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Abstract 028

A thorough environmental risk assessment involves estimating the probability 029

that a contaminant exceeds a regulatory threshold at unsampled locations. Cal- 030

culating these exceedance probabilities requires the full predictive distribution 031

at each location, not a point prediction alone. Existing methods either impose 032
a globally stationary distributional model, which is often violated in heterogen-

eous environmental fields, or estimate exceedance probabilities independently at 033

each threshold level, sacrificing coherence across the resulting distribution. We 034

present Local Distributional Calibration, a non-parametric method that infers 035

the full local predictive distribution at unsampled locations from an ensemble 036

of conditional spatial realisations, and derives coherent exceedance probabilities 037

from it. A calibrated widening step corrects the systematic under-dispersion of 038

the raw ensemble, restoring nominal interval coverage without refitting a global 039

model. On synthetic fields the method performs comparably to the parametric 040

approaches under local stationarity, and its advantage grows as the local distri- 041

bution departs from a global one. On the Meuse and Jura heavy-metal surveys, 042

evaluated against Dutch soil intervention values and Swiss guide values, it at- 043
tains a lower Brier score than ordinary kriging and indicator kriging at five of

the six regulatory thresholds examined, and it eliminates the order-relation vi- 044

olations that affect the large majority of indicator kriging predictions. The same 045
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predictive distribution supports a locally normalised anomaly score, which iden-
tifies observations that are extreme only within their neighbourhood, a class of
anomaly that global thresholds miss.

Keywords: Exceedance probability Coherence Geostatistics Distributional calibration
Spatial heterogeneity Anomaly detection Environmental risk

1 Introduction

The reliable spatial characterisation of environmental and anthropogenic variables un-
derpins much of contemporary environmental management, from the assessment of
soil and water contamination to the design of pollution control policies and the plan-
ning of land use under sustainability constraints (Yang and Li 2005; Borkowski and
Kwiatkowska-Malina 2017; Biswas and Biswas 2024). As environmental variables are
usually measured at a finite set of locations, decision-making on this basis —such as
determining suitable locations for remediation or monitoring, or establishing exposure
boundaries— relies on predictions at unsampled locations. However, point predictions
alone are usually not sufficient; it is also necessary to obtain a defensible quantification
of the uncertainty associated with these predictions and the plausibility of an indi-
vidual observation within its local context (Thayer et al. 2003; Henshaw et al. 2004).
Geostatistical and related spatial interpolation tools have become essential for trans-
lating sparse point measurements into spatially continuous maps. These can inform
sustainable management across a variety of domains, including precision agriculture
and proximal soil sensing (Shaddad 2019; Rodrigues et al. 2020), river-basin assess-
ment (Yermolaev et al. 2024), the geoecological evaluation of urban systems (Kochurov
and Movchan 2024), and the ecological resilience of mining areas (Jiang et al. 2025;

Garcés et al. 2025).



A wide methodological repertoire is available for spatial prediction. Deterministic
interpolators such as inverse distance weighting, global and local polynomial interpola-
tion, and radial basis functions are valued for their simplicity (Rodrigues 2016; Kumari
et al. 2018; Deepika et al. 2020; Rusu and Rusu 2006). Geostatistical methods, includ-
ing ordinary kriging, empirical Bayesian kriging, co-kriging, and regression kriging,
exploit spatial autocorrelation through the variogram. These methods are considered
the workhorses of the field, especially when local uncertainty must be quantified (Va-
rouchakis 2018; Yi et al. 2020; Bronowicka-Mielniczuk and Mielniczuk 2023). More
recently, machine-learning regressors such as random forests, boosted trees, and sup-
port vector machines have been adopted for spatial prediction (Li et al. 2011; Heusler
et al. 2025). A particularly active line of research involves the combination of these
with classical geostatistics (Tan et al. 2021; Gao et al. 2022; Ohmer et al. 2025).

Despite this richness, an important gap persists. Determining whether a con-
taminant exceeds a regulatory threshold at an unsampled location —the question
underpinning the Dutch soil remediation framework (Ministry of Housing, Spatial
Planning and the Environment (VROM) 2009) and analogous frameworks worldwide—
requires a calibrated probability P(Z(x) > t) that neither a point predictor nor its

kriging variance supplies.

Indicator kriging and its coherence problem.

Indicator kriging (IK; Journel 1983; Goovaerts 1997) was proposed precisely to answer
this question. It builds the predictive conditional distribution by kriging the indicator
transforms 1(Z > tj) at a series of threshold levels ¢;, and assembling the results into
an estimate of the cdf. IK is the natural benchmark for the present work, and the
spatial literature on probability mapping and risk assessment has used it extensively
(Goovaerts 2001; Deutsch and Journel 1997). IK has one known structural weakness.
Because each indicator is kriged independently, the assembled cdf is not guaranteed to

be monotone. Therefore, order-relation violations, where the estimated F' (tx) decreases
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as ty, increases, are common in practice (Goovaerts 1997; Emery and Ortiz 2004). These
violations mean that the assembled distribution is not a valid probability distribution
at those locations, and any probability calculation derived from it is not coherent.
Order-relation violations are not a marginal defect in practice. They can affect a
large share of predicted conditional distributions on real geochemical surveys, making
the incoherence described above common rather than exceptional. A further limita-
tion is that the estimated cdf is not invariant to the sampling configuration, since the
addition of a single sample alters it (Emery and Ortiz 2004). The central methodolo-
gical question is therefore whether a coherent joint distribution can be recovered while

retaining predictive accuracy comparable to TK.

The present contribution.

We propose Local Distributional Calibration (LDC), a non-parametric method that
yields calibrated predictive distributions at unsampled locations, grounded in Spatial
Distributional Estimation (SDE) (Egana et al. 2025). SDE builds on the ensemble
machinery of Ensemble Spatial Interpolation (ESI) (Egafia et al. 2021; Navarro et al.
2026) and its locally adaptive extension, Adaptive Ensemble Spatial Analysis (ESA)
(Egafia et al. 2025). Both generate an ensemble of spatial predictions at each target
location but aggregate it into a single point estimate; SDE first showed that this same
ensemble can instead be read as a predictive distribution. LDC builds on that reading,
testing whether the ensemble yields calibrated exceedance probabilities, a question
that SDE left explicitly open. The same local predictive distribution also supports
a locally normalised quantile score, which places observations from subdomains with
different local distributions on a common footing for anomaly screening. Risk mapping
and anomaly screening thus become two applications of one estimated law rather than
two separate methods.

Three contributions follow from this. First, the ensemble retains the local distribu-

tional shape that a smoothing estimator discards, so the predictive distribution tends



to stay better calibrated as the local law varies across the domain. Second, we identify
a systematic under-dispersion of the raw ensemble and correct it with a calibrated
widening step, which restores both interval coverage and the Brier score of P(Z > t)
(the probability that a measurement exceeds a regulatory threshold ¢). Third, the res-
ulting coherent predictive distribution yields exceedance probabilities that are free of
order-relation violations by construction.

This advantage is bounded by a regime, since how far the local distribution de-
parts from a global one determines when the non-parametric approach is preferable
to indicator kriging; on locally stationary fields the two perform comparably.

The remainder of the paper is organised as follows. Section 2 develops the motivat-
ing problem and explains why pointwise estimators built on a stationary global model
are systematically misleading in the presence of local non-stationarity. Section 3 in-
troduces the SDE framework and the ESA mechanism. Section 4 sets out the LDC
methodology in detail. Section 5 specifies the experimental design. Section 6 reports
the results. Section 7 discusses the regime of applicability and the limitations of the

approach.

2 Interpolation under a breakdown of local

stationarity

Traditional geostatistical methods estimate the conditional mean under an assumption
of stationarity, describing the field throughout the domain with a single global model,
most often a variogram paired with a multi-Gaussian law. In many environmental
and geological settings this assumption is untenable, because the local distribution
of the variable itself changes across space, and distinct subdomains — geochemical
populations, contamination plumes, lithological units — carry markedly different local
means, spreads, and shapes. A stationary estimator cannot represent this breakdown of

local stationarity itself, only its individual symptoms, such as skewness or the nugget.
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For the exceedance probability P(Z > t) introduced above, the consequence of this
breakdown is not a larger prediction error but a systematic miscalibration. A station-
ary Gaussian model fitted to the global mean and global variance will under-estimate
the exceedance probability in subdomains with high local mean and overestimate it
in subdomains with low local mean, with no means of self-correction, since it has no
representation of the local law. An ensemble of realisations, by contrast, retains the
local distributional shape that a single mean and variance discard, so the local pre-
dictive law and its tail probabilities can be reconstructed from it without committing
to a global distributional form.

A second, compounding source of miscalibration is the nugget effect, the small-scale
variability that the primary correlation structure does not capture. It is an intrinsic
feature of many environmental fields, and it adds variability below the resolution of
the conditioning data that a mean predictor cannot quantify, but that an ensemble of

realisations can still represent alongside the local distributional shape discussed above.

3 Spatial distributional estimation

The ensemble representation motivated above is formalised by the Spatial Dis-
tributional Estimation (SDE) framework (Egana et al. 2025), a non-parametric,
decentralised approach to inferring the spatial distribution of a random field. Unlike
traditional methods that fit a single global model, SDE constructs a local empirical
distribution at each site from an ensemble of conditional realisations generated by the

Adaptive Ensemble Spatial Analysis (ESA) procedure (Egana et al. 2025).

3.1 Posterior sample generation

ESA generates an ensemble of predictive realisations through a hierarchical generative

model,

p(Z,P) =p(Z | P)-p(P), (1)



where Z is the spatial variable and P is a random partition of the domain S. Each
partition is built by randomly sampling the observed data, and within each cell a
local interpolator (adaptive inverse distance weighting) produces a complete spatial
realisation. Repeating this over T partitions yields an ensemble {z(l), . ,z(T)}, from
which the set of values at any location x constitutes a sample from the local predictive

distribution P(Z(x)|D), where D denotes the conditioning data.

3.2 Local distributional estimation and implicit copula

At each location x; the ensemble samples Z; = {zi(l) e, ZZ(T)} define a local empirical
distribution,
T
STy . L ()
FOG) = g o1 <) )

As shown in Proposition 1 of Egafia et al. (2025), the overlapping neighbourhoods used
by ESA induce statistical dependence between all local distributions {ﬁi(T)}f\Ll, where
N is the number of target locations. By Sklar’s theorem, this guarantees the existence
of a unique copula C'T that implicitly governs the joint distribution of the estimated
field, ensuring spatial coherence and that the assembled exceedance probabilities are

jointly consistent.

4 Methodology

LDC builds on the SDE ensemble and its implicit copula. At every location it infers
the full local predictive distribution of the primary variable. From that distribution
it derives two outputs, the exceedance probability P(Z > t) of Section 1 and a loc-
ally normalised quantile score for anomaly screening. The procedure has three steps,

summarised in Figure 1. The ensemble is generated, widened into a calibrated local

predictive distribution, and read for the two outputs.
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Figure 1: The LDC procedure. The ESA ensemble is widened by a calibrated Gamma
mixture into a local predictive distribution, from which both the calibrated exceedance
probability and the leave-one-out quantile score are derived.

