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APPENDIX A

Appendix A.1: Proof of the Log-Likelihood Function

In this section, we prove the equation (2) in Section 2.2. It is worth noting that

X(Ik)s with different class labels k are independent. Then, we have fθ(X|Y ,B) =

P (X|Y ,B) =
∏K

k=1 P (X(Ik)|Y(Ik),B). Recall that ϕνm,Ω(·) is the probability density

function of the random mean vector µkm given Yi = k and Zi = m. Additionally,

ϕµkm,Σ(·) is the probability density function of Xi, given Yi = k, Zi = m and µkm.

SinceXis with different is are independently generated, conditional on Yi = k, Zk = m,

and B, the conditional likelihood function can be proved as

fθ
(
X
∣∣Y ,B

)
=

K∏
k=1

{ M∑
m=1

αmP
(
X(Ik)

∣∣∣Y(Ik), Zk = m,B
)}

=
K∏
k=1

{ M∑
m=1

αm

∏
i∈Ik

ϕµkm,Σ(Xi)

}
. (A.1)

*Xuetong Li is the corresponding author.
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Considering the randomness of the random variable vector set B for (A.1), we then

compute the marginal likelihood function (A.1) as

fθ
(
X
∣∣Y ) = K∏

k=1

[
M∑

m=1

αm

∫ {∏
i∈Ik

ϕµkm,Σ(Xi)ϕνm,Ω(µkm)

}
dµkm

]

=
K∏
k=1

[
M∑

m=1

αm

∫ (
2π
)−p(Nk+1)/2∣∣Σ∣∣−Nk/2

∣∣Ω∣∣−1/2
exp

{
− 2−1g

(
µkm

)}
dµkm

]
, (A.2)

where g(µkm) =
∑

i∈Ik(Xi − µkm)
⊤Σ−1(Xi − µkm) + (µkm − νm)

⊤Ω−1(µkm − νm) =∑
i∈Ik(Xi−Xk)

⊤Σ−1(Xi−Xk)+g1(µkm) and g1(µkm) = (µkm−νm)
⊤Ω−1(µkm−νm)+

Nk(Xk−µkm)
⊤Σ−1(Xk−µkm). By a simple calculation, we can prove that g1(µkm) =

(µkm−µ∗
k)

⊤Σ∗−1
k (µkm−µ∗

k)−µ∗⊤Σ∗−1
k µ∗

k+NkXkΣ
−1Xk+ν⊤

mΩ
−1νm, where Σ

∗−1
k =

NkΣ
−1 + Ω−1 and µ∗

k = Σ∗(NkΣ
−1Xk + Ω−1νm). Therefore, g(µkm) = (µkm −

µ∗
k)

⊤Σ∗−1
k (µkm − µ∗

k) + h(X(Ik)), where h(X(Ik)) =
∑

i∈Ik X
⊤
i Σ

−1Xi + ν⊤
mΩ

−1νm −

µ∗⊤
k Σ∗−1

k µ∗
k. Combining the result with (A.2), the following equation can be given as

fθ
(
X
∣∣Y ) = K∏

k=1

[
M∑

m=1

αm

(
2π
)−pNk/2

∣∣Σ∣∣−Nk/2
∣∣Ω∣∣−1/2∣∣Σ∗

k

∣∣1/2 exp{− 2−1h
(
X(Ik)

)}
∫ (

2π
)−p/2∣∣Σ∗

k

∣∣1/2 exp{− 2−1
(
µkm − µ∗

k

)⊤
Σ∗−1

k

(
µkm − µ∗

k

)}
dµkm

]
. (A.3)

Since the integral part in (A.3) results in 1, we then have fθ(X|Y ) =
∏K

k=1[
∑M

m=1 αm

(2π)−pNk/2|Σ|−Nk/2|Ω|−1/2|Σ∗
k|1/2 exp{−2−1h(X(Ik))}]. Therefore, the simplified log-

likelihood function can be obtained by taking the logarithm of fθ(X|Y ) and discarding

the irrelevant constant, as shown in the following.

L
(
θ
)
= log

{
fθ
(
X
∣∣Y )} = −2−1N log

∣∣Σ∣∣− 2−1K log
∣∣Ω∣∣− K∑

k=1

2−1 log
∣∣Σ∗−1

k

∣∣+
K∑
k=1

log

[
M∑

m=1

αm exp

{
− 2−1

(∑
i∈Ik

X⊤
i Σ

−1Xi + ν⊤
mΩ

−1νm − µ∗⊤
k Σ∗−1

k µ∗
k

)}]
.

Next, with simple rearrangement, we can obtain the log-likelihood function given in

equation (2).
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Appendix A.2: The Derivation of the Mapping Functions

The conclusion about the first order derivative can be proved in a total of three

steps. In the first step, we should start with a careful calculation of the first order

derivative. Next, in the second step, a mapping function can be obtained with the

gradient condition L̇(θ̂MLE) = 0. In the last step, we can compute the expectation

and the covariance of L̇(θ̂).

Step 1. Following Boldea and Magnus (2009), the first order derivative can be

computed by using differentiation. Recall that

L(θ) =− 2−1N log
∣∣Σ∣∣− 2−1K log

∣∣Ω∣∣− K∑
k=1

2−1 log
∣∣Σ∗−1

k

∣∣
+

K∑
k=1

log

(
M∑

m=1

αm exp

[
− 2−1

{∑
i∈Ik

(
Xi −Xk

)⊤
Σ−1

(
Xi −Xk

)
+
(
Xk − νm

)⊤(
N−1

k Σ+Ω
)−1(

Xk − νm

)}])
,

where Σ∗−1
k = NkΣ

−1 +Ω−1. Therefore, the derivative of L(θ) can be given by

dL(θ) = dL1(θ) + dL2(θ) + dL3(θ) + dL4(θ), (A.4)

where dL1(θ) = −2−1Nd log |Σ|, dL2(θ) = −2−1Kd log |Ω|, dL3(θ) = −
∑K

k=1 2
−1d log |

Σ∗−1
k |, dL4(θ) =

∑K
k=1 d log(

∑M
m=1 τmk), and τmk = αm exp[−2−1{

∑
i∈Ik(Xi−Xk)

⊤Σ−1

(Xi −Xk) + (Xk − νm)
⊤(N−1

k Σ+Ω)−1(Xk − νm)}].

By a straightforward matrix derivative calculation (Boldea and Magnus, 2009),

we can obtain that dL1(θ) = −2−1Ntr(Σ−1dΣ) = −2−1N{vec(Σ−1)}⊤Ddvech(Σ)

and dL2(θ) = −2−1Ktr(Ω−1dΩ) = −2−1K{vec(Ω−1)}⊤Ddvech(Ω). We next con-

sider dL3(θ) =
∑K

k=1 2
−1d log |Σ∗

k|, where Σ∗
k = Ω(N−1

k Σ + Ω)−1(N−1
k Σ). We have

d log |Σ∗
k| = d log |Ω|+d log |N−1

k Σ|−d log |N−1
k Σ+Ω| = tr[{Ω−1−(N−1

k Σ+Ω)−1}dΩ]+
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tr[{Σ−1 −N−1
k (N−1

k Σ+Ω)−1}dΣ]. Therefore, it can be verified that

dL3(θ) =2−1

K∑
k=1

vec
{
Ω−1 −

(
N−1

k Σ+Ω
)−1
}⊤

Ddvech(Ω)

+ 2−1

K∑
k=1

vec
{
Σ−1 −N−1

k

(
N−1

k Σ+Ω
)−1
}⊤

Ddvech(Σ).

We next study dL4(θ) =
∑K

k=1 d log(
∑M

m=1 τmk), where

d log

( M∑
m=1

τmk

)
=

M∑
m=1

dτmk∑M
m′=1 τm′k

=
M∑

m=1

τmk∑M
m′=1 τm′k

d log τmk =
M∑

m=1

πm
(Ik)d log τmk.

Note that πm
(Ik) = (

∑M
m′=1 τm′k)

−1τmk can be written as

πm
(Ik) =

[
αm exp

{
− 2−1

(
Xk − νm

)⊤(
N−1

k Σ+Ω
)−1(

Xk − νm

)}]
×
[ M∑

m′=1

αm′ exp
{
− 2−1

(
Xk − νm′

)⊤(
N−1

k Σ+Ω
)−1(

Xk − νm′
)}]−1

.

Next, we study dL4(θ) =
∑K

k=1

∑M
m=1 π

m
(Ik)d log τmk. To this end, we compute d log τmk =

d logαm−2−1
∑

i∈Ik(Xi−Xk)
⊤d(Σ−1)(Xi−Xk)−2−1d(Xk−νm)

⊤(N−1
k Σ+Ω)−1(Xk−

νm). Next, the first term is given by d logαm = α−1
m dαm with 1 ≤ m ≤ M − 1, and

d logαM = −
∑M−1

m=1 (1−
∑M−1

m′=1 αm′)−1dαm. The second term can be given as

− 2−1
∑
i∈Ik

(
Xi −Xk

)⊤
d
(
Σ−1

)(
Xi −Xk

)
=2−1

∑
i∈Ik

(Xi −Xk)
⊤Σ−1d

(
Σ
)
Σ−1(Xi −Xk)

=2−1tr
(∑

i∈Ik

cikc
⊤
ikdΣ

)
= 2−1

{
vec
(∑

i∈Ik

cikc
⊤
ik

)}⊤

Ddvech(Σ),

where cik = Σ−1(Xi −Xk). We then compute the last term of d log τmk as

− 2−1d
(
Xk − νm

)⊤(
N−1

k Σ+Ω
)−1(

Xk − νm

)
=2−1

(
Xk − νm

)⊤(
N−1

k Σ+Ω
)−1

d
(
N−1

k Σ+Ω
)(
N−1

k Σ+Ω
)−1(

Xk − νm

)
4



+
(
Xk − νm

)⊤(
N−1

k Σ+Ω
)−1

dνm

=b⊤kmdνm +
(
2Nk

)−1
tr
(
bkmb

⊤
kmdΣ

)
+ 2−1tr

(
bkmb

⊤
kmdΩ

)
=b⊤kmdνm +

(
2Nk

)−1
{
vec
(
bkmb

⊤
km

)}⊤

Ddvech(Σ) + 2−1

{
vec
(
bkmb

⊤
km

)}⊤

Ddvech(Ω),

where bkm = (N−1
k Σ+Ω)−1(Xk−νm). By combing the analytical results of the above

three terms, we can obtain that

d log τmk =α−1
m dαm + b⊤kmdνm + 2−1

{
vec
(
bkmb

⊤
km

)}⊤

Ddvech(Ω)

+ 2−1

{
vec
(∑

i∈Ik

cikc
⊤
ik

)
+N−1

k vec
(
bkmb

⊤
km

)}⊤

Ddvech(Σ),

where 1 ≤ m ≤ M − 1. Similarly, we can obtain d log τMk by replacing α−1
m dαm with

−
∑M−1

m=1 (1−
∑M−1

m′=1 αm′)−1dαm.

Combing the above results, we can evaluate dL(θ) = dL1(θ) + dL2(θ) + dL3(θ) +∑K
k=1

∑M
m=1 π

m
(Ik)d log τmk as follows. We then have dL(θ) = L̇α(θ)

⊤dα+ L̇ν(θ)
⊤dν +

L̇Ω(θ)
⊤dΩ+ L̇Σ(θ)

⊤dΣ, where

L̇α(θ) =
K∑
k=1

M∑
m=1

πm
(Ik)α̃m, L̇ν(θ) = (

K∑
k=1

π1
(Ik)b

⊤
k1, . . . ,

K∑
k=1

πM
(Ik)b

⊤
kM)⊤,

L̇Ω(θ) =2−1

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤
[
vec(bkmb

⊤
km)− vec

{
(N−1

k Σ+Ω)−1
}]

,

L̇Σ(θ) =2−1

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤

{
vec
(∑

i∈Ik

cikc
⊤
ik

)
+ vec

(
N−1

k bkmb
⊤
km

)}

− 2−1

K∑
k=1

(
Nk − 1

)
D⊤vec

(
Σ−1

)
− 2−1

K∑
k=1

D⊤vec

{
N−1

k

(
N−1

k Σ+Ω
)−1
}
.

Here, α̃m = α−1
m em ∈ RM for 1 ≤ m ≤ M − 1, α̃M = −(1−

∑M−1
m αm)

−11, where em

denotes the mth column of the identity matrix I. Therefore, we computed the result

for the first-order derivative of L(θ).

Step 2. Consequently, we should have a gradient condition as L̇(θ̂MLE) = 0.

This suggests a set of estimation equations for parameters (i.e., αms, νm′s, Ω and Σ),
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respectively. By setting L̇α(θ) = 0, which can be rewritten as

K∑
k=1

M−1∑
m=1

πm
(Ik)α̃m = −

K∑
k=1

πM
(Ik)α̃M .

