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Abstract

This paper introduces a novel class of continuous probability distributions, known as the
New Generalized Alpha Power (NGAP) family, designed to improve modeling effectiveness
for intricate lifetime and reliability data. The suggested family is formed by applying an
exponent transformation to a fundamental cumulative distribution function, enabling the
distribution’s shape to change dynamically in various probability areas. Key structural and
mathematical characteristics of the NGAP family are examined, encompassing closed-form
quantile expressions through the Lambert Wy function, linear expansions, moments, residual
life functions, stress-strength reliability, order statistics, Rényi entropy, and extropy measures.
Statistical inference for the unknown parameter vector © = (o, 3,6, k)T is performed utilizing
fifteen non-Bayesian estimation techniques—including Maximum Likelihood Estimation
(MLE), distance-oriented methods, and spacing-based approaches. Monte Carlo simulations
assess how well these estimators perform with sample sizes varying from n = 10 to n = 500.
Numerical results indicate that as the sample size n grows, the absolute bias and mean
squared error (MSE) consistently decline across parameters; for instance, with o = 1.25, 8 =
0.75,0 = 1.50,k = 1.75, the MLE estimation for a shows an absolute bias (and MSE)
dropping from 6.3235 (679.9716) at n = 10 to 0.0873 (0.2146) at n = 200 and 0.0564 (0.1339)
at n = 300, whereas the Kolmogorov Estimator (KE) reaches a bias of 0.0125 (0.0035) at
n = 200. In general, the Maximum Product of Spacings Estimator (MPSE) reliably secures
the highest rankings in various simulation scenarios. A specific variant centered on the
Weibull baseline (NGAP-Weibull) is analyzed thoroughly, along with submodels like the
NGAP-Exponential and NGAP-Rayleigh distributions. Applications to actual datasets show
that the NGAP model achieves better goodness-of-fit than current competing distributions,
serving as a flexible tool with real-world uses in reliability engineering, biomedical studies,
and survival analysis.

Keywords: New generalized alpha power family; Generated distributions; Weibull distribution;
Hazard rate function; Maximum likelihood estimation; Lifetime data analysis; Monte Carlo
simulation.

1 Introduction

The examination of lifetime and reliability data continues to be a key subject in distribution
theory because of its essential applications in reliability engineering, biomedical studies, industrial
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quality assurance, actuarial science, and survival analysis Weibull (1951); Mudholkar et al. (1996).
Data collected in various real-world situations display intricate characteristics, including differing
levels of skew, significant tail weights, and unconventional hazard-rate patterns that traditional
lifetime models do not effectively represent. As a result, significant effort has been directed
toward developing adaptable groups of continuous distributions that can support both monotone
(increasing, decreasing) and non-monotone (unimodal, bathtub-shaped) hazard functions, all
while ensuring mathematical manageability Alzaatreh et al. (2013). The Weibull distribution
is a fundamental model among classical baseline distributions due to its mathematical ease,
interpretability, and adaptability Weibull (1951).

To address the constraints of classical distributions, a key area of research has centered
on generator-based families, where a baseline distribution is modified by adding extra shape
parameters to enhance distributional features. Key generator frameworks in contemporary
distribution theory comprise:

e The family generated by Beta Eugene et al. (2002);

e The family generated by Kumaraswamy Cordeiro and de Castro (2011);
e The extension by Marshall and Olkin Marshall and Olkin (1997);

e The rank-transformation method Shaw and Buckley (2009).

These approaches methodically improve regulation of skewness, kurtosis, tail characteristics,
and hazard-rate forms via analytically feasible transformations Alzaatreh et al. (2013). When
focusing on the Weibull baseline, numerous significant extensions have appeared, including the
exponentiated Weibull Mudholkar and Srivastava (1993); Mudholkar et al. (1996), beta-Weibull
Lee et al. (2007), Kumaraswamy-Weibull Cordeiro et al. (2010), Marshall-Olkin extended Weibull
Ghitany et al. (2005), transmuted Weibull Aryal and Tsokos (2011), and alpha-power Weibull
variants Ahmad et al. (2019).

Despite these advancements, a notable methodological issue remains: numerous current
generated families attain substantial flexibility by incorporating complex functional forms, sev-
eral additional parameters, or layered transformations. This level of structural complexity
frequently hinders mathematical derivations, likelihood inference, numerical optimization, and
the interpretability of parameters. Consequently, there is a persistent requirement for gener-
ator mechanisms that combine substantial flexibility with mathematical and computational
manageability Alzaatreh et al. (2013).

To tackle this issue, this study presents a novel category of continuous distributions called
the New Generalized Alpha Power (NGAP) family. The NGAP framework is founded on an
exponent-driven transformation of a baseline cumulative distribution function (CDF). In contrast
to traditional power-generated models that use constant exponents, the NGAP framework
enables the transformation effect to flexibly adjust across various probability areas, providing
improved management of skewness, tail characteristics, and hazard rates.

Applying the NGAP mechanism to a Weibull baseline yields the NGAP-Weibull (NGAPW)
distribution, which expands the baseline’s capacity to fit diverse probability density and hazard-
rate shapes. The cumulative distribution function (CDF) and probability density function (PDF)
of the baseline NGAP family are defined as

Gz, B) = {F(z; Q1 ™Y 1 eR, a,8>0, (1)
and
_BF(x;0 . 1
ol 6,9) = {Fe " af(mQ)e T | s - B @) (2)

where a and [ serve as shape parameters governing skewness, kurtosis, and tail behavior.



To establish the identifiability of the parameter vector 8 = (o, 3,Q)", we demonstrate that
if two parameter vectors 81 = (v, 31, 21) " and 03 = (az, B2, Q)" yield identical cumulative
distribution functions G(z;01) = G(x;02) for all = € R, then 6; = 6.

Theorem 1.1. Let F(xz;) be a strictly continuous baseline cumulative distribution function
uniquely identifiable by its parameter vector Q. Then, the parameters (c, 5,€2) of the Generalized
Alpha Power family are identifiable.

Proof. Assume that for all x € R,
G(x;an, b1, ) = G(z; az, B2, 22).
By definition of the CDF G(z; «, 3, €2), this implies:

are PLE(x:92) age P2 F (x:22)

(F(z: )} = {F(z;Q)} , VzeR. (3)

Taking the natural logarithm on both sides of Equation (3) yields:
ape @) 1 [F(2; Q)] = age 2@ 1 [F(2;0,)] (4)

As x — oo, F(x;€21) — 1 and F(x;92) — 1. Consider the lower boundary asymptotic
behavior as * — —oo (or x — 07 depending on the support). Let w3 = F(z;€;) and
ug = F(x;Q2), where uy, us € (0,1).

Rearranging Equation (4):

In [P(e;9)] _ | |
In[F(z; Q)] o1 7 {B1F(2;Q1) — BoF (2;9Q2)} .

Since F'(z; Q1) and F(x; Q2) are bounded strictly increasing functions on (0, 1), the continuity
and strict monotonicity of F(z;Q) enforce that F(z; Q1) = F(z; Q) for all z. Given that the
baseline distribution F'(x; ) is identifiable with respect to €2, it follows that:

Q=0 =0Q.
Substituting F(z; Q1) = F(z;Q2) = u € (0, 1) into Equation (4):
are M1 In(u) = age % In(u).
Since In(u) # 0 for all u € (0,1), dividing both sides by In(u) gives:
ape Pt = qpe™P2U vy e (0,1).
Taking the logarithm of the above expression:
In(a) — f1u = In(ag) — Bau.

Rearranging terms:
(BQ — Bl)u =In <OQ> , Yué€e (0, 1)
a1
Since the right-hand side is a constant independent of u, the linear function on the left-hand
side can hold for all u € (0,1) if and only if the coefficient of u vanishes:

fo—p1 =0 = p1 =P

Substituting 81 = P2 back into the constant equation gives:

1n<042> =0 = a1 = as.
aq

Hence, 81 = 65, completing the proof of identifiability. O



Main Contributions are;

e Proposing the New Generalized Alpha Power (NGAP) generator family and establish the
mathematical tractability of its NGAP-Weibull (NGAPW) sub-model, including parameter
identifiability proofs and closed-form quantile functions using the Lambert W} function.

e We derive explicit linear mixture expansions for the NGAPW density, facilitating exact
derivations of raw and incomplete moments, order statistics, stress-strength reliability
metrics, and entropy measures (Rényi and Tsallis extropy).

e We conduct a comprehensive simulation study evaluating 15 distinct estimation techniques
(including classical maximum likelihood, maximum product of spacings, and various
goodness-of-fit estimators) to systematically rank estimator performance across varying
sample sizes.

e We demonstrate the practical modeling superiority and flexibility of the proposed NGAPW
model in fitting heavy-tailed and non-monotone hazard rate dynamics against established
baseline generalizations using real-world biomedical and environmental datasets.

The remainder of this paper is organized as follows: Section 2 presents the NGAP family and
defines the NGAP—-Weibull distribution. Section 3 derives its structural properties. Section 4
details parameter estimation methods. Section 5 presents Monte Carlo simulation results.
Section 6 demonstrates empirical applications, and Section 7 concludes the paper.

2 NGAP-Weibull (NGAPW) Distribution

As an important special case of the proposed family, we consider the Weibull distribution as

the baseline model. The Weibull distribution is widely used in reliability engineering, survival

analysis, and lifetime modelling due to its flexibility in describing increasing and decreasing

hazard rate behaviours. The baseline Weibull distribution F'(z;60, k) is defined by the CDF and
PDF as:

F(a:;@,k‘)zlfe_ewk; >0, 0,k>0 (5)

F(2;0, k) = Ok le 02" (6)

By incorporating this baseline into the New Generalized Alpha Power (NGAP) family, we
obtain the NGAP-Weibull (NGAPW) model. The CDF is given by:

76(176_8xk)
Gz, 8,0, k) = {1 _ e—ew’“} . (7)
The corresponding PDF is derived as:

_ﬁ(l—efemlc &
oe _ _8—090
g(z;0, 3,0, k) = {1 — efexk} afkzF—le=02" ¢ '8(1 )

X [1_61—9azk — fBln (1 — eemkﬂ ,

where 6 > 0 is the scale (rate) parameter and k, «, § > 0 are the shape parameters.
The hazard function or force of mortality is given as

-8 liefeack

a@kxkile*%keﬂ%lﬂ_ez}c) [ 1 G1n (1 — efazkﬂ

l—e—0aF

ke
h(z;a, B,0,k) = {1_6 9 k}

— _o—0zk
1_{1—6—9x’€}ae B<1 6 )



Table 1: Extreme behavior and resulting shapes of the NGAPW hazard function.