4.1 Ensemble generation and the local predictive distribution

The ESA ensemble approximates the posterior predictive distribution
P(Z)|D) = [ P(Z(9IP,0z,D) - P(P.0p.02|D) dP dbp b 3)

by drawing T realisations across the discretised grid. The local empirical distribu-

tions ﬁ(T)

>’ (2) of Section 3.2 follow directly from this ensemble, and inherit its spatial

coherence through the implicit copula éT.

In practice the local law is not read off the raw empirical distribution. A Gaussian
kernel density estimate smooths the T ensemble values at each location into a con-
tinuous predictive distribution, and is fitted in log space for strictly positive variables

so that the support remains non-negative. We refer to this estimator as LDC-KDE.



4.2 Widening the ensemble into a calibrated predictive

distribution

Each ensemble member is a partition-level estimate, a local average within a cell.
The ensemble therefore captures the variability between partitions, but compresses
the short-range variability within a cell. Left uncorrected, the predictive distribution
is too narrow and under-covers the truth. To restore the missing spread we treat each

(®

ensemble member z; ' not as a single draw from the local law but as the mean of a

local component distribution. The component is Gamma,

A0
Gamma | k;, lzci , (4)

which preserves the member’s mean, has positive support, and has a right skew that

D =E

(2

decreases with the shape k;. Positive support matches the non-negative environmental
concentrations considered here.!

The mixture of these components over the T' members is the widened local predict-
ive distribution, and we refer to this estimator as LDC-I". The shape k; is calibrated at
each location so that the variance of the mixture matches a target local variance, estim-
ated from the m nearest observed neighbours. By the law of total variance, this adds
the estimated within-cell variance to the between-partition variance already present.
Where the ensemble already disperses at least as much as the target, no widening is ap-
plied. The correction therefore only ever adds the spread that the partition averaging
removed.

The target depends on how many neighbours are averaged, and no single count
serves every field. Where the field is stationary, a wide neighbourhood estimates the
local spread precisely. Where it is not, the same neighbourhood imports foreign spread

across a subdomain boundary, so the preferred count falls as the departure from local

LFor variables that may take negative values, a skew-normal component with location calibrated to
preserve the member’s mean would serve the same role.
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stationarity grows. Selecting the count per dataset is unreliable, because the selection
criterion is estimated from the same few dozen observations and is flattest where the
choice matters least. We therefore pool the widened draws obtained at several counts
in equal shares. The pooled predictive commits to no single scale and has a heavier tail
than any of its components. The counts are fixed at m € {6, 8,20} and held constant
across every field, survey and experiment reported below, so pooling introduces no

fitted quantity beyond the counts themselves.

4.3 Calibrated exceedance probability
The estimated local distribution E, whether the raw ensemble estimate or its widened
form, gives the probability of exceeding a regulatory threshold ¢ directly,

P(Z(x;) > 1) = 1 = F(1). (5)

This quantity is defined at every location and requires no model of the indicator
variogram at t. It is also free of order-relation violations, because E is by construction
a valid non-decreasing distribution function. Its calibration is assessed by the Brier
score (Brier 1950; Gneiting and Ranjan 2011),

BS(t) = © i(P(Z(xi) > 1) —1(z > 1), (6)

n -
=1

where z; is the value observed at x; and n the number of scored locations. The score
is evaluated in a leave-one-out protocol. The reliability diagram, which plots the pre-
dicted exceedance probability against the observed exceedance frequency within bins

of that prediction, provides a complementary graphical check.

10



4.4 The local quantile score

The same local predictive distribution also measures how extreme an observation is
for its own location. A global threshold cannot supply that measure once the local
law varies across space, since the same concentration is unremarkable in one subdo-
main and extreme in another. The local predictive distribution supplies it directly. It
is estimated using a leave-one-out construction, so that no observation informs the
distribution against which it is judged. For each observed value z; at location x;, the
local distribution ﬁj is estimated from D_; = D \ {z;,%;}, and the observation is
mapped to its predictive quantile,

~

q; = Fj(z) € [0,1]. (7)

A value that is extreme for its location maps to a quantile near zero or one regardless of
the raw scale. The score therefore places observations from subdomains with different

local distributions on a common footing.

5 Experimental design

Section 1 argued that LDC’s advantage over the parametric baselines is bounded by a
regime, growing as the local distribution departs from a global one. Four experiments
test that claim empirically. Their common object is the frontier, the level of departure
from local stationarity at which the non-parametric estimate overtakes its parametric
competitors. A synthetic experiment with a known ground truth locates the frontier for
the predictive distribution as a whole (Experiment 1). A second synthetic experiment
examines whether it carries over to the exceedance probability on which a regulatory
decision rests (Experiment 2). A third experiment evaluates the anomaly-screening

application of the same estimated law (Experiment 3), and a leave-one-out validation
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checks the frontier against real data (Experiment 4). The last two draw on the real
surveys described in Section 5.1.

The baselines are ordinary kriging (OK) and sequential Gaussian simulation (SGS),
which assume a multi-Gaussian field characterised by a fitted variogram, and indicator
kriging (IK), described in Section 1. All three fit their model once for the whole domain,
whereas the two LDC estimators of Section 4, LDC-KDE and LDC-T', read the local
predictive law from the ESA ensemble without committing to a global distributional

form.

5.1 Data

Two real datasets anchor the experiments in field conditions. Both are soil geochemical
surveys, drawn from different regions and settings, so that a conclusion supported by
both is not an artefact of a single site.

The Meuse floodplain heavy-metal survey (Bivand et al. 2008) comprises 155 ob-
servations of zinc, cadmium, lead, and copper concentrations on the flood plain of the
river Meuse near Stein, in the Netherlands, every one of them within a kilometre of
the river channel (Figure 2). All four variables are strongly right-skewed, so the para-
metric baselines are fitted in log-space, and each method therefore operates under its
best-specified configuration.

The Dutch soil intervention values of Ministry of Housing, Spatial Planning and
the Environment (VROM) (2009) serve as exceedance thresholds: 720 mg kg~ for zinc,
13mgkg~! for cadmium, and 530 mgkg~! for lead (dry soil, standard composition).
Copper is treated as a calibration check only, since all 155 observations fall below its

~! and there are no exceedance events to predict. All

intervention value of 190 mgkg
four metals enter Experiment 4, and zinc is also the metal used in Experiment 3.
The Jura heavy-metal survey (Goovaerts 1997) comprises 359 topsoil observations

of cadmium, cobalt, chromium, copper, nickel, lead, and zinc concentrations over an

12
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Figure 2: Meuse floodplain heavy-metal dataset (155 observations; Bivand et al.
2008). The colour scale is logarithmic. Samples above the Dutch soil intervention

value (Ministry of Housing, Spatial Planning and the Environment (VROM) 2009) are

ringed in red, and the red line on each colourbar marks that value: zinc 720 mgkg ™!,

lead 530 mgkg™!, cadmium 13 mgkg™!, copper 190 mgkg~*.

approximately 4.4km x 5.2km area near La Chaux-de-Fonds, Switzerland (Figure 3).
Concentrations here vary with land use and parent-rock type, both recorded at each
location and neither supplied to any method, so that variation reaches every estimator
as unexplained heterogeneity. Coordinates are the survey’s published WGS84 lon-
gitude/latitude (Pebesma 2004), reprojected here to the Swiss CH19034/LV95 grid
(EPSG:2056). Two of the seven metals are used. Zinc is the second real field of Ex-
periments 3 and 4, independent of the Meuse in both region and geochemical setting.
Cadmium enters Experiment 4 alone, where it carries the two densest exceedance cases
of either survey.

The Swiss soil pollution levels of Swiss Federal Council (1998) serve as exceedance

1

thresholds, the zinc guide value of 150mgkg™" and, for cadmium, both the guide

1 -1

value of 0.8 mgkg™" and the food-crop trigger value of 2mgkg™" (total content, dry

substance).

5.2 Scoring rules and fairness controls

Every method is scored by an identical metric layer. Distributional fidelity is measured
by the continuous ranked probability score (CRPS) (Gneiting and Raftery 2007), a

strictly proper scoring rule comparing the whole predictive distribution F against the
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Figure 3: Jura zinc and cadmium fields (359 observations near La Chaux-de-Fonds,
Switzerland; Goovaerts 1997). The colour scale is logarithmic. Samples above the Swiss
VBBo level are ringed in red, and the red line on each colourbar marks that level: the

zinc guide value of 150 mgkg~' and the cadmium food-crop trigger value of 2mgkg—!.

realised value z,
o0

CRPS(F.9) = [ (Pl) -1y = 2))’dy (5)

—o0
Calibration is measured by the empirical coverage of the central predictive intervals
and by the probability integral transform (PIT) (Dawid 1984). For a perfectly calib-
rated predictor, the PIT values Fj(z;) are uniformly distributed on [0, 1]. Therefore, a
flat PIT histogram indicates calibration, a central hump indicates over-dispersion, and
a U-shape indicates under-dispersion or mis-assigned tails. The histogram is summar-
ised by the PIT-KS distance, the Kolmogorov—Smirnov distance between the empirical
distribution of the PIT values and the uniform. It vanishes for a perfectly calibrated
predictor and grows with the departure from it, which makes calibration comparable
across methods and fields as one number. Every location is scored against its own
predictive distribution, so the PIT values are expected to be uniform however the
mean and the variance vary in space. The PIT-KS distance therefore tests local valid-
ity rather than validity on average. Both the CRPS and the PIT-KS distances are
lower-is-better, whereas empirical coverage is better the closer it sits to its nominal

level.
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The Brier score of the estimated exceedance probability p; = P(Z(x;) > t), defined
in Section 4.3 (Equation 6), is a squared error and so is lower-is-better. A low value
is not on its own evidence of a useful exceedance forecast, since a forecast that never
leaves the base event rate already scores well at rare-event thresholds. We therefore
report it alongside two instruments that separate discrimination from calibration.

The first is the area under the ROC curve (AUC) of p against the realised ex-
ceedance indicator 1(z; > t). It equals the probability that a location that truly exceeds
t receives a higher p than one that does not, and it measures discrimination alone.
Any monotone recalibration of p leaves it unchanged, so it captures only whether the
locations at risk are ranked correctly.

The second is Murphy’s decomposition BS = REL — RES + UNC (Murphy 1973),
which tests whether the reported values themselves hold up. The reliability term REL
compares the mean forecast within a bin against the exceedance frequency observed
in that bin, and so isolates miscalibration. The resolution term RES measures how far
the forecast departs from the base rate, and the uncertainty term UNC depends on
the events alone, so it is identical across methods. The decomposition is computed on
quantile bins of the forecast, since at a one-percent event rate nearly all forecasts fall
in a single equal-width bin and the decomposition degenerates. Reliability diagrams
visualise the same comparison.

The same predictive distribution also supplies a design value, the value Fi_l(q)
read off it at level ¢q. Being a quantile rather than a probability, it is scored by the
pinball loss (Gneiting 2011), the proper scoring rule for a quantile, with the realised
exceedance rate of that quantile as its calibration counterpart.