For each αm with 1 ≤ m ≤ M − 1, we have αm = (
∑K

k=1 π
m
(Ik))(

∑K
k=1 π

M
(Ik)α

−1
M )−1.

Since
∑M

m=1 αm = 1, we have
∑K

k=1 π
M
(Ik)α

−1
M = K. Therefore, we can obtain α̂m,MLE =

Fαm(θ̂MLE) for 1 ≤ m ≤ M − 1 as Fαm (θ) = K−1
(∑K

k=1 π
m
(Ik)

)
. Let L̇ν(θ) = 0.

Then, we have ν̂m′,MLE = Fνm′ (θ̂MLE) with 1 ≤ m′ ≤ M , where

Fνm′ (θ) =

{
K∑
k=1

πm′

(Ik)

(
N−1

k Σ+Ω
)−1
}−1{ K∑

k=1

πm′

(Ik)

(
N−1

k Σ+Ω
)−1

Xk

}
.

Next, we compute L̇Ω(θ) = 0 as

2−1D⊤vec
[ K∑

k=1

M∑
m=1

πm
(Ik)bkmb

⊤
km −

K∑
k=1

(N−1
k Σ+Ω)−1

]
= 0.

Subsequently, the mapping function can be obtained by calculating
∑K

k=1(N
−1
k Σ +

Ω)−1 =
∑K

k=1

∑M
m=1 π

m
(Ik)bkmb

⊤
km. Since the matrices N−1

k Σ and Ω are invertible, we

have (N−1
k Σ + Ω)−1 = Ω−1 − Ω−1Σ∗

kΩ
−1, Σ∗

k = Ω(N−1
k Σ + Ω)−1N−1

k Σ, and the

equation as KΩ =
∑K

k=1Σ
∗
k +

∑K
k=1

∑M
m=1 π

m
(Ik)Ωbkmb

⊤
kmΩ. Thus, we have Ω̂MLE =

FΩ(θ̂MLE) as

FΩ (θ) =K−1

{ K∑
k=1

M∑
m=1

πm
(Ik)Ω

(
N−1

k Σ+Ω
)−1 (

Xk − νm

)
×
(
Xk − νm

)⊤ (
N−1

k Σ+Ω
)−1

Ω+
K∑
k=1

Σ∗
k

}
.

Then, the condition L̇Σ(θ) = 0 can be written as

0 =2−1D⊤vec

[ K∑
k=1

M∑
m=1

πm
(Ik)

(∑
i∈Ik

cikc
⊤
ik +N−1

k bkmb
⊤
km

)
−

K∑
k=1

(
Nk − 1

)
Σ−1 −

K∑
k=1

N−1
k

(
N−1

k Σ+Ω
)−1
]
,

6



which is same to calculate the following equation

(
N −K

)
Σ =Σ

[ K∑
k=1

M∑
m=1

πm
(Ik)

(∑
i∈Ik

cikc
⊤
ik +N−1

k bkmb
⊤
km

)
−

K∑
k=1

N−1
k

(
N−1

k Σ+Ω
)−1
]
Σ.

Therefore, we have Σ̂MLE = FΣ(θ̂MLE) as

FΣ (θ) = (N −K)−1

(
K∑
k=1

M∑
m=1

πm
(Ik)

[∑
i∈Ik

(
Xi −Xk

) (
Xi −Xk

)⊤
+N−1

k

{
Σ
(
N−1

k Σ+Ω
)−1 (

Xk − νm

) (
Xk − νm

)⊤ (
N−1

k Σ+Ω
)−1

Σ

−Σ
(
N−1

k Σ+Ω
)−1

Σ
}])

.

By this point, we have derived the analytical form of mapping functions for iterative

parameter estimation as well as the posterior probabilities. This completes the proof

of the mapping functions in equation (3).

Step 3. Lastly, the expectation and variance of the first order derivative of L(θ)

can be obtained. To this end, we start with verifying that E{L̇(θ)} = 0. For L̇α(θ), we

can compute E{L̇α(θ)} =
∑K

k=1

∑M
m=1 E{πm

(Ik)}α̃m =
∑K

k=1

∑M
m=1 αmα̃m = 0. Then,

we should calculate E{L̇ν(θ)} = (E{
∑K

k=1 π
m
(Ik)b

⊤
k1}, . . . , E{

∑K
k=1 π

m
(Ik)b

⊤
kM})⊤. It can

be obtained that E{
∑K

k=1 π
m
(Ik)b

⊤
km} =

∑K
k=1E[E{1(Zk = m)b⊤km|X(Ik),Y(Ik)}] =∑K

k=1 αmE(Xk−νm|Zk = m)(N−1
k Σ+Ω)−1. Since E(Xk−νm|Zk = m) =

∫
E(Xk−

µkm + µkm − νm|Zk = m,µkm)ϕνm,Ω(µkm)dµkm = 0, we have E{L̇ν(θ)} = 0. The

technical details for proving both E{L̇Ω(θ)} and E{L̇Σ(θ)} are similar. Compara-

tively speaking, the proof of E{L̇Σ(θ)} is more complicated. Thus, we provide the

proof details for E{L̇Σ(θ)} only. The proof for E{L̇Ω(θ)} is omitted to save space.

Recall that

L̇Σ(θ) =2−1

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤

{
vec
(∑

i∈Ik

cikc
⊤
ik

)
+ vec

(
N−1

k bkmb
⊤
km

)}

7



− 2−1

K∑
k=1

(
Nk − 1

)
D⊤vec

(
Σ−1

)
− 2−1

K∑
k=1

D⊤vec

{
N−1

k

(
N−1

k Σ+Ω
)−1
}
.

We can similarly prove the expectation of the first part of L̇Σ(θ) as 2
−1
∑K

k=1

∑M
m=1 αm

D⊤E{vec(
∑

i∈Ik cikc
⊤
ik) + vec(N−1

k bkmb
⊤
km)|Zk = m}. To address this, we need to

compute E{vec(
∑

i∈Ik cikc
⊤
ik)|Zk = m} and E{vec(N−1

k bkmb
⊤
km)|Zk = m} separately.

We have E{vec(
∑

i∈Ik cikc
⊤
ik)|Zk = m} =

∑
i∈Ik vec[Σ

−1E{(Xi−Xk)(Xi−Xk)
⊤|Zk =

m}Σ−1] = (Nk − 1)vec(Σ−1). We then compute E{vec(N−1
k bkmb

⊤
km)|Zk = m} = vec[

N−1
k (N−1

k Σ+Ω)−1E{(Xk−νm)(Xk−νm)
⊤|Zk = m}(N−1

k Σ+Ω)−1] = vec{N−1
k (N−1

k

Σ+Ω)−1}. Therefore, based on the above results, we can verify that E{L̇Σ(θ)} = 0.

Next, we compute the covariance of L̇(θ). SinceE{L̇(θ)} = 0, we have cov{L̇(θ)} =

E{L̇(θ)L̇⊤(θ)} = Γ ∈ Rq×q, where Γ11 = E{L̇α(θ)L̇⊤
α(θ)} ∈ R(M−1)×(M−1), Γ22 =

(Γ22,m1m2) = E{L̇ν(θ)L̇⊤
ν (θ)} ∈ RMp×Mp, with Γ22,m1m2 ∈ Rp×p for 1 ≤ m1, m2 ≤ M ,

Γ33 = E{L̇Ω(θ)L̇⊤
Ω(θ)} ∈ R{p(p+1)/2}×{p(p+1)/2}, and Γ44 = E{L̇Σ(θ)L̇⊤

Σ(θ)} × {p(p +

1)/2}. The off-diagonal block matrices are given by Γ12 = Γ⊤
21 = (Γ12,1, . . . ,Γ12,M) =

E{L̇α(θ)L̇⊤
ν (θ)} ∈ R(M−1)×Mp, with Γ12,m ∈ R(M−1)×p and 1 ≤ m ≤ M , Γ13 = Γ⊤

31 =

E{L̇α(θ)L̇⊤
Ω(θ)} ∈ R(M−1)×{p(p+1)/2}, Γ14 = Γ⊤

41 = E{L̇α(θ)L̇⊤
Σ(θ)} ∈ R(M−1)×{p(p+1)/2},

and Γ23 = Γ⊤
32 = (Γ⊤

23,1, . . . ,Γ
⊤
23,M)⊤ = E{L̇ν(θ)L̇⊤

Ω(θ)} ∈ RMp×{p(p+1)/2}, with

Γ23,m ∈ Rp×{p(p+1)/2} and 1 ≤ m ≤ M , and Γ24 = Γ⊤
42 = (Γ⊤

24,1, . . . ,Γ
⊤
24,M)⊤ =

E{L̇ν(θ)L̇⊤
Σ(θ)} ∈ RMp×{p(p+1)/2}, with Γ24,m ∈ Rp×{p(p+1)/2}, and Γ34 = Γ⊤

43 =

E{L̇Ω(θ)L̇⊤
Σ(θ)} ∈ R{p(p+1)/2} × R{p(p+1)/2}. We first compute Γ11 = E{(

∑K
k=1

∑M
m=1

πm
(Ik)α̃m)(

∑K
k′=1

∑M
m′=1 π

m′

(Ik′ )
α̃m′)}. Since individuals from different classes are inde-

pendent, it can be proved that
∑M

m=1 π
m
(Ik)α̃m is independent with

∑M
m′=1 π

m′

(Ik′ )
α̃m′ for

k ̸= k′. Then, we can obtain

Γ11 =
K∑
k=1

M∑
m=1

M∑
m′=1

E(πm
(Ik)π

m′

(Ik))α̃mα̃
⊤
m′ .

Then, we calculate Γ22 by decomposing it as a set of block matrices as Γ22,m1m2s for 1 ≤

m1,m2 ≤ M . Accordingly, we compute Γ22,m1m2 =
∑K

k=1E(πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

). Next,

we study Γ33 = 4−1
∑K

k=1E
{(∑M

m=1 π
m
(Ik)D

⊤[vec(bkmb⊤km)− vec{(N−1
k Σ+Ω)−1}

])
8



(∑M
m′=1 π

m′

(Ik)D
⊤[vec(bkm′b⊤km′)− vec{(N−1

k Σ+Ω)−1}
])⊤}

. We then obtain that

E

{( M∑
m=1

πm
(Ik)D

⊤vec(bkmb
⊤
km)

)[
D⊤vec

{(
N−1

k Σ+Ω
)−1
}]⊤}

=
M∑

m=1

αmD
⊤E
{
vec
(
bkmb

⊤
km

)
|Zk = m

}[
vec
{(

N−1
k Σ+Ω

)−1
}]⊤

D

=D⊤
[
vec
{(

N−1
k Σ+Ω

)−1
}][

vec
{(

N−1
k Σ+Ω

)−1
}]⊤

D.

We then obtain Γ33 = 4−1
∑K

k=1

∑M
m=1

∑M
m′=1D

⊤E[πm
(Ik)π

m′

(Ik){vec(bkmb
⊤
km)}{vec(bkm′

b⊤km′)}⊤]D−4−1
∑K

k=1D
⊤vec{(N−1

k Σ+Ω)−1}
[
vec{(N−1

k Σ+Ω)−1}
]⊤

D. By the similar

arguments, Γ44 can be given as

Γ44 =− 4−1

K∑
k=1

D⊤
[
N−2

k vec
{(

N−1
k Σ+Ω

)−1
}
vec
{(

N−1
k Σ+Ω

)−1
}⊤
]
D

+ 2−1

K∑
k=1

D⊤
{
(Nk − 1)

(
Σ−1 ⊗Σ−1

)}
D+ 4−1

K∑
k=1

M∑
m=1

M∑
m′=1

D⊤E

[
πm
(Ik)π

m′

(Ik)

×
{
N−1

k vec
(
bkmb

⊤
km

)}{
N−1

k vec
(
bkm′b⊤km′

)}⊤
]
D.

Next, we focus on computing the off-diagonal matrices. By decomposing Γ12 =

(Γ12,1, . . . ,Γ12,M), we can compute Γ12,m =
∑K

k=1E{(
∑M

m′=1 π
m′

(Ik)α̃m′)(πm
(Ik)b

⊤
km)} =∑K

k=1

∑M
m′=1 α̃m′E(πm

(Ik)π
m′

(Ik)b
⊤
km). Similar calculation leads to Γ13 = E

{
(
∑K

k=1

∑M
m=1

πm
(Ik)α̃m)

(
2−1

∑K
k′=1

∑M
m′=1 π

m′

(Ik′ )
D⊤[vec(bk′m′b⊤k′m′)− vec{(N−1

k′ Σ+Ω)−1}]
)⊤}

, which

can be verified as

Γ13 = 2−1

K∑
k=1

M∑
m=1

M∑
m′=1

α̃mE

[
πm
(Ik)π

m′

(Ik)

{
vec
(
bkm′b⊤km′

)}⊤
]
D,

Γ14 = 2−1

K∑
k=1

M∑
m=1

M∑
m′=1

α̃mE
[
πm
(Ik)π

m′

(Ik)

{
vec
(
N−1

k bkm′b⊤km′

)}⊤
]
D.

