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Abstract

We present analytical expressions for the electromagnetic form factors of the
nucleon within a soft-wall AdS/QCD framework. The Dirac and Pauli form
factors are derived from bulk interaction terms and expressed in closed form
using Beta functions. The resulting Sachs form factors exhibit the expected
scaling behavior and reproduce the correct normalization at zero momentum
transfer. We further compute the electric and magnetic radii and discuss
their dependence on the holographic scale parameter. Our results provide a
compact and predictive description of nucleon structure.

Keywords: AdS/QCD, electromagnetic form factors, nucleon structure

1. Introduction

Understanding the internal structure of the nucleon remains one of the
central challenges in hadronic and nuclear physics. Since nucleons are com-
posite bound states of quarks and gluons governed by Quantum Chromo-
dynamics (QCD), their nonperturbative dynamics cannot be fully described
by perturbative methods at low energies. Electromagnetic form factors pro-
vide fundamental information about the spatial distributions of charge and
magnetization inside the nucleon and therefore constitute an essential tool for
probing hadron structure. Experimental measurements from elastic electron—
nucleon scattering have revealed a rich internal dynamics, including nontriv-
ial scaling behavior and flavor-dependent structure effects [1I, 2].

In the framework of QCD, nucleon electromagnetic structure is encoded
in the Dirac and Pauli form factors, F}(Q?) and F»(Q?), or equivalently in
the Sachs form factors, Gg(Q?) and Gr(Q?). These observables are directly
related to important static properties such as the nucleon charge radii and
magnetic moments. At large momentum transfer, perturbative QCD predicts
specific power-law scaling relations for the form factors [3, 4], while in the
low-energy region their behavior is dominated by strongly coupled nonpertur-
bative dynamics. Developing theoretical approaches capable of consistently
describing both regimes remains an important open problem.

Gauge/gravity duality, inspired by the AdS/CFT correspondence [5 (6] 7],
has provided a new nonperturbative framework for studying strongly coupled
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hadronic systems. In particular, holographic QCD models have achieved
considerable success in describing hadron spectra, decay constants, and form
factors [, 9 10, 11, 12]. Among these approaches, the soft-wall AdS/QCD
model is especially attractive because the introduction of a quadratic dilaton
background naturally generates confinement and linear Regge trajectories
while preserving analytical tractability. This framework has been widely ap-
plied to the study of meson and baryon properties as well as electromagnetic
and axial form factors [10} [1T], 12 13, [14].

In this work, we investigate the nucleon electromagnetic form factors
within the soft-wall AdS/QCD model. Starting from the holographic action
for bulk fermion fields interacting with the vector sector, we derive analyt-
ical closed-form expressions for the Dirac and Pauli form factors. The ob-
tained results provide a transparent description of the momentum-transfer
dependence of the nucleon form factors and reproduce the expected scaling
behavior at large 2. Furthermore, the analytical structure of the model
allows us to study static observables such as magnetic moments and charge
radii in a simple and consistent manner. The resulting expressions may also
serve as a useful basis for future investigations of generalized parton distribu-
tions, transition form factors, and spin-dependent nucleon structure within

holographic QCD.

2. Model setup

In the soft-wall AdS/QCD approach, baryons are described by bulk Dirac
fields propagating in a five-dimensional Anti-de Sitter (AdS) space with a
background dilaton field that introduces confinement [, [10] 12].

The AdS metric is given by

1
T2

d32 (nuydxud$y — de), (1)

where z is the holographic coordinate and 7, is the Minkowski metric.
Consider a Dirac field ¢ propagating in the five-dimensional bulk of AdS
space, described by the action

5= / P /ge ) (iGeMTADyrp — (M + 6(2)) ), (2)

where M denotes the bulk spinor “mass”, while el = 262! is the inverse
vielbein, satisfying gyn = eXe¥nap, with nap = diag(1,—1,-1,—1,-1),
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and g = |detgyn|. The Dirac matrices T4 (A = 0,1,2,3,5) obey the Clifford
algebra {FAFB } = 2948, The covariant derivative is defined as Dy, =
Ou + swarap [[TP]. The non-vanishing components of the spin connection
WMAB are Wys, = —Wyus = (1/ z)5z. The corresponding equation of motion
for the bulk spinor, obtained from the action , is

e TDy — SOuOET - (O -+ 6(2) | 0 0. @)