Two further controls equalise the conditions under which the methods are com-
pared. Each method is fitted in the space in which it is correctly specified, so the
parametric baselines are fitted in log-space on the strongly right-skewed real surveys of

Section 5.1, whereas on the synthetic fields below, whose marginal is Gaussian within
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each subdomain, every method is fitted in the raw space. LDC-KDE, LDC-I', and SGS
are given the same ensemble size (T" = 300 draws), so the ensemble methods operate
on an equal information budget.

One variogram is fitted per field and shared by OK, SGS, and IK, so that no
baseline is advantaged by a better-tuned structural model. It is estimated over fifteen
lags out to 0.35 of the domain extent, and exponential, spherical, and Gaussian models
are each fitted with a nugget, retaining the one with highest R%. Each SGS realisation
set is drawn under its own seed per replicate or fold.

Indicator kriging is estimated at thirteen data quantiles, from the 1st to the 99th
percentile, spaced more densely toward the tails than a decile grid. Any fixed threshold
that is scored, a regulatory limit or an exceedance level of Experiment 2, is added to
that grid, so IK is read where it is estimated rather than interpolated between knots.
Its estimated CDF is frequently non-monotone across thresholds, and is repaired by
a cumulative maximum before scoring. The repair can only raise the estimated CDF,
so it can only lower the exceedance probability the method issues. The violation rate
is measured before the repair and reported alongside the scores.

The LDC estimators use the adaptive inverse-distance local interpolator over T' =
300 partitions. The partition coarseness parameter « is selected using leave-one-out
cross-validation. All computations use the spatialize library for the ESA ensemble

and gstools (Miiller et al. 2022) for the parametric baselines.

5.3 Experiment 1: locating the frontier under a controlled
departure from local stationarity

The first experiment uses synthetic random fields with a known ground truth, so

that CRPS, interval coverage, and the PIT are measured at every unsampled node

of the field rather than at a handful of held-out observations. Its purpose is to test

whether the advantage of the ESA ensemble under non-stationarity, which Egana et al.
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(2025) demonstrated through mean-error metrics, extends to the calibration of the full
predictive distribution, and to locate the departure from local stationarity at which

that advantage appears.

Field generation.

Each field is defined on a 40 x 40 regular grid over a square domain. The domain is
partitioned into K = 4 Voronoi cells around random centres. All cells share one cor-
related component, which is a Gaussian random field generated by spectral simulation
with an exponential covariance of unit sill and a length scale of a fifth of the domain
side. The nugget component is added explicitly as independent white noise so that the
nugget-to-sill ratio v is a controlled parameter. A parameter n > 0 governs the depar-
ture from local stationarity by scaling how far the cells are allowed to differ from one
another. Each Voronoi cell k then receives its own mean offset py ~ N(0, (3n)?) and

spread multiplier o3 = exp(e;) with & ~ N(0, (0.81)?), giving

Z(x) = pirx) + v [VI = v W (x) + Vv e(x)], (9)

where r(x) is the Voronoi region of x, W is the correlated component, and € ~ A (0, 1)
is the nugget. At n = 0 all cells share the same law and the field is approximately
stationary, whereas at n = 2 the cells carry substantially different local means and

spreads. Figure 4 illustrates three levels of 7.

Sampling and evaluation.

Each realisation is shifted by a constant so that the field is strictly positive. From it,
n = 120 locations are drawn at random as observed data. The remaining 402 — 120 =
1480 grid nodes are held out as ground truth, against which CRPS, coverage and the
PIT are computed. The sweep covers n € {0.0,0.5,1.0,1.5,2.0} and v € {0.3,0.7}.
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Figure 4: Synthetic fields used in Experiment 1, at three levels of the non-stationarity
parameter 7 (nugget-to-sill ratio v = 0.3). Top row: spatial field on the 40 x 40 grid.
Bottom row: marginal distribution.

Each (n,v) combination is repeated over R = 50 independent replicates, so reported

differences carry standard errors.

Effect of the widening.

LDC-KDE (the raw ensemble) and LDC-I" (its widened form) are compared within

this same sweep. Both are derived from one ESA ensemble per cell, so they share

the field, the sample and the ensemble size. They differ only in the widening step of

Section 4.2. All methods are scored on identical data over the same R = 50 replicates,

so the effect of the widening is read from the same tables and figures as the frontier

itself.
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5.4 Experiment 2: exceedance probability at unsampled

locations

Experiment 1 scores the predictive distribution as a whole. A risk assessment decision,
however, rests on the probability P(Z > t) that a regulatory limit ¢ is exceeded at
an unmeasured location. The second experiment evaluates the effectiveness of each
method at estimating that probability, on synthetic fields drawn from the generator
of Experiment 1.

Because the field is synthetic, every held-out node carries a known label, so a
method’s estimates can be confronted with what actually happened. A good estimate
must do two things, and each is scored by its own instrument. First, it must assign
higher probabilities to the locations that do exceed the threshold than to those that do
not, which is discrimination and is measured by the AUC. Second, the probabilities it

reports must match the frequencies with which exceedances occur, which is calibration

and is measured by the reliability term of the Murphy decomposition.

Fields and thresholds.

The generator of Experiment 1 is reused with two changes that the question demands.
First, the Voronoi geometry is frozen. For each (7, v) cell, five layouts are drawn once,
and ten replicates per layout vary only the correlated component and the nugget,
so every comparison is paired on geometry rather than confounded by it. Second,
the exceedance thresholds are fixed in advance. Thirty pilot realisations per layout,
discarded after use, set the thresholds ¢, to the g-quantiles, ¢ € {0.90,0.95,0.99},
of the pooled pilot values, and the positivity shift is frozen per layout in the same
way. A scored realisation is therefore judged against a threshold that no scored data
contributed to, and its realised exceedance rate varies around the design rate 1 — g,

as a fixed regulatory limit does. A threshold read from the scored realisation’s own
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quantiles would fix that rate by construction and make miscalibration of the event

rate unobservable.

Methods and evaluation.

The sweep covers the same 7 and v grids of Experiment 1, drawing n = 120 locations
of each realisation as observed values while the remaining grid nodes are held out.
Every method estimates P(Z > t) at each held-out node, and those estimates are
scored against the node’s realised exceedance indicator by the Brier score, the AUC,
the Murphy decomposition, and the reliability curve. The design value Fi_l(q) at the
same level is scored by the pinball loss against the held-out truth.

The two LDC estimators are benchmarked against OK, SGS and IK, the last fitted
at the three scored thresholds directly rather than interpolated between the knots of
its quantile grid. Results are aggregated as means with standard errors over a cell’s
fifty realisations, together with per-realisation paired contrasts of each LDC estimator
against IK and against OK.

The sample size is additionally raised to n = 240 and n = 480 at the two cells where
departure from local stationarity is strongest, n = 1.5 and n = 2.0 at v = 0.3. Those
cells place the parametric baselines under the most stress, and the added density tests
whether they recover. The larger samples are nested, so the sample-size comparison is

paired within a realisation.

5.5 Experiment 3: local anomaly detection under local
stationarity and non-stationarity

The third experiment evaluates the locally normalised quantile score of Section 4

directly, as a detector of observations that are extreme for their own location. No real

survey carries labelled anomalies, so the labels are created by injection into the Meuse

zinc and Jura zinc fields of Section 5.1.
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Anomaly injection.

In each field, K = 30 anomalies are injected. Each is displaced away from its local

mean by 6 = 1 local standard deviation,

z; = zj +sign(z; — Z;-OC) . 5[7}“, (10)
where E}OC and 6}00 are the mean and standard deviation of the k = 12 nearest observed
neighbours of j. Injection is restricted to sites whose displaced value 27 stays inside
the global [10,90] percentile band. Every anomaly is therefore extreme for its location
yet unremarkable on the global scale, the class a global threshold cannot see. When

fewer than K sites satisfy the band, all qualifying sites are used.

Detectors and evaluation.

Every point is scored by five detectors, the LDC-KDE and LDC-T" local quantiles
|q;f —0.5], the analogous IK quantile, and two global standardised scores, one on the raw
values z; and one on their logarithms log z;. LDC-KDE separates the contribution of
the widening from that of the ensemble itself. The logarithmic variant gives the global
detector the same skew-aware treatment other models receive, so that any advantage
the local scores hold over it cannot be attributed to skew alone. The detectors are
compared through the ROC curve and its AUC. They are compared as well through
the precision at K, the fraction of the K highest-scored points that are true anomalies,
with K the number of anomalies actually injected. The only random element of the
experiment is which sites host the anomalies, so the injection is replicated over ten

seeds and both metrics are reported as means over the replicates.

5.6 Experiment 4: leave-one-out validation on real data

The fourth experiment tests whether the calibration advantage measured on the syn-

thetic fields survives on real measurements, where the true distributional form is
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967 unknown. It follows a leave-one-out protocol, applied separately to the four metals
968

969 of the Meuse survey (n = 155), namely zinc, cadmium, copper and lead, and to the
970
971
972 withheld, the predictive distribution of every method is estimated from the remain-
973

974 1ng observations, and the held-out value is scored under it. The scores are the CRPS,
975
976
977 accumulated over every observation of each metal. The shared variogram is fitted on

978
979 the full survey rather than refitted per fold, whereas the widening target of LDC-T’

zinc and cadmium fields of the Jura survey (n = 359). Each observation in turn is

the empirical coverage of the nominal 80 %, 90 % and 95 % intervals, and the PIT,

980 oycludes the held-out value.

981

982 The same leave-one-out predictive distributions are further scored by the Brier
983

9g4 score of p against each survey’s own regulatory thresholds. The predicted exceedance
322 probabilities are grouped into ten equal-width bins. Each bin contributes its mean

987 prediction against its observed exceedance frequency, and these pairs form reliability
988

989 diagrams.

990

991

992 6 Results

993
994
995
996
997
998
999
1000 kriging, along the departure from local stationarity on three measures, the PIT-KS
1001

1002 distance, the empirical coverage of the nominal 90 % interval and the CRPS. Table 1

6.1 Experiment 1: the frontier tracks the departure from local

stationarity

Figure 5 follows the calibration of LDC-KDE, LDC-T', ordinary kriging and indicator

1003
1004 reports the full grid behind it, with coverage at three nominal levels, and adding SGS

1005 {6 the methods.
1006

1007 Figure 5a traces the frontier on the PIT-KS distance. On locally stationary fields
1008
1009 (n = 0), ordinary kriging achieves the best calibration under the low nugget-to-sill

1010 ratio, with a value of 0.049. As n grows, its single global variogram approach fails to
1011

1012 describe the changing local law. Calibration degrades steadily as a result, reaching a
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PIT-KS distance from uniform

0 0.5 1 15 2
departure from local stationarity (n) departure from local stationarity (n)

(a) Kolmogorov—Smirnov distance of the probability integral transform from the uniform.
Standard errors over R = 50 replicates are shown as vertical bars.

== LDC-KDE
== LDC-I'
—o—~ OK
- K

empirical 90% interval coverage

0 05 1 15 2 0 0.5 1 15 2
departure from local stationarity (n) departure from local stationarity (n)

(b) Empirical coverage of the nominal 90 % predictive interval. The grey rule marks the
nominal level.

