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ABSTRACT 16 

 The study explores the application of Gröbner bases theory to 17 

medical statistics, specifically in the context of confounding relationships in epidemiological studies. 18 

Gröbner bases provide a method for analyzing whether certain effects in experimental designs are 19 

confounded. The methodology involves constructing a linear combination model within a polynomial ring, 20 

where the confounding relationships can be analyzed using Gröbner bases. The study illustrates this with 21 

examples, showing how confounded interactions can be identified and how certain parameters cannot be 22 

determined simultaneously due to these confounding effects. The discussion emphasizes the importance of 23 

considering confounding in study design and analysis to accurately estimate causal effects. The study 24 

concludes by suggesting that the generalized approach to confounding relationships could be applied to 25 

real-world data, potentially improving the understanding and application of these models in medical 26 

statistics. 27 
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1 Introduction 34 

Application of Gröbner bases theory to experiments is an topic in medical statistics, which is 35 

called computational algebraic statistics.(Cox et al., 1997; Aoki et al., 2012) The confounding relation can 36 

be generalized designs and expressed concisely using the Gröbner bases theory. In fact, the problem of 37 

judging whether two effects are confounded or not is equivalent to the problem of ideal membership. The 38 

ideal membership problem is solved by calculation of a reduced Gröbner basis of the design ideal. (Aoki 39 

and Takemura, 2012) 40 

Gröbner bases theory is applied to such as polynomial equation solving and algebraic relations. 41 

(Bose, 1995). The purpose of this study is to generalize confounding relations of epidemiology in linear 42 

combination models. 43 

  44 

2 Methodology 45 

This study was approved by the Ethics Committee of Nara Medical University (approval no. 1123-7, 46 

October 8th, 2015). The need for consent was waived by the ethics committee. In polynomial ring 47 

K[1ݔ, … , ௞ lying in {0, 1}, ܽ௞ݔ) .௡], we constructed a linear combination model as followsݔ ∈ ℝ ݕ ∈ ℝ) 48 

y = ∑ {ܽ௞∏(ܾ௜)௞ݔ௜௡
௜=1 }2(2೙)−1

௞=0  49 

where (ܾ௜)௞ is defined 50 
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( (ܾ1)0 ⋯ (ܾ௡)0⋮ ⋱ ⋮(ܾ1)2(2೙)−1 ⋯ (ܾ௡)2(2೙)−1) = ( 
   
0 00 00 0 ⋯ 0 00 11 0⋮ ⋱ ⋮1 11 11 1 ⋯ 0 11 01 1) 

    51 

Here, consider 2௡ possible combinations of values of 1ݔ, … ,  ௡. Thus, we have 52ݔ

( 1(1ݔ) ⋯ ⋮1(௡ݔ) ⋱ (2೙)2(1ݔ)⋮ ⋯ (2(2೙)(௡ݔ) = ( 
   
0 00 00 0 ⋯ 0 00 11 0⋮ ⋱ ⋮1 11 11 1 ⋯ 0 11 01 1) 

    53 

Suppose that s elements of the ݆1, … , ௦݆  lines are unobservable and the other (2(2೙) −  elements are 54 ( ݏ

observable. In this case, 1ݔ, … , ,௡ satisfies the following relation 1݂ݔ … , ௡݂. 55 

1݂ ௜ݔ}∏= + ௝1(௜ݔ) − 1}௡
௜=1 = 0 56 

⋮ 57 

௦݂ ௜ݔ}∏= + ௝ೞ(௜ݔ) − 1}௡
௜=1 = 0 58 

For a set of polynomials F = [ 1݂, … , ௦݂, 1ݔ)1ݔ − 1), … , ௡ݔ)௡ݔ − 1) ] , Gröbner basis G=sp.groebner(F) 59 

based on any monomial ordering describes exactly the confounding relationship in the model 60 

y = ∑ {ܽ௞∏(ܾ௜)௞ݔ௜௡
௜=1 }2(2೙)−1

௞=0  61 

 62 

3 Example 63 

(1) Example 1  64 

In the model 65 
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y = ܽ0 + 3ݔ1ܽ + 2ݔ2ܽ + 3ݔ2ݔ3ܽ + 1ݔ4ܽ + 3ݔ1ݔ5ܽ + 2ݔ1ݔ6ܽ +  66 3ݔ2ݔ1ݔ7ܽ

if (1ݔ, ,2ݔ (3ݔ = (0,0,0)(0,0,1)(0,1,0)(0,1,1)(1,0,0)(1,0,1)(1,1,1)  are observed, and (1ݔ, ,2ݔ (3ݔ =67 

