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Abstract

Small all-terrain vehicles (ATVs) are widely used in complex off-road operations and competitive
scenarios. Their transmission system gears are prone to fatigue fractures under the combined effects
of impact loads and wide-band vibrations, which is a key bottleneck affecting vehicle reliability. This
study addresses the issue of fractured differential axle gears during durability testing in a competition
vehicle and establishes a systematic design framework of 'failure diagnosis—mechanism
explanation—structural optimization—comprehensive verification.' Using finite element numerical
simulation and precise path stress partitioning, the high-risk fracture areas were accurately pinpointed
to the gear root’s transverse [2.8, 4.2] mm and longitudinal [3, 5] mm ranges. Variable control
analysis revealed how the stress direction angle at the gear root modulates peak stress, identifying 38°
as the most unfavorable load angle with a peak stress of 680 MPa, a relative change of 16.9%.
Experimental modal analysis (EMA) identified the first bending mode frequency of the gear as
3637.5 Hz, which overlaps with the main excitation frequency band of 1-5 kHz typical for ATV
bumpy roads, creating a resonance amplification risk. Metallographic analysis confirmed that the
failure mode was tooth surface pitting dominated by overload impacts, accompanied by anomalies in
the carburized layer microstructure. To address these multiple failure causes, a variable-curvature
gear root optimization scheme based on cubic B-splines was proposed, using its local support to
precisely control the curvature in high-risk areas, smoothly increasing the root fillet radius from 0.5
mm to 1.5 mm. After optimization, the maximum equivalent stress at the gear root decreased from
688.95 MPa to 601.45 MPa (a reduction of 12.7%), and the first bending mode frequency increased
from 3637.5 Hz to 4418.75 Hz (a rise of 21.5%), successfully avoiding the 15% resonance safety
margin zone. On this basis, a continuous stress-curvature radius response model was established
using Physics-Constrained Interpolation (PCI), and a dual-objective optimization envelope (BOE)
decision framework was proposed. The BOE range satisfying static strength (90% gain) and dynamic
stability (15% frequency margin) was defined as R E€[1.32,1.60] mm, with a recommended
engineering lower limit of R>1.40 mm. The integrated diagnosis—optimization—verification method
established in this study provides a reusable technical pathway and theoretical basis for fatigue-
resistant design of gears in small ATV transmission systems.
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1 Introduction

Small all-terrain vehicles (ATVs) are widely used on complex unpaved surfaces,
where driving conditions are highly unsteady (severe bumps, fluctuating traction
coefficients, alternating load changes), which puts extremely high reliability demands
on the transmission system. The differential gears, being key components for power
transmission and differential coordination, experience severe root stress concentration
and frequent fatigue fractures under the combined effects of impact loads and wide-
frequency vibrations, and have become a technical bottleneck limiting lifespan
improvement!!l. The off-road tracks of the China Baja Competition (BSC), including
humps, washboard roads, mud, and rocks, realistically replicate extreme load spectra
and are ideal test grounds for studying transmission failures. In 2025, a vehicle in the
endurance race experienced gear idling after a differential abnormal noise. Upon
disassembly, the axle gears were found to be severely worn and broken, with fractures
near the gear root fillet, showing mixed overload and fatigue characteristics.
Preliminary analysis suggested multiple coupled factors such as insufficient static
strength, unfavorable load directions, dynamic resonance, and abnormal material
structure!?!. Traditional optimization separately addresses static strength or dynamic
characteristics and lacks systematic recognition and coordinated optimization of
multiple causes. To address this, this study uses a range of systematic methods
including finite element numerical simulation, precise path stress partitioning, control
variable analysis, experimental modal analysis, and metallographic inspection. By
comprehensively considering the coupling relationships between gear surface load
spectra, stress angles, natural frequencies, and track excitation frequencies, the study
performs static fracture analysis, spatial localization of high-risk areas, stress angle
impact analysis, and dynamic resonance risk assessment!*!. Based on the results, the
gears were redesigned, using variable-curvature splines to optimize the gear root
structure. For small-sample data conditions, a physical-constraint interpolation dual-
objective envelope (PCI-BOE) decision method was proposed, offering a reusable
design paradigm for gear optimization with limited data. The optimization was
ultimately validated, providing a theoretical basis for the design of the Baja racecar
transmission system.

2 Analysis of Failed Gear Load and Risk Area Positioning

Due to a differential gear breaking during the car race, causing a failure to transmit power, the
inspection after disassembly showed that the axle gears were severely worn, as shown in Figure 1.
This study conducts an ANSYS finite element analysis on the axle gears, focusing on gear contact
points and surfaces, the maximum fracture load, and the maximum deformation, along with other
related fracture factors(4l,
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Figure 1 worn gear

2.1 Gear Equivalent Load Analysis

Finite element analysis requires applying a reasonable load on the gear surface. In this article, based
on the whole vehicle parameters, as shown in Table 1, the input torque of the axle gear is determined
from both the power source and ground adhesion aspects, and then the normal force acting on the
gear surface is calculated.