Write Γ23 = (Γ⊤
23,1, . . . ,Γ

⊤
23,M)⊤, where Γ23,m = cov(L̇νm(θ), L̇Ω(θ)). Since we have

9



proved E{
∑K

k=1 π
m
(Ik)b

⊤
km} = 0, it can be verified that

Γ23,m = 2−1

K∑
k=1

M∑
m′=1

E

[
πm
(Ik)π

m′

(Ik)bkm

{
vec
(
bkm′b⊤km′

)}⊤
]
D.

By similar technique, we have Γ24 = (Γ⊤
24,1, . . . ,Γ

⊤
24,M)⊤, where

Γ24,m = 2−1

K∑
k=1

M∑
m′=1

E

[
πm
(Ik)π

m′

(Ik)bkm

{
vec
(
N−1

k bkm′b⊤km′

)}⊤
]
D.

Subsequently, we can also compute Γ34 as

Γ34 =− 4−1

K∑
k=1

D⊤
[
N−1

k vec
{(

N−1
k Σ+Ω

)−1
}
vec
{(

N−1
k Σ+Ω

)−1
}⊤
]
D

+ 4−1

K∑
k=1

M∑
m=1

M∑
m′=1

D⊤E

[
πm
(Ik)π

m′

(Ik)

{
vec
(
bkmb

⊤
km

)}{
N−1

k vec
(
bkm′b⊤km′

)}⊤
]
D.

In conclusion, we compute the first derivative of the log-likelihood function and

then obtain the mapping function needed in the EM algorithm. The expectation and

covariance of the first derivation are also calculated for the following theorem.

Appendix A.3: The Derivation of L̈(θ) and its Expectation

We consider computing the second derivatives of L(θ), followed by a subsequent

calculation of their expectations.

Step 1. We begin with computing L̈(θ) by derivative. By decomposing L(θ) as

(A.4), the second derivative of L(θ) can be given by

d2L(θ) = d2L1(θ) + d2L2(θ) + d2L3(θ) + d2L4(θ),

whose terms can be computed separately. Recall that dL1(θ) = −2−1Ntr(Σ−1dΣ). We

then have d2L1(θ) = −2−1Ntr{d(Σ−1)dΣ} = 2−1Ntr{Σ−1d(Σ)Σ−1dΣ}. By relevant

10



simple matrix calculation, we can obtain

d2L1(θ) = 2−1N
{
dvech

(
Σ
)}⊤

D⊤
(
Σ−1 ⊗Σ−1

)
D
{
dvech

(
Σ
)}

. (A.5)

Since dL2(θ) = −2−1Ktr(Ω−1dΩ), we similarly have

d2L2(θ) = 2−1K
{
dvech

(
Ω
)}⊤

D⊤
(
Ω−1 ⊗Ω−1

)
D
{
dvech

(
Ω
)}

. (A.6)

Next, we need to calculate d2L3(θ), where dL3(θ) = 2−1
∑K

k=1[tr{Ω−1 − (N−1
k Σ +

Ω)−1dΩ}+tr{Σ−1−N−1
k (N−1

k Σ+Ω)−1dΣ}]. We have d2L3(θ) = −2−1
∑K

k=1[tr{Ω−1

d(Ω)Ω−1d(Ω)−(N−1
k Σ+Ω)−1d(N−1

k Σ+Ω)(N−1
k Σ+Ω)−1dΩ}+tr{Σ−1d(Σ)Σ−1d(Σ)−

N−1
k (N−1

k Σ+Ω)−1d(N−1
k Σ+Ω)(N−1

k Σ+Ω)−1dΣ}]. Thus, it can be rewritten as

d2L3(θ) =− 2−1

K∑
k=1

[{
dvech

(
Ω
)}⊤

D⊤
{
Ω−1 ⊗Ω−1 −

(
N−1

k Σ+Ω
)−1

⊗
(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Ω
)
+
{
dvech

(
Σ
)}⊤

D⊤
{
Σ−1 ⊗Σ−1

−N−2
k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Σ
)
−
{
dvech

(
Σ
)}⊤

D⊤

×
{
N−1

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
Ddvech(Ω)

−
{
dvech

(
Ω
)}⊤

D⊤
{
N−1

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Σ
)]
.

(A.7)

As L4(θ) =
∑K

k=1 log
(∑M

m=1 τmk

)
, the calculation of d2L4(θ) can be proved as

d2L4(θ) =
K∑
k=1

d2 log

(
M∑

m=1

τmk

)
=

K∑
k=1


∑M

m=1 d
2τmk∑M

m′=1 τm′k

−

(∑M
m=1 dτmk∑M
m′=1 τm′k

)2


=
K∑
k=1

[ M∑
m=1

πm
(Ik)

{
d2 log τmk +

(
d log τmk

)2}−
( M∑

m=1

πm
(Ik)d log τmk

)2]
, (A.8)

To this end, we need to calculate the derivative of each term of d log τmk, where

d log τmk = α−1
m dαm+b⊤kmdνm+2−1{vec(bkmb⊤km)}⊤Ddvech(Ω)+2−1{vec(

∑
i∈Ik cikc

⊤
ik)+

N−1
k vec(bkmb

⊤
km)}⊤Ddvech(Σ). The first term can be obtained simply as d(α−1

m )dαm =
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−d(αm)α
−2
m d(αm). The second term d(bkm)

⊤dνm = {d(Xk−νm)}⊤(N−1
k Σ+Ω)−1dνm+

(Xk − νm)
⊤d{(N−1

k Σ + Ω)−1}dνm = −(dνm)
⊤(N−1

k Σ + Ω)−1dνm − b⊤kmd(N
−1
k Σ +

Ω)(N−1
k Σ+Ω)−1dνm = −(dνm)

⊤(N−1
k Σ+Ω)−1dνm−{dvech(Ω)}⊤D⊤{bkm⊗(N−1

k Σ+

Ω)−1}dνm−{dvech(Σ)}⊤D⊤{bkm⊗N−1
k (N−1

k Σ+Ω)−1}dνm. Next, the third term of

d log τmk, 2
−1{dvec(bkmb⊤km)}⊤Ddvech(Ω) can be verified as

2−1
{
dvec

(
bkmb

⊤
km

)}⊤
Ddvech

(
Ω
)

=−
[
vec
{(

N−1
k Σ+Ω

)−1
dνmb

⊤
km +

(
N−1

k Σ+Ω
)−1

d
(
N−1

k Σ+Ω
)
bkmb

⊤
km

}]⊤
×Ddvech

(
Ω
)

=−
(
dνm

)⊤{
b⊤km ⊗

(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Ω
)

−
{
dvech

(
Ω
)}⊤

D⊤
{(

bkmb
⊤
km

)
⊗
(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Ω
)

−
{
dvech

(
Σ
)}⊤

D⊤
{(

bkmb
⊤
km

)
⊗N−1

k

(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Ω
)
.

Lastly, the fourth term can be computed as follows

2−1

[∑
i∈Ik

vec
{
d
(
cikc

⊤
ik

)}
+N−1

k vec
{
d
(
bkmb

⊤
km

)}]⊤
Ddvech

(
Σ
)

=−N−1
k

(
dνm

)⊤{
b⊤km ⊗

(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Σ
)
−N−1

k

{
dvech

(
Ω
)}⊤

D⊤

×
{(

bkmb
⊤
km

)
⊗
(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Σ
)
−
{
dvech

(
Σ
)}⊤

D⊤

×
{∑

i∈Ik

(
cikc

⊤
ik

)
⊗Σ−1 +

(
bkmb

⊤
km

)
⊗N−2

k

(
N−1

k Σ+Ω
)−1
}
Ddvech

(
Σ
)
.

Combing above results, we then have

d2 log τmk = −



dα

dν

dvech(Ω)

dvech(Σ)



⊤ 

τ d2
mk,11 τ d2

mk,12 τ d2
mk,13 τ d2

mk,14

τ d2
mk,21 τ d2

mk,22 τ d2
mk,23 τ d2

mk,24

τ d2
mk,31 τ d2

mk,32 τ d2
mk,33 τ d2

mk,34

τ d2
mk,41 τ d2

mk,42 τ d2
mk,43 τ d2

mk,44





dα

dν

dvech(Ω)

dvech(Σ)


,
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where the block matrices located on the diagonal are τ d2
mk,11 = ∂2 log τmk/∂α∂α⊤ =

α̃mα̃
⊤
m ∈ R(M−1)×(M−1), τ d2

mk,22 = (τ d2
mk,22,m1m2

) = ∂2 log τmk/∂α∂ν⊤ ∈ RMp×Mp with

τ d2
mk,22,mm = (N−1

k Σ+Ω)−1 ∈ Rp×p, and other elements equal to 0, τ d2
mk,33 = ∂2 log τmk/

∂vech(Ω)∂vech(Ω)⊤ = D⊤{(bkmb⊤km) ⊗ (N−1
k Σ + Ω)−1}D ∈ R{p(p+1)/2}×{p(p+1)/2},

τ d2
mk,44 = ∂2 log τmk/∂vech(Σ)∂vech(Σ)⊤ = D⊤{

∑
i∈Ik(cikc

⊤
ik) ⊗ Σ−1 + (bkmb

⊤
km) ⊗

N−2
k (N−1

k Σ + Ω)−1}D ∈ R{p(p+1)/2}×{p(p+1)/2}, and the off-diagonal block matrices

can be calculated as τ d2
mk,12 = τ d2⊤

mk,21 = ∂2 log τmk/∂α∂ν⊤ = 0 ∈ R(M−1)×Mp, τ d2
mk,13 =

τ d2⊤
mk,31 = ∂2 log τmk/∂α∂vech(Ω)⊤ = 0 ∈ R(M−1)×{p(p+1)/2}, τ d2

mk,14 = τ d2⊤
mk,41 = ∂2 log τmk/

∂α∂vech(Σ)⊤ = 0 ∈ R(M−1)×{p(p+1)/2}, τ d2
mk,23 = τ d2⊤

mk,32 = ∂2 log τmk/∂ν∂vech(Ω)⊤ =

{b⊤km⊗(N−1
k Σ+Ω)−1}D ∈ RMp×{p(p+1)/2}, τ d2

mk,24 = τ d2⊤
mk,42 = ∂2 log τmk/∂ν∂vech(Σ)⊤ =

{b⊤km⊗N−1
k (N−1

k Σ+Ω)−1}D ∈ RMp×{p(p+1)/2}, and τ d2
mk,34 = τ d2⊤

mk,43 = ∂2 log τmk/∂vech(Ω)

∂vech(Σ)⊤ = D⊤{(bkmb⊤km)⊗N−1
k (N−1

k Σ+Ω)−1}D ∈ R{p(p+1)/2}×{p(p+1)/2}.