(1,1,0) 68 

is not observed, then we have 69 

3ݔ)2ݔ1ݔ − 1) = 0 70 

For F = 3ݔ)2ݔ1ݔ] − 1), 1ݔ)1ݔ − 1), 2ݔ)2ݔ − 1), 3ݔ)3ݔ − 1) ] , and G=sp.groebner(F), we have the 71 

Boolean Gröbner basis G based on the lexicographic ordering as follows. 72 

ܩ = 1ݔ)1ݔ] − 1), 3ݔ2ݔ1ݔ − ,2ݔ1ݔ 2ݔ)2ݔ − 1), 3ݔ)3ݔ − 1) ] 73 

and if we focus on 3ݔ2ݔ1ݔ −  3and the second-order 74ݔ2ݔ1ݔ we can see that the third-order interaction ,2ݔ1ݔ

interaction 2ݔ1ݔ are confounded in this model. Therefore, ܽ6 and ܽ7 cannot be obtained simultaneously 75 

in the model 76 

y = ܽ0 + 3ݔ1ܽ + 2ݔ2ܽ + 3ݔ2ݔ3ܽ + 1ݔ4ܽ + 3ݔ1ݔ5ܽ + 2ݔ1ݔ6ܽ +  77 3ݔ2ݔ1ݔ7ܽ

 78 

 (2) Example 2 79 

In the model 80 

y = ܽ0 + 3ݔ1ܽ + 2ݔ2ܽ + 3ݔ2ݔ3ܽ + 1ݔ4ܽ + 3ݔ1ݔ5ܽ + 2ݔ1ݔ6ܽ +  81 3ݔ2ݔ1ݔ7ܽ

if (1ݔ, ,2ݔ (3ݔ = (0,0,0)(0,1,0)(0,1,1)(1,0,0)(1,0,1)(1,1,1)  are observed, and (1ݔ, ,2ݔ (3ݔ =82 

(1,1,0)(0,0,1) are not observed, then we have 83 
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3ݔ)2ݔ1ݔ − 1) = 0 84 

1ݔ) − 2ݔ)(1 − 3ݔ(1 = 0 85 

For F = 3ݔ)2ݔ1ݔ] − 1), 1ݔ) − 2ݔ)(1 − ,3ݔ(1 1ݔ)1ݔ − 1), 2ݔ)2ݔ − 1), 3ݔ)3ݔ − 1) ], and 86 

G=sp.groebner(F), we have the Boolean Gröbner basis G based on the lexicographic ordering as follows. 87 

ܩ = 1ݔ)1ݔ] − 1), 2ݔ1ݔ − 3ݔ1ݔ − 3ݔ2ݔ + ,3ݔ 2ݔ)2ݔ − 1), 3ݔ)3ݔ − 1) ] 88 

and if we focus on 2ݔ1ݔ − 3ݔ1ݔ − 3ݔ2ݔ + 3ݔ) we can see that ,3ݔ + 3ݔ2ݔ) and ,(2ݔ1ݔ +  are 89 (3ݔ1ݔ

confounded in this model.  90 

In the model, 91 

y = ܽ0 + 3ݔ1ܽ + 2ݔ2ܽ + 3ݔ2ݔ3ܽ + 1ݔ4ܽ + 3ݔ1ݔ5ܽ + 2ݔ1ݔ6ܽ +  92 3ݔ2ݔ1ݔ7ܽ

y = ܽ0 + 3ݔ)1ܽ + (2ݔ1ݔ + 2ݔ2ܽ + 3ݔ2ݔ)3ܽ + (3ݔ1ݔ + 1ݔ4ܽ + (ܽ5 − 3ݔ1ݔ(3ܽ + (ܽ6 −  293ݔ1ݔ(1ܽ

+  94 3ݔ2ݔ1ݔ7ܽ

ܽ1, and ܽ3cannot be obtained simultaneously. 95 

 96 

4 Discussion 97 

Consideration of confoundings is fundamental to the design, analysis, and interpretation of 98 

studies in order to estimate causal effects. (Greenland and Morgenstern, 2001) In this study, I generalized 99 

confounding relations of epidemiology in linear combination models. This allows confounding in a binary 100 

variable model to be expressed concretely, as illustrated by the above examples. Furthermore, by using the 101 
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dummy variable concept, confounding in models with more than three values can also be expressed 102 

concretely. 103 

 104 

5 Conclusions 105 

In this study, I generalized confounding relations of epidemiology in linear combination models. 106 

Future application of this method to real-world data is expected to enhance understanding of the model. 107 

  108 
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