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APPENDIX A
Appendix A.1: Proof of the Log-Likelihood Function

In this section, we prove the equation (2) in Section 2.2. It is worth noting that
X(z,)s with different class labels k are independent. Then, we have fo(X|Y,B) =
P(X|Y,B) = Hszl P(X(7,)|Y(z,),B). Recall that ¢,,, a(-) is the probability density
function of the random mean vector p,, given Y; = k and Z; = m. Additionally,
G,z () is the probability density function of X, given Y; = k, Z; = m and piy,.
Since X;s with different is are independently generated, conditional on Y; = k, Z; = m,

and B, the conditional likelihood function can be proved as

K

M
fo(X|Y,B) = H{ amP(X@k)
m=1

k=1
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k=1

Yz 7 = m,IB%)}

H Gbpkm,z(Xi)}- (A.1)
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Considering the randomness of the random variable vector set B for (A.1]), we then

compute the marginal likelihood function (A.1]) as

fo(X[¥) ﬁ[Zam J{ T 6% 0000000 i

1€y,

i

k=1

M
ZOém/(2 Nk+1)/2|2|—Nk/2‘Q‘—1/2eXp{_2—1g(ukm)}dukm 7 (A2)

m=1

where g(ptem) = D icz, (Xi = trm) TS X = pm) + (Bhm — Vi) TQ 7 (ko — Vi) =
D ier, (X=X i) 'S Xi— X 3) +91 (em) and g1 (Bkm) = (tom—Vim) " Q" (thiom— Vi) +
Nie(X 1 — priem) "2 (X & — poam ). By a simple calculation, we can prove that gy (pigm) =
(e — 1) "2 (e — ) — T 25 g+ N X0 27 X 41, Q7 y,,, where 3071 =
NeZ7 4+ Q71 and pf = SHNE' X, + Q7 'y,,). Therefore, g(ptem) = (Mrm —
pi) 'S0 (em — 13) + M(X(z)), where h(X(z)) = Yiez X 27X + v, Q7 'y, —

w35 . Combining the result with (A.2)), the following equation can be given as

K

foX|Y) =T]

P exp { - Q_Ih(Xczw)}
k=1

/ (2m) |z eXp{ =27 (g — 17) " (1 — u?;)}dukm :

M
> (2m) s e s

m=1

(A.3)

Since the integral part in (A.3)) results in 1, we then have fo(X[|Y) = Hk 1[Zm | O
(2m)~PNe/2| 3|~ Ne/2| Q| 71285 |2 exp{—2"'h(X(z,))}]. Therefore, the simplified log-
likelihood function can be obtained by taking the logarithm of fo(X|Y") and discarding

the irrelevant constant, as shown in the following.

K
L(0) = log {fe(XIY)} — —27'Nlog |8 - 27 K log |2 = 3 27 log =7 |+
k=
K M 1
S i [ {2 (S gt ) |
k=1 m=1 lGIk

Next, with simple rearrangement, we can obtain the log-likelihood function given in

equation (2).



Appendix A.2: The Derivation of the Mapping Functions

The conclusion about the first order derivative can be proved in a total of three
steps. In the first step, we should start with a careful calculation of the first order
derivative. Next, in the second step, a mapping function can be obtained with the
gradient condition /J(éMLE) = 0. In the last step, we can compute the expectation

and the covariance of £(6).

STEP 1. Following Boldea and Magnus| (2009), the first order derivative can be

computed by using differentiation. Recall that
K
L(6) =—2"'Nlog|%| —27'Klog|Q] - > 27 'log |} ']
k=1
K M
+) log ( > amexp { —~ 2—1{ S (X - X)) =YX - X))
k=1 m=1

€Ty

- (Yk — I/m)T(Nk_lE + Q)_l(fk — I/m) }} ) ,
where 377! = N, 271 + QL. Therefore, the derivative of £(8) can be given by
dL(0) = ALy (6) + dLs(0) + dLs(8) + dLa(6), (A4)

where d£,(8) = —27'Ndlog ||, dLs(0) = —27' Kdlog ||, dLs(8) = — 1 27 dlog |
S5, dLa(8) = o5, dlog (Yo, k), and Ty = i exp[=27{ Y g, (Xi—X) T2
(X = X0) + (X = va) (N2 + Q)X — v},

By a straightforward matrix derivative calculation (Boldea and Magnus| [2009),
we can obtain that d,(0) = —27INtr(Z71dX) = —27'N{vec(X1)} "Ddvech(X)
and dLy(0) = —27'Ktr(Q271dQ) = -2 K{vec(27!)} "Ddvech(2). We next con-
sider dC3(0) = Y1, 27 dlog|3}|, where 3} = Q(N,'S + Q)" 1(N;'2). We have
dlog |25 = dlog ||+dlog | N, 'E|—dlog | N, 'E+Q| = tr[{ Q1 — (N, 'Z+Q) 1 }dQ]+



tr[{S7! — N, YN, 'S + Q)71}dX]. Therefore, it can be verified that

dLs(6 Zvec{ - (N'Z+Q) 1}Tdeech(ﬂ)

-
+2° Zvec{ TN (V=4 9) ) Ddveeh(s),
We next study dL4(0) = Sor_, dlog(>-M_, 7u), where

M M M
dlog(Zka) :ZAjT—mk: T—dlongk—ZW dlogrmk

m=1 m=1 Zm’:l Tm'k m=1 Zm =1 Tm'k m=1

Note that 7(7, ) = (Z%Zl Tok) Tk can be written as

- [am exp{ =2 (Ko=) (N2 2) 7 (K- w,) }}

. Lﬁ_l onexp{ =27 (Ki =) (NS 4+ 2) (K — 1) }} B

Next, we study dL4(0) = Z,le Z%zl w@k)dlog Tmk- Lo this end, we compute d log 7,1, =
leg Oém—2_1 ZiEZk (Xi—fk)Td(E_l)(Xi—fk)—2_1d(7k—um)T(Nk’12+Q)_1(Yk—
V). Next, the first term is given by dloga,, = o, 'da,, with 1 < m < M — 1, and

dlogay = — S M1 =M~ o)~ day,. The second term can be given as

2713 (X, - X)) (2T (X - X)

i€y
=271 (X - X)) 2 7(D) S TN(X; - X)
=
-
:2*1tr< Z cikc;dZ) =21 {vec( Z cikc;> } Ddvech(X),
i€y, 1€y

where ¢;, = X71(X; — X ). We then compute the last term of dlog 7,,,;, as

— 2 U(X, - v) (NS4 Q) (X — )

-1

—2 (X — ) (N'2+Q) N2+ Q) (V'S 4+ 9) T (X —v)



+ (Yk — I/m)T(Nk_lE - Q)_ldl/m

b dv,, + (2Nk)‘1tr(bkmb,jmdz) + 2—1tr(bkmb,;rmdﬂ>
T T
_bT AU, + (QNk>1{vec (bkmb2m> } Ddvech(X) + 2_1{V6C (bkmb;—m> } Ddvech(€2),

where by, = (N, ' +Q)~}(X};, —v,,). By combing the analytical results of the above

three terms, we can obtain that

.
d10g Ty =0 ety + by dvy, + 27 {vec (brnbL.n) } Dvech(€2)

-
+ 2—1{vec< Z cikc;) + N 'vec <bkmb;—m> } Ddvech(X),

1€Ty

where 1 < m < M — 1. Similarly, we can obtain dlog 7. by replacing o 'da,, with
= oo (1= Xy ) o,
Combing the above results, we can evaluate d£(6) = dL,(0) + dL5(0) + dL3(6) +

S ST (7, 10g Ty as follows. We then have dL(6) = Lo(0)Tda+L,(0) dv+
Lo(0)TdQ + Lx(0)TdX, where

. K M K
EQ(O):ZZW&C)&W Zﬁlk)bklv" ZWIk)b :
k=1

K M
Lo(0) =2 1ZZW(IIOD [Vec(bkmbkm —vec{(N;'E + Q) 1}}

k=1 m=1
K M
L5(0) =271 Z Z mz, D' {vec( Z cikc;) + vec (N,;lbkmb;m) }

k=1 m=1 €Ty

K
—2’1Z(Nk—1)D Vec —2 ZD Vec{ N 12—|—Q) 1}.
k=1
Here, a,, = ale,, eRM for 1<m < M — 1, apy = —(1 — Z,f‘f_l Q) "1, where e,

denotes the mth column of the identity matrix I. Therefore, we computed the result

for the first-order derivative of £(0).

STEP 2. Consequently, we should have a gradient condition as E(éMLE) = 0.
This suggests a set of estimation equations for parameters (i.e., a,,s, Vs,  and X),

bt



respectively. By setting ﬁa(e) = 0, which can be rewritten as

g

-1

K K
_ M ~
k=1

k=1 1

3
I

For each a,, with 1 < m < M — 1, we have o, = (Z,I::l U )(Zle ng)a_l)’l.
Since z _1 0y = 1, we have Zk 1 75\4 )aM = K. Therefore, we can obtain &, yrg =
For (Oyip) for 1 < m < M — 1 as Fu, (8) = K (zkzl wgk)). Let £,,(6) = 0.

Then, we have Uy mie = Fu, (§MLE) with 1 < m/ < M, where

{Zw@< NIT Q) 1}1 {iwg;) (M= + Q)_lm} .

Next, we compute Lo (0) = 0 as

M
2—1DTvec[Z Sl b, — > (NS 4 Q)—l] —0.

K K
k=1 m=1 k=1

Subsequently, the mapping function can be obtained by calculating Zk (N, N'S +

Q)=S0 M W(Ik)bkmbkm- Since the matrices N, 'Y and Q are invertible, we
have (N,'Z 4+ Q)! = Q71 - Q'3Q7! 3 = Q(N'S + Q)7'N. 'S, and the
equation as KQ = S0 S 450 M 7 Qbkmb Q. Thus, we have Qyip =
fQ(HMLE) as

K M
Fa(6) :Kl{ SN A (NS 4 Q) (K- w)
x (Xp—vn) (N'E+Q)° Q+ZE }
Then, the condition L£x(6) = 0 can be written as

K M
0 =2 1D Tvec {Z > w?}k)( RS Nk—lbkmb,fm)

k=1 m=1 i€Ty,

- ZK: (N, — 1)z~ — ZK: NN + Q)‘l] ,



which is same to calculate the following equation

M
(N - K)% E{ZZW@ (Zcmck+N 1bkmbrm>

K
k=1 m=1 ’LEIk

K
- YNNS4 Q) 1]2.

k=1

Therefore, we have iMLE = fz(é\MLE) as

> (Nk—lzjua)lz}]).