Table 1 Vehicle and Gear Parameters

Parameters Data

Motor output torque (T) 70N-M
Gearbox transmission ratio (ia) 2.75
Differential transmission ratio (i) 2.58
Full load mass (i) 7.09
Full load mass (m) 220
Tire radius (1) 270

Road adhesion coefficient () 0.5-0.6

Axle gear pitch circle radius (ry) 21.25mm
Gear pressure angle (a) 20

(1) Determining the reference torque

Let the motor's peak output torque be T (N-m), and the total transmission ratio from the motor to the
half-shaft be i (including the reducer and differential)

i=i xi, (1)

Then the torque transmitted from the motor to the half-shaft is:
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T, =Txi 2)

After calculation, the torque transmitted from the motor to the half-shaft is 496.3 N-m. The maximum
driving torque that the ground adhesion can handle is limited by the fully loaded mass of the race car
m (kg), the tire radius r (m), and the road adhesion coefficient p. Taking gravitational acceleration g,
the torque limited by adhesion is:

T, = pumg-r A3)
Among them, this is the torque limited by adhesion. In actual driving, the torque on the axle gear
won't exceed the smaller of the two mentioned above. Calculations show that the reference torque is
3202 N * m.

(2) Torque analysis under impact conditions

When the Baja car passes over the hump bump obstacle, the gears experience a significant impact
load. Referring to the mechanical design manual and relevant studies on Baja cars, the impact factor
is taken as 1.750), Therefore, the torque used for finite element analysis is:

T,=K,T )
(3) Calculation of the normal force on the tooth surface

According to calculations, 560.35 N-m, based on gear mechanics principles, the normal force on a
single tooth surface is related to the torque, pitch circle radius, and pressure angle as follows:

o (5)
21, -cosa

This article treats this axial force as the equivalent load applied to a single gear tooth surface of the
half-shaft gear, with the direction along the tooth surface normal. By inputting the calculated value of
1.135x10* N-M into the finite element model, the subsequent stress analysis can be carried out. For
the material, the half-shaft gear is set as an isotropic standard elastic material, with a density of 7,850
kg/m3, an elastic modulus of 209 GPa, and a Poisson's ratio of 0.275. Hexahedral elements (C3D8R)
and tetrahedral elements (C3D10M) are used for meshing. After consulting relevant references and
balancing analysis error with accuracy, the local mesh size was finally set to 0.5 mm[%l. Considering
all the factors from the calculations above, a contact stress of 1.135x10* N-M is applied to the gear
surface.gear surface.

Figure 2 Overall Model Setup
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B: Static Structure
Structure
Total Deformation
Unit: mm
Time: 15

0020344 Max
0.018083
0015523
0.013562
0.011502
0.0050416
0.0067812
0.0045208
0.0022604

0 Min

Figure 3 Gear Finite Element Analysis Model

As shown in Figure 2, a finite element analysis model of the differential axle gear was established.
The analysis results show that the maximum equivalent stress of 688.95 MPa appears at the tooth
root, and the maximum deformation of 0.020344 mm is located at the free end of the tooth top,
gradually decreasing along the tooth height to the root. The finite element analysis results are shown
in Figure 3.

2.2 Multi-interval Deformation Stress Analysis

Since the range of extreme stress is quite broad and the exact fracture location can't be pinpointed,
we’re considering using the SpaceClaim module to divide the geometry of the stressed surface. The
gear tooth grooves are relatively intact without wear marks, so we’re using the centerline of the
grooves as the starting line to define paths for dividing the equivalent region of plane strain. Within
this area, multiple horizontal and vertical paths are laid out at Imm intervals based on the groove
centerline and edge lines, as showrw igure 4, with the perimeter area shown in Figure 5.