Parameters « —+ 0 x — oo Shape

ka>1,k>1 0 00 Monotonic Increasing
ka<1l,k<1l o0 0 Monotonic Decreasing
ka>1,k<1 0 0 Unimodal (Upside-down bathtub)
ka<l,k>1 oo o0 Bathtub-shaped

2.1 Special Cases of the NGAP—Weibull Distribution

Several useful submodels of the NGAP-Weibull (NGAPW) distribution can be obtained for
particular choices of the parameters «, 3, 6, and k. These reduced forms illustrate the flexibility
of the proposed model and its ability to generate simpler lifetime distributions within the same
unified framework.

Table 2: Special cases of the NGAP—Weibull distribution

Parameter choice Resulting model Corresponding CDF
)
a=1 One-parameter NGAP-Weibull model G(z) = (1 - e*9$k>
e t0)
k=1 NGAP-Exponential distribution G(z) = (1 —e %)
67ﬂ(17879z>
a=1, k=1 One-parameter NGAP-Exponential model G(z) = (1 — e~%)
0 (77
k=2 NGAP-Rayleigh distribution G(z) = (1 - 6_0“72)
)
=1 standard NGAP-Weibull model G(z) = (1 - e*z"')
o)
a=1,0=1 reduced NGAP-Weibull model G(z) = (1 - e‘xk)
()
k ae
=1 simplified NGAP-Weibull model G(z) = (1 — e )
—(l—e_gzk)
a=1, =1 two-parameter NGAP-Weibull model G(z) = (1 - e‘e‘rk>

Table 2 shows that the NGAPW distribution produces several meaningful reduced forms
through particular parameter settings. In particular, when & = 1, the model reduces to the
NGAP-Exponential distribution, which is useful for modelling lifetime data with constant
baseline hazard behaviour. Similarly, when k = 2, the NGAP—Rayleigh distribution is obtained,
which is commonly applied in reliability engineering and signal processing. Fixing 8 = 1 yields a
standardized version of the NGAPW distribution, while selecting o = 1 reduces the parameter
complexity and produces a simplified adaptive exponent structure.

These reduced forms demonstrate that the NGAPW distribution provides a unified modelling
framework capable of generating several important lifetime distributions while retaining the
flexibility introduced by the NGAP generator.
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Figure 2: Hazard function plots of the NGAPW model at different parameter values

The behavior of the PDF and HRF of the NGAPW model under various parameter combi-
nations is illustrated in Figure 1 and Figure 2, respectively.
Figure 1 depicts the density plots of the NGAPW distribution across varying parameter



values (6, , 5, k). The density function exhibits remarkable flexibility depending on the choice of
parameters. Across panels (a), (b), (¢), and (d), the density curves primarily display right-skewed,
unimodal behavior. However, as observed in panels (b) and (d), when parameters such as k or «
are reduced to smaller values, the PDF transitions into a monotonically decreasing or reversed-J
shape. Adjusting parameters like # and « directly controls both the modal peak height and
the tail thickness of the density curves, underscoring the model’s capacity to accommodate
right-skewed, heavy-tailed, and monotonically decreasing data distributions.

Figure 2 displays the hazard rate plots of the NGAPW model across corresponding parameter
settings. The hazard function demonstrates several versatile failure rate shapes necessary for real-
world applications. Panels (a) and (d) reveal that higher values of k£ and 6 yield monotonically
increasing hazard rates over time. In contrast, panels (b) and (c) showcase inverted bathtub
or unimodal hazard rates, wherein the failure risk initially ascends to a peak before gradually
diminishing. Furthermore, specific parameter configurations allow the hazard rate to follow a
monotonically decreasing trend. Overall, these graphical observations confirm that the NGAPW
model possesses substantial structural flexibility, rendering it highly effective for modeling
complex data behaviors in biomedical survival analysis, environmental monitoring, and reliability
engineering.

3 Properties

In this section, we rigorously establish the structural, reliability, and information-theoretic
properties of the proposed NGAPW model, providing formal proofs of convergence, identifiability,
and operator validities.

Before exploring structural properties, we establish that the NGAPW parameterization is
unique, ensuring that the model is well-defined for statistical estimation and inference.

Theorem 3.1 (Identifiability). Let ©® = («, 3,0, k) € Ri denote the parameter vector of the
NGAPW distribution. The model is identifiable such that if G(z;©1) = G(x;02) for all x > 0,
then @1 = @2.

Proof. Let X ~ NGAPW(®). Consider the baseline behavior of the survival function or the
quantile space as x — 07 and  — oco. The scale parameter § and shape parameter k strictly
dictate the asymptotic tail behavior of the distribution matching a baseline Weibull form,
ensuring unique mapping of (0, k). Fixing these baseline parameters reduces the identity to

0 k are” Pl 0 k O‘2€762m . . .
{1 —e " } = {1 —e " } . Taking double natural logarithms mapping across
e support breaks the functional exponent uniquely into independent linear equations for «
th t breaks the functional t uniquely into ind dent li ti f

and §. Hence, no two distinct parameter vectors can generate identical cumulative probability
spaces. U

To evaluate the structural properties of the NGAPW distribution, we map its non-linear
cumulative distribution function (CDF) and probability density function (PDF') onto infinite
linear combinations of baseline exponentiated Weibull functions.

Lemma 3.2. Let X be a random wvariable distributed according to the NGAPW model. The
CDF G(z) and PDF g(z) admit the following infinite series representations:

G(z) = Z Z ¢y je 0"
=0 j=0

and

o0 oo
glx) =3 migaklem U0,

i=0 j=0



where ¢;; = w; (%)(—1)9 and m;; = wiﬁiek(gij_l)(—l)j. Furthermore, these series converge

absolutely and uniformly over the compact support x € [0,00) for all valid parameter spaces ©.

75(176_95619)
ae

Proof. Recall the CDF of the NGAPW distribution: G(z) = {1 - e‘emk} . Let

u=1-e%" define a continuous mapping from (0,00) onto the open unit interval (0,1).
Utilizing the standard power series expansion for the exponential function, the term e %% can
be expressed as:
o o
pu _ N~ (B

ey O
§=0
Because the domain of u is bounded such that |u| < 1, this power series converges uniformly by
the Weierstrass M-test. By expanding the variable base raised to a variable power, u4®) the
CDF can be represented as a linear combination of exponentiated Weibull baseline distributions:

G(z) = iwi (1 _ e—@zk)ﬁz’ ,

=0

where w; and & > 0 are the structural coefficients mapping the parameters o and 8. Applying
the generalized binomial expansion for real power &;, we obtain:

& = (& .
1—e 0 ) "= <Z> — 1)l e 70",
( ()
7=0

Substituting this back into the CDF representation yields the result for G(z). The linear
representation of the PDF g(z) follows directly by term-by-term differentiation with respect to
x, which is rigorously justified by the uniform convergence of the underlying power series over
the support of X. O

The structural inversion of the cumulative distribution function establishes a bijective
mapping from the probability space to the domain of the random variable.

Proposition 3.3. Let X ~ NGAPW(a, 3,0, k). For a continuous probability mapping u € (0, 1),
the quantile function Q(u) admits the closed-form expression:

o= [pulo- ()]

where Wy () denotes the principal branch of the Lambert W function satisfying the functional
identity W (z)eV(?) = 2.

Proof. By definition, the quantile function is obtained by solving the operator equation G(x) = w.
Substituting the functional form of the NGAPW distribution yields:

_p(1-e—0a"
{1_679116}&6 ﬁ(l ) .

Taking the natural logarithm of both sides and applying the change of variables v =1 — e~
yields cve P = In(u). Multiplying both sides by — 8 transforms the expression into:

a

(—Bv)e P = —g In(u).

ok

Applying the Lambert Wy functional mapping directly solves for the intermediate variable,
yielding —Bv = W) (—g ln(u)>. Isolating « through algebraic inversion completes the verification
of the proposition. O



Corollary 3.4 (Invariance Property). The quantile mapping Q(u) satisfies the probability
integral transform. If U ~ Uniform(0,1), then the random variable X = Q(U) follows the
NGAPW(«, 8,0, k) distribution. This functional invariance guarantees a unique, monotonically
increasing transformation for random variable generation.

Using the linear representations established in Lemma 1, we explicitly derive the moments of
the distribution.

Theorem 3.5. If X ~ NGAPW(«a,3,0,k), then the r-th crude moment of X, denoted by
wh. = E[XT"], is given by the convergent series:

S e ()

i=0 j= o k[(G+1)0
where I'(+) is the standard Gamma function.

Proof. By definition, the r-th crude moment is given by the Riemann-Stieltjes integral p] =
fooo x"g(z)dz. Substituting the linear mixture density from Lemma 1 into this expression, we
have:

MIT:/ szl ke1,-(+1)02* | g
=0 j=0

Because the integrand consists of non-negative measurable functions over the measure space, we
invoke the Fubini-Tonelli theorem. This mathematical justification permits the transposition
of the integration and summation operators:

1 —(5 k
szm/ bkl (D0 g
=0 5=0

Consider the transformation y = (j + 1)#z*. This defines a bijective mapping from z € (0, o)
to y € (0,00). The Jacobian of this transformation yields the integral form:

0 . 1 S
/0 k(G + )8 Jo

Recognizing the final integral as the classical definition of the Gamma function I’ (% + 1)
completes the proof. ]

We utilize the linear representations from Lemma 1 alongside power series convergence
properties to formulate the moment generating function.

Theorem 3.6. The moment generating function Mx(t) = E[e!X] of the NGAPW distribution
1s given by the following uniformly convergent series expansion for allt € R:

HJTHF(]:H).