By this point, we have derived the analytical form of mapping functions for iterative
parameter estimation as well as the posterior probabilities. This completes the proof

of the mapping functions in equation (3).

STEP 3. Lastly, the expectation and variance of the first order derivative of £(8)
can be obtained. To this end, we start with verifying that E{£(0)} = 0. For L(8), we
can compute E{Lq(0)} = 3}, Zi\n/lzl E{nr,)tom = Zk 1 Zm | OmQm = 0. Then,
we should calculate E{L,(8)} = (E{> K bty E{>F T b }) T Tt can
be obtained that E{> r T b} = S8 EE{1(Z = m)b.. 1 Xz, Yiz,)}]) =
S BE(X k= | Zk = m)(N, 'S+ Q)L Since E(Xj—vp|Z, =m) = [ B(X;—
Bim + Bkm — Vm|Ze = M, Pim) O, 2 (Bkm ) Ak = 0, we have E{EV(H) = 0. The
technical details for proving both E{Lq(0)} and E{Lx(0)} are similar. Compara-
tively speaking, the proof of E{Lx(6)} is more complicated. Thus, we provide the
proof details for E{Ls(0)} only. The proof for E{Lq(0)} is omitted to save space.
Recall that

K M
=91 Z Z ﬂ(”}k)DT {vec( Z cikc;) + vec (Nk_lbkmb;m) }

k=1 m=1 i€Ty,



K
(Ne = 1)DTvec(27") =271 ) DTvec{N,;l(N,;lz + Q)l}.

k=1

—9-1

I

We can similarly prove the expectation of the first part of L£x(6) as 27! Zszl an\le [T

D' E{vec(} ;7 cirCy) + vec(N, 'bybl V| Zy = m}. To address this, we need to
compute E{vec(} .z circl)|Z, = m} and E{vec(N, 'brmb] )| Z; = m} separately.
We have E{vec(} .z, civCp )| Zy =m} = D ieT, vec STE{(Xi— X 1) (Xi—X i) | 2 =
m}E~ = (N, — 1)vec(E1). We then compute E{vec(N, 'by,b; )|Z; = m} = vec]
NANE+Q) T E{( X — ) (X =) T Z = mH (N S+ Q)71 = vec{ N, (N

¥ + Q)~'}. Therefore, based on the above results, we can verify that £{Ls(0)} = 0.

Next, we compute the covariance of £(8). Since E{£(8)} = 0, we have cov{£(8)} =
E{L(O)LT(0)} =T € R, where T'y; = E{L,(0)L.(8)} € RM-DxM-1) ), —
(Tagmymy) = E{L,(0)L](8)} € RMP*MP <yith Tgy,n1m, € RP*P for 1 < my, my < M,
T3 = E{Lq(0)L5(0)} € RPCHIZE and Tyy = E{Lx(0)L5(0)} x {p(p +
1)/2}. The off-diagonal block matrices are given by I'j; = I'J; = (T2, ..., o) =
E{Lo(0)L](6)} € RM-DXMp with T',,, € RM-DP and 1 <m < M, T'13=T3, =
E{L(0)L(8)} € RM-Dx{pt1)/2} T\ =TT = E{L,(0)L%(0)} € RM-Dx{plp+1)/2}
and Ty3 = Ty = (Thyy.....Toy)’ = E{L,(0)LH(0)} € RMppeD/2} | with
Dys, € ROXPEED/Z and 1 < m < M, and Ty = T, = (Tg,,,...,T )" =
E{L,(0)Ls(0)} € RMPprt1/2} with Tyy,, € RP¥PEHD/2 and Ty, = T, =
E{La(0)L%(0)} € RIPPTD/2} 5 RIPPHD/2E WWe first compute T'yy = E{(3 1, S3M
W&k)&m)(zgzl M W@;/)&m')}' Since individuals from different classes are inde-

pendent, it can be proved that fozl F?%k)am is independent with 2%21 U

) Qo for

k # k'. Then, we can obtain

K M M

Fll = Z Z Z E(W&k)ﬂg;))&m&;,

k=1 m=1m/=1

Then, we calculate I'ys by decomposing it as a set of block matrices as I'y2 yn,m,s for 1 <
my, me < M. Accordingly, we compute I's2 1y m, = 215:1 E(W?%;)ng)bkmlbgmg)- Next,
we study T'gs = 471 08 E{ (Xy Ty DT [vec(brmby,,) — vec{ (N 'S + Q)7'}])

8



(ZM m )DT [vec(brm by, ) — vec{(N, "2 + Q)7'}]) } We then obtain that

m’ 17T(Z

( Z 77D Vec(bkmbkm)) {DTvec{ (N'S + Q)_l}] T}
0D " E{ ve(bymb],, )| Z = m } {Vec{ (N'S + Q)l}} D

We then obtain T'gg = 4713, 3700 S0 DT Erf w  {vec(Drmby,,) Hvee(Bim
L) D=4 DTvec{(N;'£+Q) "1} [vee{(N;'S+0Q)1}] ' D. By the similar

arguments, I'y, can be given as
K T
Ty=—4" ZDT [Nkzvec{(]\fklz + Q)_l}vec{( N'® + Q) 1} }
K M M
+27 ZDT{ N, -1 (e }D+4 > Y p'E
k= =

1m

X {Nklvec (bkmb;m> } {N vec (bkm/bkm ] D.

Next, we focus on computing the off-diagonal matrices. By decomposing I'15 =

7T(Ilc )

(T'12,1,--.,T12.m), we can compute I'ya,, = Zk ) E{(Z ,” 17TIk)am )(T?%k)b;m)} =
DT D oy E(m7, ?%;)b,;rm) Similar calculation leads to I';3 = E{(Zf_l M
@) (271 Yy Sl D [vee(bunbl,,) = vee{ (NS + @) 71})) '}, which

can be verified as

K M M T
P =27 3050 Y @i e (butl) ) [0,

K M M T
Ly=27" 3 3 @B, ){vec<N,;1bkm/b;m,)} ]D.

Write Tos = (T34, ..., 334,) . where T3, = cov(L,,,(6), La(8)). Since we have



proved E{3 1, W@k)b;m = 0, it can be verified that

.
e )bkm{vec (Brnbl ) } ] D.

By similar technique, we have Tyy = (I'g,,,..., T3, /)", where

K M
I‘23’m:27IZZE T

k=1 m/=1

K M
Toum=2"> Y E

k=1 m/=1

T
et o (5 it ) | |

Subsequently, we can also compute I'34 as
K T
[y =—47"1 Z D' [Nk_lvec{ (N,;lz: + Q)fl}vec{(Nlﬁ_lE + ﬂ)fl} ]D
-
Y k)ﬂ'(%;) {Vec (bkmkam> } {Nklvec (bkm/b;{rm) } ] D.

In conclusion, we compute the first derivative of the log-likelihood function and

then obtain the mapping function needed in the EM algorithm. The expectation and

covariance of the first derivation are also calculated for the following theorem.
Appendix A.3: The Derivation of £(8) and its Expectation

We consider computing the second derivatives of £(0), followed by a subsequent

calculation of their expectations.

STEP 1. We begin with computing E(G) by derivative. By decomposing £(0) as
(A.4)), the second derivative of £(6) can be given by

d*L(0) = d*L1(0) + d*Ly(0) + d*L3(0) + d*L4(6),

whose terms can be computed separately. Recall that d£,(0) = —27'Ntr(X~1dX). We
then have d2£,(6) = —2'Ntr{d(£")dE} = 27 ' Ntr{S1d(2)S'dS}. By relevant

10



simple matrix calculation, we can obtain

£1(6) = 27 N{ dvech () }TDT (= @z )D{dvecn(z)}.  (A5)
Since dL5(6) = —2-LKtr(2-1dQ), we similarly have

L(6) = 27 K { dvech (12) }TDT ('@ )D{dvecn(2)}.  (A0)

Next, we need to calculate d2L3(8), where dCs(8) = 271 S0 [tr{Q~! — (N,'Z +
Q)L dQ} +tr{Z = NoY(NT'E 4+ Q)7 1d3}]. We have d2L3(0) = -2 S0 [tr{Q~!
d(Q)Q71(Q)— (N, 'Z+Q)"H(N, ' S+Q) (N, 'Z+0) LdQ}+tr{Z ()2 1d(2) -
N UNT'E + Q)7 U(N'E + Q)(N, 'S + Q) 1dX}]. Thus, it can be rewritten as

K
d*L3(0) = — 27" [{dvech } DT{sr1 Q" - (N'2+Q)"
k=1

@ (N;'S + )" [ Ddvech(€2) + { dvech (%) }TDT{zl S

-1

~NE(V'E42) T @ (NS + Q) P Ddvech (X)) — {dvech (%) }TDT

-1

AN (V'R 0) @ (NS4 Q) | Ddvech(€)

~ {aveen(92) }TDT{N;(N;E +Q) e (NS Q)l}deeCh(E)] .