=& LDC-KDE
== LDC-I'
- OK
- KK

0 0.5 1 15 2 [ 0.5 1 15 2
departure from local stationarity (n) departure from local stationarity (n)

(c) CRPS.

Figure 5: Calibration against the departure from local stationarity 7, on the synthetic
fields of Experiment 1, for LDC-KDE, LDC-T', ordinary kriging and indicator kriging.
In every panel the left plot is the low nugget-to-sill ratio (v = 0.3) and the right plot
the high ratio (v = 0.7).

23

1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058



1059 Table 1: Calibration performance on the synthetic fields, by nugget-to-

1060 sill ratio v and departure from local stationarity n (R = 50 replicates).
1061 The best value of each column within a cell is in bold. The order-
182; violation rate applies only to indicator kriging.
1064 v n  Method PIT-KS Covgg Covgg Covgs CRPS Order viol.
1065 03 0 LDC-KDE  0.142 0571 0693 0.776 0.478 -
0.3 0 LDC-T 0.063 0.751 0.858 0.914 0.463 -
1066 03 0 OK 0.049 0.783 0.886 0.938 0.45 -
1067 0.3 0 SGS 0.051 0.778 0.879 0.931 0.451 -
1068 03 0 IK 0.076 0.757 0.853 0.909 0.484 0.925
1069 0.3 0.5 LDC-KDE  0.136 0.588 0.709 0.791 0.592 -
0.3 0.5 LDC-T 0.056 0.799 0.895 0.941 0.577 -
1070 0.3 0.5 OK 0.067 0.79 0.877 0.922 0.583 -
1071 0.3 0.5 SGS 0.068 0.786 0.871 0.918 0.585 -
1072 0.3 05 IK 0.064 0.758 0.853 0.91 0.596 0.983
1073 0.3 1 LDC-KDE 0.13 0608 0.721 0.795 0.897 -
1074 0.3 1 LDC-T' 0.071 0.83 0.912 0.951 0.888 -
03 1 OK 0.105 0.807 0.876 0.914 1.009 -
1075 0.3 1 SGS 0.106 0.803 0.872 091 1.014 -
1076 03 1 IK 0.064 0.768 0.857 0.908 0.899 0.996
1077 0.3 1.5 LDC-KDE  0.132 0.619 0.72 0.789 1.234 -
1078 0.3 1.5 LDC-T' 0.075 0.821 0.902 0.943 1.199 -
0.3 15 OK 0.127 0.827 0.885 0.918  1.37 -
1079 0.3 1.5 SGS 0.125 0.824 0.882 0.915 1.375 -
1080 0.3 15 IK 0.074 0.775 0.863 0.911 1.248 0.985
1081 0.3 2 LDC-KDE 0.126 0.626 0.725 0.792 2.311 -
1082 0.3 2 LDC-T' 0.073 0.832 0.908 0.945 2.259 -
1083 03 2 OK 0.157 0.801 0.855 0.888 3.122 -
0.3 2 SGS 0.154 0.798 0.852 0.885  3.13 -
1084 03 2 IK 0.07 0.779 0.865 0.912 2.316 0.986
1085 0.7 0 LDC-KDE  0.187 0.487 0.605 0.693 0.595 -
1086 0.7 0 LDC-T' 0.083 0.707 0.821 0.889 0.562 -
1087 0.7 0 OK 0.054 0.775 0.882 0.937 0.547 -
0.7 0 SGS 0.055 0.771 0.876  0.93 0.549 -
1088 07 0 IK 0.077 0.772 0.869  0.93 0.561 0.692
1089 0.7 05 LDC-KDE  0.166 0524 0.642 0.726 0.726 -
1090 0.7 0.5 LDC-T' 0.066 0.748 0.856 0.915 0.687 -
1091 0.7 0.5 OK 0.065 0.793 0.882 0.927 0.696 -
1002 0.7 0.5 SGS 0.063 0.789 0.876 0.922 0.697 -
0.7 0.5 IK 0.076 0.755 0.855 0.913 0.712 0.934
1093 07 1 LDC-KDE _ 0.156 0549 0662 0739 0.959 -
1094 0.7 1 LDC-I' 0.072 0.779 0.877 0.925 0.919 —~
1095 07 1 OK 0.089 0.798 0.873 0.915 1.005 -
1096 0.7 1 SGS 0.091 0.794 0.869 091 1.009 -
1097 07 1 IK 0.077 0.753 0.846 0.909 0.947 0.974
0.7 1.5 LDC-KDE  0.134 0.595 0.694 0.763 2.029 -
1098 0.7 1.5 LDC-T 0.063 0.794 0.883 0.929 1.919 -
1099 0.7 1.5 OK 0.133 0.805 0.867 0.904 2.322 .
1100 0.7 1.5 SGS 0.129 0.802 0.864 0.9 233 -
1101 0.7 15 IK 0.07 0.776 0.867 0.919 1.941 0.978
0.7 2 LDC-KDE  0.146 0.61 0.704 0.77  3.02 -
1102 07 2 LDCT 0.073 0.807 0.89 0.933 2.868 -
1103 07 2 OK 0.147 0.81 0.867 0.902  3.39 -
1104 0.7 2 SGS 0.145 0.807 0.864 0.899 3.393 -
07 2 IK 0.077 078 0.872 0.924  2.87 0.993
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value of 0.157 at n = 2. LDC-I" and indicator kriging, in contrast, remain more stable
and stay between 0.056-0.075 and 0.064-0.076, respectively, across the same range.
Both have overtaken ordinary kriging by 7 = 0.5. Sequential Gaussian simulation stays
within 0.004 of ordinary kriging at every cell of Table 1, so every panel of Figure 5
plots ordinary kriging alone.

Under the high nugget-to-sill ratio, a similar situation occurs. In this case, the
crossing happens between 7 = 0.5 and n = 1. That crossing is the frontier this
experiment sets out to locate, and beyond it LDC-I" holds the better calibration. LDC-
I" remains slightly under indicator kriging for the higher n values, but the difference
is not significant. The frontier of Figure 5a is therefore a frontier against the multi-
Gaussian assumption, not against indicator kriging.

LDC-KDE is the variant that fails this test. Its PIT-KS distance is the largest
at almost every cell, between 0.126 and 0.187 against the 0.056 to 0.083 of LDC-T.
Figure 5b, which shows empirical coverage against the 0.9 nominal rate, demonstrates
that the raw ensemble is under-dispersed everywhere, and that the deficit is worst
where the nugget-to-sill ratio is high. This is the shortfall the widening of Section 4.2
repairs.

Figure 5b shows the repair. The coverage of LDC-I" rises to between 0.858 and
0.912 under a nugget-to-sill ratio of 0.3 and between 0.821 and 0.890 under a ratio
of 0.7, against a nominal 0.90. Under the low nugget-to-sill ratio it is the closest to
nominal of any method at every n > 0.5, as Table 1 records. The same crossing, or
frontier, is therefore present here as well, now against indicator kriging too.

Widening a predictive distribution could recover coverage by discarding the fit to
the realised values, so Figure 5¢ scores both variants by CRPS. The numbers, however,
show that it does not. Scored on the same draws as LDC-KDE, LDC-I" attains the
lower CRPS in every cell of Table 1, by margins of 1.0 to 5.9 % small enough to leave

the two lines overlapping in the figure. Those margins are small beside the calibration
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1151 gap they accompany. At n = 1 under the low nugget-to-sill ratio, LDC-KDE covers
1152

1153 72 % of its nominal 90 % intervals against 91 % for LDC-I', yet only 1.0% of CRPS
1154
1155
1156 uniform weight, so the centre of the predictive distribution dominates it. An over-

1157
1158 confident tail is penalised only weakly as a result. The frontier of Figure 5a is therefore

separates them. The score integrates the pinball loss over every quantile level with

1159 drawn on the PIT.
1160

1161 Against ordinary kriging, the CRPS does separate the methods, in the pattern the

1162
1163 frontier predicts. Ordinary kriging holds the lower score at 7 = 0, by 2.9 % under the

ﬂgg low nugget-to-sill ratio. It then loses that edge, by 13.6% at n = 1 and by 38.2%

1166 at n = 2, both differences significant at p < 0.001. Indicator kriging is the only

1167
1168 Paseline that keeps pace. LDC-I" scores lower in nine of the ten cells of Table 1, by at

ﬂgg most 4.5 %. The CRPS therefore places the frontier where the PIT does, against the

1171 multi-Gaussian assumption.

1172

1173

1174

1175 6.2 Experiment 2: exceedance probability at unsampled
1176

1177 locations

1178

1179 Taple 2 reports discrimination, the ability to rank the held-out locations that exceed
1180

1181 the threshold above those that do not, through the AUC. At n = 0, ordinary kriging
1182
1183 is the strongest ranker at all three threshold levels. LDC-I", however, improves as the
1184 field departs from local stationarity, gaining between 0.05 and 0.16 of AUC from n =0
1185

1186 to n = 2 at every scenario. It has overtaken ordinary kriging by n = 1 at ¢ = 0.90 and

1187
1188 0.95. The crossing thus falls within the same interval where Experiment 1 located the

1189 calibration frontier. The one cell it never reaches is the deep tail (¢ = 0.99) under the
1190

1191 high nugget-to-sill ratio, where the two methods are comparable at n = 2, 0.778 for
1192
1193 LDC-T against 0.767 for ordinary kriging.

1194 Indicator kriging shares the improvement with n but trails LDC-I" in every cell at
1195

1196 every threshold level. It comes closest at ¢ = 0.90, within 0.05 at every non-stationary
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cell. Tt falls furthest in the deep tail, roughly 0.15 behind at ¢ = 0.99 and n = 2 under
both ratios.

The deep tail also separates the two LDC variants. Since both are built from
the same ESA pass, the gap between them isolates what the widening of Section 4.2
contributes to discrimination. At n = 2 and ¢ = 0.99, LDC-KDE attains 0.635 under
the low nugget-to-sill ratio and 0.575 under the high, below every other method,
against 0.851 and 0.778 for LDC-I'. The under-dispersed raw ensemble carries too
little mass beyond so deep a threshold to grade the rare exceedances.

Calibration is measured by the reliability term of the Murphy decomposition, lis-
ted over the grid in Table 3. The term orders LDC-T" and ordinary kriging in the same
direction as the AUC. LDC-T" stays below 0.01 in every cell. Ordinary kriging’s re-
ported probabilities, by contrast, drift furthest from the observed frequencies where
the departure is strongest, reaching 0.0281 at ¢ = 0.90 and n = 2 under the low
nugget-to-sill ratio against 0.0063 for LDC-T".

The smallest terms, however, belong to the forecasts that commit least. Indicator
kriging attains 0.0043 in that same cell, and at ¢ = 0.99 it joins LDC-KDE below
0.0008 across the sweep. The reliability curves of Figure 6, drawn at ¢ = 0.90 under the
low nugget-to-sill ratio where indicator kriging’s calibration is strongest, show how.
Each curve stops at its highest mean forecast, marked by a dotted rule, so a short curve
records a forecast that seldom commits. Indicator kriging reaches 0.24-0.35 across the
panels against 0.42—0.57 for LDC-TI'. Its calibration is therefore earned near the base
rate, where the reliability term costs little. Part of that caution is imposed by the
order-relation repair of Section 5.2. Its cost is the deep-tail discrimination deficit of
Table 2.