The normalizable profile functions z/J(L% associated with the n-th Kaluza-
Klein mode, which are holographically dual to the left- and right-handed
nucleon fields on the boundary, are obtained as solutions of this equation
and are given by [10]:

n) 2F7L+ kg 4L2 k2 2 wn _ M\/n—i—QkQZ:SLSLl)(kZZQ),
I'[n+ 3]

(4)
where L™ denotes the associated Laguerre polynomial. For the ground
state, corresponding to the quantum number n = 0, these profile functions
reduce to the simple expressions

v = K324, p = V2K, (5)

The electromagnetic field is described by a bulk vector field Vi, (z, 2),
which is dual to the conserved vector current on the boundary. Its dynamics
is governed by the action

1 2.2
SV = —Z/d“r’x ge*” # FMNFMN, (6)

where FMN = 8MVN — 8NVM
From this action @ is obtained the bulk equation of motion for the vector
field:

—k222

9, (6_;2 8ZV(Q,z)> V(@) =0, (7)

with boundary condition V(Q,0) = 1.
The solution can be written in an integral representation

1 ad 2.2
V@ = [ T e |2 0
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where 0

This representation is particularly convenient for evaluating holographic
matrix elements and allows for analytic computation of the form factors.
3. Electromagnetic form factors

In Quantum Chromodynamics (QCD), the electromagnetic structure of
the nucleon is encoded in the matrix element of the electromagnetic current
between nucleon states,

otq,

(N()J*(0)|N(p)) = alp') [V*FN(Q%) + Q) ulp),  (10)

QmN
where FN(Q?) and F¥(Q?) (N = p, n correspond to proton and neutron)
are the Dirac and Pauli form factors, respectively, ¢* = p/* — p#, and Q? =
—q¢? [1, 2]. The Pauli and Dirac form factors, Fi¥(Q?) and FJV(Q?) are
normalized at ?> = 0 to the nucleon electric charge and anomalous magnetic
moment respectively; that is, F{¥(0) = eV and F{¥(0) = ky.

Within the holographic framework, the electromagnetic interaction is de-
scribed by the coupling of the bulk fermion field to a vector field dual to the
electromagnetic current. The interaction action is given by

Sint = /d% ge’k%2 Tr eNEe%/[FBVMw
. (11)

7 —

+ S P el B[N TP Py,

where eV denote the proton and neutron electric charges, and 7 are
parameters related to the anomalous magnetic moments. Here, e}l are the
vielbeins, I'4 are the Dirac matrices in curved space, and Fyy = Oy Vy —
On Vs is the field strength tensor associated with the bulk vector field.

Following the standard AdS/CFT correspondence[5, 6} [7], the five-dimensional
action is reduced to four-dimensional momentum space, and the nucleon form
factors are obtained by evaluating the corresponding bulk matrix elements.
Taking into account the isospin structure of the nucleon, one obtains

F Q%) = "Gi(Q%) + 1" G2(Q7),
F(Q%) =" G5(Q%),

5

(12)



where the structure functions are defined as

Gi(@) = [ 55V Gk h).
00 k2,2
6@ = [ T i - vt (13)
mNe_k2 ’
Ga(@) = [ =T V(Q. ) ().

These expressions provide the holographic representation of the nucleon
electromagnetic form factors in terms of the bulk profiles ¢y, ¥ g and the vec-
tor bulk-to-boundary propagator V,;. Using the integral representation
of the bulk-to-boundary propagator, the structure functions can be written
as

1 ad 0 k827
Gl(Q2)=/O ﬁ/g (kﬁ 5*7) dz,

1 a o0 8 10
N zdx g2 (K°(1+2) 7_265_kx 9
G2(Q)—/O —(1—35)2/0 e (—1_3: 22k - 2 ) dz,

1 e
“d
G3(Q%) = \/§me7/ x—xQ/ e P2 7dz,
o (1—2)Jo

(14)

where § = % If the structure functions in Eq. are taken into account
in Eq. , the resulting expressions for the Dirac and Pauli form factors

can be written as follows.

(i op
n 2 om oy Uoztdr n
Q) = 6@ = | el ), (15)

1 a
PO (02 — / P
2 (Q ) 0 (1 . $)2 2 ’

The functions @ (z), ®”(z), and L™ (z) entering Eq. are ob-
tained by evaluating Gaussian-type

o 2 1 1
/ e P dy = — g~ (/2D (i) : (16)
. 2 2
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integrals appearing in the structure functions Gy, G, and G5 (see details in
Appendix A).