(A7)

As £4(0) = Zk | log (Zm 17'mk,> the calculation of d?£4(0) can be proved as

2 = 2 - = _, d? Tmk 1 ATk
CLy(6) =D d’log | > Tk | = Z
k=1 m=1 k=1 m’ 1 Tm'k > =1 Trlk
K
-y {

k=1

Ms
M:

7r {d longk—i—(dlongk } (

1 m=1

(z,)dlog ka> 2] , (A.8)

3
I

To this end, we need to calculate the derivative of each term of dlog 7, where
dlog i = a; tday,+b] dv,+27{vec(by,b m)}Tdeech(ﬂ)—{—Q*l{vec(Ziezk cinCyr )+
N, 'vec(bgmby,,)} "Ddvech(X). The first term can be obtained simply as d(a;,!)da,, =

11



—d(a)a;2d(y,). The second term d(bgy,) " dvy, = {d( X y—vm)} T (N ' 2+Q) Ldy,, +
(X — V) "d{(N'Z + Q) vy, = —(dv,) (NS + Q) ldy,, — b d(N'S +
Q) (N 'Z+Q) Yy, = —(dv,) T (N, 'Z+Q)Ldy,, —{dvech(Q)} T DT {b,,, @ (N, ' 2+
Q) }dv,, — {dvech(2)} T D {by,, @ N, /(N 'S + Q) "' }dv,,. Next, the third term of
dlog Tk, 27 {dvec(brmby, )} " Ddvech(2) can be verified as

.
2~ dvec(binbl,,) } Divech(2)
.
__ [Vec{ (N'S+ Q) 'dubl, + (NS 4+ Q) Hd(N'S + Q)bkmb;m}}

x Ddvech (2

)
~ () {bf, ® (N;'S + Q)" | Ddvech (€2)

= {dvech(n) }TDT{ (Bmb,,) © (N'S + ©) ™ }Ddvech ()
~ {avee(x) }TDT{ (Brmb},) @ N (N 'S + ) ' | Ddvech ().

Lastly, the fourth term can be computed as follows

21 [Z vec{d(cikc;k) } + Nk,_lvec{d(bkmbgm) }} TDalvech(E)

1€Ty

== N (dvn) {bl, © (V'S + 9) 7 [ Davech (3) — N {dveeh(€2) }TDT
% { (brmbl) ® (V'S + Q) ™'} Ddvech (%) — {dvech (= }

)
< {3 (enel) @+ (bnbl,) @ N2(N; 'S+ Q) Ddveeh (%)

1€Ty

Combing above results, we then have

— - T ~ - — -
d2 d2 d2 d2
dox Tkl Tmk12 Tmk,13 Tmk,14 dox
A2 2 A2 2
) dv Tmk21 Tmk22 Tmk23 Tmk24 dv
d”log Ty = — )
d2 d2 d2 d2
dvech(£2) Tmk,31 Tmk32 Tmk33 Tmk34 dvech(£2)
A2 2 A2 2
dvech(X) Tmkdl Tmk42 Tmka3 Tmk, 44 dvech(X)

12



where the block matrices located on the diagonal are 7%, |, = 0 log Ty /0da’ =

ana) € RM-1)xM-1) T,‘;lfk g = (Tgfkﬂ,mlm) = 0%1og Tpr/0Ov T € RMPXMP with

T2 somm = (N 'E+Q)7F € RPP, and other elements equal to 0, 72 .3 = 9% 1og Ty /
Ovech(Q)dvech(R)T = D {(bunbl,) ® (NJ'S + Q)~1}D € REEH)/2xdpr+n/2),
Togar = 0210g Typ/Ovech(E)dvech(E)T = DT{} 7 (ciney) ® 71 + (bumbl,) ®

NAN'S + Q)71D € RPPe+HD/20dpr+D/2} - and the off-diagonal block matrices

can be calculated as 73 1, = 7031, = 0% log Ty /0dv T = 0 € RM=D>XMp d2 | —
T2l = 0%10g Ty /Ddvech(Q) T = 0 € RM-1)x{p(p+1)/2} T = T = 07 log Ty /

dadvech(X)" = 0 € RM-Dxtp@tl)/2} pds - — 7821 = 82 1og Tk /OVOvech ()T =
{bl @(N 12—1—9) 11D € RMpxptl)/2} pd2 | — 73T = 0%10g Ty /OvOvech ()T
{bl,, N, (N 'Z+Q)"1}D € RMPr@tl/2 and 783 | = 7870 = 0% 1og Tynp/Ovech(£2)
(9vech(2)T =D {(brnb],) @ N, (N 'E + Q)71}D € RipeHD/2bxdp(p+1)/2},

Through matrix multiplication, we can obtain that

— = T ~ - — -
7l d1 d1 d1
do Tmk11 Tmk12 Tmk13  Tmk,14 do
d1 d1 d1 d1
2 dv Tmk21 Tmk22 Tmk23 Tmk24 dv
(d log ka> = )
71 d1 d1 d1
dvech(€2) Tmk31 Tmk32 Tmk33 Tmk34 dvech(€2)
d1 d1 d1 d1
dvech(33) Tmkdl Tmk42 Tmkd3 Tmk,a4 dvech(X)
Al _ o~ =T _dl _ (d2 T
where 70, 1) = Q@ Tk 99 = (T 99.m1my) WIth T 59 e = bremby,,, and other ele-

ments equal to 0, T, 33 = 47D {vec(bgmby,,,) Hvec(bemby,,)} D, Tk 4y = 47'D{

VeC(ZieIK circl) + N, vec(bkmbgm)}{vec(zid}{ cincy) + Ny tvec(beyb), )} D, and

: - Fdl_ (pdl d1 AT
the off-diagonal block matrices are Ty 15 = (Trgi2.15 - s Tmkaom) = Trmkor With

di o~ T M-1)xp dl aT T
Toka2m = Omby, € RM=Dxp_ k13 = Tmksl = 2 e, {vec(brmby,,)} ' D, k14 =

qulkll = 2*1&m{ve0(2igK cikcik)+Nl<:_ Vec(bkm )}TD ka 23 = "?ilk 32 = (ngkTQS 1

d1 )

T as ) T with Ty o = 27 b {vec(brmb),,, ) } D, and other elements equal to

( dlT dliT )T _ dlT

0, 7 k 014 = (Trk2a1s -+ s Tok2anr) = Tomkag With T 24,m =271 brm{vec(d ez, CirCiy, )+

N, 'vec(brmby,,)} "D, and other elements equal to 0, and 79} 5, = 75,15 = 471D T {vec(
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bkmb;m)}{veC(ZieIK Cz‘kCiTk) + Nk_lvec(bkmbgm)}TD. Combing the results of (A.5)),
(A.6), and (A.7]), we can obtain

Q2L (0) + d2Lo(8) + d2L4()

—{ dvech () }T [2-1 S D{(N'Z+ Q) e (N + Q)l}D] dvech (€2)

k=1

+ {dvech(E) }T

27! ZK: DT{ (Ne—1)(='ex™)

1

NN Q) e (NS Q)_l}D dvech (X)

+ {avech (%) }T [21 i DTN (NI'Z+0) e (VT Q)‘l}D] dvech(€2)
+ {dvech(22) }T {2—1 i DN (NIE ) @ (NS4 Q)I}D} dvech (X).

According to (A.8)), we can compute the d>£4(0). Therefore, d*£(6) can be proved as

_ - T - o - -
do ﬁn ﬁ12 ﬁ13 ﬁ14 do
dv ﬁ21 ﬁ22 ﬁ23 ﬁ24 dv
d*L(6) :
dVGCh(Q) ﬁgl ﬁgg ﬁ33 ﬁ34 dvech(ﬂ)
dVGCh(E) ﬁ41 ﬁ42 ﬁ43 ﬁ44 dVGCh(Z)

where II;; = 82£(0) /0ado” € RM-DxM=1) TL,, = (Tlyym,m,) = 02L(8) /0cdv” €
RMPMP with Tlyy g € RPP for 1 < my, my < M, Ty = 02L(8) /Ovech(£2)dvech ()T
e Rip(+1)/2bx{p(e+1)/2} and ﬁ44 = 0%L(0)/0vech(X)dvech(X) T € R{p(+1)/2}x{p(p+1)/2}
The off-diagonal block matrices are given by ﬁ12 = ﬁ2T1 = (ﬁ1271,...,ﬁ127M) =
02L(0)/0cdvT € RM-DXMp with Ty, € RM-Dx2 and 1 < m < M, I3 = II], =
02L(0) /0advech(Q) T, Ty, = II], = 02L(6)/dadvech(X)T € RM-Dxp@+1)/2} angd
Iy = I, = (I),,...,00;,,)" = 8°£(0)/0vdvech(Q)T € RMP<{pr+D/2} with
I, € RZPEED/2 and 1 < m < M. Additionally, Iy = (II},,,..., 1], )7 =
82L(0) /ovdvech(E)T = II}, € RMPp@+1)/2} with 1/_\1427m € R P +1/2} and Iy, =
14



ﬁIg = 0%L£(0)/0vech(2)dvech(X)T € Rir+D/21x{p(p+1)/2} " The analytical form can

be given in the following.

. K M M T
Ty == (3 7@ ) (X w@n)
k=1 m/=1 m=1
K K
Moo mm = Y 7t (1= 7050 bl — D 73 (N S+ )7,
k=1 k=1
K
Mo my = — Zﬂgi)wgi)bkml b, for my #ms,
k=1

N—
N——
—
)

D' {VGC (bkmb;m> — Z Wg;)vec (bkm/b,:m,> } {vec (bkmbgm
m'=1
— i i Dnggk){ (bkmb;m> ® (N;'S + Q)‘1 }D,

k=1 m=1
K
=2 DT{(Nk S D(ET eI )+ N2(N'S+Q) e (NS + Q)*l}D
k=1
K M M
+473° 5w DT [{N,;lvec (Brmbln ) = D= i vee (N "bubl ) }
k=1 m=1 m/=1

X {vec (Nk_lbkmbgm> }T] D

bkmb;m) (NS'=+0) '+ (Zczkclk> S ou }D

’LEIk

2

|
]~
WE
)
2
3
=
—_—
=
/N

K
ﬁ12,m = Z ( Z Wzk am) km
. K M M T
Z Z ﬂ'?%k)&m{ ec(bkmbkm> - Z Wg;)ve(j(bkm/b,;rm,)} D,

k= =
K M M T
=235 7 {Vec (N "kl ) = D ity vee (N 'brnbl ) } D,
m/=1

k=1 m=1
N K
Ty = = > 7, {0l ® (N,'S+0)7 }D
k=1
K T
+271 Z W@k)bkm{VeC (bkmbkm> Z 7'(' Ik VQC (bkm/bkm ) } D,