Through matrix multiplication, we can obtain that

(
d log τmk

)2
=



dα

dν

dvech(Ω)

dvech(Σ)



⊤ 

τ d1
mk,11 τ d1

mk,12 τ d1
mk,13 τ d1

mk,14

τ d1
mk,21 τ d1

mk,22 τ d1
mk,23 τ d1

mk,24

τ d1
mk,31 τ d1

mk,32 τ d1
mk,33 τ d1

mk,34

τ d1
mk,41 τ d1

mk,42 τ d1
mk,43 τ d1

mk,44





dα

dν

dvech(Ω)

dvech(Σ)


,

where τ d1
mk,11 = α̃mα̃

⊤
m, τ

d1
mk,22 = (τ d2

mk,22,m1m2
) with τ d1

mk,22,mm = bkmb
⊤
km, and other ele-

ments equal to 0, τ d1
mk,33 = 4−1D⊤{vec(bkmb⊤km)}{vec(bkmb⊤km)}⊤D, τ d1

mk,44 = 4−1D⊤{

vec(
∑

i∈IK cikc
⊤
ik) +N−1

k vec(bkmb
⊤
km)}{vec(

∑
i∈IK cikc

⊤
ik) +N−1

k vec(bkmb
⊤
km)}⊤D, and

the off-diagonal block matrices are τ d1
mk,12 = (τ d1

mk,12,1, . . . , τ
d1
mk,12,M) = τ d1⊤

mk,21 with

τ d1
mk,12,m = α̃mb

⊤
km ∈ R(M−1)×p, τ d1

mk,13 = τ d1⊤
mk,31 = 2−1α̃m{vec(bkmb⊤km)}⊤D, τ d1

mk,14 =

τ d1⊤
mk,41 = 2−1α̃m{vec(

∑
i∈IK cikc

⊤
ik)+N−1

k vec(bkmb
⊤
km)}⊤D, τ d1

mk,23 = τ d1⊤

mk,32 = (τ d1⊤
mk,23,1,

. . . , τ d1⊤
mk,23,M)⊤, with τ d1

mk,32,m = 2−1bkm{vec(bkmb⊤km)}⊤D, and other elements equal to

0, τ d1
mk,24 = (τ d1⊤

mk,24,1, . . . , τ
d1⊤
mk,24,M)⊤ = τ d1⊤

mk,42 with τ d1
mk,24,m = 2−1bkm{vec(

∑
i∈IK cikc

⊤
ik)+

N−1
k vec(bkmb

⊤
km)}⊤D, and other elements equal to 0, and τ d1

mk,34 = τ d1⊤
mk,43 = 4−1D⊤{vec(
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bkmb
⊤
km)}{vec(

∑
i∈IK cikc

⊤
ik) + N−1

k vec(bkmb
⊤
km)}⊤D. Combing the results of (A.5),

(A.6), and (A.7), we can obtain

d2L1(θ) + d2L2(θ) + d2L3(θ)

=
{
dvech

(
Ω
)}⊤

[
2−1

K∑
k=1

D⊤
{(

N−1
k Σ+Ω

)−1 ⊗
(
N−1

k Σ+Ω
)−1
}
D

]
dvech

(
Ω
)

+
{
dvech

(
Σ
)}⊤

[
2−1

K∑
k=1

D⊤
{(

Nk − 1
)(
Σ−1 ⊗Σ−1

)
+N−2

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
D

]
dvech

(
Σ
)

+
{
dvech

(
Σ
)}⊤

[
2−1

K∑
k=1

D⊤
{
N−1

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
D

]
dvech(Ω)

+
{
dvech

(
Ω
)}⊤

[
2−1

K∑
k=1

D⊤
{
N−1

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
D

]
dvech

(
Σ
)
.

According to (A.8), we can compute the d2L4(θ). Therefore, d
2L(θ) can be proved as

d2L
(
θ
)
=



dα

dν

dvech(Ω)

dvech(Σ)



⊤ 

Π̂11 Π̂12 Π̂13 Π̂14

Π̂21 Π̂22 Π̂23 Π̂24

Π̂31 Π̂32 Π̂33 Π̂34

Π̂41 Π̂42 Π̂43 Π̂44





dα

dν

dvech(Ω)

dvech(Σ)


,

where Π̂11 = ∂2L(θ)/∂α∂α⊤ ∈ R(M−1)×(M−1), Π̂22 = (Π̂22,m1m2) = ∂2L(θ)/∂α∂ν⊤ ∈

RMp×Mp with Π̂22,m1m2 ∈ Rp×p for 1≤ m1,m2 ≤ M , Π̂33 = ∂2L(θ)/∂vech(Ω)∂vech(Ω)⊤

∈ R{p(p+1)/2}×{p(p+1)/2}, and Π̂44 = ∂2L(θ)/∂vech(Σ)∂vech(Σ)⊤ ∈ R{p(p+1)/2}×{p(p+1)/2}.

The off-diagonal block matrices are given by Π̂12 = Π̂⊤
21 = (Π̂12,1, . . . , Π̂12,M) =

∂2L(θ)/∂α∂ν⊤ ∈ R(M−1)×Mp with Π̂12,m ∈ R(M−1)×p and 1 ≤ m ≤ M , Π̂13 = Π̂⊤
31 =

∂2L(θ)/∂α∂vech(Ω)⊤, Π̂14 = Π̂⊤
41 = ∂2L(θ)/∂α∂vech(Σ)⊤ ∈ R(M−1)×{p(p+1)/2}, and

Π̂23 = Π̂⊤
32 = (Π̂⊤

23,1, . . . , Π̂
⊤
23,M)⊤ = ∂2L(θ)/∂ν∂vech(Ω)⊤ ∈ RMp×{p(p+1)/2} with

Π̂23,m ∈ Rp×{p(p+1)/2} and 1 ≤ m ≤ M . Additionally, Π̂24 = (Π̂⊤
24,1, . . . , Π̂

⊤
24,M)⊤ =

∂2L(θ)/∂ν∂vech(Σ)⊤ = Π̂⊤
42 ∈ RMp×{p(p+1)/2} with Π̂42,m ∈ Rp×{p(p+1)/2}, and Π̂34 =
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Π̂⊤
43 = ∂2L(θ)/∂vech(Ω)∂vech(Σ)⊤ ∈ R{p(p+1)/2}×{p(p+1)/2}. The analytical form can

be given in the following.

Π̂11 = −
K∑
k=1

( M∑
m′=1

πm′

(Ik)α̃m′

)( M∑
m=1

πm
(Ik)α̃m

)⊤
,

Π̂22,mm =
K∑
k=1

πm
(Ik)
(
1− πm

(Ik)
)
bkmb

⊤
km −

K∑
k=1

πm
(Ik)(N

−1
k Σ+Ω)−1,

Π̂22,m1m2 = −
K∑
k=1

πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

for m1 ̸= m2,

Π̂33 = 2−1

K∑
k=1

D⊤
{(

N−1
k Σ+Ω

)−1 ⊗
(
N−1

k Σ+Ω
)−1
}
D+ 4−1

K∑
k=1

M∑
m=1

πm
(Ik)

D⊤
{
vec
(
bkmb

⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
bkm′b⊤km′

)}{
vec
(
bkmb

⊤
km

)}⊤

D

−
K∑
k=1

M∑
m=1

D⊤πm
(Ik)

{(
bkmb

⊤
km

)
⊗
(
N−1

k Σ+Ω
)−1
}
D,

Π̂44 = 2−1

K∑
k=1

D⊤
{
(Nk − 1)

(
Σ−1 ⊗Σ−1

)
+N−2

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
D

+4−1

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤

[{
N−1

k vec
(
bkmb

⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
N−1

k bkm′b⊤km′

)}

×
{
vec
(
N−1

k bkmb
⊤
km

)}⊤
]
D

−
K∑
k=1

M∑
m=1

D⊤πm
(Ik)

{
N−2

k

(
bkmb

⊤
km

)
⊗
(
N−1

k Σ+Ω
)−1

+
(∑

i∈Ik

cikc
⊤
ik

)
⊗Σ−1

}
D,

Π̂12,m =
K∑
k=1

πm
(Ik)

(
α̃m −

M∑
m′=1

πm′

(Ik)α̃m′

)
b⊤km,

Π̂13 = 2−1

K∑
k=1

M∑
m=1

πm
(Ik)α̃m

{
vec
(
bkmb

⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
bkm′b⊤km′

)}⊤

D,

Π̂14 = 2−1

K∑
k=1

M∑
m=1

πm
(Ik)α̃m

{
vec
(
N−1

k bkmb
⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
N−1

k bkm′b⊤km′

)}⊤

D,

Π̂23,m = −
K∑
k=1

πm
(Ik)

{
b⊤km ⊗ (N−1

k Σ+Ω)−1
}
D

+2−1

K∑
k=1

πm
(Ik)bkm

{
vec
(
bkmb

⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
bkm′b⊤km′

)}⊤

D,
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Π̂24,m = −
K∑
k=1

πm
(Ik)

{
b⊤km ⊗N−1

k (N−1
k Σ+Ω)−1

}
D

+2−1

K∑
k=1

πm
(Ik)bkm

{
vec
(
N−1

k bkmb
⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
N−1

k bkm′b⊤km′

)}⊤

D,

Π̂34 = 2−1

K∑
k=1

D⊤
{
N−1

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
D

+4−1

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤
{
vec
(
bkmb

⊤
km

)}[
vec
(
N−1

k bkmb
⊤
km

)
−

M∑
m′=1

πm′

(Ik)

{

vec
(
N−1

k bkm′b⊤km′

)}]⊤
D−

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤
{(

N−1
k bkmb

⊤
km

)
⊗
(
N−1

k Σ+Ω
)−1
}
D.

Step 2. We consider computingΠN,K by evaluating every block matrices E(Π̂j1j2)

separately, for 1 ≤ j1, j2 ≤ 4. To begin with, the expectation of Π̂11 can be given as

E(Π̂11) = −
K∑
k=1

M∑
m=1

M∑
m′=1

E
(
πm
(Ik)π

m′

(Ik)

)
α̃mα̃

⊤
m′ , (A.9)

Then, by decomposing Π̂22,mm = Π̂
(1)
22,mm − Π̂

(2)
22,mm, where Π̂

(1)
22,mm =

∑K
k=1 π

m
(Ik)(1 −

πm
(Ik))bkmb

⊤
km and Π̂

(2)
22,mm =

∑K
k=1 π

m
(Ik)(N

−1
k Σ+Ω)−1, we can compute its expectation

individually. We first study the second term E(Π̂
(2)
22,mm) =

∑K
k=1E(πm

(Ik))(N
−1
k Σ +

Ω)−1. Since E(πm
(Ik)) = αm, we then have E(Π̂

(2)
22,mm

)
=
∑K

k=1 αm(N
−1
k Σ+Ω)−1. Sub-

sequently, we need to calculateE(Π̂
(1)
22,mm) =

∑K
k=1E(πm

(Ik)bkmb
⊤
km)−

∑K
k=1E{(πm

(Ik))
2bkm

b⊤km}, where E(πm
(Ik)bkmb

⊤
km) can be proved as

E
(
πm
(Ik)bkmb

⊤
km

)
=E

[
E
{
1
(
Zk = m

)
bkmb

⊤
km

∣∣∣X(Ik),Y(Ik)

}]
=αmE

(
bkmb

⊤
km

∣∣∣Zk = m
)
, (A.10)

E(bkmb
⊤
km|Zk = m) = (N−1

k Σ+Ω)−1E{(Xk−νm)(Xk−νm)
⊤|Zk = m}(N−1

k Σ+Ω)−1,

and E{(Xk − νm)(Xk − νm)
⊤|Zk = m} is given as

E
{(

Xk − νm

)(
Xk − νm

)⊤∣∣∣Zk = m
}
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=E

[{(
Xk − µkm + µkm − νm

)(
Xk − µkm + µkm − νm

)⊤∣∣∣Zk = m,µkm

}∣∣∣∣Zk = m

]
=N−1

k Σ+Ω. (A.11)

Therefore, E(Π̂
(1)
22,mm

)
=
∑K

k=1 αm(N
−1
k Σ+Ω)−1−

∑K
k=1E{(πm

(Ik))
2bkmb

⊤
km}. By comb-

ing the results above, we can obtain that

E(Π̂22,mm) = −
K∑
k=1

E
{(

πm
(Ik)
)2
bkmb

⊤
km

}
. (A.12)

We also can prove that the expectation of Π̂22,m1m2 with 1 ≤ m1 ̸= m2 ≤ M is

E(Π̂22,m1m2) = −
K∑
k=1

E
(
πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

)
. (A.13)

Next, we consider computing E(Π̂33) = E(Π̂
(1)
33 )+E(Π̂

(2)
33 )−E(Π̂

(3)
33 ), where E(Π̂

(1)
33 ) =

Π̂
(1)
33 = 2−1

∑K
k=1D

⊤{(N−1
k Σ+Ω)−1⊗(N−1

k Σ+Ω)−1}D, Π̂
(2)
33 = 4−1

∑K
k=1

∑M
m=1 π

m
(Ik)D

⊤

{vec(bkmb⊤km)−
∑M

m′=1 π
m′

(Ik)vec(bkm′b⊤km′)}{vec(bkmb⊤km)}⊤D, and Π̂
(3)
33 =

∑K
k=1

∑M
m=1

D⊤πm
(Ik){(bkmb

⊤
km) ⊗ (N−1

k Σ + Ω)−1}D. Similarly as (A.10), (A.11), and (A.12), we

have E(Π̂
(3)
33 ) =

∑K
k=1D

⊤{(N−1
k Σ+Ω)−1 ⊗ (N−1

k Σ+Ω)−1}D. Since it can be ver-

ified that E[πm
(Ik){vec(bkmb

⊤
km)}{vec(bkmb⊤km)}⊤] = 2αm{(N−1

k Σ + Ω)−1 ⊗ (N−1
k Σ +

Ω)−1}+αmvec{(N−1
k Σ+Ω)−1}vec⊤{(N−1

k Σ+Ω)−1}, we have E(Π̂
(2)
33 ) = 2−1E(Π̂

(3)
33 )−

4−1
∑K

k=1

∑M
m=1

∑M
m′=1D

⊤E[πm
(Ik)π

m′

(Ik){vec(bkmb
⊤
km)}{vec(bkm′b⊤km′)}⊤]D. Thus, the

expectation E(Π̂33) can be proved as

E(Π̂33) =4−1

K∑
k=1

D⊤vec
{(

N−1
k Σ+Ω

)−1
}[

vec
{(

N−1
k Σ+Ω

)−1
}]⊤

D

− 4−1

K∑
k=1

M∑
m=1

M∑
m′=1

D⊤E

[
πm
(Ik)π

m′

(Ik)

{
vec
(
bkmb

⊤
km

)}{
vec
(
bkm′b⊤km′

)}⊤
]
D.

