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Abstract

Spatial discreteness generically supplies preferred microscopic directions, whereas a relativistic long-
wave sector requires an isotropic propagation cone. We examine this tension in a classical kinematical
model of mobile Voronoi cells carrying compact internal phases. Linearization about a uniform phase
vacuum gives a face-area-weighted graph wave equation. For each periodic realization, a discrete
corrector problem determines the quadratic coefficient of the lowest Bloch branch. We prove the
following conditional statement: if the stationary ergodic marked-cell ensemble admits a deterministic,
finite, positive-definite homogenized tensor, rotational invariance of its law forces that tensor to equal
c0I. The two-derivative phase action then has one isotropic limiting speed. In 88 independent Poisson–
Voronoi realizations with 8 ≤ N ≤ 216, the mean relative eigenvalue spread decreases from 0.2159
(95% bootstrap interval [0.1829, 0.2524]) to 0.0391 ([0.0324, 0.0454]). Direct Metropolis sampling
of two finite-modulus measures gives anisotropies 0.1110 and 0.1063, consistent with independent
importance-reweighted estimates (|z| < 0.23). Direct Bloch diagonalization also recovers the corrector
coefficients as kℓ → 0, while finite-cell corrections enter at fourth derivative order. These results
establish a controlled route to Lorentz-like propagation in the two-derivative phase sector; they do not
establish microscopic boost invariance or a universal cone for geometric modes.

Keywords: discrete spacetime, emergent Lorentz symmetry, stochastic homogenization, Poisson–Voronoi
tessellation, dynamical geometry

1 Introduction

If spacetime has a discrete microscopic structure,
its local elements must reproduce the observed
absence of a preferred propagation direction at
accessible scales, as emphasized by increasingly
stringent Lorentz tests [1–4]. This problem appears
in different forms in Regge calculus, causal sets,
causal dynamical triangulations, spin networks,
and graph-based models of quantum geometry
[5–14]. A regular spatial lattice makes locality
transparent but also supplies fixed axes. Exact
cellular automata can recover relativistic field

equations in special constructions [15, 16], while
random discretizations avoid a persistent crys-
talline frame [17, 18]. The general issue remains to
identify which properties of a discrete substrate are
sufficient for an isotropic limiting cone and which
microscopic corrections survive coarse graining.

Two features are often treated separately.
First, the propagation operator must homogenize
to an isotropic continuum operator. Random-
conductance and Delaunay-graph invariance prin-
ciples provide the mathematical precedent that
stationary random networks can converge to
Brownian, rotationally invariant transport [19–29].

1



Second, if the discrete elements are interpreted
physically rather than as a regulator, their geom-
etry cannot be a permanently rigid ether. Local
elements should be able to move, deform, and
change neighbours while the interaction energy
remains well defined. Voronoi geometry provides
both a spatial partition and an adjacency graph
derived from the instantaneous generator positions
[30–36]. Related Voronoi and vertex models demon-
strate that finite volume and surface penalties can
coexist with rearranging neighbours in deformable
cellular systems [37–44].

Here these two requirements are combined in
one conservative model. A periodic Voronoi tessel-
lation represents deformable cells. Each cell carries
three compact internal phases; a face-area-weighted
interaction transmits a phase perturbation and
exerts the reciprocal force on the cell generators.
The present paper concentrates on the propaga-
tion question. Starting from the discrete action,
we derive the long-wave coefficient by solving the
periodic corrector problem for the weighted graph.
The derivation separates three logically distinct
statements: one realization has a tensorial limit-
ing speed; a statistically isotropic ensemble has
a scalar ensemble limit; and a finite realization
approaches that limit with measurable directional
fluctuations. This separation is essential because
the usual plane-wave Rayleigh quotient on an irreg-
ular graph is only an affine trial value, not its true
lowest-branch eigenvalue.