15



K
Thoim = = 75 {bL, @ N (N 'S+ 2) 7D

K M T
+271 Zﬂgk)bkm{vec <N,;1bkmkam> - Z WE%;)VGC <N,€1bkm/b,jm,)} D,
k=1 m/=1
K

Tl =27 ZDT{N,;l(N,;lz +Q) @ (NS4 Q)l}D
k=1
M
vee (Vi Binbl, ) = 3 wg;){

K M
e Z Z w@k)DT{vec <bkmb;m) }
T K M
vec <Nk_1bkm/b,;rm/> }] D - Z Z 7T {( lbkmbTm> ® (Nk_lz + Q)l}D
=1m

=1

STEP 2. We consider computing ITV* by evaluating every block matrices E (ﬁjl j2)

separately, for 1 < j;, jo < 4. To begin with, the expectation of ﬁll can be given as

K M M
S ) 3 S C R LA 19

Then, by decomposing Iy mm = Hg;mm — ﬁg?mm, where I} i =K Tz (1 —
W?%k))bkmbT and Hg)mm S Tz (Vi NS+ Q)~! we can compute its expectation
individually. We first study the second term E(II) ) = S E(miz,) (Ny 'S+
Q)~'. Since E(n{z,)) = am, we then have E(1I mm) S am(NTIZ+ Q)7L Sub-
sequently, we need to calculate E( 95 mm) S BE(r( bkm =S E{(r(z ) bim

b;m}’ where E (ng)bkmb;m) can be proved as

E(”&)bkmbgm> =k {E{l(zk =m) bkmb;m‘X(zk)y Y(:@)}}

:amE(bkmb,Im’Zk = m), (A.10)

E(brmbf,| 2y = m) = (N 24+ Q) E{(X i —vn) (X =) | Z = m}(N ' S+Q) 7
and B{(X; — V) (X} — vm) | Z, = m} is given as

B (X = v) (Xic = v) |2 = m}

16



Zk:m}

=N,'S +Q. (A.11)

=K |:{(7k = Mkm + Hem — Vm) (Yk — Mkm + Hkm — Vm)T’Zk =m, ,ukm}

Therefore, F(II 22mm) S (NS -  E{(n( )Qbkm 1 }. By comb-

ing the results above, we can obtain that
K
E(TLas ) = Z E{ ) bkmb;m}. (A.12)
=1
We also can prove that the expectation of ﬁggmlm with 1 <my #my < M is
R K
E(Mamymg) = — E( s bkmlblm) (A.13)
k=1

Next, we consider computing E(IIs3) = E (f[é?)jLE (ﬁ%)) —-FE (ﬁé?), where E (ﬁ%)) =
) =271 300 DT{(N, ' Z+Q) 7 (N, ' £4+Q) D, TIf) = 47 0, 300 7 DT
{vec(bumbin) = Xniey Ty vee(Brm bl ) Hveo(brnbl,,)} D, and Ty = 30, 50
T7TE%€){(bkmbT ) ® (N,'S 4+ Q)~1}D. Similarly as (A.10), (A.11), and (A.12), we
have E(II{)) = SEDH{(NI'Z+ Q)@ (N 'S+ Q)~'ID. Since it can be ver-
ified that E[n(y \{vec(brmby,,) Hvec(brmbf,)} ] = 20, {(N'Z + Q)7 @ (N'Z +
Q) Y +apvec{ (N, 'S+Q) " IvecT{(N,'2+Q) '}, we have E(II)) = 27  E(II) —
gmUy R SM s DTE[W&)W&){Vec(bkmbgm)}{Vec(bkm/bgm,)}T]D. Thus, the

expectation F (ﬁgg) can be proved as

K

E(Tis5) =4~ 1Z:DTV (V=) [Vec{(Nk_lE +Q)1}} D
mi i D'E|} 77 ){Vec (bkmbkm)}{vec (bkm,b,jm/) }T

m/=1
(A.14)

D.

4 12

K
k=1

Then, we consider studying E (ﬁ44). With similar and complex calculation as showed

17



in (A.10)), (A.11), (A.12) and (A.14), we can obtain that

K K
E(My) = — 2" 1ZDT{ (N, — 1) (E‘1®2‘1)}D+4‘1ZDT [N,;Q
k=1 k=1
XVGC{(N,;l +Q) 1}Vec{(Nk12+Q)_l}T}D
K M M
) Z o ){Nklvec@kmbgm)}
k=1 m=1m/=1

T
X {Nk_lvec <bkm’b1—<|;—m/> } ] D. (A15)

Next, we continuing computing the expectations of these off-diagonal block ma-
trices as follows. We first calculate E(ﬁm) = (E(ﬁ12 1),...,E(ﬁ12 M)), where
E(My,,) = B(T,) - E(ILY,,), B(TL),) = 31, & B(rfs, bf,), and E(TT,,) =
SE _y O E(7 7 i b,;rm) It can be proved that E(W?%k)b;—m) = 0, we have
E(ﬁ§2)m) = 0. Therefore, it can be verfied that

E(Ms,,) = —i i G E( T T by ) (A.16)

To evaluate E(ﬁlg) = E(ﬁ%)) — E(ﬁ%)) we compute E(ﬁ%)) SV D DD D
E[W&Lk){vec(bkmbT )} T}D, and E(ng) =27t Zk ) Z Bz, &m{ZM_l Wg/)vec(
brmb;, )} TID, separaterly. Since Y a6, = 0, we then have E(IT(Y) = 271 K |

Zn]\f L@ (N2 + Q)@ (N 'S + Q)71}D = 0. Then, it can be verified that

T

By similar decomposing and calculation, we can obtain that

M M
EH14 = -2 1ZZZam

K
k=1 m=1m/=1

.
e ){Vec<N bkm,bkm)} ]D. (A.18)

Next, we consider computing E(Ilys) = (E(Tlys) T, . .., E(Tlys ) T)T, where E(Tlys,,) =
(1 (2 - -
~B(T),) + E(IL,,) — B(TI),), where B(TIS),) = S5 {E(rf% bl,,) @ (N 'S+

18



Q)"D =0, BILY),,) = 27 S0, Elafy b {vec(binb],)} 1D = 0, and B(ILS),) =

PR DT D E[ﬂ?}k)wa)bkm{vec(bkm/bgm,)}T]D. Therefore, we can obtain that

K

M
E(My,)=-2"Y Y E
=1

k=1 m'

.
ﬂgk)wg;)bkm{vec(bkm/b;m,) } ] D. (A.19)

By similar decomposing and calculation, it can verified that F (ﬁ24) = (F (ﬁ2471)T, .

°

E(IIy,)7)T, where

K M

E(Mym)=-2"Y Y E

k=1 m/=1

-
Wf’%k)ﬂ(r%;)bkm{vec (Nk_lbk;m/bl;rm/> } ] D. (A.20)

Following similar calculation (A.10]), (A.11)), (A.12) and (A.14)), we have

K
E(ﬁ34) _ 4! Z DT [Nk_lvec{ (Nk—lz i Q)fl}vec{ (Nk—lE + Q)l}T] D—
k=1 -
D

Wz%k)’ﬂz%;) {Vec (bkmbl—qrm> }{Nk_lvec (bkm/bgm,) } ] . (A.21)

The expectation of E(O) have been gained. Comparing the above results with those
in Appendix A.3, we can verify that E{£(0)} = —cov{L(8)}.

APPENDIX B
Appendix B.1: Proof of Theorem 1

Subsequently, we study the asymptotic form of E(IIS) = SE{£(8)}S = E(ﬁ?m),
for 1 < j1,j2 < 4 under Conditions (C1)-(C5). Next, we will separately demonstrate
the divergence rates of each component as specified in Theorem 1. Particularly, the

matrix I'yy diverges at the rate of IV, and the other matrice diverge at the rate of K.

Lastly, we compute the asymptotic form for £ (ﬁs)

A~

STEP 1. We shall prove the divergence rate of F(IT§,) as an example. According
to (K15), we have B(TI},) = B(ITS,,) + B(I,,) + B([13,,), where B(IT,) =
19



—27INTISR DT{(N, -~ 1)(2 '@ YD, B(I1§,,) = 4 'N"' K DT[N, 2vec{
(Ng ' 24+9) pvec{ (N, 'Z+Q) 7'} T]D, and E(Hi 5) = _4_1N_1Z§:1 Z%ﬂ ZnMuzl
D' E[n 7l {N vec(brmby, ) HIN, 'vec(bymb),, )} T]D. Then, it can be proved
that B(IT§,,) = (2N) (N — K)DT (2! ® - 1)D. Therefore, | E(IT§,,)[|r = O(1),
where ||Al|r denotes the Frobenius norm of the matrix A. Since ||N,'Z|r = o(1),
1277 = O(1) and K = o(N) as N — oo, E(H442) o(1). By a similar argument,
it can be shown that \|E(ﬁ§43)|| r = o(l). With the triangle inequality, we have

IEALE)|F < B, )llr + 1B ,)l|F + | B ,)llF = O(1).

STEP 2. Here, we shall prove that other block matrice diverge at the rate of
K. To begin with, we compute the other on-diagonal matrice of IIS. As demon-
strated in (AJ9), we have E(II§) = —K 'K M ™M E(W@k)ﬂ(zk))&maT
Therefore, || E(TI)||r < | K71 Y20, S0, Yooy @méylle = O(1). With (A13),
we have B(IIS, . .,) = —K ' S0, E(nl: T T8\ Dk B, ) Then, || (T 15, 00, ) |7 <
| K= S E(bgn, b, ) le = O(1). Simﬂarly, we can obtain that E(IIS;) = E(H§3 O+
E(H332) where 1_1331 = 4K~ Zk D Tvec{(N,'E+Q) '} [vec{(N,'=+Q)~ 1}}
TL D DA DD S DTE[wa)w@k){vec<bkmbzm>}{vec(bkmszmm D
Since [|B(TIS, ) l» = O(1) and |E(IS,,)llr = O(1), we then have |E(S,)|r <
||E(ﬁ§31)||p + ||E<ﬁ§32)||p = O(1) by applying the triangle inequality. Next, we
calculate the off-diagonal block matrice of IIS. By similarly arguments and the re-
sults (A.16), (A.17), (A.18), (A.19), (A.20), and mentioned above, we can
prove that [|E(TI%)|r = |E(TS)|r = O(), |EM)|r = IEAE)|r = O(1),
|E@E)Ir = [ETR)]r = 0Q), IEME) | = [E@E)[» = O), BT, =
|E@)||r = O), |EI,) | = | ET)|r = O(1).