(p) . (071 30&7 120[9

1 (z) = Bt T o

(n) . 3&7 as 12(19
oy (x)—ﬁ—@——ﬁg, ; (17)

n 3V2nP iy k7

P (x) = —

The constants entering Eq. are defined as follows:

P — 1)z + 207 + 1 10
(67 :k6(1_277p)7 a7:k8( 1 >x+ 1 i ) Qg = ! xa
2(1 —2) 1 —x (18)
nk8(1+l‘) n1.6 n klox
ar =n"——=,a5 = 20"k", a9 =1 .
1—=x 1—=2

By eliminating the z-dependent integrals in F}¥(Q?) and FJ¥(Q?) given in
Eq. to obtain explicit expressions depending only on @2, and using the
definition 2

ﬂ - 1 _ x?
together with the constants given in Eq. in the expressions of Eq. ,
we obtain the following z-dependent expressions for the functions @?’ ) (x),
" (), and L™ (2):

o (2) = (1 —x)° {1277%2 TS P 5],

2 2
o (@) = (1 =) |129"% = 9" + "] (19)
n 3V2 P
0™ (z) = \/_mTN”u — )t



3.1. Dirac and Pauli form factors
Taking into account Eq. in (15)), the Dirac form factors are obtained

as
®) ' 3 5
RP(Q%) = / dr (1 — x) [1277”1‘2 ="+ "+ 5],
0
1
(@) = / dx z*(1 — x) [1277%2 — 9"z + n”] : (20)
0
2 D,n 1
FP(Q?) = M/ 2(1 — 2)2da.
0

Using the Beta function identity

' L(p)T(q)
B(p,q :/xp_ll—a:q_ldx:—, 21
)= [ a0y = 1)
the integrals in Eq. can be evaluated analytically.
We obtain(for detailed derivations, see Appendix B)
(4P + 1)a® + (10 — 2nP)a + 24
FP(@) = , 22)
(a+4)(a+3)(a+2)(a+1)
4n"a?® — 2n"a
FM(Q? = . 23
r (@) (a+4)(a+3)(a+2)(a+1) (23)
The Pauli form factors read
n Gﬂman’n
F(Q%) = (24)

k(a+3)(a+2)(a+1)

3.2. Sachs form factors

The Sachs form factors are defined as (a detailed derivation of the results
presented in this section is given in Appendix C):

Q2
4m?;
Taking Egs. and into account, the electric Sachs form factor of
the proton can be written in the following more compact form:

EYa® + Ej(Q%)a + E§(Q°)
(a+4)(a+3)(a+2)(a+1)

GR =FN - EY, GY=FN+FE). (25)

Gh(Q) = (26)
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where

3V 2nPQ? 6v/2nP(Q?
EP =1+ 4P, Eg:m_gnp_m’ E§:24_M_
2me7 me‘
Similarly, for the neutron
En 2 En 2 — En 2
G%(Q2) — 1a Q(Q )(I S(Q ) (27)

(a+4)(a+3)(a+2)(a+1)
with

3\/§an2 . 6\/577”
[ ES - —Qz.

EY =4n", EY=2n"

The magnetic form factors are obtained from the Dirac and Pauli form
factors as

G (Q%) = I (Q) + 3 (Q%). (28)
Using the explicit expressions (22),(23)), for FN(Q?) and F¥(Q?),

one finds more compact forms for the G,(Q?),G%,(Q?):

MPa* + MPa + MY

GP (Q%) = ,
(@) (a+4)(a+3)(a+2)(a+1)
MY =4 +1,
6v2mn? (29)
Mg:%_%pﬂ(),
D
ap = B2 o)
k
Mm™a? + MZa + M?
Gn 2 — 1 2 3 ’
(@) (a+4)(a+3)(a+2)(a+1)
My = 4",
M2 = T — 27] s
M — 24\/§mN77”
3 L .



Static properties

The electric and magnetic radii are defined through the slopes of the
corresponding form factors at Q? = 0,

<T2 >N — 1 6ng<Q2) <T2 >N — 1 6dG§\V/l(Q2)
t GY(0)  dQ* |, " GN(0)  dQ* gy
(

31
Using the analytical expressions derived above, we obtain

N R Y Y

2\p _ = 1 _ 32

(&) omnk | 8k2 "Bl TR T ok (32)
<7"2 >p — 20 + 7717 11\/§mN77p <’I“ >n _ 77” 11\/§mN77n (33)
M B k? Appk?® MU Sk T ApkS

20 P 11v/2 P n 11v2 n
e = 2T AW ey IVIma g

8upk? 4ppk® 7 a 8t k2 A1, k3

Notice that in the context of AdS/QCD charge radii have been discussed
before in[I0]. Our numerical results for the slopes compared rather well with
data[l5, [16] :

Quantity  This work  Experiment
(r2,)p 0.932fm? ~ 0.77 fm?