The same predictive distribution also yields a design value, the level F;"!(g) a
method expects to be exceeded with probability 1 — g. The tail pinball loss scores

it against the held-out truth (Figure 7). LDC-T" attains the lowest loss of the three
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1243 Table 2: Area under the ROC curve by threshold level ¢,

1244 nugget-to-sill ratio v and departure from local stationarity 7,
1245 at n = 120. Each entry is the mean over R = 50 realisations.
1246 The best of each row is in bold.

1247

1248 ¢ v 17 LDCKDE LDC-I  OK SGS  IK
1249 0.90 0.3 0 0.785 0.789 0.819 0.817 0.727
1250 0.90 0.3 0.5 0.844 0.858 0.867 0.862 0.812
1251 0.90 0.3 1 0.834 0.843 0.836 0.831 0.797
1252 090 03 1.5 0.844 0.888 0.854 0.847 0.846
1253 0.90 0.3 2 0.827 0.843 0.761 0.754 0.819
1254 090 07 0 0.653  0.655 0.666 0.654 0.601
1255 0.90 0.7 0.5 0.773 0.780 0.779 0.775 0.735
1256 0.90 0.7 1 0.800 0.806 0.792 0.785 0.789
1257 090 0.7 1.5 0.866 0.865 0.842 0.834 0.843
1258 0.90 0.7 2 0.764 0.812 0.763 0.756 0.794
1259 0.95 0.3 0 0.784 0.795 0.841 0.836 0.718
1260 095 03 0.5 0.814 0.849 0.864 0.853 0.778
1261 095 0.3 1 0.801 0.831 0.823 0.816 0.758
1262 095 03 1.5 0.802 0.889 0.849 0.827 0.803
1263 0.95 0.3 2 0.812 0.868  0.747 0.740 0.807
1264 0.95 0.7 0 0.645 0.661 0.684 0.660 0.592
1265 0.95 0.7 0.5 0.735 0.762 0.767 0.760 0.697
1266 0.95 0.7 1 0.774 0.790 0.781 0.762 0.745
1267 0.95 0.7 1.5 0.816 0.834 0.814 0.798 0.798
1268 0.95 0.7 2 0.713 0.808 0.750 0.740 0.764
1269 0.99 0.3 0 0.728 0.798 0.869 0.852 0.633
1270 099 03 0.5 0.727 0.834 0.868 0.818 0.696
1271 0.99 0.3 1 0.713 0.828 0.810 0.779 0.660
1272 099 03 1.5 0.699 0.889 0.885 0.808 0.739
1273 0.99 0.3 2 0.635 0.851 0.777 0.700 0.706
1274 0.99 0.7 0 0.603 0.662 0.713 0.676 0.548
1275 099 0.7 0.5 0.654 0.739 0.739 0.707 0.621
1276 0.99 0.7 1 0.658 0.748 0.770 0.701 0.658
1277 099 0.7 1.5 0.727 0.799 0.773 0.719 0.692
1278 0.99 0.7 2 0.575 0.778 0.767 0.690 0.629
1279

1280

1281

1282

1283 methods plotted at almost every cell with n > 1. The two exceptions fall under the
1284
1985 high nugget-to-sill ratio. Its margin widens with the threshold level. At n = 2 under

1286 the low nugget-to-sill ratio and ¢ = 0.99 it reads 0.291 against 0.434 for indicator
1287

1288 kriging and 0.567 for ordinary kriging.
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Table 3: Murphy reliability term by threshold level ¢, nugget-to-
sill ratio v and departure from local stationarity n, at n = 120.
Each entry is the mean over R = 50 realisations.

¢ v 1 LDCKDE LDCT OK  SGS IK
090 03 0 0.0044  0.0023 0.0022 0.0021 0.0035
0.90 03 0.5 0.0043  0.0019 0.0026 0.0027 0.0039
090 03 1 0.0048  0.0022 0.0033 0.0032 0.0032
0.90 03 1.5 0.0055  0.0026 0.0071  0.0067 0.0039
090 03 2 0.0074  0.0063 0.0281 0.0278 0.0043
090 07 0 0.0062  0.0028 0.0018 0.0015 0.0027
0.90 0.7 0.5 0.0059  0.0031 0.0033 0.0033 0.0040
090 07 1 0.0066  0.0066 0.0126 0.0125 0.0050
0.90 0.7 1.5 0.0054  0.0051 0.0209 0.0199 0.0052
090 07 2 0.0106  0.0042 0.0090 0.0090 0.0046
095 03 0 0.0018  0.0015 0.0012 0.0012 0.0015
095 03 0.5 0.0022  0.0019 0.0024 0.0023 0.0026
095 03 1 0.0016  0.0027 0.0036 0.0036 0.0019
095 03 1.5 0.0021  0.0017 0.0032 0.0031  0.0020
095 03 2 0.0030  0.0047 0.0172 0.0172  0.0027
095 07 0 0.0019  0.0017 0.0009 0.0008 0.0013
095 0.7 05 0.0021  0.0023 0.0024 0.0025 0.0022
095 07 1 0.0031  0.0070 0.0135 0.0134 0.0025
095 07 15 0.0038  0.0083 0.0275 0.0204 0.0024
095 07 2 0.0030  0.0032 0.0059 0.0059 0.0016
099 03 0 0.0002  0.0006 0.0002 0.0002 0.0003
099 03 05 0.0003  0.0013 0.0013 0.0012 0.0006
099 03 1 0.0001  0.0014 0.0009 0.0009 0.0002
099 03 1.5 0.0002  0.0009 0.0005 0.0003 0.0005
099 03 2 0.0001  0.0008 0.0011 0.0008 0.0004
099 07 0 0.0001  0.0006 0.0002 0.0001 0.0002
0.99 0.7 0.5 0.0002  0.0015 0.0008 0.0009 0.0003
099 07 1 0.0003  0.0059 0.0093 0.0092 0.0003
099 07 1.5 0.0008  0.0097 0.0206 0.0202 0.0004
099 07 2 0.0002  0.0021 0.0028 0.0027 0.0002

Because every method is scored on the same realisations, the differences can be
tested pairwise within a realisation rather than read off the means. Tables 4a and 4b

display those contrasts at the strongest departure examined, using ordinary kriging

and indicator kriging as baseline, respectively.
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1346 Figure 6: Pooled reliability curves at ¢ = 0.90 and v = 0.3, for LDC-T', ordinary
1347 kriging and indicator kriging. Predicted exceedance probability on the horizontal axis
1348 against the observed exceedance frequency in each bin, with the dashed diagonal
1349 marking perfect calibration. The dotted vertical rule in each method’s colour marks
1350 the mean forecast of that method’s highest bin. Departure from local stationarity

1351 varies in columns for n € {0.0,1.0,2.0}.
1352

1353
1354
1355

1356
1357 Against ordinary kriging, LDC-T" holds an advantage that narrows as the nugget-

1358 to-sill ratio rises. It reduces the Brier score by 26.9% at ¢ = 0.90 and 33.9% at
1359

1360 ¢ = 0.95 under the low nugget-to-sill ratio, and by 5.1 % and 6.5 % under the high one,

1361
1362 all with p < 0.001. Only in the deep tail does the reduction vanish. The contrast at

1363 ¢ = 0.99 turns to —1.9 % under the low ratio (p = 0.336). The design value carries the
1364

1365 comparison there instead, LDC-I" improving on the pinball loss of ordinary kriging by
1366
1367

1368 Against indicator kriging, the three instruments disagree. LDC-I" holds no signific-
1369

1370 ant Brier advantage in any cell, and it loses in the deep tail by 1.4 % and 6.6 % under

1371
1372 the two ratios. Ranking and design value go the other way. LDC-T" leads by 0.145 and

53.1% at that level (p < 0.001).

1373 0.149 of AUC at g = 0.99 under the two ratios, and by 37.6 % of pinball loss under
1374

1375 the low one, all with p < 0.001. Indicator kriging therefore issues the better-scoring
1376
1377

1378 design value. That Brier edge is earned near the base rate, where exceedances are
1379

1380 rarest and a forecast that seldom commits is penalised least.

probability at that level, while LDC-I" identifies the sites at risk and reports the safer
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(a) Against ordinary kriging

g v Method AUC diff. Brier adv. (%) Reliability adv. (%) Pinball adv. (%)
0.90 0.3 LDC-KDE -+0.066 (j0.001)  24.3 (j0.001) 213.3 (j0.001) 11.1 (j0.001)
0.90 0.3 LDC-I' +0.081 (j0.001) 26.9 (j0.001) 362.0 (j0.001) 33.5 (j0.001)
0.90 0.7 LDC-KDE +0.000 (0.986) -3.0 (0.060) -26.1 (0.037) 6.1 (0.316)
0.90 0.7 LDC-T' +0.048 (0.001) 5.1 (j0.001) 98.8 (j0.001) 15.0 (;0.001)
0.95 0.3 LDC-KDE -+0.064 (j0.001)  39.2 (j0.001) 415.6 (j0.001) 2.6 (0.273)
095 0.3 LDC-T  +0.120 (j0.001)  33.9 (j0.001) 257.9 (j0.001) 42.1 (j0.001)
0.95 0.7 LDC-KDE  -0.038 (0.054) 1.4 (0.145) 30.6 (0.003) -8.7 (0.001)
0.95 0.7 LDC-T 10.058 (0.007) 6.5 (j0.001) 89.4 (j0.001) 15.3 (j0.001)
0.99 0.3 LDC-KDE -0.142 (j0.001)  -0.6 (0.804) 508.8 (j0.001)  -32.2 (j0.001)
0.99 0.3 LDC-T 40.074 (0.006)  -1.9 (0.336) 16.2 (0.729) 53.1 (j0.001)
0.99 0.7 LDC-KDE -0.192 (j0.001) 0.6 (0.003) 976.8 (j0.001)  -45.2 (j0.001)
0.99 0.7 LDC-I' +0.011 (0.616) -0.7 (0.665) 13.4 (0.417) 18.4 (j0.001)

(b) Against indicator kriging

g v Method AUC diff. Brier adv. (%) Reliability adv. (%) Pinball adv. (%)
0.90 0.3 LDC-KDE +0.008 (0.191)  -5.5 (0.395) -40.7 (0.002)  -11.1 (j0.001)
0.90 0.3 LDC-T' +0.024 (0.001) 2.0 (0.922) -23.2 (0.309) 1.4 (0.090)
0.90 0.7 LDC-KDE -0.031 (j0.001)  -9.5 (j0.001) 71.3 (j0.001)  -16.4 (j0.001)
0.90 0.7 LDC-T 10.018 (0.029)  -0.8 (0.907) -24.3 (0.304) 0.2 (0.488)
0.95 0.3 LDC-KDE +0.004 (0.626) -2.4 (0.381) 0.4 (0.508) -19.1 (j0.001)
0.95 0.3 LDC-I +0.061 (j0.001)  -3.0 (0.249) -38.8 (0.033) 4.5 (0.002)
0.95 0.7 LDC-KDE -0.051 (j0.001)  -6.8 (j0.001) 58.7 (j0.001)  -24.7 (j0.001)
0.95 0.7 LDC-I' +0.045 (j0.001) -0.7 (0.005) -50.8 (0.002) 2.2 (0.919)
0.99 0.3 LDC-KDE -0.071 (j0.001)  -0.0 (0.427) 133.3 (j0.001)  -42.4 (j0.001)
099 0.3 LDC-I'  +0.145 (j0.001)  -1.4 (0.024) ~46.8 (0.003) 37.6 (;0.001)
0.99 0.7 LDC-KDE -0.053 (0.017) -0.1 (0.022) 79.2 (0.005) -50.4 (j0.001)
099 0.7 LDCT  +0.149 (j0.001)  -6.6 (j0.001) ~76.8 (j0.001) 4.6 (0.322)

Table 4: Paired advantage of each LDC variant over OK and IK at the strongest
departure examined (n = 2, n = 120), by threshold level ¢ and nugget-to-sill ratio
v. Differences are means for AUC and medians for the percentage columns, positive
favouring LDC, with the p-value over R = 50 realisations in parentheses.