STEP 3. Subsequently, we calculate the asymptotic form of £ (f[s) We start with
computing the on-diagonal matrice of £ (ﬁs) As mentioned in the Step 1, E (ﬁi) =
B(IT,, +101%,, + 115, ,), where E(IT, ;) — —2"'DT ('@ =)D, B(I15,,) = o(1),
and E(H443) o(1). Therefore, we have E(Hi) — —2"'D"(Z!'@X7)D = —Tl.

Next, we calculate the asymptotic forms of the other on-diagonal matrices. For

20



A~

E(TIS)), as mentioned infA.9] we have E(IT$,) = —K ! PRAED DD S E(miz,) (Ik))

ana,, with the specific form of T(z,) a8

- [am exp{ =2 (K= 1) (N2 2) 7 (K- w,) }]

-1

[5“1 anrexp { =271 (X = ) (NS + Q)7 (K = i) }}

Therefore, we have E(IIS)) = —K- 'K ™M s™M g [E (W@k)ﬂ?};)‘ﬁ%)] A,
Since samples within the same class are independent and identically distributed with
both mean and variance existing, we can apply Chebyshev’s Law of Large Numbers
to conclude that X, converges in probability to the corresponding class mean Kiz,
with a known B as Ng — oo. Furthermore, since 7r( 7o) Z?%,) < 1 is a bounded and
continuous function of X}, by applying the Portmanteau Lemma, we can conclude

that F < T ™ (1, )|IB%) converges uniformly to £ ( g*)ﬂz%;*) ‘IB%), where

M -1
— [ Z Qs €XP { — 2_1(Mkzk — Vm/)TQ_l (Mkzk — I/;n) }} QU €XP { — 21
m/=1

(ki = vm) @ (s, — vim) }-

Therefore, we have E(ﬁf‘l) - — 27]\::1 an\f,zl E (7??%;7TZ%5) ana), = —II;;, where

— denotes uniform convergence.

For E(H%) the asymptotic forms of E(l—I22 mm) = —K 71 Zk  E{(7(z )Qbkmbkm}
and E(IIS, i) = —K VY B(n Ty T2y Okmy By ) can be obtained. To illustrate
the methodology for deriving these asymptotic forms, we will use the more general part

E(TIS

22, mimao

) as an example. Recall that by, = (N, 'E + Q)"(X} — v,,) € RP. No-
tably, W?ﬁ)w?ﬁ)bkml b,:m constitutes a bounded continuous function of X . This prop-
erty permits application of the Portmanteau Lemma, yielding the conditional expec-
tation convergence E (77 m(7) bim, b.,,|B) = E(m Ty ™ gi;bzmlbz;zmi) where b}, =
Q! (ptez, — V). By utilizing the Law of Total Expectation, we have E(TIS, mama) =
KK R [ (72 7722 By, B, |B)] = B b, i) = Taz .

™ (Z4) ks
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Similarly, it can be verified that E (HS

22, mimao

) — _H22,m,m~

Next, we address E (ﬁ%) =L (ﬁgg) + Eg(ﬁ§3), with the specific forms given as

follows:

By (TI5)) =4K ! iDTvec{( X+ Q) 1} [vec{(Nk_lE + Q)_l}]TD

By (IIS,) = — 4K~ 1222

m=1m

Tty {vee (bembi,,) } {vec (brm by, ) H ] D.

It can be easily verified that El(ﬁ%) — 4D Tvec (271) [vec (21)]" D as Ny — oo.
For Ez(Hgg) we follow a similar procedure as used for E(II,). Specifically, by refor-
mulating the expectation part into a double expectation form conditioned on set B and
leveraging the Law of Large Numbers together with the Portmanteau Lemma, we can
rigorously prove that E [WE’% )7'('27%/ {vec (bemby,,) } {vec (brmby,.) }T} — F [WE’%:)WZ’I‘;*)
{vec (b,,b5),) } {vec (brnb),

km/

)} }, as Ny — oo. Under the given conditions, the

above approach allows us to demonstrate that

M M
Eg(ﬁgg) — 471 Z Z DTE[ T(1)™ {Vec (bkmb*;)} {Vec (bzm,b’,;jn,)}T}D.

m=1m/=1

Therefore, combining the results of E; (H33) and EQ(H33) we can obtain that E(H%)

—1II33, where Il33 is mentioned in Theorem 1, as N, — oo.

Additionally, we consider handling the off-diagonal block matrices. First, we com-
pute E(IIS)) = <E(ﬁ§271), e E(ﬁ%M)> € RM-DxMP "Specifically, the expectation

of II$, . can be rewritten as

E(I,,) =— K™

[M] =
NE
Y
3
ey
/N
B

"i)”&)bzm)
)W?%k)b;—m‘B>] :

With the Law of Large Numbers, it can be verified that X, — Miz, as N — oo.

k

i
g
I

=—K!

(=
(=

=X

3

&5

&5
—

bl
I
I
=
I
I\
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Applying the Portmanteau Lemma, we can show that

B H?Qm Z am/E< Ik)”(zk b*T> = —ILig .

For E(H ), by applying the same methodology, we can obtain that E(H%) =
—(2k) 7 Y ot o &mE{E [W?%k)ﬂ(%;){vec(bkm’bl—crm/)} ‘B} }D - 2713
M &mE{E[W( F(Ik){VGC ,b}ZL,)}T‘B]}D, as N, — o0o. Next, we consider
handling E(ﬁgg) = (E(H§3’1) ,...,E(ﬁ%vM)T)T. With similar process, as N — oo,

it can be verified that

M
- — i m’* * * * T

m/=1
With N, — oo, the asymptotic forms of the off-diagonal matrices related to 3 can
be easily verified as E(IIS,) — 0, E(IIS,) — 0, and E(ﬁBSA) — 0. At this juncture,

we have successfully completed all the necessary proofs for Theorem 1.
Appendix B.2: Proof of Convergence for IT°

In this section, we will demonstrate that IIS = S£ (0) S —, —IT under Conditions

(C1)-(Ch), where the specific form of IT is given in Theorem 1.

Starting with the on-diagonal block matrices, we will proceed by analyzing the
large matrix in block form. As mentioned in Appendix A3, we have obtained the
specific formula of £(0) = II. Firstly, we handle ITS,, which is given by IIS, =
—K-! Zk 1(2 i 7T(Z/ )&m/)(Z%:l W@k)&m)T. Due to the independence among X,
ﬁ% can be viewed as the average of K independent but not necessarily identically dis-
tributed random variables, each with a well-defined mean and finite variance. There-
fore, by applying Chebyshev’s Law of Large Numbers, we can obtain that ﬁ% —P
—K‘lszzl Z%zl M E(ﬂgk)wg;))&m&;,, as K — o0o. Furthermore, consider-
ing that Yk]]B% — Wiz, as N — 00, and given that W?%k)ﬂg;) < 1 is a bounded

and continuous function of X, we can apply the Portmanteau Lemma to conclude
23



that E(mz,,m |IB) — E(mizym E”* | B), as Ny — oo. Combing the above results,

by rewriting E(W(Ik) (% )) as the double expectation form, we have E(m(7, )W(Ik)) =

E\|E(r(z IB%)} IACH )) Therefore, we have

s, - — Z Z E ( me )> G, = —1.

m=1m/=1

Next, we proceed to analyze the convergence properties of ﬁ% According to the

and TIS

calculations in Appendix A.3, we further decompose HS into IIS 59, mym

22,mm
for a detailed analysis. Specifically, IIS, m =KV Tty Ok, — T (N 2+
Q) -K S (W?%k ) bi.b; . By applying Chebyshev’s Law of Large Numbers,
it can be similarly verified that as K — oo,IIS, o =7 K SKE [ng)bkmbll—m —
my (NS + @) = KU B (73,)) Bnbl, |- Recall that B[x, bunbl,,] =
(N 'S + Q)71 as caleulated in Appendix A.3. Therefore, we can obtain that
IS, o =P =K1 S E{E[(W(I )b ‘B}} Since (77, ) bim is a bounded and
continuous function of X, through a similar proof process, we can conclude that

E[( m )2bkmbkm | IB%} — E[(WE’I‘*)) b;, bl | ]B%], as N, — oo, by applying the Port-

manteau Lemma. Consequently, we can conclude that

A~

H§2,mm =P —F [(W(Ik)) b :| = _H22,mm-

Similarly, the asymptotic result for IS =K Zk 17rm1) (Ik)bkmll');n2 can be

22,m1ma
derived in the following
H§2 Jm1mo —P E( glj znz*bkmlbkm2> = _H22,m1m2'

Next, we consider the handling of ﬁ§3 Based on the specific form of Ilss calculated

in the Appendix A.3, we observe that all conditions for applying Chebyshev’s Law of
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Large Numbers are satisfied. Therefore, as K — 0o, we can obtain

S . pTyS -
H33 - H33 1+ H33 o — I35 5,

-1

K
I, = 2K)"' Y D'E { (NI'Z+9Q) o (NS + Q)_l} D,
k=1

K M M
H§‘3 5 =(4K)~ Z Z [ {vec (bkmbkm Z WE%;)VGC (bkm/kam,) }

k=1 m=1 m/=1

« {vee (bunbl,)} ]D,

K M
IR, =K' 32 3D E [a, {(bunbly) © (N, B+ )} D,
k=1 m=1
Clearly, it can be proved that H351 - 271DT ('@ Q1)D as N, — oo. Fol-
lowing the calculation for discussed in Appendix A.3, we have ﬁg?) 9 H33 3 —
T
-2 DT (' @ Q) D+47 "D vec(Q7) {VQC(Q_l)} D—(4K)"' o0 M M
T —
D'E {W@k)wg;){vec(bkmbzm)}{vec(bkm/b,;rm,)} 1D, as Ny — oo. With X;|B —?
Uiz, as Ng — oo, we apply the Portmanteau Lemma to verify [W{”k W@L){Vec(bm
i) H{vee(brmbl)} | = B[ ws {vee (b, i) H{vee (b, bi,) } | Thus, we

can conclude

ﬁ% —P47'D "vec(Q7) {vec (@) }TD

M M
473 ST DT E[r ri {vec (b,bin) } {vec (b1t )} D

m=1m/=1

= — ;.