The central question is therefore not whether
a single irregular cell is isotropic, but whether the
relaxed long-wave operator has a scalar determin-
istic limit. Conditional on the existence of a finite,
positive-definite homogenized tensor for the exact
face-area conductance law, stationarity, ergodicity,
and rotational invariance imply

Seff =
1

2

∫

dt d3x
[

Zt(∂tϕ)
2 − Zs|∇ϕ|2

−m2ϕ2
]

+O(ℓ2∂4),

(1)

for each linear internal component. After a constant
rescaling of time, its two-derivative part has the
Klein–Gordon form with c2eff = Zs/Zt. We separate
this theorem from two numerical tests: finite-size
Poisson–Voronoi ensembles probe the approach to
a scalar tensor, and direct finite-modulus Metropo-
lis chains test the earlier importance- reweighting
approximation. Fourth-order terms retain the cell

scale ℓ. Similar two-scale separations occur in
analogue-spacetime models, although the cellu-
lar variables and corrector problem used here are
different [45].

2 Dynamical cellular model

2.1 Geometry and internal variables

Let Ω be a flat periodic three-torus containing
N distinct generators Xi(t). They define the
instantaneous Voronoi cells

Ci = {x ∈ Ω : |x−Xi| ≤ |x−Xj | for all j}. (2)

We write Vi and Si for their volumes and surface
areas. If Ci and Cj share a face, its area is Aij > 0.
The geometric energy is

Ugeo =
∑

i

[

KV

2
(Vi − V0)

2 +
KS

2
(Si − S0)

2

]

.

(3)
It makes the cells deformable: volume and surface
variations cost finite energy, but no global lattice
sites are imposed.

Cell i also carries three phases θi =
(θi1, θi2, θi3) ∈ (S1)3. With a reference area Ā,
their energy is

Uint = J
∑

i∼j

Aij

Ā

3
∑

r=1

[1− cos(θir − θjr)]

+ κ
∑

i,r

[1− cos(3θir)]. (4)

The on-site term selects three values for each phase
component, giving 27 uniform vacua. Their mul-
tiplicity is an internal property and is unrelated
to the number of spatial cells N , which is arbi-
trary. The threefold term is the standard clock
anisotropy of a compact phase, although no critical
clock-model result is assumed here [46].

The conservative action is

S =

∫

dt

[

∑

i

M

2
|Ẋi|

2 +
∑

i,r

I

2
θ̇2ir

− Ugeo − Uint

]

.

(5)

The parameter t is calibrated operationally by the
internal oscillation period. A state with vanishing
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ensemble momentum has no mean cellular drift;
individual generators may nevertheless fluctuate or
rearrange locally. The separation between the prop-
agation time and the slow background evolution
is expressed by ωτX ≫ 1, where τX is the char-
acteristic time over which the geometry changes
appreciably. The frozen-geometry equations below
are the leading term of this adiabatic regime.

On an infinite domain, or before taking a
periodic finite-volume regulator, Eqs. (3)–(5) are
equivariant under a common spatial rotation of all
positions and momenta. This gives a useful distinc-
tion between mobile cells and a flowing medium
with an imposed velocity.

Proposition 1 (Preservation of statistical isotropy)
Let a phase-space probability density be invariant

under common spatial rotations and have zero mean

total momentum. Wherever the Hamiltonian flow of

Eq. (5) is defined, its time-evolved density retains both

properties.

Proof The Hamiltonian commutes with the action of
SO(3) and conserves total momentum. Its flow there-
fore commutes with every common rotation. Pushing
forward a rotation-invariant density by this equivari-
ant flow leaves it rotation invariant, while momentum
conservation keeps its mean equal to zero. □

A finite cubic torus reduces exact rotations to
its point group; the full statement concerns the
infinite-volume ensemble represented by increasing
periodic boxes.

2.2 Linear phase operator

Choose any uniform vacuum and write θir =
2πqr/3 + ϑir. To quadratic order,

U
(2)
int =

J

2

∑

i∼j,r

wij(ϑir − ϑjr)
2

+
9κ

2

∑

i,r

ϑ2
ir, wij =

Aij

Ā
.

(6)

All three components obey the same weighted
graph equation

Iϑ̈i + 9κϑi + J(Lwϑ)i = 0,

(Lwf)i =
∑

j∼i

wij(fi − fj).
(7)

At a uniform vacuum, the mixed geometry–phase
Hessian vanishes because the first derivative of
every bond factor 1−cos∆θ is zero. Thus the linear
phase branch can be derived on a frozen cellular
snapshot even though nonuniform states couple
reciprocally to the moving geometry.