(A.14)

Then, we consider studying E(Π̂44). With similar and complex calculation as showed
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in (A.10), (A.11), (A.12) and (A.14), we can obtain that

E(Π̂44) =− 2−1

K∑
k=1

D⊤
{
(Nk − 1)

(
Σ−1 ⊗Σ−1

)}
D+ 4−1

K∑
k=1

D⊤
[
N−2

k

× vec
{(

N−1
k Σ+Ω

)−1
}
vec
{(

N−1
k Σ+Ω

)−1
}⊤
]
D

− 4−1

K∑
k=1

M∑
m=1

M∑
m′=1

D⊤E

[
πm
(Ik)π

m′

(Ik)

{
N−1

k vec
(
bkmb

⊤
km

)}

×
{
N−1

k vec
(
bkm′b⊤km′

)}⊤
]
D. (A.15)

Next, we continuing computing the expectations of these off-diagonal block ma-

trices as follows. We first calculate E(Π̂12) =
(
E(Π̂12,1), . . . , E(Π̂12,M)

)
, where

E(Π̂12,m) = E(Π̂
(1)
12,m)−E(Π̂

(2)
12,m), E(Π̂

(1)
12,m) =

∑K
k=1 α̃mE(πm

(Ik)b
⊤
km), and E(Π̂

(2)
12,m) =∑K

k=1

∑M
m′=1 α̃m′E(πm

(Ik)π
m′

(Ik)b
⊤
km). It can be proved that E(πm

(Ik)b
⊤
km) = 0, we have

E(Π̂
(1)
12,m) = 0. Therefore, it can be verfied that

E(Π̂12,m) = −
K∑
k=1

M∑
m′=1

α̃m′E
(
πm
(Ik)π

m′

(Ik)b
⊤
km

)
. (A.16)

To evaluate E(Π̂13) = E(Π̂
(1)
13 )−E(Π̂

(2)
13 ), we compute E(Π̂

(1)
13 ) = 2−1

∑K
k=1

∑M
m=1 α̃m

E[πm
(Ik){vec(bkmb

⊤
km)}⊤}]D, and E(Π̂

(2)
13 ) = 2−1

∑K
k=1

∑M
m=1 E[πm

(Ik)α̃m{
∑M

m′=1 π
m′

(Ik)vec(

bkm′b⊤km′)}⊤]D, separaterly. Since
∑M

m=1 αmα̃m = 0, we then have E(Π̂
(1)
13 ) = 2−1

∑K
k=1∑M

m=1 αmα̃m{(N−1
k Σ+Ω)−1 ⊗ (N−1

k Σ+Ω)−1}D = 0. Then, it can be verified that

E(Π̂13) = −2−1

K∑
k=1

M∑
m=1

M∑
m′=1

α̃mE

[
πm
(Ik)π

m′

(Ik)

{
vec
(
bkm′b⊤km′

)}⊤
]
D. (A.17)

By similar decomposing and calculation, we can obtain that

E(Π̂14) = −2−1

K∑
k=1

M∑
m=1

M∑
m′=1

α̃mE

[
πm
(Ik)π

m′

(Ik)

{
vec
(
N−1

k bkm′b⊤km′

)}⊤
]
D. (A.18)

Next, we consider computingE(Π̂23) = (E(Π̂23,1)
⊤, . . . , E(Π̂23,M)⊤)⊤, where E(Π̂23,m) =

−E(Π̂
(1)
23,m)+E(Π̂

(2)
23,m)−E(Π̂

(3)
23,m), where E(Π̂

(1)
23,m) =

∑K
k=1{E(πm

(Ik)b
⊤
km)⊗ (N−1

k Σ+
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Ω)−1}D = 0, E(Π̂
(2)
23,m) = 2−1

∑K
k=1E[πm

(Ik)bkm{vec(bkmb
⊤
km)}⊤]D = 0, andE(Π̂

(3)
23,m) =

2−1
∑K

k=1

∑M
m′=1E[πm

(Ik)π
m′

(Ik)bkm{vec(bkm′b⊤km′)}⊤]D. Therefore, we can obtain that

E(Π̂23,m) = −2−1

K∑
k=1

M∑
m′=1

E

[
πm
(Ik)π

m′

(Ik)bkm

{
vec
(
bkm′b⊤km′

)}⊤
]
D. (A.19)

By similar decomposing and calculation, it can verified that E(Π̂24) = (E(Π̂24,1)
⊤, . . . ,

E(Π̂24,M)⊤)⊤, where

E(Π̂24,m) = −2−1

K∑
k=1

M∑
m′=1

E

[
πm
(Ik)π

m′

(Ik)bkm

{
vec
(
N−1

k bkm′b⊤km′

)}⊤
]
D. (A.20)

Following similar calculation (A.10), (A.11), (A.12) and (A.14), we have

E(Π̂34) = 4−1

K∑
k=1

D⊤
[
N−1

k vec
{(

N−1
k Σ+Ω

)−1
}
vec
{(

N−1
k Σ+Ω

)−1
}⊤
]
D−

4−1

K∑
k=1

M∑
m=1

M∑
m′=1

D⊤E

[
πm
(Ik)π

m′

(Ik)

{
vec
(
bkmb

⊤
km

)}{
N−1

k vec
(
bkm′b⊤km′

)}⊤
]
D. (A.21)

The expectation of L̈(θ) have been gained. Comparing the above results with those

in Appendix A.3, we can verify that E{L̈(θ)} = −cov{L̇(θ)}.

APPENDIX B

Appendix B.1: Proof of Theorem 1

Subsequently, we study the asymptotic form of E(Π̂S) = SE{L̈(θ)}S = E(Π̂S
j1j2

),

for 1 ≤ j1, j2 ≤ 4 under Conditions (C1)-(C5). Next, we will separately demonstrate

the divergence rates of each component as specified in Theorem 1. Particularly, the

matrix Γ44 diverges at the rate of N , and the other matrice diverge at the rate of K.

Lastly, we compute the asymptotic form for E(Π̂S).

Step 1. We shall prove the divergence rate of E(Π̂S
44) as an example. According

to (A.15), we have E(Π̂S
44) = E(Π̂S

44,1) + E(Π̂S
44,2) + E(Π̂S

44,3), where E(Π̂S
44,1) =
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−2−1N−1
∑K

k=1D
⊤{(Nk − 1)(Σ−1 ⊗Σ−1)

}
D, E(Π̂S

44,2) = 4−1N−1
∑K

k=1D
⊤[N−2

k vec{

(N−1
k Σ+Ω)−1}vec{(N−1

k Σ+Ω)−1}⊤
]
D, and E(Π̂S

44,3) = −4−1N−1
∑K

k=1

∑M
m=1

∑M
m′=1

D⊤E
[
πm
(Ik)π

m′

(Ik){N
−1
k vec(bkmb

⊤
km)}{N−1

k vec(bkm′b⊤km′)}⊤
]
D. Then, it can be proved

that E(Π̂S
44,1) = (2N)−1(N −K)D⊤(Σ−1 ⊗Σ−1

)
D. Therefore, ∥E(Π̂S

44,1)∥F = O(1),

where ∥A∥F denotes the Frobenius norm of the matrix A. Since ∥N−1
k Σ∥F = o(1),

∥Ω−1∥F = O(1) and K = o(N) as N → ∞, E(Π̂S
44,2) = o(1). By a similar argument,

it can be shown that ∥E(Π̂S
44,3)∥F = o(1). With the triangle inequality, we have

∥E(Π̂S
44)∥F ≤ ∥E(Π̂S

44,1)∥F + ∥E(Π̂S
44,2)∥F + ∥E(Π̂S

44,3)∥F = O(1).

Step 2. Here, we shall prove that other block matrice diverge at the rate of

K. To begin with, we compute the other on-diagonal matrice of Π̂S. As demon-

strated in (A.9), we have E(Π̂S
11) = −K−1

∑K
k=1

∑M
m=1

∑M
m′=1E

(
πm
(Ik)π

m′

(Ik)
)
α̃mα̃

⊤
m′ .

Therefore, ∥E(Π̂S
11)∥F ≤ ∥K−1

∑K
k=1

∑M
m=1

∑M
m′=1 α̃mα̃

⊤
m′∥F = O(1). With (A.13),

we have E(Π̂S
22,m1m2

) = −K−1
∑K

k=1E
(
πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

)
. Then, ∥E(Π̂S

22,m1m2
)∥F ≤

∥K−1
∑K

k=1E(bkm1b
⊤
km2

)∥F = O(1). Similarly, we can obtain thatE(Π̂S
33) = E(Π̂S

33,1)+

E(Π̂S
33,2), where Π̂

S
33,1 = 4K−1∑K

k=1D
⊤vec{(N−1

k Σ+Ω)−1}
[
vec{(N−1

k Σ+Ω)−1}
]⊤

D,

Π̂S
33,2 = −4K−1∑K

k=1

∑M
m=1

∑M
m′=1D

⊤E
[
πm
(Ik)π

m′

(Ik){vec(bkmb
⊤
km)}{vec(bkm′b⊤km′)}⊤

]
D.

Since ∥E(Π̂S
33,1)∥F = O(1) and ∥E(Π̂S

33,2)∥F = O(1), we then have ∥E(Π̂S
33)∥F ≤

∥E(Π̂S
33,1)∥F + ∥E(Π̂S

33,2)∥F = O(1) by applying the triangle inequality. Next, we

calculate the off-diagonal block matrice of Π̂S. By similarly arguments and the re-

sults (A.16), (A.17), (A.18), (A.19), (A.20), and (A.21) mentioned above, we can

prove that ∥E(Π̂S
12)∥F = ∥E(Π̂S

21)∥F = O(1), ∥E(Π̂S
13)∥F = ∥E(Π̂S

31)∥F = O(1),

∥E(Π̂S
14)∥F = ∥E(Π̂S

41)∥F = O(1), ∥E(Π̂S
23)∥F = ∥E(Π̂S

32)∥F = O(1), ∥E(Π̂S
24)∥F =

∥E(Π̂S
42)∥F = O(1), ∥E(Π̂S

34)∥F = ∥E(Π̂S
43)∥F = O(1).

Step 3. Subsequently, we calculate the asymptotic form of E(Π̂S). We start with

computing the on-diagonal matrice of E(Π̂S). As mentioned in the Step 1, E(Π̂S
44) =

E(Π̂S
44,1+ Π̂S

44,2+ Π̂S
44,3), where E(Π̂S

44,1) → −2−1D⊤(Σ−1⊗Σ−1
)
D, E(Π̂S

44,2) = o(1),

and E(Π̂S
44,3) = o(1). Therefore, we have E(Π̂S

44) → −2−1D⊤(Σ−1 ⊗Σ−1
)
D = −Π44.

Next, we calculate the asymptotic forms of the other on-diagonal matrices. For
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E(Π̂S
11), as mentioned in A.9, we haveE(Π̂S

11) = −K−1
∑K

k=1

∑M
m=1

∑M
m′=1 E(πm

(Ik)π
m′

(Ik))

α̃mα̃
⊤
m′ , with the specific form of πm

(Ik) as

πm
(Ik) =

[
αm exp

{
− 2−1

(
Xk − νm

)⊤(
N−1

k Σ+Ω
)−1(

Xk − νm

)}]
[ M∑

m′=1

αm′ exp
{
− 2−1

(
Xk − νm′

)⊤(
N−1

k Σ+Ω
)−1(

Xk − νm′
)}]−1

.

Therefore, we have E(Π̂S
11) = −K−1

∑K
k=1

∑M
m=1

∑M
m′=1E

[
E
(
πm
(Ik)π

m′

(Ik)

∣∣B)] α̃mα̃
⊤
m′ .

Since samples within the same class are independent and identically distributed with

both mean and variance existing, we can apply Chebyshev’s Law of Large Numbers

to conclude that Xk converges in probability to the corresponding class mean µkZk

with a known B as NK → ∞. Furthermore, since πm
(Ik)π

m′

(Ik) ≤ 1 is a bounded and

continuous function of Xk, by applying the Portmanteau Lemma, we can conclude

that E
(
πm
(Ik)π

m′

(Ik)

∣∣B) converges uniformly to E
(
πm∗
(Ik)π

m′∗
(Ik)

∣∣B), where
πm∗
(Ik) =

[ M∑
m′=1

αm′ exp
{
− 2−1

(
µkZk

− νm′
)⊤

Ω−1
(
µkZk

− ν ′
m

)}]−1

αm exp
{
− 2−1

(
µkZk

− νm

)⊤
Ω−1

(
µkZk

− νm

)}
.