(r&yr —0.147fm?  ~ —0.116 fm?
(r2,)? 0.86 fm? ~ 0.73 fm?
(ra )™ 0.88 fm? ~ 0.76 fm?

Table 1: Numerical results for the nucleon radii compared with experimental data.

4. Results and discussion
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Figure 1: Proton electric form factor.
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Figure 2: Neutron electric form factor.
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Figure 3: Neutron magnetic form factor.
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Figure 4: Proton magnetic form factor

The obtained form factors reproduce the correct normalization:
FP(0)=1, F(0)=0. (35)

The analytic structure reflects the underlying holographic dynamics and
exhibits the expected large-Q? scaling behavior, with the electromagnetic
form factor asymptotically falling as F(Q?) ~ 1/Q* as Q% — oo.

5. Conclusion

We have derived analytical expressions for nucleon electromagnetic form
factors in a soft-wall AdS/QCD model. The closed-form results allow for a
clear interpretation of nucleon structure and provide a useful basis for further
studies. It is worth emphasizing that the main contribution of the present
work is methodological rather than the introduction of an entirely new phe-
nomenological framework. Although closely related calculations have been
performed previously within holographic QCD, the present analysis employs
a different algebraic realization of the relevant quantities and provides an
explicit and systematic derivation of the results from the underlying soft-
wall AdS/QCD framework. In particular, the intermediate analytical steps
leading from the five-dimensional action and bulk profiles to the correspond-
ing form factors and generalized distributions are presented explicitly, rather
than being stated only in their final form. In this sense, the present work
can also serve as a pedagogical reference for researchers and students who are
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learning the technical methods of AdS/QCD and wish to follow the analytical
construction of hadronic observables in a transparent manner.

6. Appendix A

By inserting Eq. into Eq. , the Gaussian-type integral represen-
tations of ®Y(x) and ® () are obtained:

8P (x) = [ e P (a52® + arzT — ag2”)dz,
0

(I>(1n) (z) = e (a72" — a52° — ag2")dz, (36)

It is straightforward to see that the constants appearing in Eqg. are
determined as follows:

2nP — 1 2nP 4+ 1 EOpp
a5:k:6(1—277p), O[7=k‘8< n )l’+ n + ’ g = n 'CE’
2(1 —x) -2 (37)
nk8(1+x) n1.6 n kle
a7:771—,a5:277kaa9:77 .
-z 11—z

Taking into account that the Gaussian-type integrals appearing in Eq.
are given by

° 1
-B22 .57, _
e 2’dz = —,
J 7
o 2 3
/0 e P2 Tdy = 30 (38)
* 12
/ e P70y = -
0 g
we obtain 3 19
(p) Q5 Q7 Qg
P =Gt e
(n) . 3CL7 as 12@9
5 (x)—ﬁ—@—w (39)
n 3V 2P kT
B (a) — 22

ﬁ4
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7. Appendix B

Applying the Beta integral

L(p)I'(q)
I'(p+q)

to each contribution to the proton form factor F}(Q?) in Eq. (20),

1
B(p,q) = / (1= 2)0 =
0

1 1
3 5
FP(Q?) = / drz®(1 — x) [12777%2 — (9P + §)x + P + 5} = 12777’/ 772 (1 — z)dr—
0 0

3. ! SN
— (9" + 5)/ xa+1(1 — z)dz + (1P + 5)/ (1 — z)dz
0 0

(40)
the integration over x is performed analytically,
! 12T p »
127713/ :L,a+2(1 — 2)dz = nPI'(a +3)I'(2) _ 12n"T'(a + 3) _ 12n
0 ['(a+5) (a+4)(a+3)T(a+3) (a+4)(a+3)
! 9P + 3)(a+ 2 9P + 3)I(a+ 2 InP + 3
o +3) [ # -y - O +)0(a+2)  @F+3Ta+2) O+
2" Jo ['(a+4) (a+3)(a+2)T(a+2) (a+3)(a+2)
5 1 7717 + 5
Py = “(1-)dr = ——+2—
<”+224x( D= D
(41)

For convenience, the integral contributions obtained above can be written in
a compact form as

)2y _ 127 (97" +3) P+3
AE(QT) = (a+D(a+3) (a+3)(a+2) + (a+2)(a+1)
_12pP(a® +3a+2) — (9P 4 3)(a® + Ba+4) + () + 3)(a® + Ta+ 12)
N (a+4)(a+3)(a+2)(a+1)
(472 4 1)a® + (10 — 2nP)a + 24
(a+4)(a+3)(a+2)(a+1)
(42)
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Following the same procedure, the neutron form factor F\™(Q?) can be cal-
culated analytically.