3 Homogenized propagation

cone

3.1 Periodic cell problem

Consider one periodic realization. For each directed
face e = (i, j,n), let

de = Xj + nL−Xi, (8)

where n labels the periodic image. A Bloch pertur-
bation has the form ϑi(t) = ui(k)e

ik·Xi−iωt. The
lowest eigenvalue λ0(k) of the Hermitian Bloch
Laplacian satisfies

ω2(k) = Ω2
0 +

J

I
λ0(k), Ω2

0 =
9κ

I
. (9)

The coefficient of its long-wave expansion fol-
lows from a periodic corrector χi ∈ R

3. For an
imposed macroscopic gradient g, define

g ·Ceffg = min
{χi}

1

2N

∑

e

we[g · de + g · (χj −χi)]
2.

(10)
The sum is over directed faces, and one corrector
value is fixed to remove the constant null mode.
Equation (10) is a finite, positive-semidefinite
quadratic minimization. It is equivalent to solving
three weighted graph Poisson equations. Allowing
the corrector is necessary: setting χi = 0 gives a
plane-wave Rayleigh quotient and therefore only
an upper bound on the lowest-branch coefficient
of an irregular graph.

Proposition 2 (Long-wave propagation tensor) For

a connected periodic weighted cell graph with positive

face weights,

λ0(k) = kaC
eff
ab kb +O(|k|4) (11)

as k → 0, with Ceff given by Eq. (10).

Proof The eigenvector at k = 0 is constant. Write
its analytic continuation as ui(k) = N−1/2[1 + ik ·
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χi + O(k2)] and insert it in the Bloch quadratic
form. Expanding eik·de to second order produces the
expression minimized in Eq. (10). Stationarity with
respect to each χi is precisely the order-k eigenvector
equation. Substitution therefore gives Eq. (11); inver-
sion symmetry of the directed-face set removes odd
powers. □

3.2 Statistical isotropy

Let the generator process be stationary, ergodic,
and invariant in law under every R ∈ SO(3),
with nondegenerate three-dimensional connectivity
and the moment bounds required by stochas-
tic homogenization. Rotating a realization maps
its effective tensor to RCeffRT. We assume that
the finite-volume tensors converge almost surely
to a deterministic positive tensor Chom; random-
conductance and Delaunay invariance principles
give conditions under which such nondegenerate
limits exist [22, 26, 28, 29].

Proposition 3 (Conditional isotropic homogenized
cone) Let the stationary ergodic marked Voronoi

ensemble have a deterministic, finite, positive-definite

homogenized conductance tensor Chom. If its law is

invariant under SO(3) and the conductance rule is

rotation covariant, then

Chom = c0I, c0 > 0. (12)

Consequently the two-derivative phase action has a

single isotropic limiting speed after a constant rescaling

of time.

Proof Rotational invariance implies RChomRT =
Chom for every R ∈ SO(3). The commutant of the
defining three-dimensional rotation representation con-
sists of scalar matrices, hence Chom = c0I. The
assumed positive definiteness gives c0 > 0. □

Existence and nondegeneracy of Chom are
assumptions here for the exact face-area conduc-
tance law. The proposition identifies the tensor’s
form once that homogenized limit exists; it is not
an existence theorem for this particular correlated
Voronoi weight distribution.

After coarse graining one cell volume into d3x,
Eqs. (9) and (12) give

∂2
t ϕ− c2eff∇

2ϕ+Ω2
0ϕ = O(ℓ2∂4ϕ). (13)

The two-derivative part is invariant under Lorentz
transformations with limiting speed ceff . The cellu-
lar scale ℓ enters through the fourth-order tensor.
On a regular cubic graph, for example,

λ(k) = a2|k|2 −
a4

12

3
∑

µ=1

k4µ +O(a6k6), (14)

which displays the microscopic directional depen-
dence explicitly.

