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S1 Regularity and exact identities

Let A = A∗e
ℓ. It is sufficient that, for almost every component r, f(A∗e

ℓ | r) is twice
differentiable on each compact ℓ-interval and that f , ∂ℓf , and ∂2

ℓ f possess integrable
envelopes. Regional observables and their derivatives must be integrable under the size-
conditioned measure. For an area-dependent observable u(r,A), sufficient additional
envelopes are |u|f , |u∂ℓf |, and |∂ℓu|f .

Write Fr(ℓ) = f(A∗e
ℓ | r). From ∂ℓFr = −arFr and ∂ℓfagg = −aaggfagg, the

size-conditioned measure obeys

∂ℓρA(dr) = ρA(dr)[−ar(A) + aagg(A)]. (S1)

Consequently,

∂ℓEρA
[u] = EρA

[∂ℓu]− EρA
[uar] + EρA

[u]EρA
[ar]

= EρA
[∂ℓu]− CovρA

(u, ar). (S2)

Choosing u = ar gives the curvature budget; choosing an area-independent u gives
the sorting identity.

1



For nested groups r = (g, z), factor the size-conditioned measure as ρA(dg, dz) =
ρGA(dg)ρA(dz | g). The law of total variance yields

∂ℓaagg = EρA
[∂ℓag,z]− EρG

A

[
VarρA(·|g)(ag,z)

]
−VarρG

A

(
EρA(·|g)[ag,z]

)
. (S3)

The second and third terms are the within-group and between-group parts of the het-
erogeneity penalty. Regrouping therefore redistributes the penalty without changing
pooled curvature.

S2 Continuous pure-power mixtures

Consider

fagg(A) =

∫
g(λ)(A/A∗)

−α(λ)dλ. (S4)

Suppose α has an isolated active minimum α∗ at λ∗, and locally

α(λ) = α∗ + c|λ− λ∗|m + o(|λ− λ∗|m), (S5)

g(λ) = g∗|λ− λ∗|ν [1 + o(1)], (S6)

where c,m, g∗ > 0 and ν > −1. With L = ln(A/A∗), Laplace’s method gives [1]

fagg(A) ∼ K(A/A∗)
−α∗L−β , β = (ν + 1)/m > 0, (S7)

aagg(A) = α∗ +
β

ln(A/A∗)
+ o((lnA)−1). (S8)

The aggregate approaches the smallest active exponent from above. Continuous mixing
of exact powers therefore also produces asymptotic flattening.

S3 Estimation and numerical audits

The common threshold was 1850m2, leaving 51,055 blocks. The main reconstruction
used a 260-point geometric grid from 5000 to 50000m2, a reflected Gaussian kernel
density estimator in log area, and bandwidth 0.35. Bandwidths 0.30 and 0.40 were
sensitivity values. Analytic first and second derivatives gave local exponents and cur-
vatures. Bootstrap deviations used log-area bins of width 0.004 and were recentered
on the unbinned estimates. Five hundred stratified replicates resampled blocks within
wards while preserving ward counts.

Independent finite differences on synthetic pure-power and curved components gave
all identity errors below 2 × 10−10. The maximum nested coarse-graining mismatch
over two to four RDN strata and three bandwidths was below 10−15. For the Tokyo
sorting identity, the main bandwidth gave maximum absolute and root-mean-square
discrepancies 7.33×10−5 and 2.93×10−5. Across all 69 bandwidth–leave-one-ward-out
cases, the maximum absolute discrepancy was 1.36× 10−4.
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S4 Synthetic recovery and ward-cluster uncertainty

The synthetic recovery test retained the observed 23 ward sample sizes, the common
threshold A∗ = 1850m2, the 260-point grid, and bandwidth 0.35. In log area y =
ln(A/A∗), the exact-power null used exponential component densities with rates equal
to the 23 fitted Pareto exponents minus one. The positive control used

qi(y) ∝ exp[−riy − η(ey − 1)], η = 0.06, (S9)

so its known regional local curvature is ηey = ηA/A∗. The value of η was fixed before
simulation and was not fitted to the Tokyo curvature. Five hundred datasets per
scenario were generated with fixed ward counts and reconstructed with the same
reflected-kernel procedure as the empirical data.