1 1
(@Y = /0 drz(1 — ) [1277”3:2 = 9"+ "] = 120" /0 27 (1 — x)dw

1 1
—977”/ (1 — z)dx + n"/ (1 — x)dx
0 0

Y 129" T(a+3)T(2) 120" (a + 3) _ 120
121 /0 2*(1 ~ z)de = ['(a+5) B (a+4)(a+3)'(a+3) N (a+4)(a+3)
Y 9 T(a+2) 9" (a + 2) B o
o /0 e e P RS N O R P )
w [ B "
" /0 (1 = 2)de = (a+2)(a+1)
(43)
(n) [ A2y _ 12n" B 9" n" _
& (Q)_(a+4)(a—|—3) (a+3)(a+2)+(a+2)(a+1)_
5 (44)
An"a* — 2n"a

(a+4)(a+3)(a+2)(a+1)

Following the same procedure, we now derive the Pauli form factor F3*™ (Q2):

3V2mpynP (1 3v2mynP™ T(a + 1)I'(3)
FPn 02y a1 _ o\ 2dr — _
(@) K /Ox( z) de K T(a+4)

B 6\/§man’" 1

B k (a+3)(a+2)(a+1)

(45)
We also note that the parameters n*" entering Eq. can be determined
from Eq. by requiring the normalization condition

FP™(0) = K,

where k), denote the anomalous magnetic moments of the proton and neu-
tron:

D,n
o \/§mN7] D, kkp,n (46)

FQ(P,H) (0) — kp,n — ’ , N = \/§m .
N
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Using the experimental values of the anomalous magnetic moments,
Ky, = 1.792847, K, = —1.913043,
and taking £ = 350 MeV and my = 0.938 GeV, Eq. yields

0P~ 0473, 7" ~ —0.505.

8. Appendix C

In this section, we evaluate the Sachs form factors. The electric and
magnetic Sachs form factors can be expressed in terms of the F}¥(Q?) and
F(Q%), as

CQPFR(QY) (P +1)a?+ (10 = 2p)a+ 24

GE(Q%) = F(Q%)

4m3, (a+4(a+3)(a+2)(a+1)
Q% 62y 1 Bl + E(Q%)a+ E5(Q%)
4m?; k (a+3)a+2)(a+1) (a+4)(a+3)(a+2)(a+1)
3V 2nPQ?
EY =1 +477p,E§(Q2) =10 — 29" — \2/_m—7jvlf:27
b2y oy OV2PQ?
ER(Q%) =24 — Tk
(47)
p _ » (AP +1)a® + (10 — 2pP)a + 24
@) = Q)+ B = S e 9 91 1)
+6\/§mN77p 1
k (a+3)(a+2)(a+1)
D A2 MYa* + MYa + MY (48)
GulQ7) = (a+4)(a+3)(a+2)(a+1)
MY =dnP + 1,
ME = —Gﬂ?N”p — 2P + 10, M} = —6ﬁZLN’7p +24
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. - QZFn(Q2) B 47]na2 _ 27]na
Q) = ) — = = (T D+ 9t D)
GﬁmNn”QQ 1
 dm%k (a+3)(a+2)(a+1)

4n"a® — 2n"a — 3\/5"—TLQQ(CL +4)

2mpyk

(a+4)(a+3)(a+2)(a+1)
_ Efae® — E3(Q%)a — E5(Q?)

n 2
(@) = (a+4)(a+3)(a+2)(a+1)
EY = 4an"
3 2 n )2
B(@t) = o+ 2
6v2n"
B3 (@) = ﬂ{;’; o
GR(@") = FI@) 4 F3QY) = 2y
M L 2 (a+4)(a+3)(a+2)(a+1)
+6\/§m]\m” 1 _

k (a+3)(a+2)(a+1)
_ Anta® = 2n"a + 6‘/i%w(a +4)
 (a+4)(a+3)(a+2)(a+1)
_ Anna? + (GﬁTZNW" —2™)a + 24\/§7an77"

(a+4)(a+3)(a+2)(a+1)
Mpa? + Mja+ M}

Gn 2 —
(@) (a+4)(a+3)(a+2)(a+1)
My = 4n",
n 6v2myn" n o 24/ 2mpyn"
v = ST gy 24V
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