Proof. The integral definition of the moment generating function is Mx (t) = [;° e"*g(x)dz. We

introduce the Maclaurin series expansion of the exponential mapping kernel:

oo oo o0

=222

=0 =0 r= Orlk -7+ )

m; jtr

> "

et = Z .
r!

r=0




Substituting this expansion alongside the tractable linear density representation from Lemma 1
yields:

MX(t)_/OOO (Z o r> szz S Cas) 2 I

r=0 =0 j7=0

Because the double summation and the exponential expansion converge absolutely, the product
is absolutely integrable. Thus, by the Fubini-Tonelli theorem, we are legally permitted to
switch the order of summation and integration:

[ oluNNe eluNe o]

— ZZZ mlv] / o P (§+1)0xF dz.

i=0 j=0 r=0

Evaluating the remaining integral via the Gamma function mapping verified in Theorem 2
completes the proof. O

The mean residual life function evaluates the expected value of the remaining survival times
given survival past a designated time boundary.

Theorem 3.7. Let X ~ NGAPW(«, 3,0, k). The mean residual life function m(t) = E[X —t |
X > t] is given by:

m(t) = Gt) /t dx—z j’;ﬂl/k < etk) ,

10]0

where G(t) = 1 — G(t) is the survival function, ¢; j = w; (5’)( 1)7, and D(s,z) = [77y*te Vdy
is the upper incomplete Gamma function.

Proof The mean residual life is defined analytically via the survival function as m(t) =

j; x)dz. Utilizing the expanded linear form of the CDF from Lemma 1, the survival
functlon is mapped as:
o0 oo
D) =1=3"% e
i=0 j=0

Integrating this expression term-by-term across the continuous interval [t, c0) is validated by
uniform convergence. The execution yields:

/ G(a:)dx:/ 1- da:—Zqum/ o—302" .
t t 1=0 5=0

For the integrand, COHSlder the transformation mapping y = j0z*. The differential operator

transforms as dr = "G 0)1 /,Cyk Ldy, shifting the lower integration bound to jét*. This yields:

/t ¢ k(jewk/jetkyk R TTINE (’W

Substituting this result back into the survival integral expression confirms the statement of the
theorem. O

The structural reliability component measures the probability metric of a strength random
variable dominating an independent stress random variable.

10



Theorem 3.8. Let X1 ~ NGAPW(ay, 51,0,k) and Xo ~ NGAPW(«o, B2, 60, k) be two indepen-
dent continuous random variables. The stress-strength reliability parameter R = P(X1 > X3) is
given by:

o oo o
,]¢l7"

R=Y 3Ny e

1=0 j=0 [=0 r=

(2)
where ml(lj) is evaluated for X1, and gzbl(i) = (2) (£ : )(—1)7” 1s evaluated for Xo.

Proof. By applying the law of total probability to independent continuous distributions, the
reliability parameters are mapped by the integral R = fo 91(x)Ga(x)dz. Substituting the linear
PDF expansion for ¢;(z) and the linear CDF expansion for Ga(x) derived from Lemma 1 yields:

R [T (St ) (S5 e )

=0 j=0 =0 r=0

Because both linear components represent non-negative mixtures whose integrals evaluate to
finite boundaries, the product is dominated by an integrable function. Thus, the application of
the Fubini-Tonelli theorem justifies swapping the order of integration and infinite summation

r= i i i i mg}])¢§,2r) /OO xkfle*(jﬂ"*l)@xkdw_
i=0j 0

Let y = (j 4+ r +1)0z*. The transformation maps the integral domain directly onto the standard
linear integration identity:

operators:

& . k 1
/ pFle=GHr 0ot g ‘
0 (j+7+1)0k
Completing the integration directly establishes the analytical parameter expression. O

Order statistics arrange random samples in ascending functional hierarchies, mapping systemic
properties onto extreme values.

Theorem 3.9. Let Xq, Xo,..., X, be a random sample of size n drawn from the NGAPW
distribution. The probability density function g, (x) of the s-th order statistic admits the linear
mixture erpansion:

B n—s Lt €\ k=1 _—(j+g+1)0z*
g(s)(ac)—( n—S'Z Z ( ) 1) quZJw (qp)@" e VUTd .

1=0 %,5,p,q=0

Proof. The theoretical density function of the s-th order statistic is defined strictly as:

P @G@I L - G,

96 = i — )

n—

Applying the binomial expansion theorem to the survival component [1 — G(z)]"~* permits the

representation:

-6 =3 ("))

=0
Combining the identical base expressions transforms the equation into:

9060) = D (")) Dia@ic@p

11



Expanding the structural power term [G(z)]*T'~! linearly via power series transformations yields:

G =33 () e

p=0¢=0

Substituting this series along with the baseline mixture density g(x) from Lemma 1 and collecting
scalar terms yields the verified structure. The uniform convergence of the resulting mixture over
the support guarantees its validity as a proper probability density function. ]

Finally, we evaluate the information-theoretic measures of the proposed distribution.

Theorem 3.10. The Rényi entropy Ir(y) of the NGAPW distribution for v > 0 (v # 1) is
given by:

d; ]
1 e i) (=1 k—1)+1
IR(’Y) = 71 — In I(J‘)( y(k)—l)Jrl r <7( k ) + ) )

T im0 =0 k(v + )0
where ; and d; represent the coefficients of the exponentiated density tmnsformation.

Proof. Rényi entropy evaluates structural uncertainty via the integral mapping Ir(vy) = —— ln ( fo
By utilizing power series expansions on the density function raised to a real power -, We obtaln

0
. &;
l,)'y _ § :¢ix'y(k—1)6—'y€mk (1 o e—@mk>
=0

Applying the binomial expansion to the trailing fractional base gives the integral expression:

= (e de — J g1 (e=1) = (r-+5)0z*
/0 g(x)"dx /0 ZZ%( > e dz.

=0 j=0

Invoking the Fubini-Tonelli theorem due to the absolute convergence of the expansion
parameters permits changing the order of integration and summation operators:

/ x)Vdx = Zzwz( ) / gV (k=1D) g=(r+5)0* g
0 i=0 j=0 0

Let y = (v + j)0z*. Computing the Jacobian maps the integral into the standard Gamma
integral form:

/°° k1) ()0 g 1 r <v(k -1+ 1> '
0 k N0 w(k—kl)-&-l k
[(v +4)0]
Substituting this definitive solution back into the functional logarithm operator proves the
theorem. ]

Corollary 3.11 (Measures of Extropy). Let X ~ NGAPW(®). The standard extropy J(X)
and the generalized Tsallis extropy J,(X) map onto the core Rényi integral structure as direct
nvariant evaluations:

:_722 (- )j1F<2kk_1>

i=0 j= 0k2+] k

and

oo 00 ok 5;* _1] B B
X =t oYY z(]-)( ) >+1F<(2 q)(k 1)+1>

E=g (o1 L

de).



1 oo

Proof. By definition, standard extropy is given by J(X) = —3 |, g(z)?dz, which corresponds
identically to the kernel of the Rényi entropy system evaluated at v = 2 Similarly, the Tsallis

extropy mapping follows the structural constraint equation J,(X) = (q ) [ fo r)? qdac]
which matches the Rényi core evaluation under the linear parameter shift v = 2 — q Direct
algebraic substitution completes the proof. ]

4 Parameter Inference

To evaluate the statistical properties of the NGAPW distribution, we examine fifteen distinct
non-Bayesian estimation methodologies. These techniques allow us to infer the structural
parameter vector ® = (a, 3,0, k)’ € Ri across likelihood-based, distance-based, and spacing-
based frameworks.

We begin with the classical maximum likelihood estimation (MLE) framework, which
guarantees asymptotic efficiency, consistency, and normality under standard regularity conditions.
Given an independent and identically distributed sample z1, ..., z, from the NGAPW model,
the overall likelihood dynamics are captured by mapping the parameters into the log-likelihood
function:

o) —ay (") ~6rf
)—@Ze ln<1—e l)+nlna+nln9+nlnkz
k—l)zn:lnxi—ezn:xf—ﬁzn:(l—e9“?)
‘ i=1 i=1
+Zln { Bln( —9z?>] .

To efficiently differentiate this scalar field with respect to each parameter, it is convenient
to simplify the expressions by introducing intermediate operational variables u; = 1 — e~0ai
and v; i — Blnu;. The associated partial derivatives for the component u; are given by

%“6’ = xfe 9’”? and 8“’ = 02F(Inx;)e %%, Setting the gradient score vector V/(®) = 0 yields a
system of four non—hnear equatlons.

%—E—Fie*ﬁ“ilnu‘—o
da  « — v

géz—ozZue B“Zlnu —Zul Zln% =0,

7,

_— = = — A Ui _— 1 i — _ —_— —_ =0,
96 9 Zx +Z [O‘e (u b n”) F = <u3 * uﬂ o6 "

)

or bus (1 Nopg L (L BY|Ou
B o e () -2 (D)

7

Computing the observed information matrix I(©) = —H(®), where H(®) = V2/(©) represents
the Hessian matrix, enables the construction of asymptotic variance-covariance bounds V =
151. The main diagonal entries of this Hessian are governed by the pure second-order partial

13
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derivatives:

Pt n

oa? a2’

0%( LA , " (Inw;)?
_ —PBuy; . ?

852—‘1;%’6 In u; ZZ:; 2

920 N o= 0 _ 1 /1 B\ oy
= _ —Bug,, _ - v
06? 92+;ae <[a€ vi—h <u2+u)] ae)’

Pt m —~ 2 N~ 0 —Bu; L(L, BY|du
and W——]{:Q—Q;xi(lnxz) —i—;%([ae U’L_B_vi<uQ+Uz‘>] 8k>'

7

Because these score equations lack closed-form analytical solutions, numerical optimization via
iterative routines becomes necessary. In practice, starting from an initial vector 6(0), a Newton-
Raphson updating step updates the parameter vector along the direction 5m) by solving the
linear system Hm™§m = _§(m) af each iteration m. This process repeats until the convergence
criterion Hd(m) H < € is satisfied or an iteration limit M is reached, providing point estimates C)
alongside the variance-covariance matrix V.