Similarly, based on the independence among X, from different classes and by applying
Chebyshev’s Law of Large Numbers, we can show that ﬁi %E (ﬁ§4)- Subsequently,
using the results from Appendix B.1 concerning the asymptotic form of F (ﬁi), we
derive that

5, »* 2D (1o =)D = —I,

Next, we consider the analysis of the off-diagonal block matrices. Since X s are
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independent, by applying similar operations as used for the on-diagonal matrices, we

can prove that Hl —P E(ﬁlslm), for 1 < iy < iy <4, as K — oo. Furthermore,

)12

with the detailed asymptotic form of F (HS ), we can obtain that s . —»r —1II,

11,12 1,19 11,12

under Conditions (C1)-(C5).

K M
I SR e 1o
k=1 ’
N K M
k=
K M
]._.[14 = 2_1 Z Z ng)&m {VGC( lbkm )
Ty, = Zw o{bl. e (N'Z+ )7 D
K T
127! ngk)bkm{vec (bembln) Z w7 vec (bkm,b;m,>} D,
k=1
ﬁ24,m = Z Tr(Ik { (N 12 + Q) }D
K T
Z%bkm{vec(mlbkmbzm) -3 e (ot ) |
k=1 m/=1
K
Tl = 2~ 1ZDT{ N'Z4+Q)” 1®(N,;12+Q)1}D
K M M
e Z S o, DT{vec<bkmbkm>} vec(N,;lbkmb;m) -3 wg;){
=1 m=1

m/=1

T K M
VeC<Nk_1bkm/kam,> }] D - Z ZWW% DT{( lbkmbTm> ® (Nk_lz + Q)l}D‘

=1 m=1

[y

3

=

.
( ; vec <bkm/bkm )} D,

/

1

3

Ms

/

.
T Vec<N bkm/bkm>} D,

m/=1

Appendix B.3: Proof of Theorem 2

The theorem conclusion can be proved in two steps. In the first step, we will estab-
lish the consistency of é\MLE. In the second step, we study the asymptotic normality

of é\MLE-

STEP 1. Note that the log-likelihood function £(€) can be shown to be a strictly

concave function in @, as demonstrated in Appendix A. Therefore, if we can show that
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L£(0) has a consistent local maximizer, it must also be a consistent global maximizer.
Recall that the form of @ is given by 8 = (a',v",vech(Q) T, vech(X)")T. Next, we
will show that £(6) has a local minimizer, where the components associated with 3
are v/ N-consistent, while the other components are v/K-consistent. Leveraging the
standardization matrix S, and following the approach outlined in [Fan and Li| (2001)),
the existence of such a local minimizer is guaranteed by the fact that for any arbitrarily

small € > 0, there exists a sufficiently large constant C. such that

N—o0 [l =1

limian{ sup L(0+ C.Su) < L (9)} >1—c. (B.1)
By the Taylor’s expansion of the likelihood function, we have

D, (u) = L (8 + C.Su) — L (6)

_C. {sc’ (9)}T u— %(quT {—st 6) s} w+o([S?r). (B.2)

To begin with, we compute the first-order term of u. Recall that it has been
established in Appendix A and B.1 that E {E(G)} = 0 and Scov {C(G)} S — II
By applying the central limit theorem, it follows that S£ (@) — N(0,TI) as N — oo.
Consequently, with the Cauchy-Schwarz inequality, {SE (0)}Tu can be uniformly
bounded by ||SL ()] = O,(1). Next, we calculate the second-order term. As stated in
Appendix B.2, —=SZ (6)S —, II, which implies that Ay {—SE C) s} ) Amin (ID),
where Apin(A) denotes the minimal eigenvalue of the matrix A. Furthermore, we
have the inequality w {—sﬁ ) S} w > Amin { ~SZ () s} = Auin(IT) + 0,(1). As
a consequence, we have u' {—S/: (9) S} w > 27\, (TT) with probability tending
to one. Thus, for the ¢ mentioned above, we can take a sufficiently large C. such
that supy, -1 £ (0 + C-Su) < L£(6). At this stage, the proof of consistency has been

completed. Additionally, using the specific form of the standardization matrix S, we

can determine the convergence rates for each component.

STEP 2. By applying the Taylor’s expansion to the gradient condition as E(éMLE) =
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0, we obtain

Note that under Conditions (C1)-(C5), it has been established in Appendix B.2 that
IS = S£(8)S —, —IT as N — co. Therefore, we may replace the term S£ (6) with

{—=II+ 0,(1)}. The equation above can then be rewritten as

S (Oyip — 0) = —{si(e)s}_lsﬁ(e) + op(sfl(éMLE - 0))

— II'S£() + 0p<S_1(§MLE)>.

As verified in Step 1, §MLE is a consistent estimator with a divergence rate of order
O,(vecdiag(S™)), where vecdiag(S™") denotes the vector formed by the on-diagonal
elements of the diagonal matrix S~!. Furthermore, it is also shown in Step 1 that

SL () — N(0,II). Applying Slutsky’s theorem, we then conclude
S (Ovie — 0) =4 N (0,111,
This completes the derivation of the asymptotic properties of §MLE in Appendix B.3.
APPENDIX C
Appendix C.1: A Tensor-based EM Algorithm
The E-Step

Recall that X = (X7, ..., Xy)' € RV*? is the design matrix. Next, define a one-
hot type response matrix Y = (Vj;,) € RV*E where Yj, = I(Y; = k). Note that Y
is of an extremely sparse structure. Therefore, it can be stored in a sparse matrix
form to save memory. Define Y = Y 1y € RE and 1y = (1,...,1)T € RY. We
then have X = [(XTY){diag(Y)} '] = (X1,..., Xk)" € RE*P| where diag(A)
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denotes the diagonal matrix formed from the vector A. We next consider how to
execute the expectation step (3) in a computationally more efficient way. Let ) =
@0, .. al) | vech(ZO)T vech(QW)T oOT . 5T € RY be the parameter ob-
tained in the tth step. In the (¢ + 1)th step, we then should update the posterior

probability according to equation (4) as

~

To this end, we find that the high dimensional matrices (N, 'S® 4 Q®) needs to be

inverted for a total of K times in ((C.1J).

This is obviously computationally inefficient. To fix the problem, we re-write dgil =

(X — 2N T (N0 4 Q0)1(X), — D) as

m

_ T _ 3 1
dio, :{@(t)) W(E—:?,Sj?)} {leln(fz(ﬂ) Wﬁm(i(w) 1/2}

where (£(0))~12Q0(20)~1/2 = UOdiag(A®)(UD)T with A = (\Y) € R? and
U® = U, ... U") € RP? being an orthogonal matrix. Note that both the ma-
trices ()2 and the eigenvalue decomposition {U®, A®} do not depend on the
class label k. Therefore, once they are computed, they can be repeatedly used for
every 1 < k < K in the (¢ 4+ 1)th step. That leads to a significant reduction in
computational cost. More specifically, define Yz(t) = (U T(EO)-1/2X, and D) =
(U T(E®)=1/258)  We next define two 3-dimensional tensors as D) = (D,(;L 1<
k< K,1<m< M)eREM with DY = X\ — 5l ¢ Re and D*® = (D} .
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1<k<K1<m<M)e REXMXp with DZS? = Yz(t) — ﬁ;ft) € RP. Define another
3-dimensional tensor as G = (G,(f,)n 1<k < K1 <m< M) e REXMXP with
G,(fr)n ={(N;'+ )\g»t))_l :1 < j <p} € RP. We then can obtain another 3-dimensional
tensor as H® = (H,(CQL 1<E<K1<m<M)=DWaegheD0 ¢ REXMxp,
where ® stands for the component-wise product. It follows then d,(: = 1TH (t) in

3.

The M -Step

Next, we consider rewriting the algorithm of the M-step into a tensor-based format.
Recall that 5@, Q®. &) and Y with 1 < m < M are the estimators obtained in
the tth step. We begin with computing att for 1 <m < M. According to equation
(3), aut = KY(0K, Tz,) with 1 < m < M. Define H = (WE’ILS)H)) € REXM
as the matrix of posterior possibilities obtained in the (¢ 4+ 1)th step. Then, we can

calculate (@t .. alt"l) = K-11LH®. We next consider how to compute 3¢+,

By equation (3), the S can be decomposed and calculated as

B - (Z > Ty [Z (X - X0) (X - X)) +

k=1 m=1 €Ly

~

NH{s0 (N,;lim + ﬁ“))_l (X = 0) (X - 0) " (N'S0 + ﬁ“))_l 5
N ~ ~ -1 ~ B
-® (N,fz:(t) - Q(t)> 2“)}D = (N-K) " (Qi+Qy),
where Q= Y (Xi — Xy,) (Xi — Xv)
m —19 AN p— -~ ~ -~ T
and Q, = Z Z Ny s s { (N 150 4 Q(t)> (X —o0) (X, — D) x
k=1 m=1

(N,;li“)Jrﬁ(f))_l—(N S +Q(t> l}g(w’

We should start with Q; = SN (X, — Xy )(X; — Xy,)T = (X-YX)T (X - YX). We

~

next consider Q,. Recall that (£0)~12Q®0(£1)-1/2 = UOdiag(A®)(U®)T. Then,
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the computation of Qs can be simplified as Qy = Zle 2%21 N,;%?ILSH)Q%m with

Qo = (2 : N 'T + diag(A® B u® ! S e Yk_l//\r(,?
(=) a0 (u) (2) T (Ke-w)
T, N—=1/2 T -1
x {(U<t>> (2(t>) (Xk—ﬁg)} {Nk11+diag<)\(t))}

-1
— {Nkll + diag()\(t))} f)(t),

where £ = (UM)T(ZM)1/2 ¢ RP?. Since £ and A® are fixed in the (¢ + 1)th

step, the matrix >® can be repeatedly used in M-step once they are computed.