The percentages are per-realisation statistics; they do not equal the ratios of the cell means reported

elsewhere. At ¢ = 0.99 roughly one node in a hundred exceeds the threshold, so a Brier contrast becomes
unstable; pinball is the dependable tail instrument at that level.
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1460 -
1461 Figure 7: Tail pinball loss of the design value Fi_l(q) against the held-out truth

1462 (logarithmic scale) for LDC-T', OK and IK, plotted against the departure from local
1463 stationarity 7 at n = 120. Rows: threshold level ¢ € {0.90,0.95,0.99}; columns: nugget-
1464 to-sill ratio v. Bands are £1 standard error over R = 50 realisations.

1465
1466
1467 The sample size is held fixed across the frontier, so a close competitor may be

1468
1469 °ne that is merely short of data. The two cells where indicator kriging comes closest

=
o

tail pinball loss

q=095 | v=03 Q=095 | v=07

tail pinball loss

tail pinball loss

=
5}
|

=@= LDC-I =-e— OK =-o= K

1470 are therefore rerun on nested samples of n € {120, 240, 480}, reported in Tables Al
1471

1472 and A2 of Appendix A.
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Denser sampling recovers indicator kriging at the moderate threshold alone. It
draws level at ¢ = 0.90 once n reaches 240. At ¢ = 0.95, it closes to a sixth of its
initial deficit in AUC without overtaking (p = 0.026 at n = 480). The deep tail does
not follow. LDC-T" keeps the lead in discrimination and the lowest tail loss at every
sample size. What separates the two regimes is the number of observations that fall
beyond the threshold, which denser sampling raises at ¢ = 0.90 far faster than at
q = 0.99. Ordinary kriging recovers at no sample size at n = 2, its deficit belonging to

the departure rather than to the data volume.

6.3 Experiment 3: anomaly detection from the same

predictive distribution

We now evaluate anomaly detection through the locally normalised quantile score
computed from the same predictive distribution the preceding experiments read
through calibration. Table 5 reports the AUC and the precision at K of every detector
on both surveys, and Figure 8 the ROC curves behind the AUC.

LDC-T" attains the best AUC and the best precision at K on both surveys, with
an AUC of 0.731 £0.041 on Meuse zinc and 0.747 + 0.042 on Jura zinc. The precision
at K orders the five detectors identically on the two fields, with LDC-KDE second,
indicator kriging third, and the two global z-scores last. The AUC agrees except at
the second place, which LDC-KDE and indicator kriging exchange between the fields
by less than a tenth of a standard deviation. This tie indicates that the discrimination
margin of LDC-T is due to the widening rather than to the ensemble alone. In contrast,
both LDC variants outperform indicator kriging on the precision at K, so within the
K highest-scored sites the advantage in recovering anomalies does not rest on the
widening.

The three local quantiles all reach AUCs well above 0.5, whereas the two global

z-scores remain at or below it. This is expected of a score blind to an anomaly that is
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1519 globally ordinary by construction. That margin measures what the local reference is

1520
1521 Worth. Given a randomly chosen anomaly and a randomly chosen ordinary site, LDC-

12;; T" scores the anomaly higher in roughly three cases out of four. In contrast, a global
1524 score does no better than a coin toss.

1525

1526

1527 Table 5: Metrics for local anomaly detection on two Zinc
1528 surveys. Area under the ROC curve and precision at K
1529 injected anomalies are shown as mean + standard devi-
1530 ation over 10 replicates. Best per survey in bold.

1531

1532 Dataset  Method AUC PQK

1533 Meuse ~ LDC-T' 0.731 £ 0.041 0.417 =+ 0.057
1534 Meuse LDC-KDE 0.679 £ 0.045 0.387 £ 0.082
1535 Meuse 1K 0.678 £ 0.032 0.220 £ 0.028
1536 Meuse z (raw) 0.439 £ 0.021 0.183 £ 0.024
1537 Meuse z (log) 0.434 £ 0.018 0.113 £ 0.017
1538 Jura LDC-T' 0.747 + 0.042 0.143 + 0.045
1539 Jura LDC-KDE 0.697 £ 0.045 0.123 £ 0.055
1540 Jura IK 0.701 £ 0.037 0.103 £ 0.046
1541 Jura z (raw) 0.491 £ 0.031 0.000 £ 0.000
1542 Jura z (log) 0.472 £ 0.027 0.000 £ 0.000
1543

1544

1545

1546

1547 When comparing between surveys, the margin of LDC-T" over indicator kriging in
1548

1549 AUC is nearly the same. By contrast, the two differ greatly on the precision at K,

1550
1551 but these values are not comparable in practice. Jura has a greater number of sites,

1552 g the anomalies represent a smaller proportion of the field, 0.08 against 0.19. That
1553

1554 proportion is what a ranking without skill would already recover. It therefore sets a
1555

1556 different floor on each survey.

1557
1558
1559 as large as the margin between LDC-I" and indicator kriging, so the two are compared

1560
1561 within each draw in Figure 9b. LDC-I" wins all ten replicates on both surveys, so its

Figure 9a shows the per-replicate spread behind each mean AUC. Replicate noise is

1562 Jead is not an artefact of a single injection draw. LDC-KDE and indicator kriging, by
1563

1564 contrast, trade the wins from draw to draw.
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Figure 8: ROC curves of the five anomaly detectors on Meuse zinc (left) and Jura
zinc (right), namely the LDC-T', LDC-KDE and indicator kriging local quantiles and
the raw and log global z-scores. Curves are means over the ten injection replicates,
with bands at £1 standard deviation.

Finally, Figure 10a maps which anomalies each detector recovers on the Meuse
field. Figure 10b shows the same for Jura, where every detector recovers only a small
fraction of the injections. The models capture different anomalies, a pattern especially
evident on Jura. Jura shows this most clearly because far more sites reach the edge
of their local distribution than there are flags. A small difference in ranking therefore

decides which of these near-tied candidates each detector shows.
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1648 over the ten injection replicates of Experiment 3.

1649
1650
1651
1652
1653
1654
1655
1656

36



LDC-I IK z (raw)
@ detected (10/30) @ detected (6/30) @ detected (6/30)
% missed (20/30) 3 % missed (24/30) % missed (24/30)
o ® o% @ 2N
333000 =5 0
LI LI SR
£ o g ° 4 R
E 332000 o >
g * °
) r 4 # *
£ ® ® ()
S
E 5 O o
331000 : % ’ * ‘ »
(Y : (1 %8 ° -
] < 2 B
»* » ’ *
330000 :
o L ®xe
179000 180000 181000 179000 180000 181000 179000 180000 181000
easting (m) easting (m) easting (m)
(a) Meuse zinc.
LDC-T 1K z (raw)
1224000 {0 ted (@r30) @ detected (3/30) @ detected (0/30)
% missed (26/30) % missed (27/30) % missed (30/30)
o , 5
1223000 T ® % .
CPCRE v SRR 1
1222000 oy s" » By k' Q, x"
%% . x % ® %
£ X
° - C x% O x%
£ 1221000 o % o % 3 «, = o
S o 3 . 3
. 6 . o %
g % SRR ‘x“ )‘.* ® Lﬁﬂ
e % 5 ® e ®
> R ® 3 3 %
1220000 %o, L) * . ¥°, ® ® E 3 ® %
e 4 o S o p g
i S " : ; S ngr o A C g
2oty x % 26 Y R 4 L %
1219000 S couiy ) g §C o
S @ A .8 ® »® *& % * xﬁ
2554000 2555500 2557000 2554000 2555500 2557000 2554000 2555500 2557000
easting (m) easting (m) easting (m)

Figure 10: Injected local anomalies on the Meuse and Jura zinc data and the sites
flagged by each detector. Panels, from left to right, show the LDC-T" local quantile,
the indicator kriging local quantile and the global z-score.

(b) Jura zinc.
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1703 6.4 Experiment 4: leave-one-out validation on real data
1704

1;82 6.4.1 Distributional fidelity and calibration

1707
1708
1709 both surveys. Both LDC variants attain a lower CRPS than every baseline on all six
1710

1711 materials. LDC-KDE is the sharper of the two on all of them but Jura zinc. Measured
1712
1713
1714 from 16.4% on zinc (86.3 against 103.1 for ordinary kriging) to 25.0% on cadmium
1715

1716 (0.86 against 1.14 for indicator kriging). That margin narrows on Jura, to 12.8% on
1717
1718
1719 the baselines therefore belongs to the local estimator itself, not to the widening. It

1720
1721 survives a change of survey, of metal and of sampling density, which leaves little room

1;;; for one favourable field to account for it.

1724 The calibration measures do not follow the accuracy. At the nominal 90 % level,
1725

1726 the two LDC variants over-cover on nine of their twelve rows. The interval holds up to
1727
1728
1729 covering at 0.877 on Meuse and 0.836 on Jura, and LDC-I" landing on 0.900 exactly

1730
1731 on Jura. The PIT-KS distance admits no such exception. On all six materials it is

Table 6 reports the leave-one-out CRPS, interval coverage and PIT-KS distance on

against the strongest baseline of each material, the LDC-I" margin on Meuse runs

cadmium and 11.2% on zinc. Unlike in the previous experiments, the advantage over

98.7 % of the held-out values. All three exceptions fall on cadmium, LDC-KDE under-

1;3; larger for both LDC variants than for any baseline, 0.161 for LDC-I" on Meuse zinc
1734 against 0.077 for the best baseline there.

1;32 Figure 11 locates that miscalibration. On the four Meuse metals and on Jura zinc,
1;3; the LDC histograms peak in the central bins and thin out at both ends. This is the

1739 signature of an over-dispersed predictive distribution rather than a shifted one, which
1740
1741 would instead pile the mass against one end. On Meuse zinc, no held-out value at

gig all falls in the lowest decile of the LDC-T" distribution. 66 % fall in the fourth to the
1744 gseventh decile instead, where 40 % would be expected.