Beyond maximum likelihood, goodness-of-fit distance techniques offer useful alternatives
when dealing with ordered sample sequences z1., < x2.,, < -+ < Tn.,,. For instance, the
Anderson-Darling estimator (ADE) penalizes discrepancies in both tails of the distribution
function G(x; ®) and its survival counterpart G(x;0) = 1 — G(z; ®) by minimizing:

1 .
A©)=—n— D (2 1) InG(@in; ©) + G (2 i11:n; ©)] .
i=1
Similarly, the Cramér-von Mises estimation (CVME) strategy focuses on minimizing the total
integrated squared difference across the empirical sample path using the objective function:

2 — 172
2n ’

C(0) = 13-+ 3 [6leini®) -
1=1

Least squares strategies offer direct distance minimization relative to expected empirical ranks.
Ordinary least squares estimation (OLSE) minimizes the sum of squared errors given by:

n

V(©) =3 [6ni®) - }

i=1 ntl

To address heteroscedasticity across the order statistics, weighted least squares estimation
(WLSE) scales these squared residuals by the inverse of their theoretical variances:

n

=+ 1)%(n+2) ' Ak
W(e)_; i(n—i+1) [G(xi:”’@))_wrl] '

When specific regions of the data support are of primary interest, tail-specific modifications
of the Anderson-Darling distance are useful. The right-tail Anderson-Darling estimator (RTADE)
emphasizes upper-tail behavior by minimizing:

n

R©) = 1~ 23" Clri:©) - L5020 = 1) nG(ain; ©).
=1

n -
=1
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Conversely, lower-tail behavior can be targeted using either the left-tail Anderson-Darling
estimator (LTADE), which minimizes:

n

- 1
L(©) = —gn +237 Glaini @) — -3 (20— 1) InGlain; ©),
=1 =1

or the second-order left-tail Anderson-Darling estimator (ADSOE), which adjusts the lower tail

through the functional criterion:

n 1~ (2i—1
LTS(®) =2) InG(xin; ©) + ” > G((xg)
=1 i—1 iy

In addition, Kolmogorov estimation (KE) provides a non-parametric alternative by minimizing
the supremum metric between empirical and theoretical cumulative distribution steps:

KM(®) = max [Z — G(xin; ©),G(240; O) — - 1] :
1<i<n | n n
Spacing-based methodologies form a third distinct class of non-Bayesian estimators, relying
on uniform differences I;(®) = G(x;.n; ©) — G(xi—1.n; ©) defined across i = 1,...,n+ 1, with
G(z0:n; ©) = 0 and G(Tp41:0; ©) = 1. The maximum product of spacings estimator (MPSE)
maximizes the geometric mean of these spacings, which corresponds to minimizing:

1 n+1
5(©) n+1; nl(®)

Alternatively, one can minimize distances between observed sample spacings and their expected
uniform step size (n + 1)~1. Using an ¢;-norm distance, the minimum spacing absolute distance
estimator (MSADE) minimizes:

n+1

(@) =>"

i=1

1

L®) -5

)

whereas its logarithmic variant, the minimum spacing absolute-log distance estimator (MSALDE),

minimizes:
n+1

re) =)

=1

In/;(©) —In

n+1 ' ’
Using an fe-norm, the minimum spacing square distance estimator (MSSDE) minimizes:

n+1

oo)=3 (1~ )

=1

while the minimum spacing squared-log distance estimator (MSSLDE) penalizes squared loga-

rithmic deviations:
n+1

v(O)=> (mfi(@) — lnn_li_ 1>2.

=1

Finally, to handle asymmetric directional loss when evaluating spacings, the minimum spacing
Linex distance estimator (MSLNDE) minimizes a convex asymmetric objective function:

n+1

A©@) =" [eM@)nil - (Ii(@) - 1) - 1] |

=1

Together, these fifteen methodologies provide a robust optimization suite for estimating the
NGAPW parameters across diverse data generation conditions.

15



5 Simulation

This section evaluates the efficacy of several estimation techniques in predicting the parameters
w = (a, 8,0, k) of the proposed NGAPW distribution using a substantial quantity of simulated
data. Random data sets were generated for various sample sizes (n = 10, 20, 50, 100, 200, 300, 500)
using the inverted NGAPW quantile function Q(u) based on the Lambert Wy function. The
evaluation focuses on assessing the accuracy, precision, and computing efficiency of fifteen distinct
parameter estimation methodologies: MLE, ADE, RTADE, LTADE, CVME, OLSE, WLSE,
PCE, MPSE, MSADE, MSALDE, MSSDE, MSSLDE, and MSLNDE.

To assess the performance of each estimation method across various simulation setups, we

compute several comparative metrics: absolute bias (|Bias(@)|), mean squared error (MSE),

mean relative error (MRE), average absolute difference (D), and maximum absolute difference
(Dmax), defined as:

01- wi,
i=1
1 D
MSE:D;(az_w)Za
MREzli@_“"
D « w
=1
1 D n
Daps = @ZZ |F(2ij | w) — F(xi5 | @i)|, and
i=1 j=1
1 D
Dmax = D;maxlF(a:U ‘ w) — F(xij ‘ &\)Z)‘ ;

where D denotes the number of Monte Carlo replications and w = (o, 3,6, k).

Tables 3 through 9 provide the empirical outcomes of all estimation methods across selected
parameter combinations. Figures 3 to 20 illustrate the performance trends. The estimated
parameters for the proposed NGAPW distribution closely match the true values, demonstrating
consistency and accuracy. As expected, increasing the sample size n leads to a systematic
decrease in bias and MSE across all scenarios. Overall, the Maximum Product of Spacings
Estimator (MPSE) consistently outperforms competing methods, achieving the top overall rank,
while the Maximum Likelihood Estimator (MLE) and alternative spacing/least-squares methods
provide competitive performances under specific parameter choices. Tables 4-10 details the
complete ranking of all fifteen estimation methods across different sample sizes.
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Table 3: Numerical values of simulation measures for o = 1.25, 8 = 0.75, § = 1.50, k = 1.75.

L1

o Tt ML ADIS RTADI UTADIS NaNiD) oSS WSS ADSOE KIS MESI MSADE __ MSALDIE__MSSDIS MSSLDI MSLNDIS
|Bins|(6)  6.3235(7) 12.396: 10.79530100 17 2278013} G.4541 %) o.8808(5) 0.6376G147 21.0545(14) 0.067011} 22 861815} 03772030 0.3003(2)  7.2205(7) 16.8528012) 2100010
|Bias[(3) 1.2620{4} 3.22575} 5.8004 (7} 221164111} 17.1052{10}% 5.9228(5) 3.0408(6} 61.1527(15} 0.1803113 21.70515} 0.2309512) 0.449913} 21.02001123 11.0945193
|Bias|[(0) 7.4831{15} 0.33741(5}) 0.4649(5} 1.9014(11) 4.8230014}) 2.0000(12} 3.1408(13} 1186710} 0.1358(2) 0.1531(2) 0.191801) 0.134401) 0.8536(%) 0.9077(9)

[Bins| (k) 3.7241015) 1.002714F 2.2381410} 2.187917F 3.1235018) 2.0505 %1 2.7346¢12} 1.269415} 02372017 354361141 0.2838(2)  0.2083(3) 180786} 2.3353(11F
MSE(a) 679971607 450685591150 1818.694110  4304.4754111) 712 670615 28721805} 0.0105(4F 36269601112} 1351017 43034871015 11824120 25737(3) 908 4as(0) 2649.0233(11F
MSE(/3) 36.435611) 118.340715} 279.4788{8) 3491.301114) 2345.3502112) 267.95831(7) 132.631716) 7T1866.9102015) 310501 26128078013} 0.726512) 2121330 2089.0724111) ©901.2115{°}
10 I\/ISE((?) 825.16491(15} 19176171 9.4949(6} 69.18961111 343.5380014) 16 032112} 304.6365013) 22.1479(5) 0.3429{2) 1619191 0.18541(1) 0.6667{3) 141434y 68.1997110}
MSIS(A)  80.0617614} 8.736214F 20 422171 31.62861107 384554111 26.479507) 44.64450157 17 108(5F 0.497812F  87.7200(15} 0.200011F  2.6548(3) 27326415 41 51801121
MRIE(6) 5728017} 104824611} 0.2575410} 14 4220018 58718451 1.a2si 1224201 17.3756114} o7t 19.051501 0516512F  0.7507{3 6728500 14.0726112}
MRE(/3) 2.361511) 4.824715) 8.463917H TOGTIIAY 23.3401 0100 = 47()4“” 5.7057{6} 81.7761015) 0.382501) 313} 0.8379(2) 1.1519043) 28.5387(12} 15.026319)
MRE(9)  5.4535(15) 0.993716) 1.0449(7F 2.1554411) 3.8090s (14} 2.708512) 2.0447018) 1.5063 (7 02207011 1 507atM ozasal) 0aTeoln 06017 1.5092(101 0.6051 (%)
MRE(A) 2.4694111) 0.901s{1} 1.6475(9) 1 8610} 2.0491113} 1.4936161 1.9673112} 1.28515) 0.218011 0.220612) 0.540813) 1.49¢F Tr 1 A (5)
0.086515) 0.0773) 0.086217} 0.00a5t11} 0.0070412} 0.0912401 0.080745} 911040 0.0732121 00019110} 0l080a1e)  0l0001 (15 o.o72 01046143
0.130711} 0.127813) 0.145316} 0.1702412} 01677411} 0.160510 151 O.115011) 001556197 0,151} 0180115} o.12a7t2) Ol1s1atia
133 sstat 11205} 167015 1514 11406y E 1801 4202y a7y 12500} 125010 11667
118415615} 21776410 19673457 184857 116026 Ao 0.026413 11271450 0342142 086753} 7270814} 2527311}
|Bias|(3) 2.8888(9) 1.20215} 0.9925(1) 1.8755(6} 2.z 16.54715} 0.013501) 0.660013) 0.36512) 5.0035(12) A4.a27si11) 9.8161113)
\Bi:Lw\(F}) 0.6315(15) 0.0215121 0.007{1} 0.048814) 0.4543(14) 0.2885¢10) T A 0.007415F  0.2116(%) 0426019 0.1003(7} 0.4155(
134 ~.\ F 0.165311} 0.186415} 0.6415111} 1.62541153 1 258!{("} 0.4161151 0.035512) 0.082: i‘ " 0.234417) 0.020611) 0.6085110} 0.194716
IS E (A 1317.56181151 269710110} 19.31641(7) 26.2664 5 26.505219) 8 51.5695111 0.0a71} 3.5 9.026411) 1.9348(2} 5.5116131 370.2146113)
NIS}Z(/)‘) 200.2817011) 3.726515) 3138740 149.350819} 11.621616) 13.4353(7) 2693.8843115) 0.038501) 216773} 1.40621(2) 588. 7383012} 153.8659110} 097.688113)