This statement is stronger than spatial isotropy
alone but narrower than microscopic boost invari-
ance. In the effective phase theory, time and space
derivatives occur at quadratic order only through
the Minkowski operator ∂2

t − c2eff∇
2, so correlation

functions constructed from this free sector trans-
form covariantly under boosts defined with ceff .
The microscopic rest ensemble becomes observable
through the O(ℓ2∂4) coefficients, through nona-
diabatic geometry–phase couplings, or through
another sector with a different limiting speed.
These are the three operational tests of Lorentz
emergence in the present model.

4 Finite-volume test on

random cellular spaces

4.1 Ensemble and numerical method

We generated binomial point processes (Poisson
processes conditioned on a fixed point count) of
unit number density on a three-torus for N =
8, 27, 64, 125, and 216. The sample counts were 20,
20, 20, 16, and 12, respectively, for a total of 88
independent realizations. In infinite space this pro-
cess is statistically isotropic; the cubic torus is its
finite-volume periodic approximation and retains
only cubic symmetry. The samples also give the
free-generator equilibrium baseline of the action
when KV = KS = 0: in a uniform internal vac-
uum the canonical positional density is constant,
so conditioning on N gives independent uniform
generators. Their Maxwellian momenta may be
taken at sufficiently low temperature to satisfy
ωτX ≫ 1 without altering that positional marginal.
Finite-modulus equilibrium ensembles were sam-
pled separately as described below. A 3 × 3 × 3
periodic image construction supplied every central
Voronoi volume and face. The sum of cell volumes
agreed with the box volume to relative error below
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3× 10−16 in all samples. Numerical units set the
mean cell volume, Ā, and ℓ to one.

We first tested weak geometric stiffness by eval-
uating 16 additional N = 27 configurations and
importance-reweighting them by

W = exp[−βKV V − βKSS],

V = 1
2

∑

i

(Vi − 1)2, S = 1
2

∑

i

(Si − S0)
2,

(15)
where S0 = 5.315 is the surface area of a
unit-volume BCC Voronoi cell. Reliability was
monitored with Neff = (

∑

W )2/
∑

W 2.
We then sampled each weighted measure

directly with four independent Metropolis chains.
A proposal displaces one generator by a wrapped
Gaussian step, after which the complete periodic
Voronoi volumes and surface areas are recomputed.
Both parameter pairs used 800 burn-in proposals,
40 retained configurations per chain, and 27 propos-
als between retained configurations. The proposal
scale was 1.5 mean cell lengths. Acceptance rates
were 0.924–0.940 for (βKV , βKS) = (0.5, 0.02) and
0.851–0.869 for (1, 0.05); no proposal failed the
periodic geometry construction. Uncertainty for
direct estimates was obtained by bootstrapping
the four chain means, rather than treating the 160
retained rows as independent.

For each realization we assembled the directed
weighted graph, solved the three corrector systems
in Eq. (10), and diagonalized Ceff . We quantify the
finite-volume directional splitting by

A2 =
C3 − C1

(C1 + C2 + C3)/3
, C1 ≤ C2 ≤ C3.

(16)
Confidence intervals in Fig. 1 are nonparametric
95% bootstrap intervals for the sample mean; all
individual realizations are shown.

4.2 Convergence and direct spectral

check

Table 1 reports the ensemble results. The mean
anisotropy decreases by a factor of 5.5 between
N = 8 and N = 216. Its 95% mean interval at N =
216, [0.0324, 0.0454], lies well below the interval
at N = 8, [0.1829, 0.2524]. All three coefficient
scales remain finite and approach values of order
1.1. These data support finite-volume restoration

of rotational isotropy but are not used to fit an
asymptotic exponent.

The unweighted anisotropy in the independent
N = 27 control set is 0.1167. Importance reweight-
ing gives 0.11081 with Neff = 13.3 at (0.5, 0.02)
and 0.10795 with Neff = 9.6 at (1, 0.05). Direct
chains give 0.11101 (chain-block 95% interval
[0.10671, 0.11512]) and 0.10628 ([0.10249, 0.11045]),
respectively. Combining the direct and reweighted
bootstrap standard errors gives standardized dis-
crepancies z = 0.027 and z = −0.227. Thus
the independent samplers agree at both tested
moduli. This agreement does not validate extrap-
olation to strong penalties: reweighting to (10, 1)
has Neff = 1.03 and is unusable.