Therefore, we have E(Π̂S
11) → −

∑M
m=1

∑M
m′=1E

(
πm∗
(Ik)π

m′∗
(Ik)

)
α̃mα̃

⊤
m′ = −Π11, where

→ denotes uniform convergence.

For E(Π̂S
22), the asymptotic forms of E(Π̂S

22,mm) = −K−1
∑K

k=1E{(πm
(Ik))

2bkmb
⊤
km}

and E(Π̂S
22,m1m2

) = −K−1
∑K

k=1E(πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

) can be obtained. To illustrate

the methodology for deriving these asymptotic forms, we will use the more general part

E(Π̂S
22,m1m2

) as an example. Recall that bkm = (N−1
k Σ +Ω)−1(Xk − νm) ∈ Rp. No-

tably, πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

constitutes a bounded continuous function of Xk. This prop-

erty permits application of the Portmanteau Lemma, yielding the conditional expec-

tation convergence E(πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

|B) → E(πm1∗
(Ik)π

m2∗
(Ik)b

∗
km1

b∗⊤km2
|B), where b∗km =

Ω−1(µkZk
− νm). By utilizing the Law of Total Expectation, we have E(Π̂S

22,m1m2
) =

−K−1
∑K

k=1E
[
E(πm1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

|B)
]

→ −E(πm1∗
(Ik)π

m2∗
(Ik)b

∗
km1

b∗⊤km2
) = −Π22,m1,m2 .
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Similarly, it can be verified that E(Π̂S
22,m1m2

) → −Π22,m,m.

Next, we address E(Π̂S
33) = E1(Π̂

S
33) + E2(Π̂

S
33), with the specific forms given as

follows:

E1(Π̂
S
33) =4K−1

K∑
k=1

D⊤vec
{(

N−1
k Σ+Ω

)−1
}[

vec
{(

N−1
k Σ+Ω

)−1
}]⊤

D

E2(Π̂
S
33) =− 4K−1

K∑
k=1

M∑
m=1

M∑
m′=1

D⊤E

[
πm
(Ik)π

m′

(Ik)
{
vec
(
bkmb

⊤
km

)} {
vec
(
bkm′b⊤km′

)}⊤ ]
D.

It can be easily verified that E1(Π̂
S
33) → 4D⊤vec (Ω−1) [vec (Ω−1)]

⊤
D as NK → ∞.

For E2(Π̂
S
33), we follow a similar procedure as used for E(Π̂S

11). Specifically, by refor-

mulating the expectation part into a double expectation form conditioned on set B and

leveraging the Law of Large Numbers together with the Portmanteau Lemma, we can

rigorously prove that E
[
πm
(Ik)π

m′

(Ik)
{
vec
(
bkmb

⊤
km

)} {
vec
(
bkm′b⊤km′

)}⊤]→ E
[
πm∗
(Ik)π

m′∗
(Ik){

vec
(
b∗kmb

∗⊤
km

)} {
vec
(
bkm′b⊤km′

)}⊤ ]
, as Nk → ∞. Under the given conditions, the

above approach allows us to demonstrate that

E2(Π̂
S
33) → −4−1

M∑
m=1

M∑
m′=1

D⊤E
[
πm∗
(Ik)π

m′∗
(Ik)
{
vec
(
b∗kmb

∗⊤
km

)} {
vec
(
b∗km′b∗⊤km′

)}⊤ ]
D.

Therefore, combining the results of E1(Π̂
S
33) andE2(Π̂

S
33), we can obtain thatE(Π̂S

33) →

−Π33, where Π33 is mentioned in Theorem 1, as Nk → ∞.

Additionally, we consider handling the off-diagonal block matrices. First, we com-

pute E(Π̂S
12) =

(
E(Π̂S

12,1), . . . , E(Π̂S
12,M)

)
∈ R(M−1)×MP , Specifically, the expectation

of Π̂S
12,m can be rewritten as

E(Π̂S
12,m) =−K−1

K∑
k=1

M∑
m′=1

α̃m′E
(
πm
(Ik)π

m′

(Ik)b
⊤
km

)
=−K−1

K∑
k=1

M∑
m′=1

α̃m′E
[
E
(
πm
(Ik)π

m′

(Ik)b
⊤
km

∣∣∣B)] .
With the Law of Large Numbers, it can be verified that Xk → µkZk

as Nk → ∞.
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Applying the Portmanteau Lemma, we can show that

E(Π̂S
12,m) → −

M∑
m′=1

α̃m′E
(
πm∗
(Ik)π

m′∗
(Ik)b

∗⊤
km

)
= −Π12,m.

For E(Π̂S
13), by applying the same methodology, we can obtain that E(Π̂S

13) =

−(2k)−1
∑K

k=1

∑M
m=1

∑M
m′=1 α̃mE

{
E
[
πm
(Ik)π

m′

(Ik)
{
vec(bkm′b⊤km′)

}⊤∣∣∣B]}D → −2−1
∑M

m=1∑M
m′=1 α̃mE

{
E
[
πm∗
(Ik)π

m′∗
(Ik)
{
vec(b∗km′b∗⊤km′)

}⊤∣∣B]}D, as Nk → ∞. Next, we consider

handling E(Π̂S
23) = (E(Π̂S

23,1)
⊤, . . . , E(Π̂S

23,M)⊤)⊤. With similar process, as Nk → ∞,

it can be verified that

E(Π̂S
23,m) → −2−1

M∑
m′=1

E
[
πm∗
(Ik)π

m′∗
(Ik)b

∗
km

{
vec(b∗km′b∗⊤km′)

}⊤ ]
D = −Π23,m.

With Nk → ∞, the asymptotic forms of the off-diagonal matrices related to Σ can

be easily verified as E(Π̂S
14) → 0, E(Π̂S

24) → 0, and E(Π̂S
34) → 0. At this juncture,

we have successfully completed all the necessary proofs for Theorem 1.

Appendix B.2: Proof of Convergence for Π̂S

In this section, we will demonstrate that Π̂S = SL̈ (θ)S →p −Π under Conditions

(C1)-(C5), where the specific form of Π is given in Theorem 1.

Starting with the on-diagonal block matrices, we will proceed by analyzing the

large matrix in block form. As mentioned in Appendix A3, we have obtained the

specific formula of L̈ (θ) = Π̂. Firstly, we handle Π̂S
11, which is given by Π̂S

11 =

−K−1
∑K

k=1(
∑M

m′=1 π
m′

(Ik)α̃m′)(
∑M

m=1 π
m
(Ik)α̃m)

⊤. Due to the independence among Xk,

Π̂S
11 can be viewed as the average of K independent but not necessarily identically dis-

tributed random variables, each with a well-defined mean and finite variance. There-

fore, by applying Chebyshev’s Law of Large Numbers, we can obtain that Π̂S
11 →p

−K−1
∑K

k=1

∑M
m=1

∑M
m′=1E(πm

(Ik)π
m′

(Ik))α̃mα̃
⊤
m′ , as K → ∞. Furthermore, consider-

ing that Xk|B → µkZk
as Nk → ∞, and given that πm

(Ik)π
m′

(Ik) ≤ 1 is a bounded

and continuous function of Xk, we can apply the Portmanteau Lemma to conclude
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that E(πm
(Ik)π

m′

(Ik)|B) → E(πm∗
(Ik)π

m′∗
(Ik) | B), as Nk → ∞. Combing the above results,

by rewriting E(πm
(Ik)π

m′

(Ik)) as the double expectation form, we have E(πm
(Ik)π

m′

(Ik)) =

E
[
E(πm

(Ik)π
m′

(Ik)|B)
]
→ E(πm∗

(Ik)π
m′∗
(Ik)). Therefore, we have

Π̂S
11 →p −

M∑
m=1

M∑
m′=1

E
(
πm∗
(Ik)π

m′∗
(Ik)

)
α̃mα̃

⊤
m′ = −Π11.

Next, we proceed to analyze the convergence properties of Π̂S
22. According to the

calculations in Appendix A.3, we further decompose Π̂S
22 into Π̂S

22,mm and Π̂S
22,m1m2

for a detailed analysis. Specifically, Π̂S
22,mm = K−1

∑K
k=1

[
πm
(Ik)bkmb

⊤
km−πm

(Ik)(N
−1
k Σ+

Ω)−1
]
−K−1

∑K
k=1

(
πm
(Ik)
)2
bkmb

⊤
km. By applying Chebyshev’s Law of Large Numbers,

it can be similarly verified that as K → ∞,Π̂S
22,mm →p K−1

∑K
k=1E

[
πm
(Ik)bkmb

⊤
km −

πm
(Ik)(N

−1
k Σ + Ω)−1

]
− K−1

∑K
k=1E

[(
πm
(Ik)
)2
bkmb

⊤
km

]
. Recall that E

[
πm
(Ik)bkmb

⊤
km

]
=

αm(N
−1
k Σ + Ω)−1, as calculated in Appendix A.3. Therefore, we can obtain that

Π̂S
22,mm →p −K−1

∑K
k=1E

{
E
[
(πm

(Ik))
2bkmb

⊤
km

∣∣B]}. Since (πm
(Ik))

2bkm is a bounded and

continuous function of Xk, through a similar proof process, we can conclude that

E
[
(πm

(Ik))
2bkmb

⊤
km | B

]
→ E

[
(πm∗

(Ik))
2b∗kmb

∗⊤
km | B

]
, as Nk → ∞, by applying the Port-

manteau Lemma. Consequently, we can conclude that

Π̂S
22,mm →p −E

[(
πm∗
(Ik)
)2

b∗kmb
∗⊤
km

]
= −Π22,mm.

Similarly, the asymptotic result for Π̂S
22,m1m2

= −K−1
∑K

k=1 π
m1

(Ik)π
m2

(Ik)bkm1b
⊤
km2

can be

derived in the following

Π̂S
22,m1m2

→p −E
(
πm1∗
(Ik)π

m2∗
(Ik)b

∗
km1

b∗⊤km2

)
= −Π22,m1m2 .

Next, we consider the handling of Π̂S
33. Based on the specific form of Π̂33 calculated

in the Appendix A.3, we observe that all conditions for applying Chebyshev’s Law of
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Large Numbers are satisfied. Therefore, as K → ∞, we can obtain

Π̂S
33 →pΠ̃S

33,1 + Π̃S
33,2 − Π̃S

33,3,

Π̃S
33,1 =(2K)−1

K∑
k=1

D⊤E
{(

N−1
k Σ+Ω

)−1 ⊗
(
N−1

k Σ+Ω
)−1
}
D,

Π̃S
33,2 =(4K)−1

K∑
k=1

M∑
m=1

D⊤E

[
πm
(Ik)

{
vec
(
bkmb

⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
bkm′b⊤km′

)}
×
{
vec
(
bkmb

⊤
km

)}⊤ ]
D,

Π̃S
33,3 =K−1

K∑
k=1

M∑
m=1

D⊤E
[
πm
(Ik)

{(
bkmb

⊤
km

)
⊗
(
N−1

k Σ+Ω
)−1
}]

D.

Clearly, it can be proved that Π̃S
33,1 → 2−1D⊤ (Ω−1 ⊗Ω−1)D as Nk → ∞. Fol-

lowing the calculation for A.14 discussed in Appendix A.3, we have Π̃S
33,2 − Π̃S

33,3 →

−2−1D⊤ (Ω−1 ⊗Ω−1)D+4−1D⊤vec
(
Ω−1

){
vec
(
Ω−1

)}⊤
D−(4K)−1

∑K
k=1

∑M
m=1

∑M
m′=1

D⊤E

[
πm
(Ik)π

m′

(Ik)

{
vec
(
bkmb

⊤
km

)}{
vec
(
bkm′b⊤km′

)}⊤
]
D, as Nk → ∞. With Xk|B →p

µkZk
as NK → ∞, we apply the Portmanteau Lemma to verify E

[
πm
(Ik)π

m′

(Ik)
{
vec
(
bkm

b⊤km
)}{

vec
(
bkm′b⊤km′

)}⊤]→ E
[
πm∗
(Ik)π

m′∗
(Ik)
{
vec
(
b∗kmb

∗⊤
km

)}{
vec
(
b∗km′b∗⊤km′

)}⊤]
. Thus, we

can conclude

Π̂S
33 →p4−1D⊤vec

(
Ω−1

){
vec
(
Ω−1

)}⊤
D

− 4−1

M∑
m=1

M∑
m′=1

D⊤E
[
πm∗
(Ik)π

m′∗
(Ik)
{
vec
(
b∗kmb

∗⊤
km

)} {
vec
(
b∗km′b∗⊤km′

)}⊤ ]
D

=−Π33.