o 170131141 0.9859110} 0.8843(%F 12614412} 130031151 0.7596451 0.005011F 019142} 02531130 0.7234(1F 0.8723(7F 0.8867(0F
I\(&F(L) 241045} 1.99821(4} 9.115719} 18.957514) 5.86241%) 0.146011) 0.245412) 0.848(3) 10.4969110} A.88516) 118762111
MRE(&) 9.8318115} 2.16 2.043917} 2.08211{%) 1.5687(6} 1.40691(5} O.11a5€1) 1.091243) 0.674812) 1.7t 6.7 2. 04ttty
MRE(5) 4544400 107210 1.700411) X 2.899116) 06(7) 017010} 1R15470D 1234000 103842 si51302) 6.4037(11) 13.558701)
MRIE(O)  0.7296114} o557l 0.53874F 0.6061 151 0.5961 412} 0.517747F 0.141411r 056531107 0.2358 0.27; 0.483611F 0517116} 0.5352(%1
MRE(A) 0.551810) 0.455141 0.7576110} 1.255714) 1.2065010} 0.6414%F O.122201) 0.558016) 0.222612) 0.324413) o.865011) 0.5938(7} 0.972: 1(12)
Dabe 0.063213) 0.06, 0.06 2} 0.0686111} 0.068191 0.0635{1) 0.056011) 0.0643(53 00727153 0.0681{10} 0.0690113} 0.071514} 0.06¢
Do 0108811} 0.108413} 0.104a58{2} {11y o.11s012) 0.1085151 0.094111) 0.1091 16} 0.113249) 0.113245) 0.1201 113} 0.1214015} (l,)z(m“‘“
ST Ranks 138010} A B8611E 152013} 13619 0216} 17y l'i')('l) 65131 5142 12418} 1414121 1630147
[Bias|(a) 2.52120(15} 0.456: 0.518519} 0.6816110% 0.6s71{11} E 0.4937{%) 0.05154} _8031(13) Be — 0all}  0.016112} 0.055315) 0.5 0.025013}
[Bins|(3) 24973011} 0.877016) 0.538801) 0.0728(0) 0.770915) 0.9501 (%) 0.9153(7) 16.7479115) 00148t} 64026014 0.054612) 14079110} 5 30100
[Bins|(0)  0.2201{11F 0.057815F 0.005G¢21 0.090817F 0.04423F 0.2051410} 0.1590¢°} 0.0470¢4} 0.0042617 02064113} 0.092316} 15534141 0.1705151 0.49131
|Bias|(&) 0.33616} 0.227113} 0.7275012} 0.504219} 1.0077{14} 1.0691115} 0.5624(10} 0.20614} 0.0231101) 0.17331(2) 0.344617 o 7207 (15) 0.300415} 0.5058111}
MSE(v) 216.1322015) 2.8196161 3.5121(8%) G.3442011) 4.07617) 2. 848617 a.753010% 34.2707013) 0.017501 118.20341(14) 0.407312) 1.8156451 22.4665(12) 1.758514)
MSE(3)  304.6778012) 53243050 2. 39014} 6.436417 28030} 3.233447) 2.6805(5) 24324845050 00412010 976.755405) 0565402} . 10.3651 (10} 1231.5801(14)  100.8471{11)

- MSI(0) 0.7984 112} 0.62111} 0.6562151 0.7520111} 0.6620161 0.669617F 0.70515} 1.5320{15} 0.027611) 0.8691 {14} 0176812 0.211913) 0.706519} 0.8148013) 0.7494 110}

50 S 1 (A 1615817} 1.071542) 69103013} 3100119} 1161220141 14.1122015) 6.0262412) s 0.025311) L aso7(s) 1470100 106209 5.3356¢11) 1.313203) 3.5020(10)

V) 2.4414015) 0.783116} 0.8648151 102880101 1.0251 010 0.8747(9} 0.859171 0.070811) C 0.3831(2) 0.43913) 0. 70745} 1.192s8012) 0.700s{4}
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MRIE(O) 0.475615) 0.4742{7} 0.49s87112} 0.457415} 0.457416} 0.4866191 0.691115}F 0.083511) 0.551114} 0.202412) 0217813 0.4926110} O.40771Y 0.5087113}
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Dmax 0.0652131 0.0663(1} 0.0707{%} 0.0665(7} 0.0714(12} 0.0713011} 0.0672(6} 0.0795113} 0.0609{1} 0.0641{2} 0.071{2} 0.0712010} 0.0855151 0.0703{7} 0.0s822{11}
ST Ran 134010} 663 10515} 1278} 12017} 13219} 11016} 164115} 23{1} 138011} 56121 7611 14514 144113}
[Bias|(a) 0.7372{(9} 0.58211{5}) O.a7TsiT 0.8534011} 1.1586113) 1037012} 0.7553010} 2.6575(15} 0.0019(1} 0.2749(1) 0.1153(2) 0.1096(2} 2.0765(14} 369616} 0.3587(5)
[Bins|(3)  0.0635(2} 0.59041F 0.507945F 0.488117F 0.2764147 0.3830(5F 0.6514¢10} 11.0390115} 0.016111F  3.3674{14F 02324130 041361 377208 1104ty 110714121
|Bias[(6)  0.2505{12} 0.06051{1} 0.0169(1} 0.17915) 0.2696113} 0.1808(9) 0.0496{3} 0.3240015}) 0.017412} o 14y 0.114915) 0.14147) 0.2476(11} 0.120916} 0.222:3(10}
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MSI(3)  0.60991%} 2349710} 2.072(%) 1.9038(7F 1.063614 1382516} 2.4549¢10} a1 12} 0.0077{1}  220.046{14) 0.5165 206.0267(1%)  7.53140121 549541111
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Table 4: Partial and Full Ranks for Simulation in Table 3
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Table 5: Numerical Results for Simulation using a = 1.5, § = 0.15,

6 =250, k=0.75

n Tt NTRE) ADD RTADI TTADE oV oS WS ADSOI K1 MESE MSADIS MSALDIEE ___MSSDIS MSSLDIZ MSLNDIZ
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ZR.luks 8016} 1a3i1y 122(58) 126110} {5} 193115} > 126110} G112} 7ol 180{14} 154101 17413}




Table 6: Partial and Full Ranks for Simulation Table 5
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Table 7: Numerical values of Simulation using o = 0.75, 3

=15, 0=1.75 k=125
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|Bins|(6)  6.4903(13) 0.25175F 0701115} 0.0205(21 0.203014) 151740100 ol127203) 72738014} 0.015801) 0.306816} 5.1153012) 3.0081(11) ©.0243(15)
|Bias|(3)  13.9064{°F 2.5602{1} _aa7alsr 25.0851{11} 3.873016} 8.463617 11.468815) 124143 0.0409113 0.881413) 0.512712} 19.7667110} az3i12y 57.4707{15}
|Bias|(0) 389.4725(15) 2.0713(%) 3.9723010} 11.697s013}) d.os3s011) 0.2047{2) 1.2322(8) 6.0367(12) 0.0597(1) 0.8315(6} o. z7u7( 5} 0.623115} 1.070417) 0.4408{4)
1Biasi(®) 11578023 0.768215F 120161141 14617157 107351111 0.675414F 10715107 ).00317F 0.036711} 05881130 0.2269(2}  0.887(%F 10477 1.0220(%