Near 104 m2, the exact-power null has analytic pooled curvature −0.0237. Its recon-
structed median was −0.0253, with a 95% simulation interval [−0.155, 0.116]. Because
this null curvature is close to zero, 35.2% of unthresholded point estimates were pos-
itive; the sign of a single noisy estimate is therefore not itself a calibrated test. The
empirical value 0.246 nevertheless exceeded all 500 null estimates, giving the finite-
simulation one-sided result p = (0+ 1)/(500 + 1) = 0.0020. For the tempered positive
control, the analytic value was 0.300, the reconstructed median was 0.255 [0.107,
0.416], and all 500 estimates were positive. Median curve RMSE over 7000–30000m2

was 0.0885 for the exact-power null and 0.147 for the positive control. Decomposition
closure errors were below 9× 10−15.

Spatial coordinates and block adjacency are not present in the analysis table. We
therefore added a whole-ward cluster bootstrap rather than claiming a distance-based
correction. Each of 10,000 replicates sampled 23 wards with replacement and moved
every block and reconstructed conditional density of a selected ward together. This
permits arbitrary dependence among blocks within a ward but does not adjust depen-
dence across ward boundaries. The pointwise lower limit remained positive through
1.027 × 104 m2, while the maximum-studentized simultaneous lower limit remained
positive through 9.152 × 103 m2. At 104 m2, the pointwise interval was [0.0185,
0.450], 98.57% of replicates were positive, and the full-grid simultaneous interval was
[−0.0654, 0.558].

S5 Robustness of the curvature regime

Table S1 separates the well-supported lower-area result from the less stable higher-area
crossover. Intervals are pointwise stratified-bootstrap intervals.

Across 69 bandwidth–ward-deletion combinations, B(104) ranged from 0.049 to
0.686, whereas B(2 × 104) ranged from −0.892 to 0.147. Equal-ward and retained-
area weights preserved positive balance at the lower scale and negative balance at the
higher scale. The three weight schemes gave Ξ = 0.374–0.803 at 104 and 1.347–2.060
at 2× 104 m2.

The independent spline estimator used stabilized log-density bins, cubic smoothing
splines, generalized cross-validation, and numerical renormalization [2, 3]. Its first
crossover was 1.51–1.64× 104 m2 across bin widths 0.125, 0.15, and 0.175. At 104 m2,
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Fig. S1 Synthetic recovery and ward-cluster uncertainty. (a) Exact-power null: analytic
pooled curvature, median reconstructed curvature, and central 95% simulation envelope across 500
datasets. (b) Tempered-power positive control with η = 0.06. (c) Empirical Tokyo curvature with
pointwise and simultaneous 95% whole-ward cluster-bootstrap bands from 10,000 replicates. The
synthetic panels use observed ward sample sizes and the empirical analysis settings.

Table S1 Selected dimensionless diagnostics for
empirical block-count weights.

Quantity A ≃ 104 m2 A ≃ 2× 104 m2

ηR 0.336 [0.224, 0.415] 0.308 [0.161, 0.397]
Ξ 0.374 [0.274, 0.610] 1.347 [0.57, 15.6]
B 0.455 [0.242, 0.570] −0.148 [−1.000, 0.277]

its within-ward term 0.471 exceeded the variance 0.160. Four common lower thresholds
from 1850 to 3000m2 preserved the lower-area sign and gave kernel crossovers near
1.74× 104 m2.

S6 Parametric and held-out comparisons

Table S2 reports absolute pooled fits. Every family was rejected despite a clear relative
ranking.

Table S2 Pooled common-support model
comparison. KS p uses 1000 simulated datasets
with refitting.

Model ∆AIC ∆BIC KS p

Pareto 1635.8 1627.0 0.0010
Cutoff Pareto 1001.6 1001.6 0.0010
Stretched exponential 220.6 220.6 0.0010
Lognormal 0.0 0.0 0.0010
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For predictive falsification, each of 50 prespecified splits independently held out
30% of blocks in every ward. Models were fitted only to training blocks. Held-out
observations determined log predictive density; a reflected kernel density estimate of
held-out blocks supplied curvature, crossover, and RDN-sorting targets. Table S3 gives
the main summaries. Log-predictive-density gain is a mean relative to Pareto; the
remaining entries are medians.

Table S3 Held-out predictive summaries over 50 within-ward splits.

Model LPD gain
per block

Curvature
RMSE

Crossover
log error

RDN curve
RMSE

RDN shift
error

Pareto 0 0.476 2.303 0.339 0.736
Cutoff Pareto 0.010 0.538 2.303 0.143 0.162
Stretched exponential 0.020 0.454 1.132 0.114 0.165
Lognormal 0.023 0.367 0.896 0.104 0.243

No family was best for every held-out feature. These comparisons rank finite-range
approximations but do not identify a microscopic process.
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