As an independent check, we assembled the full
complex Bloch matrix for one N = 64 realization
and diagonalized it along the three principal direc-
tions of its cell-problem tensor. Figure 2 shows
that λ0(k)/k

2 approaches the corresponding Ca

in every direction as kℓ → 0; at the smallest
sampled value kℓ = 0.012, all three relative dif-
ferences are below 2.3 × 10−5. The downward
curvature at kℓ ≳ 0.1 resolves the finite-cell correc-
tion rather than a change in the limiting tensor.
Fitting λ0/k

2 = Ca + Da(kℓ)
2 over kℓ ≤ 0.2

gives Da = (−0.155,−0.153,−0.179); each fitted
intercept agrees with the independent Ca within
1.8×10−6 relatively. These coefficients are a predic-
tion for the displayed realization, not an ensemble
universal.

5 Mobility, adjacency changes,

and applicability

The preceding homogenization is instantaneous:
it applies over a wave period when the generator
geometry changes adiabatically. Mobility enters
the same action through Eq. (3) and through the
dependence Aij(X). A nonuniform phase field
therefore exerts a force

−
J

Ā

∑

i∼j

∂Aij

∂Xℓ
[1− cos(θi − θj)] (17)

on generator ℓ. The background is not a pre-
scribed global rest lattice: its local rest state and
its weighted propagation tensor evolve with the
cellular configuration.
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Fig. 1 Finite-volume and finite-modulus tests. A, individual Poisson–Voronoi anisotropies and 95% bootstrap intervals for
their mean. B, the three eigenvalues of Ceff with corresponding mean intervals. C, free, importance-reweighted, and directly
sampled N = 27 estimates. Direct intervals bootstrap four independent chain means; the other intervals bootstrap the 16
independent free configurations.

Table 1 Poisson–Voronoi tensor statistics. Brackets are nonparametric 95% bootstrap intervals for the mean.

N ns ⟨A2⟩ ⟨C1⟩ ⟨C3⟩

8 20 0.2159 [0.1829, 0.2524] 0.9898 [0.9703, 1.0080] 1.2287 [1.2070, 1.2513]
27 20 0.1158 [0.0957, 0.1372] 1.0572 [1.0447, 1.0691] 1.1872 [1.1735, 1.2013]
64 20 0.0711 [0.0610, 0.0819] 1.0845 [1.0774, 1.0913] 1.1644 [1.1568, 1.1722]

125 16 0.0537 [0.0450, 0.0629] 1.0963 [1.0883, 1.1035] 1.1567 [1.1518, 1.1621]
216 12 0.0391 [0.0324, 0.0454] 1.1020 [1.0973, 1.1066] 1.1459 [1.1414, 1.1499]

Fig. 2 Lowest Bloch eigenvalue of a 64-cell Poisson–
Voronoi realization along the principal directions of Ceff .
Dashed lines are the independently calculated cell-problem
coefficients. The direct spectrum reaches these limits at
small wave number and resolves discrete corrections at
shorter wavelength.

When a generic Voronoi face disappears, Aij →
0. Its interaction energy obeys

0 ≤
JAij

Ā
[1− cos(∆θ)] ≤

2JAij

Ā
−→ 0. (18)

The propagation operator is therefore energy-
continuous through a neighbour exchange. This
property distinguishes a dynamical cellular sub-
strate from a fixed ether lattice, while leaving short-
time propagation governed by the instantaneous
weighted graph.

As a dynamical check of this statement, we
evolved one N = 64 free-generator sample ballisti-
cally on the torus with isotropic random velocities
adjusted to zero total momentum. Across 25
snapshots, all 24 successive intervals changed the
adjacency set (the accumulated edge-set symmetric
difference was 739). The instantaneous anisotropy
remained between 0.044 and 0.126 and the three
propagation coefficients stayed finite. This single
trajectory is not an ensemble convergence test; it
verifies that repeated neighbour changes do not
interrupt the tensor construction or generate a
cumulative singularity.