Recall that D*®) = (D,:S? 1< k< K1<m< M) e REMP with D,:Si) =
XY o e R and g0 = (G 11 <k < K, 1 <m < M) e REM® with
G,(CQL = {(N;' + )\g-t))_l 11 <j <p} e RP. We then can obtain another 3-dimensional
tensor as J® = (J,E,f,)1 1 <k<K1<m<M) =gheDW® ¢ REXMxP where
JD — NS + diag(A) D} H{(UO)T(£0)-1/2(X,, — 5Y))} € RP. Next, we consider
expanding J® into 4-dimensional tensors J® = (jg?n 1<kE<K1<m<M)Ee

REXMxpxp and GO into 4-dimensional tensors G — (é,(;)n 1 <kE<K1<m<

M) € REM22 where J1) € R = JU (!

m\* km

)T and é;?n = diag(G,(fg@) € Rpx?,
We define another 4-dimensional tensor as ) = (K,(;L 1 < kE< K 1<m¢<
M) € REXMxpxp where K,(QL = j,(:?; - é,(ﬁiil € RP*P. For simplicity, define a 4-
dimensional tensor as P*®) = (P,:ffl) 1 <k< K, 1<m< M) e REMPP where
73,:7(7? = 1p1; N, lﬂgit)ﬂ) € RP*P. Then we can obtain a new 4-dimensional tensor as
KO = (f{;?n 1<kE<K1<m<M)= KO @ Pt ¢ REXMxpxp, By summarizing
the tensor K® along the first and second dimensions, we can eventually obtain a
matrix K& = Zszl Zn]\le f{,(f; € RP*P with straightforward operation as flattening

and dimension transformations. Then, Q, = (Z®)TK®X®  Therefore, we have

completed the rewriting of S+,

Then, we solve the problem of computing QD In the (t + 1)th step, we then
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should update the covariance according to equation (3) as

60 it 303 a0 (N80 4 80) (R, o) (e 74)

k=1 m=1

-1

y (Nk_1§(t)+ﬁ(t)>7 ﬁt)+ZQt)( N-Is(®) +Qt)> nglf](t)}. (C.3)
k=1

By the similar arguments, we can obtain that Q) = K1 SEsM m(tH)ka,

where Qy,, is given as

Qu = <§(t>>T [{Nk11—|—diag(A(t))}_l{(U(t))T(i(t)> 1/2<Xk - f,?)}

-1

T N-1/2 T -
(o) (20) (x5 {N,;Hdiag(m} o

-1
—|—{Nk_11+diag(/\(t))} N'=O|

where Q) = (UM T(Z1)=1/2Q0) ¢ RP*?. Since QO and A® are fixed in the (£+1)th
step, the matrix Q® can be repeatedly used in M-step once they are computed. With
the tensors G) € REXMxpxp and P*(t) ¢ REXMxpxp defined before, we can obtain a
4-dimensional tensor as M® = (1\/I§:n)1 1 <E<K1<m<M)= G o Pt ¢
REXMxpxp — For simplicity, define a 4-dimensional tensor as P = (P,(f?z1 1 <k <
K, 1 <m < M) € REXMxpxp - where P/,(Q1 = 1p1;7rgit)+1) € RP*P. Then, we can
similarly obtain two new 4-dimensional tensors as Ko = (f{,(f,L 1<kE<K,1<m<
M) =J0ePO ¢ REXMxpxp By summarizing the tensors along the first and second
dimensions, we can eventually obtain matrices M® Ek 1 Zm 1 M(t e RP*P and
= Zszl 27]‘714:1 K,(f?il € RP*P with straightforward operation as flattening and
dimension transformations. Then, Q) = K-1{(Q®)TKOOQ® 4+ (QO)TMOEO},

Finally, we consider how to estimate D according to equation (3). We have

K . N -1 ! K ~ -1__
R P R R R P !
k=1

k=1
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o N1/2 —17!
_ m(t+1) f o :
—(20) v > { ml N T+ diag(A©) | }
K _1 ’
[ E g(t)ﬂ { N+ dlag()\ ))} X,:( )} )
k=

1

To compute [Zk L 7r t+1 {N T+ diag(A®)} )71, we define a 3-dimensional tensor

RP. Then, we can obtain a 3-dimensional tensor R® = PO o DO = (R,(C) 1<
k < K) € REXMxp - By summarizing the tensor R® along the first dimension, we

can obtain a matrix R®) = Zszl R,(:) € RM*P with straightforward operation as

flattening and dimension transformations. Therefore, we have [ 1 ﬂggﬂ){]\f P S

diag(A®)}~1]~! = (R®)~!. Similarly, we can compute the term Y ¢, WZS)H){N,;lI—F
diag()\(t))}_lf,:(t). Define a 3-dimensional tensor X® = (:)EEQL 1<E<K 1<m<

*(t)

M) € REXM*P with 35,&?1 = X, € RP. Then, we can have a new 3-dimensional

tensor Q) = R @ X = (Q,(f) 11 <k < K) e REXMXP Summarizing the tensor

QM along the first dimension, we can obtain a matrix Q) = Zszl Q,(f) € RMxp,
Therefore, we have (2", plIiPNT = (Z0)120OR®)-1Q®. The construction

of the tensor-based EM algorithm has been completed above.
Appendix C.2: The Log-likelihood Function

To derive the tensor formulation of the log-likelihood function, we proceed to de-

compose E(O), which is given in the equation (2), into three parts.

K
£1(0) =—27'Nlog|Z| —27'Klog|Q = > 27 'log [N, =" + 7',

k=1

:ilog {iamexp{ — 271(7;C —um)T(N,;lerQ)_l(Yk — l/m)}‘|7

ZZ X - X)) =X - X)), (C.4)

i=k ’LGIk
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Next, we start with the first component £, (0)

K
[,1(0) =—2! Z {Nk log |§J{ + log {Q’ + log ’NkE_l + Q_l‘}

B
Il
—

=921

™)~

{(N;,C —1)log | 3| +log‘NkQ+E‘}

£
Il
—

=—2!

]~

{Nk log |3 + plog(Ny) + log |22 4 Ny 'L, | }

e
Il
—

Recall that we have 37120312 = Udiag(A)U" with A = ();) € R? and U =

(Ui, ...,U,) € RP*P being an orthogonal matrix. We can calculate log |3~/2Q% /24

N | = i1 log (A + N;1). Therefore, we have
K P
L1(0) =-27")" {Nk log | =] + plog(Ni) + > log(A; + Ngl)}. (C.5)
k=1 j=1

Then, we can deal with the second component Lo (0) Obviously, we have computed
(Yk — ym)T (Nk_lE + Q) - (Yk — um) as dy,, in the E step. By the similar arguments,
we can obtain its implementation. Lastly, we need to compute L3 (0) Recall that
the design matrix X € RY*P| the one-hot type response matrix Y € RV*X and the
class mean martrix X = (X,..., Xg)' € RE*? have been defined. We can obtain

£3(0) = -2 'tr{(X - YX)Z (X - YX)T}.
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APPENDIX D: Group Structures of the Real Dataset

Label Group Categories

1 Electric Kettles & Electric Hot Plate, Automatic Herbal Medicine Pot, Wellness Kettle, Electric Kettle, Automatic
Cookware Electric Tea Set, Electric Slow Cooker

2 Small Kitchen Soy Milk Maker, Hand Mixer, Hand Mixer, Electric Meat Grinder, Panini Press, Pasta Maker, Juicer,
Appliances Coffee Maker, Egg Cooker, Food Processor, High-Speed Blender, Toaster Oven, Pancake Maker

3 Large Kitchen Multi-function Electric Pot, Microwave Oven, Electric Pressure Cooker, Air Fryer, Electric Lunch Box,
Appliances Food Warmer Plate, Electric Oven, Induction Cooktop, Home Food Warmer Plate, Electric Oven,

Rice Cooker, Combination Steam Oven
4 Laundry and Washing Machine, Dryer, Washer-Dryer Combo, Steam Iron, Sanitizing Washer Dryer
Garment Care Tools
5 Air Conditioning and Central Air Conditioning, Air Conditioner, Portable Air Conditioner, Air Cooler, Fresh Air System,
Ventilation Systems  Electric Fan
6 Cleaning Appliances Water Purifier & Air Purifier Filters, Air Purifier, Household Water Purifier, Robotic Vacuum Cleaner,
Dehumidifier, Fabric Shaver, Household Dust Mite Eliminator, Electric Cleaning & Steam Equipment,
Vacuum Cleaner, Humidifier
7 Other Home Wine Cooler, Freezer, Smart TV, Refrigerator, Sterilizing Cabinet, Range Hood & Gas Stove Set,

Appliances Dishwasher, Integrated Stove, Gas Stove, Solar Water Heater, Electric Water Heater, Air Source Heat
Pump Water Heater, Gas Water Heater, Kitchen Appliance Accessories, Electric Heating Table,

Heater, Desktop Telephone, Home Electronics, Water Dispenser, Tea Bar Machine, Smart Home

Devices
8 Personal Care Shaver Accessories, Electric Toothbrush Replacement Heads, Hair Curling Iron/Straightener, Electric
Appliances Oral Irrigator, Personal Grooming Hair Removal & Trimmer, Hair Dryer, Electric Shaver, Electric

Toothbrush, Beauty Devices, Electronic Scale, Hair Cutting Tools

9 Massage Equipment Massager, Foot Massager, Home Massage & Physical Therapy Equipment, Massage Chair, Foot Bath,
Home Electric Physical Therapy Device

10  Seafood Softshell Turtles, Canned Prepared Seafood, Other Seafood, Crabs, Seafood Related Products,
Seafood Gift Boxes, Seaweed Products, Shrimp & Prawns, Dried Sea Cucumbers, Seafood, Dried
Seafood
11 Refrigerated & Pizza, Ready-to-Cook Baked Goods, Dumplings, Portuguese Egg Tarts, Birthday Cakes, Frozen Foods,
Frozen Foods Juice & Probiotic Drinks, Cheese Sticks for Kids, Ice Cream, Chilled Yogurt, Hot Pot Ingredient Kit,
Prepared Frozen Meal, Volcanic Stone Grilled Sausage
12 Meat Chicken, Egg Products, Poultry, Duck, Lamb, Offal, Beef, Pork & Related Products, Donkey Meat

13 Fruits & Vegetables Strawberry, Orange, Red Dragon Fruit, Pear, Apple, Kiwifruit, Bananas, Ginger & Garlic, Kimchi &
Pickled Vegetables, Fresh Fruits & Vegetables, Fresh Root Vegetables, Fresh Leafy Greens, Fresh
Edible Mushrooms