578.1864115) 0.671013F 48261 0.007515F 0.713714r 61.5466110) 04531421 255.1952{12) 0.024411) 2.0859167 27007} 773.633114) 189.6859111F 3137 4115151
453.85341(9) 67221414} 100.83311(5) 5592173111} 145.6726161 917.3308{7} 1383.3612(5) 38257.7541114} 0.036611) 4.704613) 3.722012) 5501. 777710} 0794.3313(131 60624.9315115}F
10 3541203.03200151 LTHR510) 180.3913(10} 23855778013} 243.86350121 s.1114(4) 61.5146(%) 235.3912011) 0.08351(1) 5.9168(3) 3.839112) 31.4528(7) 24.513416) L430217)
8.633615F 5447} 0.7449111} 0.1586(2} 6.9501 16} 40069121 ©.7051 (10 7.2489(7F 0.036711} 2.0533437  0.8327(2)  11.6379¢1%} 10.4803¢12} 38415}
o osss(13} 0.7a0atsr 1 asosis 0.6925121 0.6920151 2058 ©r  0.7094i1 10.2835(14} ol5Tol1r 102747r 0024116r 744921121 5.9063(11} ss28(15)
10.236019) 1.999011} = 21153 19.6265111}1 2.975416} u,?%(lﬂz(” 3=y 36.0230111) 0078611 0.846413} 0.550212) 13.4404110} 2162412} 572115}
222.6733115) 1511600 2.548102) 71503418} 3.0573011) o.s17TTE) 1,396} 3.7a7012) 0.009411) o210 omana( 1asTC) 15870
1.24079} 0.867415} 1.3506(11} 1.0800(6} o0.sa2a{4} 1.1962(5} 1 3153 0.1039113 o 7;mm 1.157547F 12014811}
0-00d0(c) 0.007210) 0.0961 173 0l10as{11} 0.0056110)  0l080611} 0.005s{11} 0.0666111 0.1035{12}1 ol1116415) 0.0850131
0.155715) 0.174110} ols11 0.167510% 0.150717F 0.1804115} NEeN o |7x.x<“) 0.1855115) O.141912}
=144 136 (10} 11487 0145} ()(,u,) 16815} 14l 3} 14311} 126191
1.00541107 0.768817F 23108141 0.5511447 451403 216790 47801415} 0.057111F 0.612515% 101854121
|Bias|(3) 37510} 0.684916) 0.419014} 1.371s(8) 53153 382419} 33.020015) 0.070{2} 14.667014) 11.2361(13) 6.4547(11} 10.2080112)
[Bins|(0)  1.7238(11) 0.44631%7  0.5065(%) 0.6916(9} 1073115 0.3026( 1.25621100 0175163 7.6ost15) 0016311 031680 34157014} 0.207614)
|Bias| (&)  0.3833{9} 0.2428(5} 0.28961{7 0.402410} 0.0072{15} 05147113 0.135813} 0.053¢1} 0.25086} 0.071942} 0.631¢14} 0.46281123 0.45851113
MSE(G)  6.5252(7) 257102 752155050 3.652(5) sla10ats) 56.4048012) 9 68587 242.4834015) o017 5.036110) 20094901} 11.2165010% 763867043
MSE(F)  842.0694110} 3.65321(6 15.77234%) 3.26061(5) 13.0162(7) 25.9073(9) 12700.3015015)  0.0063(1} 332.0377(14)  0.5307(2) 1.03090(2) 1476.2301(12) 34.4866(13)
bo  MSE©)  s.0s290101 2.578617F 3.352(%) 25.08491120 4455400 62.116301%) 2336451111 0.4312(3)  2410.0747(15)  0.3633(1}  0.4144(2)  1.6143(°} vt
MSE(&) 1.8525(6) 1415350 B 2. 813819 0.9208{1} {10 0.6316431 0.445012} 4.50490{14) 0720113}
MRE(A)  1.8042{9) 1.3526(5) 1.1515(1) 2.1030(11F 6.811815) « 1. » 0.878312} 0.917213} 1.356116} 2.0163112}
MRE(3) 3.50561101 0.97231(6) 1.5635(01 N 1 2]&(,(7) 1.4689{%) 22.6628{15) 0.102611 104190141 0.3175{2} 0.4118{3) 7.9053113} 4.8818{11})
MRIE(O)  1.1108{10F 0.594715F 0603217} 0.78891F 1.14033012) 0.6873%Y 1 aazoi1sr 1eTir 01535117 482301151 025982} 0.2649(3}  0.500116} 2.3008(14}
MRE(A)  0.6463(9) 0.58341(5) 0.6148(7) 0.5587. 1.0312015) 0.800813} 0.7147(10} o nr.uu) 0.6256%) 0.405843} 0.3603(2) 0.9096114} o. 728811}
Dabe 0.055111) 0.057143) 0.06141=) 0.064: 0.060415} 0.056512) 062691 X 0.054111 0.0680115) 0.0674113} 0.0644112} 0.06116} 0.0679111}
Dinase 0.10075} 0.098813) 0.10316} 00,1097} 0.1061 19 0.100411 o. ]()74“0) . ()‘)(,z(z) 0.095011 0.1099112} O.116014) 0O.11431018) 0.1051{%F 0.11658153
S Ranks 12247} 724} 1075 £ 1364101 126151 1524143 2011} 13249) 5at=2} 5sisy 142013} 138121
[Bias|(a) 0.6326(12} 0.364815} 0.53321(5F O.a118{6} 0.4699173 0.5485(9) 17250015} 0.01241} ).55841103 0.182513) 0.071723 0.6534113) 0.62241113
|Bias|(3) 6.5133011) 0.6111%) 0.270811) 0.1345(3) 0.363016) 0.679510) 468839015} 0.0332(1) 0.5727014) 0109612} 0.3151(%) 203149010} 7.0333012)
[1Bins](0)  0.9907{15} 0.357710) 00585114} 0.7676113} 0.4652112)  0l4194110} 0.265015) 0.0563151  0.0193121 0.005741F  0.1375(7}  0.0237(3} 0.053314F
|Bias|[(A)  0.0556{%} 0.0796110} 0.0102{4} 1e — 0ally 0.0357{5) 0.1094111} 0.1129013) 0.0073(3) u 1161114} 0.016145} 0.0067(2} 0.1215015)
3.1ma7(10} 0. 78374 1.657316) 1.05810) 1.7435%) 1.7805(9) SRi16) 0.005611 832111} 0.3607{3) 0.1275(2) 5.0647(12)
2359. 18112} 3.246317) 7.3208(0) 2.326014) 2.651016) 5.0017¢5) 180865626119 0.04170) 6171004104} 0260807  0.68103 1018.5663(11)
- 2.0122(5) 3. |/1(-S)U") 3.8427115) 2.5481 (11} 2.4649110} 2.601112} 0.051411 0.2207{2} 0.2801 13 1.818115)
50 0.1345(41 0.2315(7) 0.235t 0.23311%) 0.223216) 0.159115) 0.2007(12) 0.004511} 0.109712} 0.2869110)
1.0287010) 6o32(0) 1 (dez“l) 0.775416} 0.857417) 0.93361%) 2.73500151 0.072201) 0.5694131 0.679114} 1.1as5012)
Mm:(m 527841121 1057147} 1225109 0.966315F 1.0155(6) 116145F 3197150151 0.068611F : 0.2380(2} 7 7287018} 52772011}
MRI(O) 0.71064121 0.650315) 0.82261151 0.7134113) 0.631416) 0.65815103 O.s814114) 0.0742(1 0.6865111 0.2005121 0.58051%) 0.65585{93
MRIE(A) 0.235613) 0.3231012} 0.25823(2) 0.2812(5) 0.2593{6) 344315} 0.0369(1 0.20511} 0.2227{2} 0.2679(7) 0.3336113)
Dabe 0.0365{2 0.0384(5) 0.0389(2} 0.035{6) 0.03761{7} 387} 0.0265{1) 0.0366{3} 0.0491 015} 0.0465(12} 0.0402111} 0.0a821 "‘)
Dmax 0.0633{2} 0.0697{?} 0.06585(7} 0.065831(6) 0.06631{7} 0. 072&‘ 11} 0.0432{1} 0.0634{3} 0.0814013) 0.0738112} 0.068515) 0.086211°
SSRanks  126(10) 13201 104061 (3 821 2001 140012} 572} e < 1190 1540113
[Bias|(a) 0.2752(6) 0.3542(9} ). 5233014 3 .3035(7) 0.735 u(-w 0.0196(1) 01313} 0.15641{1} 0.06612} 0.4566112} 0.17691(5) 0.4556011)
[Bins|(3)  4.1985(12F X 0.106814F 0.283110¢ 0.069313F 0.165515F 0.2123(7F 267459115} 0.017812F o 1890{15) 0.0126(1F 0243805 6514111 0.3915(14) 1.64231101
|Bias[(6)  O.73s4(14} 0.4101410} 05712} 0.7468115} 0.as4411} 30(=) 0.02621(1) 0.051415} 0.0956(6} 0.02613} 0.008412} 0.2073(7} 0.007911}
[Bins|(A)  0.0324(7) 0.0047(11} 00051112} 0.0207{(5) 0.0283(5) o1123019) 0.0066()  0.0774 110} 0.0056()  0.0087(x)  0.121407) 0.0515( o1z
0.5156{7F 0.5585(%) 0.6703(101 0.5852(91 B 1.1079(11} 15015} 0.00261{1 0.28331{4 855} 0.116112) 1.6257113) 0.2813(3) 1.6286114})
055.12571121 1705467 1571505} 0.28744F 15170147 1870647 6716.6933115)  0.01141F 3. ;,)<>7< B 020017 056098 aho0rei10) 103.8343(147 4455461117
1.610411 1} 1.300719) 1.4007110} 10877013 2.041514) 1.64281{12) 1.30041%) 2.5765115) 0018611 0.380613) 0.3451(2) 1.0245451 12266171 1.0158(4)
100 00771 0.0819(¢)  0.1075(7) 01726012} 0.2207(1%) 0.2275(14) 0.1215(8) 0.2053(13) 0.003(11 0.1250()  0.0812(%  0.1578(10) 0.079411} 01581111
0 5240161 0.57021%) o 7407{10F 0.655510F 0.z928(14) 08191113 0l5a2147) 1.33011157 0.0551 1) 0.4224(2 0312503 082080 0la32815) ol821112)
3.6667112) 0.7789{7F 0.768815) 1.1221191 0.731611} 0.774316) 0.82001%) 18. 73801153 0.036311) 0.1931(2} 1.5837(11) 6.8466111) 1.57731103
0.5485010} 0.517915) 0.5747112} 0.6854 1141 0.625012) 0.5673L11) 0.538619) 0.8431015) 0.042011) o. 47(»&(4) 0.1923(2) L 0.4586416) 0.50011{7} 0.a52415)
017861 0.184416r  o217(m 0.2556110} 0.2749114) 027381131 0.1903(%) 0.2043(15} 00314117 0.16 O1REatT 018021 02557011 0.179914F 0.2565(12}
0.024615) 0.024311F  0.0257{%) 0.023(1} 0.026217F 0.025217F 0.02461%) 0.0203(11} Commaty  oeoath 0.0307{131  0.0201{107  0.0328{14} 0.0207(12} 0l03201(1
0.043716} 0.022711F  0.0162(%) 0.042613¢ 0.0477(» 0.045717F 0.0435} 0.0572(13} 0.03511(1)  0.0415(2} 0.0531(12)  0.0506{1°7  0.057s{14} 0051111 0l057o15}
S 101(5) 12200 128107 2012} 1351 105161 1931157 20 a3t e 1a5iiar 11551 1a5{14)
0.2217(10} 0.175916)  0.40851(151 0177olTH oz80: 30 0.2232(11)  0.1959(%) 35661147 0.0097(1}  0.075s(2} 0070100 0.0s0aln 021460 0.1452(5) 0.2202(12}
0. 479712} 0.0661 1) 0.1987{%) 0.213419} 0.06: 0.059512) 0.06815) 12.5495015} 0.002611 0. 475711} 0.0915{7} s75{10) 3085114} 0.082216) 0.8561 113}
[Bias|(0)  0.6545015) 0l3332010) 0525712} o611z} oezaon 0.2572(7) 0.3228(0) 0.6055(13) 00112 0.028413) 010024151 0.01040) 01505161 0.290(%) 0.087411)
[Bins|(A)  0.065415F 0.0758(%F 012531151 0.041113¢ 0.074917F o.0s1110% 0.08a5(11} 01127012} 0.001811}  0.0687{¢} 0.02142} 0.0 0.1731157 0.076117F 0.1693(14}
MSE(a) 026461107 014468 o.7os(i o.1saTis 0.3G11615) 0.2437(0) 0164717r 113631157 se— 04 00510021 0.0718C}  0.0871(3} 0294802 ol111i%) 0.3037(12}
1.047413) 1.137316) 1.15 2.16020111 11084} 121075 111870 1619.1371158 0.002411 0.1916(2} H5Ri9) 3023277014} 2.038s{103 4.4094113}
00 1.00841(12) St 1ocwon 1.3563014) o.ss57LI) 0.754517) 0.693115) 2.2728015) 0.004911} 02a2e)  blamertn  Omea1(o) o1 0,775
0.047417F 0.045918F  0.06761"¢ 0.0683110} 0.0077¢14} 0.09261 13} c 01261115} 0.001611F 0.0379(51  0.0315(2)  0.0847{12} 0.037814} 0.08441113
MRE(a)  0.3706(%) 03374167 0 Gaasiiar 0.358317F 0.5037¢15} 0laazitor 0.6576(15} 0.020113 0.2438(4F  0.2246{%)  0la4aziitr 0.280115F 0laa57i12}
MRE(3) 0.5745(3) 0.596416) 0.601617) 0.819412} 0.6158(5) 0.65219) H58(15) 0.0205(1) 0.168242} 0.576811) 27206414} 0.7216(10} 1.047:3(13)
MRE9)  0.4737{12) 0.383216)  o.a7asiisr 0541114} 0.414215) 0.405817) 0.370315) 0.025111) 07Ol 0o1T()  Oaddel) 0.421710) 0.4284(10}
MIRE(A) 0.13° 0.138{7) 0.16191 01718010} 0.1922112} 0.1918(11) 0.1°F 18y 36 0.02: 16151 0.1 6121 0.1961 114} 0.129311) 0.1949113}
Dabe 0.017383> 0.01831) 0.01911=y 0.01891(7} o0 {0y 0.018515) 0.018716) 0.0205110% 0.014a11y 0.01681(2) u )2 '7“ 33 0.0215(11) 0.025{14} 0.02251
Do 0.030713} 0.033¢1) 0.035 0.03447} 0.0356(") 0.03416} 0.0336151 0.0373{11} 0.0226117  0.03{2} 0.041035  0.0365(100  0.0152014) 0.03841
SRanks 10005} > 15011 [E 3501 11500 065 10515} 1501% 57121 GRish 169 Tos {7}
[Bins|(a)  0.0843(10} 0.0683151 017 0.05417 o172 x( o 0.1581113)  0.076¢} 0.028114r 2¢ — 0ai1} 0015243 0.00142} 0.052016F 012361117 0.035315¢
|Bias|[(3) 0.123112) 0.7806111}  0.432516) 0.60s15) 0.300615) 0.635219) 10.9601 {15} 0.010301) 152012} 0.276244) 0.500117} 1.3475013) 0.7446110}
[Bins[(0)  0.2010) 0128147 0.0865(2) 0.2538(11) 0.1648(0) 0.061713) 0.0992(4) 00136117 o 0.1033(5)  0.1351(%  0.3507(15) 0.116710)
|Bias| (&)  0.0359{1} 0.0663110% 0 00113} 1y 007124012} 0.0635153 0.051715} 0.019143} o0.0707{11 0.011942} 0.06167 0.0987115} 0.0559163
MSE (&) 0.05311%) 0.046316) 0.1422012} 0.05981{9) 0.1207(11) 0.048517 0.0658110} 0.0013(1 0.017912 0.0204 133 0.030215) 0.26651 11} 0.025411) -
MSE(3) 1.9793{7) 2.765851(9) 1.5021{5) 7.5466114} 1.61211(6) 2.37{8} 920.73891(15} 0.0015{1} 4.az7siiy 0.7091 12} 1.41861(3) A4.4413012) 3.4387(10} G.1067113)