Equation (13) also gives the model’s phe-
nomenological boundary. At momentum pℓ ≪ 1,
the fractional modification of the quadratic branch
is of order (pℓ)2; finite regions add a stochastic
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directional splitting measured by Eq. (16). A signal
would therefore be an energy-dependent propaga-
tion correction correlated with fourth-order angular
structure, rather than a constant preferred-frame
velocity. Bounds on Lorentz-violating dispersion
constrain combinations of ℓ and the fourth-order
tensor [1, 2]; they do not determine the microscopic
cell scale without specifying how the phase mode
couples to an observed field.

The conditional common limiting cone belongs
to the three degenerate phase components. Geomet-
ric displacement modes derive from the Hessian of
Ugeo and generally have longitudinal and transverse
elastic speeds. For an isotropic elastic continuum
they obey

c2L =
K + 4µ/3

ρ
, c2T =

µ

ρ
, (19)

where K and µ are the bulk and shear moduli.

Proposition 4 (Elastic common-cone obstruction) A

stable conventional isotropic elastic sector with K > 0
and µ > 0 cannot have cL = cT .

Proof Equation (19) gives c2L − c2T = (K + µ/3)/ρ >
0. □

A universal cone shared by phase and geometric
excitations therefore cannot be obtained by tuning
positive elastic moduli alone. It requires the geo-
metric variables to acquire an additional constraint
or gauge structure, or not to represent independent
observable matter modes. This is the common-cone
and radiative-stability problem familiar in other
approaches to emergent Lorentz symmetry [47–50].
The cellular construction isolates that condition
rather than hiding it inside a regular-lattice ansatz.

6 Discussion

The numerical and analytic results answer a
focused question: microscopic spatial discreteness
does not by itself force a persistent macroscopic
propagation axis. The relevant object is the homog-
enized second-rank tensor, not the orientation of
any one face or cell. If a nondegenerate homoge-
nized limit exists, statistical rotational invariance
makes this tensor scalar, and the discrete graph
wave equation then produces the Klein–Gordon

operator at two derivatives. Finite-size anisotropy
and fourth-order dispersion remain and can be
calculated from the same microscopic geometry.

An isotropic material can also support a wave
equation in its rest frame, so the word “isotropic”
alone would not establish observer equivalence.
Here the Lorentz-like statement is tied to the com-
plete quadratic phase action: after one time rescal-
ing it contains no independent background vec-
tor or directional coefficient. Observer-dependent
effects reappear in the explicitly calculated higher-
derivative tensor. This effective-symmetry criterion
is the reason the conclusion is restricted to the
long-wave phase sector rather than attributed to
the full microscopic cellular dynamics.

Randomness plays a precise role. It is not
invoked to average away an arbitrary violation after
the fact. It defines an invariant ensemble, while
the corrector problem accounts for local field relax-
ation inside each realization. This is why a simple
angular average of bond vectors would be insuf-
ficient. The direct Bloch calculation verifies the
corrector result and shows where the continuum
approximation loses accuracy.

Mobility and isotropy are compatible but log-
ically different. Mobility prevents the cellular
elements from constituting a permanently fixed
frame; zero ensemble momentum and rotationally
invariant statistics determine the background used
for propagation. Slow cellular evolution makes the
coefficients in Eq. (13) local functions of space and
time. Rapid background evolution would require a
two-time homogenization and would generate addi-
tional scattering or damping terms. The adiabatic
condition ωτX ≫ 1 marks the domain in which the
conservative effective wave equation derived here
applies.

7 Conclusion

We constructed a deformable Voronoi cellular
model and derived the quadratic propagation ten-
sor of its internal phase branch from a periodic
corrector problem. Provided the exact weighted
ensemble has a deterministic, positive-definite
homogenized limit, rotational invariance forces
that limit to be scalar. Expanded Poisson–Voronoi
ensembles show a strong reduction of finite-
volume directional splitting, direct finite-modulus
chains agree with importance reweighting, and
Bloch spectra recover the corrector coefficients at
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long wavelength. Face-area weighting also keeps
the bond energy continuous through neighbour
changes. Together these results show that a dis-
crete, rearrangeable spatial substrate can possess
a Lorentz-like two-derivative phase sector without
a rigid lattice axis. Establishing the homogeniza-
tion hypotheses for the correlated face-area law,
treating rapid geometry evolution, and obtain-
ing a common cone for additional sectors remain
separate problems.
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