoxy resin, and the
circular anisotropic inclusion of radius a = 1 is formed with an E-glass/epoxy
unidirectional composite, which has 2/3 of the glass aligned with the z-axis
and 1/3 of the glass aligned in a direction of 55° from the x-axis to obtain
the monoclinic material characteristics [9]. The contracted elastic compliance
components for the inclusion are then calculated from the material property
values as [10]

B11 Bi2 Bies 0.2227 —0.0690 —0.0222
Bi2 B2z Pas | = | —0.0690 0.5200 —0.2431 | . (38)
B16 B26 Bes —0.0222 —0.2431 1.1942

For the matrix phase, the Young modulus and the Poisson ratio are chosen
as

Em =062, vy, =0.35. (39)

For the far-field stresses at infinity, the following normalized loads are ap-
plied:

o0
o-il)

=1, o, =0, 70 =0. (40)

Figure 3 shows the resulting von Mises stress distribution around the in-
clusion. It is seen that the von Mises stress inside the inclusion is uniform but
discontinuous across the interface between the inclusion and the matrix. In
addition, the stress disturbance caused by the inclusion decreases rapidly with
increasing distance from the origin.
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e [/ ‘
= SR LT 4
rot ) L

Fig. 3 The von Mises stress distribution

3.2 Finite-Element Verification

The closed-form solution was further verified by finite-element analysis using
Abaqus software. A two-dimensional plane-stress model of the same circular
anisotropic inclusion embedded in an isotropic matrix was analyzed under the
normalized remote tensile stress of unity. Comparisons were made for the von
Mises stress along the z- and y-axes, and along the matrix side of the circular
interface.

For the loading and material properties considered here, the analytical von
Mises stress inside the inclusion is uniform and given by

in = 1.40551. (41)

The corresponding matrix stresses with  and y measured in the normalized
length are

1.14605 — 2.2433522 — 0.586449x4 + 2.2267426 4 8
Om-zaxis — S 5 (42)
X
and
1.14605 — 0.812774y2 — 1.54016y4 + 0.245321y5 + ¢
Om-yaxis — ys . (43)

The closed-form interface expression is considerably longer and is therefore
not repeated here. Instead, it is evaluated directly from the analytical solution
for the circumferential comparison below.

A 60 x 60 square domain with a centered inclusion of radius 1 was used
to approximate the infinite medium. The matrix properties were given by
Eq. (39), while the inclusion was defined using the monoclinic anisotropic
elastic properties employed in the analytical model. Quadratic plane-stress
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elements (CPS8R, with CPS6 where required) were refined near the inter-
face. Uniform tractions were applied to produce o3° = 1, and appropriate
constraints were imposed to remove rigid-body motion. Mesh- and domain-
refinement checks produced negligible changes in the quantities used for com-
parison.

Figure 4 compares the analytical and finite-element von Mises stresses
along the z- and y-axes and along the matrix side of the circular inclusion—
matrix interface. The FEA results reproduce the uniform inclusion stress and
closely follow the analytical matrix distributions. Small oscillations occur im-
mediately adjacent to the material interface, consistent with numerical stress
recovery across the abrupt material-property discontinuity.

(a) (b)
von Mises s\ress along x-axis von Mises stress along y-axis
@mmodsdocooocoams
oo —o—6oeg, 1. peo-oo—e—o—o—0
0
2 1 0 1 2 3 4
o Numencal — Closed Form o Numerical Closed-Form
(©)

von Mises stress in matrix along circular interface

1.6

0 30 60 90 120 150 180 210 240 270 300 330 360
o Numerical —— Closed-Form

Fig. 4 Comparison of finite-element and analytical von Mises stresses along the z- and
y-axes and along the matrix side of the circular inclusion—matrix interface

The circumferential results also agree closely in both magnitude and an-
gular variation, including maxima near 35°, 145°, 215°, and 325° and minima
near 90° and 270°. Overall, the finite-element results provide independent nu-
merical verification of the closed-form solution.
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4 Conclusions

In this study, an exact stress analysis was carried out for a 2-D isotropic
medium containing a centrally located anisotropic inclusion of circular shape.
The classical complex-variable theory, coupled with the Airy stress function
and implemented using a computer algebra system, was shown to yield a novel
closed-form solution. As an analytic function can be expanded by either the
Taylor series or the Laurent series, the present method provides a unified
approach to the general 2-D anisotropic stress analysis.

The derived expression for the stress field, though lengthy, is completely
manageable. The method can be used for other fields, such as thermal stress
analysis, where the medium is subjected to heat flux.

It is noted that if the matrix phase is anisotropic, the present approach is
not applicable, and a more refined method is required. It is anticipated that
the results will be reported in future publications.
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