Similarly, based on the independence among Xk from different classes and by applying

Chebyshev’s Law of Large Numbers, we can show that Π̂S
44

p−→ E(Π̂S
44). Subsequently,

using the results from Appendix B.1 concerning the asymptotic form of E(Π̂S
44), we

derive that

Π̂S
44 →p −2−1D⊤ (Σ−1 ⊗Σ−1

)
D = −Π44.

Next, we consider the analysis of the off-diagonal block matrices. Since Xks are
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independent, by applying similar operations as used for the on-diagonal matrices, we

can prove that Π̂S
i1,i2

→p E(Π̂S
i1,i2

), for 1 ≤ i1 < i2 ≤ 4, as K → ∞. Furthermore,

with the detailed asymptotic form of E(Π̂S
i1,i2

), we can obtain that Π̂S
i1,i2

→p −Πi1,i2 ,

under Conditions (C1)-(C5).

Π̂12,m =
K∑
k=1

πm
(Ik)

(
α̃m −

M∑
m′=1

πm′

(Ik)α̃m′

)
b⊤km,

Π̂13 = 2−1

K∑
k=1

M∑
m=1

πm
(Ik)α̃m

{
vec
(
bkmb

⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
bkm′b⊤km′

)}⊤

D,

Π̂14 = 2−1

K∑
k=1

M∑
m=1

πm
(Ik)α̃m

{
vec
(
N−1

k bkmb
⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
N−1

k bkm′b⊤km′

)}⊤

D,

Π̂23,m = −
K∑
k=1

πm
(Ik)

{
b⊤km ⊗ (N−1

k Σ+Ω)−1
}
D

+2−1

K∑
k=1

πm
(Ik)bkm

{
vec
(
bkmb

⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
bkm′b⊤km′

)}⊤

D,

Π̂24,m = −
K∑
k=1

πm
(Ik)

{
b⊤km ⊗N−1

k (N−1
k Σ+Ω)−1

}
D

+2−1

K∑
k=1

πm
(Ik)bkm

{
vec
(
N−1

k bkmb
⊤
km

)
−

M∑
m′=1

πm′

(Ik)vec
(
N−1

k bkm′b⊤km′

)}⊤

D,

Π̂34 = 2−1

K∑
k=1

D⊤
{
N−1

k

(
N−1

k Σ+Ω
)−1 ⊗

(
N−1

k Σ+Ω
)−1
}
D

+4−1

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤
{
vec
(
bkmb

⊤
km

)}[
vec
(
N−1

k bkmb
⊤
km

)
−

M∑
m′=1

πm′

(Ik)

{

vec
(
N−1

k bkm′b⊤km′

)}]⊤
D−

K∑
k=1

M∑
m=1

πm
(Ik)D

⊤
{(

N−1
k bkmb

⊤
km

)
⊗
(
N−1

k Σ+Ω
)−1
}
D.

Appendix B.3: Proof of Theorem 2

The theorem conclusion can be proved in two steps. In the first step, we will estab-

lish the consistency of θ̂MLE. In the second step, we study the asymptotic normality

of θ̂MLE.

Step 1. Note that the log-likelihood function L(θ) can be shown to be a strictly

concave function in θ, as demonstrated in Appendix A. Therefore, if we can show that
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L(θ) has a consistent local maximizer, it must also be a consistent global maximizer.

Recall that the form of θ is given by θ = (α⊤, ν⊤, vech(Ω)⊤, vech(Σ)⊤)⊤. Next, we

will show that L(θ) has a local minimizer, where the components associated with Σ

are
√
N -consistent, while the other components are

√
K-consistent. Leveraging the

standardization matrix S, and following the approach outlined in Fan and Li (2001),

the existence of such a local minimizer is guaranteed by the fact that for any arbitrarily

small ε > 0, there exists a sufficiently large constant Cε such that

lim inf
N→∞

P

{
sup
∥u∥=1

L (θ + CεSu) < L (θ)

}
≥ 1− ε. (B.1)

By the Taylor’s expansion of the likelihood function, we have

Dn(u) = L (θ + CεSu)− L (θ)

= Cε

{
SL̇ (θ)

}⊤
u− 1

2
C2

εu
⊤
{
−SL̈ (θ)S

}
u+ o

(
∥S2∥F

)
. (B.2)

To begin with, we compute the first-order term of u. Recall that it has been

established in Appendix A and B.1 that E
{
L̇ (θ)

}
= 0 and Scov

{
L̇ (θ)

}
S → Π.

By applying the central limit theorem, it follows that SL̇ (θ) → N(0,Π) as N → ∞.

Consequently, with the Cauchy-Schwarz inequality,
{
SL̇ (θ)

}⊤
u can be uniformly

bounded by ∥S ˙L (θ)∥ = Op(1). Next, we calculate the second-order term. As stated in

Appendix B.2, −SL̈ (θ)S →p Π, which implies that λmin

{
−SL̈ (θ)S

}
→p λmin(Π),

where λmin(A) denotes the minimal eigenvalue of the matrix A. Furthermore, we

have the inequality u⊤
{
−SL̈ (θ)S

}
u ≥ λmin

{
−SL̈ (θ)S

}
= λmin(Π) + op(1). As

a consequence, we have u⊤
{
−SL̈ (θ)S

}
u > 2−1λmin(Π) with probability tending

to one. Thus, for the ε mentioned above, we can take a sufficiently large Cε such

that sup∥u∥=1 L (θ + CεSu) < L (θ). At this stage, the proof of consistency has been

completed. Additionally, using the specific form of the standardization matrix S, we

can determine the convergence rates for each component.

Step 2. By applying the Taylor’s expansion to the gradient condition as L̇(θ̂MLE) =
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0, we obtain

0 = SL̇(θ̂MLE) = SL̇(θ) + SL̈(θ)S
{
S−1(θ̂MLE − θ)

}
+ op

(
S−1(θ̂MLE − θ)

)
.

Note that under Conditions (C1)-(C5), it has been established in Appendix B.2 that

Π̂S = SL̈ (θ)S →p −Π as N → ∞. Therefore, we may replace the term SL̈ (θ) with

{−Π+ op(1)}. The equation above can then be rewritten as

S−1(θ̂MLE − θ) = −
{
SL̈(θ)S

}−1

SL̇(θ) + op

(
S−1(θ̂MLE − θ)

)
= Π−1SL̇(θ) + op

(
S−1(θ̂MLE)

)
.

As verified in Step 1, θ̂MLE is a consistent estimator with a divergence rate of order

Op(vecdiag(S
−1)), where vecdiag(S−1) denotes the vector formed by the on-diagonal

elements of the diagonal matrix S−1. Furthermore, it is also shown in Step 1 that

SL̇ (θ) → N(0,Π). Applying Slutsky’s theorem, we then conclude

S−1(θ̂MLE − θ) →d N
(
0,Π−1

)
.

This completes the derivation of the asymptotic properties of θ̂MLE in Appendix B.3.

APPENDIX C

Appendix C.1: A Tensor-based EM Algorithm

The E-Step

Recall that X = (X1, ...,XN)
⊤ ∈ RN×p is the design matrix. Next, define a one-

hot type response matrix Y = (Yik) ∈ RN×K where Yik = I(Yi = k). Note that Y

is of an extremely sparse structure. Therefore, it can be stored in a sparse matrix

form to save memory. Define Y = Y⊤1N ∈ RK and 1N = (1, . . . , 1)⊤ ∈ RN . We

then have X = [(X⊤Y){diag(Y )}−1]⊤ = (X1, . . . ,XK)
⊤ ∈ RK×p, where diag(A)
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denotes the diagonal matrix formed from the vector A. We next consider how to

execute the expectation step (3) in a computationally more efficient way. Let θ̂(t) =

(α̂
(t)
1 , . . . , α̂

(t)
M−1, vech(Σ̂

(t))⊤, vech(Ω̂(t))⊤, ν̂
(t)⊤
1 , . . . , ν̂

(t)⊤
M )⊤ ∈ Rq be the parameter ob-

tained in the tth step. In the (t + 1)th step, we then should update the posterior

probability according to equation (4) as

π
m(t+1)
(Ik) =

[
α̂(t)
m exp

{
− 2−1

(
Xk − ν̂(t)

m

)⊤(
N−1

k Σ̂(t) + Ω̂(t)
)−1(

Xk − ν̂(t)
m

)}]
×
[ M∑

m′=1

α̂
(t)
m′ exp

{
− 2−1

(
Xk − ν̂

(t)
m′

)⊤(
N−1

k Σ̂(t) + Ω̂(t)
)−1(

Xk − ν̂
(t)
m′

)}]−1

.

(C.1)

To this end, we find that the high dimensional matrices (N−1
k Σ̂(t) + Ω̂(t)) needs to be

inverted for a total of K times in (C.1).

This is obviously computationally inefficient. To fix the problem, we re-write d
(t)
km =

(Xk − ν̂
(t)
m′)⊤(N

−1
k Σ̂(t) + Ω̂(t))−1(Xk − ν̂

(t)
m′) as

d
(t)
km =

{(
Σ̂(t)

)−1/2(
Xk − ν̂

(t)
m′

)}⊤{
N−1

k I+
(
Σ̂(t)

)−1/2

Ω̂(t)
(
Σ̂(t)

)−1/2
}−1

×
{(

Σ̂(t)
)−1/2(

Xk − ν̂
(t)
m′

)}
=

{(
U(t)

)⊤(
Σ̂(t)

)−1/2(
Xk − ν̂

(t)
m′

)}⊤{
N−1

k I+ diag
(
λ(t)
)}−1

×
{(

U(t)
)⊤(

Σ̂(t)
)−1/2(

Xk − ν̂
(t)
m′

)}
, (C.2)

where (Σ̂(t))−1/2Ω̂(t)(Σ̂(t))−1/2 = U(t)diag(λ(t))(U(t))⊤ with λ(t) = (λ
(t)
j ) ∈ Rp and

U(t) = (U
(t)
1 , . . . ,U

(t)
p ) ∈ Rp×p being an orthogonal matrix. Note that both the ma-

trices (Σ̂(t))−1/2 and the eigenvalue decomposition {U(t),λ(t)} do not depend on the

class label k. Therefore, once they are computed, they can be repeatedly used for

every 1 ≤ k ≤ K in the (t + 1)th step. That leads to a significant reduction in

computational cost. More specifically, define X
∗(t)
k = (U(t))⊤(Σ̂(t))−1/2Xk and ν̂

∗(t)
m =

(U(t))⊤(Σ̂(t))−1/2ν̂
(t)
m . We next define two 3-dimensional tensors as D(t) = (D

(t)
km : 1 ≤

k ≤ K, 1 ≤ m ≤ M) ∈ RK×M×p with D
(t)
km = X

(t)

k − ν̂
(t)
m ∈ Rp and D∗(t) = (D

∗(t)
km :
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1 ≤ k ≤ K, 1 ≤ m ≤ M) ∈ RK×M×p with D
∗(t)
km = X

∗(t)
k − ν̂

∗(t)
m ∈ Rp. Define another

3-dimensional tensor as G(t) = (G
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) ∈ RK×M×p with

G
(t)
km = {(N−1

k + λ
(t)
j )−1 : 1 ≤ j ≤ p} ∈ Rp. We then can obtain another 3-dimensional

tensor as H(t) = (H
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) = D∗(t) ⊙ G(t) ⊙ D∗(t) ∈ RK×M×p,

where ⊙ stands for the component-wise product. It follows then d
(t)
km = 1⊤

NH
(t)
km in

(C.2).

The M-Step

Next, we consider rewriting the algorithm of theM -step into a tensor-based format.

Recall that Σ̂(t), Ω̂(t), α̂
(t)
m and ν̂

(t)
m with 1 ≤ m ≤ M are the estimators obtained in

the tth step. We begin with computing α̂
(t+1)
m for 1 ≤ m ≤ M . According to equation

(3), α̂
(t+1)
m = K−1(

∑K
k=1 π

m
(Ik)) with 1 ≤ m ≤ M . Define H(t) = (π

m(t+1)
(Ik) ) ∈ RK×M

as the matrix of posterior possibilities obtained in the (t + 1)th step. Then, we can

calculate (α̂
(t+1)
1 , . . . , α̂

(t+1)
M ) = K−11⊤

KH
(t). We next consider how to compute Σ̂(t+1).