1745

1746 Between the two LDC variants, the widening is what moves the calibration. The
1747

1748 LDC-T histograms are flatter than the LDC-KDE ones on every material but Meuse
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Table 6: Leave-one-out calibration performance on Meuse and Jura surveys.

The best value of each column within a material is in bold.

Dataset Material Method CRPS Covgg Covgg Covgs PIT-KS Order viol.
Meuse cadmium LDC-KDE 0.808 0.806 0.877 0.942 0.124 -
Meuse cadmium LDC-T' 0.856 0.884 0.929 0.968 0.178 -
Meuse cadmium OK 1.248 0.832 0.929 0.942 0.102 -
Meuse  cadmium SGS 1.266 0.852 0.929 0.948 0.118 -
Meuse cadmium IK 1.142 0.897 0.929 0.955 0.104 0.897
Meuse  copper LDC-KDE 6.052 0.955 0.987 0.994 0.16 -
Meuse  copper LDC-I' 6.11 0.877 0.948 0.974 0.131 -
Meuse  copper OK 7.89 0.826 0.948 0.987 0.065 -
Meuse  copper SGS 7.967 0.826 0.942 0.981 0.063 -
Meuse  copper IK 8.01 0.768 0.865 0.903 0.09 0.948
Meuse lead LDC-KDE 27.294 0.929 0.981 0.981 0.177 -
Meuse lead LDC-T 28.198 0.91 0.948 0.961 0.169 -
Meuse lead OK 34.472 0.832 0.897 0.968 0.085 -
Meuse lead SGS 34.492 0.839 0.89 0.955 0.082 -
Meuse lead 1K 35.958 0.787 0.871 0.897 0.119 0.942
Meuse  zinc LDC-KDE 83.298 0.935 0.968 0.981 0.181 -
Meuse  zinc LDC-T' 86.272 0.948 0.955 0.981 0.161 -
Meuse  zinc OK 103.144 0.871 0.948 0.968 0.088 -
Meuse  zinc SGS 103.599 0.845 0.948 0.968 0.091 -
Meuse  zinc IK 111.152 0.781 0.871 0.91 0.077 0.968
Jura Cd LDC-KDE 0.326 0.749 0.836 0.911 0.097 -
Jura Cd LDC-T' 0.335 0.85 0.9 0.944 0.08 -
Jura Cd OK 0.387 0.841 0.914 0.955 0.045 -
Jura Cd SGS 0.389 0.841 0.914 0.958 0.041 -
Jura Cd IK 0.384 0.73 0.891 0.942 0.043 0.942
Jura Zn LDC-KDE 11.165 0.922 0.972 0.986 0.155 -
Jura Zn LDC-T 10.599 0.83 0911 0.95 0.077 -
Jura Zn OK 11.933 0.811 0.894 0.942 0.059 -
Jura Zn SGS 12.043 0.819 0.894 0.922 0.064 -
Jura Zn 1K 12.111 0.766 0.855 0.911 0.045 0.916

The order-violation rate only applies to indicator kriging.

cadmium. The effect is strongest on Jura zinc, where the median decile falls from
24 to 17% of the observations. That is why LDC-T' is the variant carried through

the applications above. The baseline rows stay flatter still on every material of both

surveys.
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1817 Figure 11: Probability integral transform histograms for the leave-one-out predictions
1818 on Meuse and Jura metals, by method (rows) and material (columns). The dashed
1819 line marks the uniform density of a perfectly calibrated predictor would produce.
1820

1821

1822

1823

ig;g 6.4.2 Coherence and calibrated exceedance probabilities

1826
1827 Table 7 gives the Brier score of the same leave-one-out predictive distributions against

1828 cach survey’s regulatory thresholds. LDC-KDE takes the lowest score at four of the
1829

1830 six thresholds, and LDC-T" at a fifth. On the three thresholds carrying more than
1
1832 thirty exceedances, the leading LDC variant sits 9 to 19% below the best baseline.

1833 The sixth win goes to indicator kriging. Its seven exceedances place all five methods
1834

1835 within 0.3 x 1072 of one another, so that win separates nothing.
1836
1837 Indicator kriging is the only baseline built to estimate P(Z > t) directly. It non-

iggg etheless holds the worst Brier score at every Meuse threshold, and leads only in the one

1840 case where the margins are small. The two LDC variants, for their part, are never more

40



than 0.3 x 1072 apart. The widening that flattens the PIT histograms of Figure 11
therefore does not cost LDC-I" much.

The indicator kriging score here is the repaired one throughout. That repair was
necessary at 90 to 97 % of locations (Table 6), and it only lowers the probability issued.
Neither LDC variant requires it. Its implicit copula structure is coherent by construc-
tion (Section 3.2). Furthermore, the two surveys’ scores are not comparable to one
another, as the Dutch thresholds are remediation limits while the Swiss remediation

values lie above the entire Jura survey.

Table 7: Leave-one-out Brier score of P(Z > t) (x1072) against the regulatory
threshold ¢, with the best per row in bold. The Meuse thresholds are the Dutch
intervention values (Ministry of Housing, Spatial Planning and the Environment
(VROM) 2009); the Jura thresholds are the Swiss VBBo guide values and, for
cadmium, the food-crop trigger value. ny is the number of sites exceeding t.

Survey Metal t (mg/kg) ny LDC-KDE LDC-I' OK SGS IK
Meuse Zinc 720 33 7.12 74 881 883 9.35
Meuse Cadmium 13 3 1.87 1.88 196 2.04 2.08
Meuse Lead 530 2 0.76 0.84 1.15 1.11 1.18
Jura Zinc (guide) 150 7 2.21 2.03 201 202 1.93
Jura Cadmium (guide) 0.8 233 14.79 14.59 16.63 16.7 16.07
Jura Cadmium (trigger) 2 52 10.48 10.78 11.92 11.96 12.01

The Brier score records that a method is miscalibrated without saying where or
in which direction. Figure 12 shows both, together with the largest probability each
method ever issues, marked by the dotted rules. On Meuse zinc (Figure 12a), the LDC-
I" curve lies below the diagonal between p = 0.14 and p = 0.35, while ordinary kriging
stays on it there. LDC-I" therefore over-estimates P(Z > t) at these sites. This follows
from the over-dispersion diagnosed in Figure 11, whose surplus upper-tail mass inflates
the exceedance probability wherever the observation lies well below the threshold.
Beyond p = 0.4, however, every point represents fewer than 10 samples, so the three

methods cannot be reliably compared over the range in which an exceedance would
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1887 actually be declared. The cadmium and lead panels are uninformative altogether,
1888

1889 neither metal exceeding at more than three sites.

1890
1891
1892 ure 12b). At the guide value, LDC-T holds the diagonal up to its rule, whereas ordinary

1893
1894 kriging again falls below it at the top. At the food-crop trigger value, moreover, it is

The Jura cadmium thresholds supply the exceedances the Meuse lacks (Fig-

1232 the rules themselves that separate the methods. Ordinary and indicator kriging stop

1897 at p = 0.43 and 0.31 respectively, so neither can call a site more likely than not to

1898
1899 exceed. Yet 52 sites do. LDC-T' alone reaches past one half, if only on hollow points.

138(1) The baselines thus obtain part of their calibration by declining to commit, which the

1902 Brier score does not reveal. Indicator kriging’s win on Jura zinc has the same origin;
1903

1904 1ts curve never leaves p = 0.10.

1905
1906

1907 estimation grid. It interpolates LDC-I"s exceedance probability for zinc across the
1908

1909 Meuse floodplain grid from the original observations, referenced against the Dutch
1910
1911

1912 so the map illustrates the method’s output rather than adding validation evidence.
gﬁ That evidence remains Table 7 and Figure 12 above.
1915

1916

1917

1918

1919

1920

1921

1922

1923

1924

1925

1926

1927

1928

1929

1930

1931

1932

Figure 13 shows the calibrated P(Z > t) as a continuous surface across the entire

intervention value of 720 mgkg~!. No ground truth exists away from the sampled sites,
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(a) Meuse, against the Dutch soil intervention values.
Zinc (guide) (t=150 mg/kg, n+=7) Cadmium (guide) (t=0.8 mg/kg, n+=233) Cadmium (trigger) (t=2 mg/kg, n+=>52)
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== OK(BS=0.0201) v == OK(BS=0.1663) == OK(85=0.1192)
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00 < s SO .
00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 10
Predicted P(Z > t) Predicted P(Z > t) Predicted P(Z > t)

(b) Jura, against the Swiss VBBo guide values.

Figure 12: Reliability diagrams for P(Z > t) on the Meuse and Jura surveys, for
LDC-T', ordinary kriging and indicator kriging. Predicted exceedance probability is
plotted against the observed exceedance frequency, with the dashed diagonal marking
perfect calibration. Points resting on fewer than ten sites are drawn hollow. The dotted
vertical rules mark the largest exceedance probability that method ever issues.
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7 Discussion

What LDC adds to the ensemble interpolation line.

The adaptive ensemble interpolator was already shown by Egaria et al. (2025) to match
or improve upon kriging in point-prediction error under non-stationarity. The present
experiments extend that finding to the full predictive distribution and to the ranking
of local anomalies. The locally normalised score outperforms global thresholds on
anomalies that are extreme only within their neighbourhood, on both fields examined.
It reads the same estimated law that the calibration and exceedance results score.
Experiments 1-4 therefore report one predictive distribution serving two applications,

rather than four separate findings.

Regime of applicability.

The synthetic experiments delineate the regime in which LDC is useful. The mech-
anism behind these advantages, however, varies with the metric and the context of
application. In the synthetic experiments, it is mostly the widening step that provides
the advantage. In the real surveys, meanwhile, it is the locally-adaptive ESI ensemble

that carries the benefit. The following points explain each mechanism in more detail.

The effect of the widening across tasks.

In the synthetic experiments, a frontier emerged in which LDC-T" gains an advantage
over the multi-Gaussian assumption as the local law departs from a global one. Metrics
such as the PITS-KS distance, the empirical coverage, and the AUC repeat the same
pattern, with a crossing between ordinary kriging and LDC-T" occurring around v
values of 0.5 to 1. Ordinary kriging obtains the best performance at lower v values,
where its stationarity assumption is correctly specified. Its performance then declines
as v grows, until it is surpassed by LDC-I" and even by indicator kriging.

LDC-KDE obtains poor results in most of these frontier-tracing scenarios. The

PITS-KS distance and empirical coverage values show it to be under-dispersed,
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2071 which attributes the frontier to the widening step rather than to the ensemble. Its
2072

9073 discrimination is also particularly weak at the deep tail (p = 0.99).

2074
2075
2076 tion, since a wider predictive distribution places more mass above any fixed threshold.