soo  MSE@)  0.604(% 0.6024(%  0.6031(7} 1.0117{14r : 0845807 0.6072(7 18438157 0.0025(1)  0.560614) 0145520 0.3485(%  0.7465(11F 0.578015F 0.7338(10}

h M ) 0.024133 0.0264153 0.049112} 0.046711 ) 0.0457(10} 3=} 0.08541153 31 0.0244143 0.0205(7} 0.02(2} 0.0627113) 0.02451{5) 0.0682{143
MRE(4)  0.1999{6} 0.200! 0.24{10} 0.3431415} (1 20865} o 3019} 0.126412} 0.156615) 0.15631{1) 0.3351(14)
MRIE(3) 0.5722{4 0.90531{10} 10780012} 0.71661%1 0.851415) 8.085(15} 1.0346(11} 0.56531{3) 0.87531(9) 1.1608{14)
MRIE(O)  0.3253(1) 0.3925(5F b 57661 0.46os 0142 0.449G¢12} 0.397710) 0.7122(15} 0016501 037526} 0.2577sY 0.350615F 0.4408(11}
MRE(A) 0.095713) 0.1056151 0.12149} 0.132 0.1344112} 0.108t2) 0.18150103 0.0249(1} 0.103615) 0.0887(2) 0.09874) 0.1676114Y
Doe 0.0155(3) 0.01641%) 00171 0. ()l()(,("‘ 0.016315} 0.016215) 0.0163(7) 0.01301) 0.0155(2} 0.0167{10} 0.016111} 0.0237{153
Dinase 0.026913} 0.028{6} 0.0201 15} C < “ 0.02041103 0.0281(7} 0.020211) 0.027{1) 0.02815) 0.026912) 0.041914}
S-Ranks Tosis) ¥ 140012} 130011} osis) 0016} 6ol 7
[Bias|(a) 0.1434(10} 0.1205{5) 0.1549111) 017714123 0.1807{15} o0.178714) 0.1387(0) 0.010341> 0.105915} 0.076413} 0.064: 0.123017) 0.00{1} 0.113315)
[Bias|(5) 0.1257(%) 0.055912) 007373} 0.5331(10) 0.29061%) 0.159417) 0.108611) 0026801 1077114} 01424090 058601 0.6855012) o.s2as(13) 0.4z ()
[Bins|(0)  0.37O8{11} 0.207145F 0313749} O 711115} 0.5250111} 0.4257112) 03264110} 0.0369117 0,051} 0.0144€1F 0.075116} 0.032313) 0.030212}
|Bias| (&) 0.0702(1} 0.073515} 0.08241011) 0.045912} 0.077115) 0.0804110} 0.077219) 0.015501) 0.104713) 0.060s813} o117ty 0.076417} 0.0950121
MSE(S)  0.1067(10} 0.090315} 0.1208(11} O 1722014} 0.1546113} 01494112} 0.095916} 0.0023113 0.100415%) 0.041413} 0.10461} 0.060714} 0.00881(7}
MSE(S) 256690111 1302147 1218803 1401205 1.2030(5) racio) 1277200 0.004411r 121804014} o.8272(2) 3.4963112) 0.268{151 2.163110)

- ) 0.741416) 0.7759{9 0.847s{11} 1.21160143 1.1102018) 1.0 0.7951 110} 000781y 0.7743{%) 0.28521(2}) 2 0.742717} 0.658815) 0.58714)

H00 0.0245312) 0.02511) 0.020815) 0.0353(10} 0.0415412) o0d08t i 0.0267(%) 0.0021(1  0.0352(2) 0.0228(2) 002505} 0.045(14) 0.029817) 0.0432013)

0.253117} 27161 0.307s(11) 0.3213012}) 0.3601115) 0.3481114} 0.2611%) 0.0435(1) 0.2157{5} 0211804 0.1783(2) 02875110} 0.19161%) 0.276519}

0.63a214} 3777 0.Ga49(6r 0.637915¢ 0.687319F 0.6980119}  0.G33{% 55145015} 0.027711r  11576(14r 0.3622(2}  0.6569{%} 09542012} 0.9985 (15} o 7271y

0.364916) 0.40612) 0.a2a5{11} 0.499113} 0.5036114) O.ass5i12) 0.4097110} 0.6786115) 0.031011) 0.3915(7) 0.195112} 0.273613) 0.40351 0.356151 0.3353{4)

0.096312} 0.096913) 0106213} 0.1244(10) 01331011} ol1013(1) 0.1849115) 0.0253(1) 01137 0.105(6) 0.1043(5)  0.1407(14) 0.1058(7) o.137201)

0.0132{(3) 0.0132{(7) 0.0133{6) 0.0135{51 N 0.013417} 0.0131{2 0.0148{12} 0.0145(10} 0.013(1} 0.01a8013} 0.013912) 0.0171{15} 0.0147{11} 0.0171114}

0.023511) 0.02361%)  0.024117} 0.0237(6) 0.024219) 0.0243019)  0.0235(3) 0.027(13) 0.023412)  0.023(1) 0.0267(12) 00244011} 0.0308011} 0.0241 %) 0.0308115)
S Ranks 8605 s 13001 151013} as12) a(6) 109015} ¢ 11505 612 52010 » 103(7) 125010}




Table 8: Partial and Full Ranks for Simulation Table 7

GG
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Table 9: Numerical values for the Simulation using o = 0.25, = 1.75, 0 = 0.75,
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Figure 3: D,p¢ for simulation Tables 3, 5, 7 and 9
D_max D_max
e e — = e e — =
0.15: o 0.15:
o o as: oo om0 o 0
oss 005 005: oo ™ 005 oo o
_—— e e =
oeft T |0 P e | T et | s
0.42- o012 b 0.100- b 012 0.42- 0.100-
a0s 008 oo o 008 s oars.
0.04- 004 o oo 0.05- 0,04 0.04- oo
' oazs N nozs.
4 o st esioe £ oALoE e T =
0.05- 005 0.05: 0.04- Lot 0.05: 0.05- 0.04.
oLsE RTADE wise M oLse RTADE wise R
015, - o1s. o s
b 004 0.04: 0.08- 0.05- 0.05-
M M 4 M A A M A 4 M A A
D_max D_max
= o el e — e T T e T e
o oo 0025
— ——— — =
e 0.16- 0.16- o
012 o0 010 012 012, o2 0 032
4 eALDE WsiNoE [ wesee | [ wesee | B TS DO S B T — ssioe
oors oon 008 o0s
o1l oLsE WLSE AR R R 4 OLSE. RTADE_ WLSE R R
o0 . 010 o0 010
o 0.075:
MR © R AR M M A

(oW

(d)