14  Storage Devices Solid State Drive (SSD), Hard Disk Drive (HDD), Memory Module (RAM), External Hard Drive
Enclosure, Portable Solid State Drive, USB Flash Drive, External Hard Drive, Multi-function Card
Reader, Camera Memory Card

15  Camera Accessories Camera Battery, Photo Album, Digital Photo Frame, Instant Camera and Accessories

16  Computers Cooler, Computer Case, Computer Hardware Accessories, Motherboard, Desktop Power Supply,
Graphics Card, Processor Motherboard Combo, CPU Motherboard Combo, Assembled Desktop
Computer, Monitor Stand, Monitor, Desktop Computer, Laptop Accessories, Gaming Laptop, Thin
and Light Laptop, Enterprise Servers and Workstations, All-in-One Computer

17  Tablets & Smart Tablet Computer, Smart LCD Writing Tablet, Electronic Dictionary Pen, Smart Translation & Learning
Learning Tools Tools, Reading Pen, Student Tablet, E-book Reader, Smart Educational Robot

18  Networking Wireless Network Card, Mobile Wi-Fi Router, Enterprise Network Switch, NAS Network Storage
Equipment Server, Internet TV Set-Top Box, Wireless Networking Equipment, Fiber Optic Cables & Ethernet

Cables, Fiber Optic Transceivers & Related Components
19 Electronic & TV Wall Mount & Remote Control, Air Conditioner Accessories, Washing Machine Accessories,
Electrical Appliance Kitchen Appliance Accessories, Refrigerator Door Seal, Tablet Protective Case & Accessories,
Accessories Sockets & Converters, Mobile Phone Accessories, UPS Uninterruptible Power Supply & Cabinet,
Computer Cables & Adapters, Multi-function Type-C Docking Station, HD Webcam
20  Computer & Gaming Mechanical Keyboard & Mouse Combo, Wired and Wireless Mice, Mouse Pad, Wireless Mouse,
Accessories Computer & Accessory Cleaning Tools, Game Controller, Gaming Peripherals, Retro Handheld &
Arcade Consoles, Video Games
21 Audio Equipment Gaming Headset, Senior Citizen Radio, Wireless Earbuds/Headphones, Professional Audio
Equipment, Wireless Microphone, Portable Media Player, Audio Sound Systems, Language Repeater
& Portable Player, Voice Recorder

22 Photography Live Streaming & Recording Equipment, Camera Lens, DSLR Camera, Action Camera & Accessories,
Mirrorless Camera, Professional HD Camcorder, Photography Equipment & Accessories, Digital
Camera
23 Photography Tripod & Gimbal, Camera & Photography Accessories, Camera Lens Accessories, DSLR Camera Bag
Accessories & Dry Cabinet, Camera Lens Filter, Camera Screen Protector & Cleaning Kit, Smartphone Gimbal

Stabilizer, Camera Flash & Accessories

24  Smart Devices Electric Hoverboard, GPS Tracker/Anti-Loss Device, Smart Wearable Devices & Accessories, Smart
Watch & Accessories, Smart Bracelet, Surveillance Camera, Virtual Reality Glasses, Smart Weight
Scale & Body Fat Scale, Smart Watch, Drone

Figure 1: The human-annotated group structure of the dataset with M = 24.
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Label Group Categories

1 Electric Kettles & Electric Hot Plate, Automatic Herbal Medicine Pot, Wellness Kettle, Electric Kettle, Automatic
Cookware Electric Tea Set, Electric Slow Cooker

2 Small Kitchen Soy Milk Maker, Hand Mixer, Hand Mixer, Electric Meat Grinder, Panini Press, Pasta Maker, Juicer,
Appliances Coffee Maker, Egg Cooker, Food Processor, High-Speed Blender, Toaster Oven, Pancake Maker

3 Large Kitchen Electric Heating Table, Multi-function Electric Pot, Microwave Oven, Electric Pressure Cooker, Air
Appliances Fryer, Electric Lunch Box, Food Warmer Plate, Electric Oven, Induction Cooktop, Home Food

Warmer Plate, Electric Oven, Rice Cooker, Combination Steam Oven
4 Laundry and Washing Machine Accessories, Washing Machine, Dryer, Washer-Dryer Combo, Steam Iron,

Garment Care Tools  Sanitizing Washer Dryer
5 Air Conditioning and Freezer, Central Air Conditioning, Air Conditioner, Portable Air Conditioner, Air Cooler, Fresh Air
Ventilation Systems System, Electric Fan
6 Cleaning Appliances Computer & Accessory Cleaning Tools, Water Purifier & Air Purifier Filters, Air Purifier, Household
Water Purifier, Robotic Vacuum Cleaner, Dehumidifier, Household Dust Mite Eliminator, Electric
Cleaning & Steam Equipment, Vacuum Cleaner, Humidifier
7 Other Home Wine Cooler, Refrigerator, Sterilizing Cabinet, Range Hood & Gas Stove Set, Dishwasher, Integrated

Appliances Stove, Gas Stove, Solar Water Heater, Electric Water Heater, Air Source Heat Pump Water Heater,
Gas Water Heater, Kitchen Appliance Accessories, Heater, Home Electronics, Water Dispenser, Tea

Bar Machine, Smart Home Devices
8 Personal Care Fabric Shaver, Shaver Accessories, Electric Toothbrush Replacement Heads, Hair Curling
Appliances Iron/Straightener, Electric Oral Irrigator, Personal Grooming Hair Removal & Trimmer, Hair Dryer,
Electric Shaver, Electric Toothbrush, Beauty Devices, Hair Cutting Tools
9 Massage Equipment Massager, Foot Massager, Home Massage & Physical Therapy Equipment, Massage Chair, Foot Bath,
Home Electric Physical Therapy Device

10  Seafood Softshell Turtles, Canned Prepared Seafood, Other Seafood, Crabs, Seafood Related Products,
Seafood Gift Boxes, Seaweed Products, Shrimp & Prawns, Dried Sea Cucumbers, Seafood, Dried
Seafood
11  Refrigerated & Pizza, Ready-to-Cook Baked Goods, Dumplings, Portuguese Egg Tarts, Birthday Cakes, Frozen Foods,
Frozen Foods Juice & Probiotic Drinks, Cheese Sticks for Kids, Ice Cream, Chilled Yogurt, Prepared Frozen Meal
12 Meat Hot Pot Ingredient Kit, Volcanic Stone Grilled Sausage, Chicken, Egg Products, Poultry, Duck, Lamb,

Offal, Beef, Pork & Related Products, Donkey Meat
13 Fruits & Vegetables Strawberry, Orange, Red Dragon Fruit, Pear, Apple, Kiwifruit, Bananas, Ginger & Garlic, Kimchi &
Pickled Vegetables, Fresh Fruits & Vegetables, Fresh Root Vegetables, Fresh Leafy Greens, Fresh

Edible Mushrooms
14  Storage Devices NAS Network Storage Server, Solid State Drive (SSD), Hard Disk Drive (HDD), Memory Module

(RAM), External Hard Drive Enclosure, Portable Solid State Drive, USB Flash Drive, External Hard
Drive, Multi-function Card Reader, Camera Memory Card

15  Camera Accessories Camera Battery, Photo Album, Digital Photo Frame, Instant Camera and Accessories

16  Computers Motherboard, Graphics Card, Processor Motherboard Combo, CPU Motherboard Combo,
Assembled Desktop Computer, Desktop Computer, Gaming Laptop, Thin and Light Laptop,
Enterprise Servers and Workstations, All-in-One Computer

17  Tablets & Smart Smart LCD Writing Tablet, Electronic Dictionary Pen, Smart Translation & Learning Tools, Reading
Learning Tools Pen, Student Tablet, E-book Reader, Smart Educational Robot

18  Networking Computer Cables & Adapters, Multi-function Type-C Docking Station, Wireless Network Card,
Equipment Mobile Wi-Fi Router, Enterprise Network Switch, Wireless Networking Equipment, Fiber Optic

Cables & Ethernet Cables, Fiber Optic Transceivers & Related Components

19  Electronic & Cooler, Computer Case, Computer Hardware Accessories, Desktop Power Supply, Monitor Stand,
Electrical Appliance TV Wall Mount & Remote Control, Air Conditioner Accessories, Kitchen Appliance Accessories,
Accessories Refrigerator Door Seal, Sockets & Converters, UPS Uninterruptible Power Supply & Cabinet

20  Computer & Gaming Laptop Accessories, Tablet Computer, Tablet Protective Case & Accessories, Mechanical Keyboard
Accessories & Mouse Combo, Wired and Wireless Mice, Mouse Pad, Wireless Mouse, Game Controller, Gaming

Peripherals, Retro Handheld & Arcade Consoles, Video Games

21 Audio Equipment Desktop Telephone, Gaming Headset, Senior Citizen Radio, Wireless Earbuds/Headphones,
Professional Audio Equipment, Wireless Microphone, Portable Media Player, Audio Sound Systems,
Language Repeater & Portable Player, Voice Recorder

22 Photography Smart TV, Monitor, Internet TV Set-Top Box, HD Webcam, Surveillance Camera, Smartphone
Gimbal Stabilizer, Virtual Reality Glasses, Drone, Live Streaming & Recording Equipment, Action
Camera & Accessories, Professional HD Camcorder, Photography Equipment & Accessories

23 Photography Camera Lens, DSLR Camera, Mirrorless Camera, Digital Camera, Tripod & Gimbal, Camera &
Accessories Photography Accessories, Camera Lens Accessories, DSLR Camera Bag & Dry Cabinet, Camera Lens
Filter, Camera Screen Protector & Cleaning Kit, Camera Flash & Accessories
24 Smart Devices Electronic Scale, Mobile Phone Accessories, Electric Hoverboard, GPS Tracker/Anti-Loss Device,

Smart Wearable Devices & Accessories, Smart Watch & Accessories, Smart Bracelet, Smart Weight
Scale & Body Fat Scale, Smart Watch

Figure 2: The GGM-discovered group structure of the dataset with M = 24. Those
incorrectly identified ones are highlighted with italic and bold.
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