By equation (3), the Σ̂(t+1) can be decomposed and calculated as

Σ̂(t+1) = (N −K)−1

(
K∑
k=1

M∑
m=1

π
m(t+1)
(Ik)

[∑
i∈Ik

(
Xi −Xk

) (
Xi −Xk

)⊤
+

N−1
k

{
Σ̂(t)

(
N−1

k Σ̂(t) + Ω̂(t)
)−1 (

Xk − ν̂(t)
m

) (
Xk − ν̂(t)

m

)⊤ (
N−1

k Σ̂(t) + Ω̂(t)
)−1

Σ̂(t)

−Σ̂(t)
(
N−1

k Σ̂(t) + Ω̂(t)
)−1

Σ̂(t)
}])

= (N −K)−1 (Q1 +Q2) ,

where Q1 =
N∑
i=1

(
Xi −XYi

) (
Xi −XYi

)⊤
,

and Q2 =
K∑
k=1

M∑
m=1

N−1
k π

m(t+1)
(Ik) Σ̂(t)

{(
N−1

k Σ̂(t) + Ω̂(t)
)−1 (

Xk − ν̂(t)
m

) (
Xk − ν̂(t)

m

)⊤×

(
N−1

k Σ̂(t) + Ω̂(t)
)−1

−
(
N−1

k Σ̂(t) + Ω̂(t)
)−1

}
Σ̂(t),

We should start with Q1 =
∑N

i=1(Xi−XYi
)(Xi−XYi

)⊤ = (X−YX)⊤(X−YX). We

next consider Q2. Recall that (Σ̂(t))−1/2Ω̂(t)(Σ̂(t))−1/2 = U(t)diag(λ(t))(U(t))⊤. Then,
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the computation of Q2 can be simplified as Q2 =
∑K

k=1

∑M
m=1 N

−1
k π

m(t+1)
(Ik) Q2km with

Q2km =
(
Σ̃(t)

)⊤ [{
N−1

k I+ diag
(
λ(t)
)}−1{(

U(t)
)⊤(

Σ̂(t)
)−1/2(

Xk − ν̂
(t)
m′

)}

×
{(

U(t)
)⊤(

Σ̂(t)
)−1/2(

Xk − ν̂
(t)
m′

)}⊤{
N−1

k I+ diag
(
λ(t)
)}−1

−
{
N−1

k I+ diag
(
λ(t)
)}−1

]
Σ̃(t),

where Σ̃(t) = (U(t))⊤(Σ̂(t))1/2 ∈ Rp×p. Since Σ̂(t) and λ(t) are fixed in the (t + 1)th

step, the matrix Σ̃(t) can be repeatedly used in M -step once they are computed.

Recall that D∗(t) = (D
∗(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) ∈ RK×M×p with D

∗(t)
km =

X
∗(t)
k − ν̂

∗(t)
m ∈ Rp and G(t) = (G

(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) ∈ RK×M×p with

G
(t)
km = {(N−1

k + λ
(t)
j )−1 : 1 ≤ j ≤ p} ∈ Rp. We then can obtain another 3-dimensional

tensor as J (t) = (J
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) = G(t) ⊙ D∗(t) ∈ RK×M×p, where

J
(t)
km = {N−1

k I + diag(λ)(t)}−1{(U(t))⊤(Σ̂(t))−1/2(Xk − ν̂
(t)
m′)} ∈ Rp. Next, we consider

expanding J (t) into 4-dimensional tensors J̃ (t) = (J̃
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) ∈

RK×M×p×p and G(t) into 4-dimensional tensors G̃(t) = (G̃
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤

M) ∈ RK×M×p×p, where J̃
(t)
km ∈ Rp×p = J

(t)
km(J

(t)
km)

⊤ and G̃
(t)
km = diag(G

(t)
km) ∈ Rp×p.

We define another 4-dimensional tensor as K(t) = (K
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤

M) ∈ RK×M×p×p, where K
(t)
km = J̃

(t)
km − G̃

(t)
km ∈ Rp×p. For simplicity, define a 4-

dimensional tensor as P∗(t) = (P∗(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) ∈ RK×M×p×p, where

P∗(t)
km = 1p1

⊤
p N

−1
k π

m(t+1)
(Ik) ∈ Rp×p. Then we can obtain a new 4-dimensional tensor as

K̃(t) = (K̃
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) = K(t) ⊙ P∗(t) ∈ RK×M×p×p. By summarizing

the tensor K̃(t) along the first and second dimensions, we can eventually obtain a

matrix K(t) =
∑K

k=1

∑M
m=1 K̃

(t)
km ∈ Rp×p with straightforward operation as flattening

and dimension transformations. Then, Q2 = (Σ̃(t))⊤K(t)Σ̃(t). Therefore, we have

completed the rewriting of Σ̂(t+1).

Then, we solve the problem of computing Ω̂(t+1). In the (t + 1)th step, we then
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should update the covariance according to equation (3) as

Ω̂(t+1) =K−1

{ K∑
k=1

M∑
m=1

π
m(t+1)
(Ik) Ω̂(t)

(
N−1

k Σ̂(t) + Ω̂(t)
)−1 (

Xk − ν̂(t)
m

) (
Xk − ν̂(t)

m

)⊤
×
(
N−1

k Σ̂(t) + Ω̂(t)
)−1

Ω̂(t) +
K∑
k=1

Ω̂(t)
(
N−1

k Σ̂(t) + Ω̂(t)
)−1

N−1
K Σ̂(t)

}
. (C.3)

By the similar arguments, we can obtain that Ω̂(t+1) = K−1
∑K

k=1

∑M
m=1 π

m(t+1)
(Ik) Qkm,

where Qkm is given as

Qkm =
(
Ω̃(t)

)⊤ [{
N−1

k I+ diag
(
λ(t)
)}−1{(

U(t)
)⊤(

Σ̂(t)
)−1/2(

Xk − ν̂
(t)
m′

)}

×
{(

U(t)
)⊤(

Σ̂(t)
)−1/2(

Xk − ν̂
(t)
m′

)}⊤{
N−1

k I+ diag
(
λ(t)
)}−1

Ω̃(t)

+

{
N−1

k I+ diag
(
λ(t)
)}−1

N−1
K Σ̃(t)

]
,

where Ω̃(t) = (U(t))⊤(Σ̂(t))−1/2Ω̂(t) ∈ Rp×p. Since Ω̂(t) and λ(t) are fixed in the (t+1)th

step, the matrix Ω̃(t) can be repeatedly used in M -step once they are computed. With

the tensors G̃(t) ∈ RK×M×p×p and P∗(t) ∈ RK×M×p×p defined before, we can obtain a

4-dimensional tensor as M(t) = (M
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) = G̃(t) ⊙ P∗(t) ∈

RK×M×p×p. For simplicity, define a 4-dimensional tensor as P(t) = (P
(t)
km : 1 ≤ k ≤

K, 1 ≤ m ≤ M) ∈ RK×M×p×p, where P
(t)
km = 1p1

⊤
p π

m(t+1)
(Ik) ∈ Rp×p. Then, we can

similarly obtain two new 4-dimensional tensors as K̂(t) = (K̂
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤

M) = J̃ (t)⊙P(t) ∈ RK×M×p×p. By summarizing the tensors along the first and second

dimensions, we can eventually obtain matrices M(t) =
∑K

k=1

∑M
m=1M

(t)
km ∈ Rp×p and

K̂(t) =
∑K

k=1

∑M
m=1 K̂

(t)
km ∈ Rp×p with straightforward operation as flattening and

dimension transformations. Then, Ω̂(t+1) = K−1{(Ω̃(t))⊤K̂(t)Ω̃(t) + (Ω̃(t))⊤M(t)Σ̃(t)}.

Finally, we consider how to estimate ν̂
(t+1)
m according to equation (3). We have

ν̂(t+1)
m =

{
K∑
k=1

π
m(t+1)
(Ik)

(
N−1

k Σ̂(t) + Ω̂(t)
)−1
}−1{ K∑

k=1

π
m(t+1)
(Ik)

(
N−1

k Σ̂(t) + Ω̂(t)
)−1

Xk

}
,
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=
(
Σ̂(t)

)1/2
U(t)

[ K∑
k=1

π
m(t+1)
(Ik)

{
N−1

k I+ diag
(
λ(t)
)}−1

]−1

×
[ K∑

k=1

π
m(t+1)
(Ik)

{
N−1

k I+ diag
(
λ(t)
)}−1

X
∗(t)
k

]
.

To compute [
∑K

k=1 π
m(t+1)
(Ik) {N−1

k I + diag(λ(t))}−1]−1, we define a 3-dimensional tensor

as P̃(t) = (P̃
(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤ M) ∈ RK×M×p with P̃

(t)
km = π

m(t+1)
(Ik) 1p ∈

Rp. Then, we can obtain a 3-dimensional tensor R(t) = P̃(t) ⊙ D(t) = (R
(t)
k : 1 ≤

k ≤ K) ∈ RK×M×p. By summarizing the tensor R(t) along the first dimension, we

can obtain a matrix R(t) =
∑K

k=1R
(t)
k ∈ RM×p with straightforward operation as

flattening and dimension transformations. Therefore, we have [
∑K

k=1 π
m(t+1)
(Ik) {N−1

k I +

diag(λ(t))}−1]−1 = (R(t))−1. Similarly, we can compute the term
∑K

k=1 π
m(t+1)
(Ik) {N−1

k I+

diag(λ(t))}−1X
∗(t)
k . Define a 3-dimensional tensor X̃ (t) = (X̃

(t)
km : 1 ≤ k ≤ K, 1 ≤ m ≤

M) ∈ RK×M×p with X̃
(t)
km = X

∗(t)
k ∈ Rp. Then, we can have a new 3-dimensional

tensor Q(t) = R(t) ⊙ X̃ (t) = (Q
(t)
k : 1 ≤ k ≤ K) ∈ RK×M×p. Summarizing the tensor

Q(t) along the first dimension, we can obtain a matrix Q(t) =
∑K

k=1Q
(t)
k ∈ RM×p.

Therefore, we have (ν̂
(t+1)
1 , . . . , ν̂

(t+1)
M )⊤ = (Σ̂(t))1/2U(t)(R(t))−1Q(t). The construction

of the tensor-based EM algorithm has been completed above.

Appendix C.2: The Log-likelihood Function

To derive the tensor formulation of the log-likelihood function, we proceed to de-

compose L
(
θ
)
, which is given in the equation (2), into three parts.

L1

(
θ
)
=− 2−1N log

∣∣Σ∣∣− 2−1K log
∣∣Ω∣∣− K∑

k=1

2−1 log
∣∣NkΣ

−1 +Ω−1
∣∣,

L2

(
θ
)
=

K∑
k=1

log

[ M∑
m=1

αm exp
{
− 2−1

(
Xk − νm

)⊤(
N−1

k Σ+Ω
)−1(

Xk − νm

)}]
,

L3

(
θ
)
=

K∑
i=k

∑
i∈Ik

−2−1
(
Xi −Xk

)⊤
Σ−1

(
Xi −Xk

)
. (C.4)
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Next, we start with the first component L1

(
θ
)
.

L1

(
θ
)
=− 2−1

K∑
k=1

{
Nk log

∣∣Σ∣∣+ log
∣∣Ω∣∣+ log

∣∣NkΣ
−1 +Ω−1

∣∣}
=− 2−1

K∑
k=1

{
(Nk − 1) log

∣∣Σ∣∣+ log
∣∣NkΩ+Σ

∣∣}
=− 2−1

K∑
k=1

{
Nk log

∣∣Σ∣∣+ p log(Nk) + log
∣∣Σ−1/2ΩΣ−1/2 +N−1

k Ip×p

∣∣}.
Recall that we have Σ−1/2ΩΣ−1/2 = Udiag(λ)U⊤ with λ = (λj) ∈ Rp and U =

(U1, . . . ,Up) ∈ Rp×p being an orthogonal matrix. We can calculate log
∣∣Σ−1/2ΩΣ−1/2+

N−1
k Ip×p

∣∣ =∑p
j=1 log(λj +N−1

K ). Therefore, we have

L1

(
θ
)
= −2−1

K∑
k=1

{
Nk log

∣∣Σ∣∣+ p log(Nk) +

p∑
j=1

log(λj +N−1
K )
}
. (C.5)

Then, we can deal with the second component L2

(
θ
)
. Obviously, we have computed(

Xk−νm

)⊤(
N−1

k Σ+Ω
)−1(

Xk−νm

)
as dkm in the E step. By the similar arguments,

we can obtain its implementation. Lastly, we need to compute L3

(
θ
)
. Recall that

the design matrix X ∈ RN×p, the one-hot type response matrix Y ∈ RN×K and the

class mean martrix X = (X1, . . . ,XK)
⊤ ∈ RK×p have been defined. We can obtain

L3

(
θ
)
= −2−1tr{(X−YX)Σ−1(X−YX)⊤}.
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APPENDIX D: Group Structures of the Real Dataset

Figure 1: The human-annotated group structure of the dataset with M = 24.
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Figure 2: The GGM-discovered group structure of the dataset with M = 24. Those
incorrectly identified ones are highlighted with italic and bold.
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