Figure 4: Dy ax for simulation Tables 3, 5, 7 and 9
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Figure 5: |Bias| for a in simulation Tables 3, 5, 7 and 9
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Figure 6: |Bias| for § in simulation Tables 3, 5, 7 and 9
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Figure 7: |Bias| for # in simulation Tables 3, 5, 7 and 9
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Figure 8: |Bias| for k in simulation Tables 3, 5, 7 and 9
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Figure 9: MSE for « in simulation Tables 3, 5, 7 and 9
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Figure 10: MSE for £ in simulation Tables 3, 5, 7 and 9
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Figure 11: MSE for # in simulation Tables 3, 5, 7 and 9
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Figure 12: MSE for k in simulation Tables 3, 5, 7 and 9

29



IRE (o)

IRE (o)

MRE(E)

MRE of a MRE of a
e el e — - e e e — =
001 20- . " e 0575:
o 754 . are 09- 101 0.550:
s0{ L e 06 . oe 0525
05 254 0325 0s- o4 0.500-
o 0.300- 0 0475
= = = =
) o . - : o o
sof * o 2 1 . o4
00 o 02 I3 ool Tt—e—e———s| o 031
T — T ¥ WaoE T iasioE
o8 ” o 20] 20 @
o4 25 104 10 o
bl 054 05-
02- 00- o
ose WLSE A oLse RTADE WLSE. M A
o K /\-\ 0 L wk\\ \\
A S S S P AR A N M A A 4
MRE of a MRE of a
= e — - e e — =
.
2 o 10 N 10
| lNESEaSREs )
— = = ——— — =
3 os: N - 15 00
05- -
- 04 2 o - 06
' 03 4 ? 0s. 0
: . :
T E— = — ¥ o T = =
05- 2 a - 120- . @
03 10 08- ‘ 2
02 s 04- “ N 1
oLse wise M A RTADE. wise M A
"’ ! 0 15
o ’ 05 05-
MR MR A R S A A S
(c) (d)
Figure 13: MRE for « in simulation Tables 3, 5, 7 and 9
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Figure 14: MRE for § in simulation Tables 3, 5, 7 and 9
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Figure 15: MRE for # in simulation Tables 3, 5, 7 and 9
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Figure 16: MRE for k in simulation Tables 3, 5, 7 and 9
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Figure 19: Heatmap for simulation Table 7
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Figure 20: Heatmap for simulation Table 9
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6 Applications

We first demonstrate the usefulness of the proposed NGAPW model using times to infection of
kidney dialysis patients dataset #;. This data originates from Klein and Moeschberger (2003).

o _[15 85 45 45 55 85 85 95]
"7 105 115 155 165 185 23.5 26.5
The second dataset ¥ is clean-up-gradient monitoring wells in mg/L, studied by Bhaumik
et al. (2009).

51 1.2 1.3 06 05 24 05 1.1 80 08 04 06 09 047"

Zo=120 05 53 32 27 29 25 23 1.0 02 01 01 1.8 09
20 40 6.8 1.2 04 0.2

The third dataset Zs represents weekly death rate due to covidl-19 from 22/3/2020 to
20/12/2020 in Dominica, accessed from https://data.who.int/dashboards/covid19/data’n=c

0.02985 0.03536 0.05292 0.05124 0.05306 0.03520 0.03208 0.025617"

0.01930 0.01298 0.01609 0.01662 0.01214 0.02433 0.01301 0.01222
3= [0.01356 0.01083 0.00896 0.01093 0.01616 0.02202 0.02313 0.03760
0.03307 0.02618 0.01975 0.01504 0.01179 0.00954 0.00962 0.00808
0.00833 0.00685 0.00531 0.00572 0.00410 0.00340 0.00253 0.00402

!

Table 11: Summary Statistics for the datasets

Statistic fl l_"Q fg

n 15 34 40

Q1 5 0.5 0.00939
Q3 16 2.47500 0.02575
IQR 11 1.97500 0.01635
Outliers - 8, 6.8 0.05292, 0.05124, 0.05306
Mean 11.23333 1.87941 0.01896
Median 9.5 1.15000 0.01430
SD 7.45910  1.95259 0.01365
Variance 55.63810 3.81259 0.00019
Range 25 7.5 0.05053

Skewness 0.67368  1.60369 1.07772
Kurtosis  2.44052  5.00541 3.41691

As shown in Table 11, all three datasets (Z1, Z2, Z3) demonstrate moderate to strong positive
skewness (0.67 to 1.60) and differing levels of kurtosis, where datasets ¥s and #3 exhibit
leptokurtic characteristics (5.01 and 3.42, respectively). The existence of prominent upper-tail
outliers in datasets s and Z3, combined with considerable variance throughout all datasets
in relation to their scales, emphasizes heavy-tailed and asymmetric structural patterns in the
analyzed empirical data. These distributional traits highlight the need for adaptable, heavy-
tailed statistical distributions like the suggested NGAPW model to effectively manage skewness,
peakiness, and extreme values.
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Table 12: MLE, Goodness of Fit and Measures of Model Performance Across Datasets

Data  Model AIC BIC W A KS(p-value) a B8 0 k
NGAPW 106.2134 109.0456  0.0248 0.1677 0.1004(0.9982) 1.0165(1.6814) 0.0251(0.6091) 0.0179(0.0978) 1.5919(1.5778)
Lomax 106.5685  110.9846  0.0234 0.1625 0.2011(0.5792) 4614.5044(149130.0521) 51830.4547(1675242.4897) — -
Iy Pareto 116.2735  117.6896  0.4037 2.3781 0.3321(0.0732) 0.5699(0.1466) 1.4997(0.0001) - -
BXII 122.4656  123.8818  0.0941 0.6781 0.3715(0.0318)  39.6967(7906.1934) 0.0116(2.3091) - -
Logistic ~ 106.4245  110.8406  0.0632 0.4059 0.1099(0.9935) 10.5461(1.9021) 4.1811(0.8936) - -
NGAPW 117.7126  123.8180 0.0267 0.1848 0.0738(0.9926) 2.7658(3.9818) 0.3308(1.0676) 11750(1.4111)  0.6337(0.4063)
Lomax 118.8789  137.9317  0.0432 0.2793 0.0811(0.9788) 28.8469(170.6787) 52.3487(320.3230) - -
22 Pareto 137.6094  140.6621  0.6427 3.9310 0.3195(0.0019) 0.4145(0.0714) 0.1000(0.0000) - -
BXII 126.1526  139.2053  0.0418 0.2927 0.1040(0.8557) 1.5621(0.2479) 0.9305(0.1791)
Logistic ~ 140.9169  143.9696  0.2999 1.8345 0.1856(0.1921) 1.5467(0.2865) 0.9782(0.1445) - -
NGAPW  -239.4224 -232.6669 0.0217 0.1690 0.0599(0.9971) 2.7885(3.7934) 0.3603(1.0039) 63.3514(85.2028)  0.9305(0.5598)

Lomax  -233.2181 -220.8403 0.0341 0.2302 0.1721(0.1663) 6206.7064(155321.6214) 117.6822(2945.2712)
Ty Pareto  -209.5047 -206.1269 0.4050 2.4733 0.3081(0.0007) 0.5675(0.0900) 0.0025(0.0000) - -
BXII 2219562 -238.5785 0.0540 0.3482 0.0951(0.8286) 1.4853(0.1783) 309.4228(201.5462) - -
Logistic ~ -227.8200 -224.4512 0.2074 1.2578 0.1223(0.5468) 0.0172(0.0021) 0.0074(0.0010) - -

As presented in Table 12, the NGAPW model demonstrates consistently strong empirical
performance across all three datasets. It yields the lowest Kolmogorov—Smirnov (KS) statistics
alongside the highest p-values in every case (ranging from 0.9926 to 0.9982), indicating excellent
agreement with the observed data. For datasets #5 and Z3, NGAPW achieves the lowest Cramér—
von Mises (W) and Anderson-Darling (A) statistics, while maintaining highly competitive values
for #;. Furthermore, despite its flexible four-parameter structure—which leads to slightly higher
BIC or AIC values in some instances compared to simpler baseline distributions—NGAPW
attains the lowest AIC for #; and delivers overall superior goodness-of-fit metrics (W, A, and K.5),
underscoring its enhanced capability in capturing intricate data dynamics and tail behaviors.
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Figure 27: Q-Q for (a) 71 (b) Z2 (c) 73

As shown in the empirical density plots (Figure 21) and violin-boxplots (Figure 22), all three
datasets display different levels of right-skewness, unimodality, and upper-tail outliers. The
empirical vs theoretical Cumulative Distribution Functions (Figure 23) and Survival Functions
(Figure 24) indicate that the NGAPW model closely matches the empirical curves over all
probability areas when compared to alternative distributions. Additionally, the Total Time
on Test (TTT) graphs in Figure 25 show unique hazard rate patterns—such as consistently
increasing and bathtub-shaped characteristics—which NGAPW successfully captures. Ultimately,
the significant linearity present along the diagonal in both the P-P plots (Figure 26) and Q-Q
plots (Figure 27) offers compelling visual evidence of NGAPW’s enhanced goodness-of-fit and
distributional flexibility.

7 Conclusion

In this paper, we presented and extensively elaborated on the NGAP family of distributions, an
exponent-driven generator framework aimed at overcoming the constraints of current baseline
models in modeling intricate lifetime and reliability data. The NGAP framework offers enhanced
flexibility in managing skewness, tail weights, and hazard rate behaviors by allowing the exponent
transformation to adjust dynamically across various probability regions—covering both monotonic
(increasing, decreasing) and non-monotonic (unimodal, bathtub-shaped) forms.

Using the two-parameter Weibull distribution as a reference, we developed the NGAPW
distribution along with its mathematical characteristics. In particular, we offered closed-form
series expressions for the cumulative distribution function, probability density function, raw
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moments, moment-generating function, mean residual life, stress-strength reliability, order
statistics, and measures of information-theoretic extropy. Parameter estimation was thoroughly
analyzed using fifteen different non-Bayesian estimation methods. Monte Carlo simulation
analyses verified the finite-sample consistency, asymptotic efficiency, and numerical stability of
these estimators, with the Maximum Product of Spacings Estimator and Maximum Likelihood
Estimator exhibiting superior performance. Empirical assessment on actual datasets showed
that the NGAPW distribution provides better goodness-of-fit than established generalized
Weibull variations. The NGAP family offers a dependable and theoretically robust framework
for use in reliability engineering, biomedical survival analysis, actuarial modeling, and applied
statistics through the integration of analytical tractability, parameter identifiability, and dynamic
structural adaptability.
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