2077
o078 The synthetic experiments do not bear this out. LDC-I' is both the stronger de-

On a different note, the widening might be expected to trade sharpness for calibra-

;8;3 tector and the better calibrated variant, leading LDC-KDE on AUC and precision in

2081 Experiment 3 on both surveys.
2082
2083 Indicator kriging, the one baseline that assumes no global Gaussian law, keeps its

2084 libration across the whole sweep and is not separated from LDC-I" by the crossing.
2086 The frontier is therefore drawn against the multi-Gaussian assumption, and the case
2087

o088 against indicator kriging has to be made on other grounds.

2089
2090
2091 atic miscalibration as the local law begins to vary across space. The non-parametric
2092

2093 estimation of the local distribution, by contrast, allows LDC-I" to maintain calibration.
2094
2095
2096 over to the real surveys through precision, but not through calibration. Here, the raw
2097

2098 ESI ensemble turned out to be over-dispersed in many cases, leaving no room for
2099
2100
2101 the locally-adaptive ensemble itself, as the following point explains in detail.

2102

2103

2104 The effect of the locally-adaptive ensemble across tasks.

2105

2106 In the Meuse and Jura surveys, the frontier can no longer be tracked, since there is no

2107
9108 WA to measure the departure from local stationarity directly. These fields, however,

This illustrates how the stationarity assumption becomes a source of system-

The advantages of the LDC-I" method established on the synthetic fields carry

improvement through widening. The advantages in this case are carried instead by

2109 are mostly heterogeneous, so a high v value can be assumed. Both LDC variants
2110

2111 accordingly obtain considerably better CRPS and Brier score values than all kriging
12

92113 variants. LDC-KDE, moreover, outperforms its widened form on these metrics for

2114 the first time. This shows that the distributional-fidelity advantage comes from the

2115
2116 non-parametric, locally-adaptive scheme itself, rather than from the widening.
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However, LDC loses whatever calibration advantage was observed in the synthetic
fields. The kriging variants always do better than both LDC variants in terms of PITS-
KS distance, and often in terms of empirical coverage as well. The high PIT values,
together with empirical coverage that exceeds the target value in 8 of 12 cases, show
that the raw ensemble is frequently over-dispersed. The widening fixes this in part,
but not as effectively as it fixes under-dispersion in the synthetic cases. That excess
spread is all the PIT sees. The CRPS, by contrast, also credits a distribution for sitting
close to the observation, which is why LDC loses the calibration comparison but wins
the accuracy one.

Where the widening does over-disperse, the extra spread still comes with a gain.
LDC-T" leads LDC-KDE on both the AUC and the precision at K of Experiment 3
on the two surveys. That calibration cost is therefore traded for greater sensitivity to
locally extreme observations. This is visible because AUC is invariant to any monotone

inflation of the forecast probability.

Coherence as a primary argument.

The order-violation analysis places LDC and IK on genuinely different methodological
ground. Every IK score reported above is computed after the cumulative-maximum
repair, so the incoherence never inflates its numbers. What the violation rate records
instead is that the repair is needed at roughly 90 to 97 % of locations across the metals
of both surveys (Table 6). The repair is not free. It can only lower the exceedance
probability the method issues, so the deep-tail reticence that the reliability term of
Experiment 2 rewards is partly imposed on IK by the correction that makes its output
a valid distribution. The correction also acts on each location’s marginal alone, so
joint statements drawn from an IK model, for instance whether two locations both
exceed the threshold or which is more extreme, remain ungrounded wherever order-
relation violations occur. LDC’s coherence follows instead from the shared partition

construction and the implicit copula of the SDE framework, and it requires no repair.
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2163 Averaged over the injection replicates, this coherence carries no cost in pointwise
2164

9165 ranking. LDC-Is mean AUC exceeds IK’s on both surveys.

2166

2167

2168

2169

2170 Calibration earned by declining to commit.
2171

2172 Exceedance probabilities were scored by three instruments because a good score can be
;};Z earned in two different ways. A forecast that stays near the base rate is seldom far from
2175
2176
2177 no matter how little it actually detects. Indicator kriging is the clearest instance. Its
;};g reliability curves stop at 0.24 to 0.35 of predicted probability on the synthetic fields,
2180
2181
2182 passes 0.31, although 52 sites exceed it. It is nonetheless the only baseline built to
;}SZ estimate P(Z > t) directly, and it holds the worst Brier score of the five methods at
2185
2186
2187 the highest probability a method issues. Where a decision must name the sites at
;}Sg risk or set a design value, discrimination and the tail pinball loss are the instruments
2190
2191
2192 examined by 0.145 of AUC and 37.6 % of pinball loss.
2193

2194

2195

2196

2197

2198 What the local reference changes in screening.

2199
9900 The two local detectors recover largely different anomalies, most visibly on Jura (Fig-

the observed frequency, so the Brier score and the reliability term penalise it lightly,

where LDC-T" reaches 0.42 to 0.57. Against the Jura food-crop trigger value, it never

every Meuse threshold (Table 7). Proximity to the diagonal is therefore read alongside

that separate the methods. LDC-T" leads indicator kriging at the deepest threshold

2201 yype 10b). This follows from how each local reference is built. LDC adapts to the data
2202

2203 around each site, while indicator kriging is fitted over the whole survey. The two
2204
92905 therefore rank different sites as locally extreme wherever the local variability departs

2206 from the corresponding model. A screening exercise that reads both should expect
2207

2208 complementary lists rather than a common one.
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8 Conclusion

Local Distributional Calibration addresses a practical gap in environmental spatial
analysis, namely the need for exceedance probabilities that are simultaneously calib-
rated and coherent across the prediction domain. The method estimates a single local
predictive distribution from a non-parametric ensemble without fitting a global dis-
tributional model. It reads both the exceedance probability and a locally normalised
anomaly score off that one law. Its advantage over ordinary kriging and sequential
Gaussian simulation is regime-dependent, small on locally stationary fields and grow-
ing as the local law varies across space. Against indicator kriging, the separation rests
on the ranking of sites and on the deep-tail design value rather than on the Brier score.
The anomaly score is a second application of the same distribution. It outperforms
global thresholds on anomalies that are extreme only within their neighbourhood. The
coherence guarantee, which follows structurally from the shared partition construction,
distinguishes LDC from indicator kriging regardless of the stationarity regime.

Of the two variants, the results recommend LDC-I'. The calibrated Gamma-
mixture widening restores interval coverage, improves the exceedance probability and
the design value at unsampled locations, and strengthens rather than blunts the rank-
ing of sites. It therefore serves risk assessment and anomaly screening alike. LDC-KDE
serves as the unwidened reference. Its sharper, unwidened forecasts remain compet-
itive at the regulatory thresholds and take the lowest Brier score at most of them,
though at the cost of the calibration advantage that the widening supplies.

The regime-dependent frontier identified here also delineates where the method is
not needed. On fields whose marginal is well described by a global Gaussian model,
the classical estimators remain the appropriate choice. The practical question for any
application is therefore not which method is universally preferable but whether the
local distributional heterogeneity of the field under study is large enough to place it

in the regime where the non-parametric approach is warranted.
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Appendix A Sample size at the closest cells of

Experiment 2

The two cells where indicator kriging comes closest to LDC-I', n = 1.5 and n = 2
under the low nugget-to-sill ratio, are rerun at n = 240 and n = 480 with nested
samples. Tables Al and A2 report discrimination and the tail loss of the design value

over that axis, at all three threshold levels. Section 6.2 reads them.

Table A1l: Area under the ROC curve against the sample size n, at the
two cells where the samples are nested, n € {1.5,2.0} under the low nugget-
to-sill ratio (v = 0.3), by threshold level ¢q. Each entry is the mean over
R = 50 realisations. The best of each row is in bold. The last column is the
p-value of the paired test of LDC-I" against IK over the same realisations,
of the mean difference for the AUC and of the median log-ratio for the
pinball loss.

q n n LDC-KDE LDC-T’ OK SGS IK pvsIK
0.90 1.5 120 0.844 0.888 0.854 0.847 0.846 j0.001
0.90 1.5 240 0.878  0.907 0.880 0.877  0.887 j0.001
0.90 1.5 480 0.888  0.917 0.895 0.891  0.907 j0.001
0.90 2 120 0.827 0.843 0.761 0.754  0.819 0.001
0.90 2 240 0.849 0.876 0.794 0.790 0.875 0.708
0.90 2 480 0.872 0.897 0.819 0.818 0.901 0.120
095 1.5 120 0.802  0.889 0.849 0.827  0.803 j0.001
0.95 1.5 240 0.843 0.912 0.883 0.865 0.874 j0.001
0.95 1.5 480 0.856  0.922 0.902 0.888  0.898 j0.001
0.95 2 120 0.812  0.868 0.747 0.740  0.807 j0.001
0.95 2 240 0.830 0.891 0.777 0.773  0.870 0.008
0.95 2 480 0.856  0.913 0.803 0.802 0.904 0.026
0.99 1.5 120 0.699 0.889 0.885 0.808 0.739 j0.001
0.99 1.5 240 0.721 0.925 0918 0.839 0.805 i0.001
0.99 1.5 480 0.735 0.930 0.944 0.883  0.840 j0.001
0.99 2 120 0.635 0.851 0.777 0.700 0.706 i0.001
0.99 2 240 0.684 0.870 0.827 0.752  0.791 j0.001
0.99 2 480 0.728 0.915 0.869 0.773  0.853 0.003
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Table A2: Tail pinball loss of the design value against the sample size
n, at the two cells where the samples are nested, n € {1.5,2.0} under the
low nugget-to-sill ratio (v = 0.3), by threshold level g. Each entry is the
mean over R = 50 realisations. The best of each row is in bold. The last
column is the p-value of the paired test of LDC-I' against IK over the
same realisations, of the mean difference for the AUC and of the median
log-ratio for the pinball loss.

q n n LDC-KDE LDC-T' OK  SGS IK pvsIK
0.90 1.5 120 0.722 0.592 0.710 0.711  0.649 0.066
0.90 1.5 240 0.649 0.529 0.649 0.651  0.551 j0.001
0.90 1.5 480 0.611 0.497 0.614 0.616 0.505 0.010
0.90 2 120 1.669 1.456 2.025 2.024 1.533 0.090
0.90 2 240 1.548 1.286 1.898 1.894 1.271 0.108
0.90 2 480 1.452 1.164 1.790 1.787  1.169 0.637
0.95 1.5 120 0.529 0.372 0.459 0.461 0.436 0.015
0.95 1.5 240 0.470 0.328 0.416 0.419 0.353 j0.001
0.95 1.5 480 0.443 0.307 0.393 0.396 0.319 0.001
0.95 2 120 1.258 0.936 1.382 1.385 1.052 0.002
0.95 2 240 1.157 0.818 1.284 1.284 0.838 0.203
0.95 2 480 1.081 0.731 1.197 1.198 0.751 0.137
099 1.5 120 0.280 0.112 0.156 0.162  0.186 j0.001
0.99 1.5 240 0.243 0.097 0.136 0.143 0.124 ij0.001
0.99 1.5 480 0.231 0.090 0.127 0.133  0.109 j0.001
0.99 2 120 0.721 0.291 0.567 0.584  0.434 j0.001
0.99 2 240 0.649 0.253 0.514 0.528  0.349 i0.001
0.99 2 480 0.607 0.220 0.454 0.466  0.292 j0.001
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