=

Area: 91.4942mm?
Penmeter. 40.9843mm

Figure 5 Path division, perimeter, area

Compare the maximum stress values along different longitudinal paths, using the midpoint of the
tooth slot as a reference, and extract data at Imm intervals, getting about 10 data samples. From these,

5
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divide them into 3 groups of highly accurate and representative data to serve as the final experimental
data samples. Part of the data for the longitudinal distribution curve of equivalent stress is shown in
Figure 5.
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Figure 6 Full Longitudinal Section
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Figure 7 full horizontal section

Based on the analysis of the full longitudinal section in Figure 6:

The longitudinal path stress extraction results are shown in Figure 6. The stress along the length of
the tooth slot is unevenly distributed, with a peak stress of 679.83 MPa appearing 4 mm from the
centerline of the slot. The numerical deviation from the maximum value in the overall finite element
analysis is within 1.3%, which verifies the consistency of the model accuracy. High-risk areas are
concentrated within the longitudinal range of [3, 5] mm. Multiple stress distribution lines overlap in
this region, and after rising rapidly, the stress tends to stabilize, with overall fluctuations of about
15%. This is a key area for tooth root fracture. Further comparison of the maximum stress values
along different transverse paths, with data extracted using intervals based on a 0.7 mm distance from
the edge of the tooth slot, yields the equivalent stress transverse path distribution curve shown in
Figure 7.

Based on the analysis of the full transverse section in Figure 7:

The transverse path stress extraction results are shown in Figure 6. The stress shows a clear inverted
parabolic trend, reaching a peak of 688.95 MPa at 4.2 mm from the edge of the tooth slot. High-risk

6
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areas are concentrated within the transverse range of [2.8, 4.2] mm, where extreme points are densely
distributed and all exceed 600 MPa. The transverse high-risk area is precisely located within 2.8 - 4.2
mm from the centerline of the slot.

Combining the longitudinal and transverse path analysis results, the high-risk area for gear fracture is
accurately located in a local part of the tooth slot—transversely [2.8, 4.2] mm and longitudinally [3, 5]
mm. This positioning provides a precise spatial basis for subsequent control variable analysis of high-
risk areas.

3 Analysis of Multi-Variable Load Effects in High-Stress Areas

3.1 Analysis Plan Design

We analyzed and pinpointed the high-risk transverse fracture zone in the gear structure at [2.8, 4.2]
mm and the longitudinal zone at [3, 5] mm. Based on this data, to further study how stress values and
stress angles affect fractures in these high-risk gear areas, a controlled variable analysis approach was
used. Using the equivalent area of the high-risk zone (91.48 mm?) obtained from the path
segmentation in Chapter 1 and the average stress level in that area, we calculated the reference value
for the maximum principal stress in the high-risk zone to be 124.6 MPa. This serves as the fixed
stress value for the controlled variable analysis. By keeping the stress value constant and changing
the stress angle, we carried out the controlled experiments. Reviewing relevant studies shows that the
direction of the maximum principal stress forms about a 35°~55° angle with the normal of the tooth
root surface!”), and this angle changes with the load application point. At the upper boundary of a
single tooth pair engagement, the direction of the maximum principal stress at the tooth root is
typically around 43°, and it shifts as the load moves across the tooth surface!®,

With all this in mind, we conducted controlled variable experiments: based on the high-risk zone
precisely located in Section 2.2 (transverse [2.8, 4.2] mm, longitudinal [3, 5] mm), we designed
multiple sets of controlled variable experiments:

3.2 Controlled variable analysis experiment

The controlled variable experiment is mainly divided into 5 groups, controlling fixed stress values
and varying stress angles, as shown in Table 2.

Table 2: Control Variable Experimental Design

Experimental Control Fixed . .
Group Method Parameters Experimental Purpose Variable Parameters
To study the effect of
Fixed stress ~ Maximum stress direction on
S Stress angle
value, principal stress  local stress .
Group 5 . . . parameter gradient:
changing value is 124.6 concentration areas at 28° 33°. 38°. 43°. 48°
stress angle  NM the tooth root and T T e

fracture patterns
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Control Variables (33)
Equivalent Stress

Type: Equivalent (Von- Mises) Stress
Unit: MPa

Time: 15

Control Variables (28)

Equivalent Stress

Type: Equivalent (Von-Mises) Stress
Unit: MPa

Time: 15

7.1283e-6
67058
67054
44112
3ns
23808
22356
14904
7452

Min

6.6031e-6 Max
650.38

506.31

453.98
361.65

269.32
21699
14466
72331

Min

Figure 8 28°,33° Stress Diagram

H: Controlled Variable (43)
Equivalent Stress

Type: Equivalent (Von-Mises) Stres
Unit: MPa

Time: 15

I, Controlled Variable (38)
Equivalent Stress

Type: Equivalent {Von-Mises) Stress
Unit: MPa

Time: 15

627.09
627.09
481.74
415.06
34538
28N
209.03
13935
69.677
1.7233e-5

685.3 Max
609.16
51301
456.87
360.72
304.58
22343
152.29
768145
Min

Figure 9 38°,43°Stress Diagram

r F: Cantrolled Variable (48)
ek Equivalent Stress
Type: Equivalent (Von-Mises) Stress

Unit; MPa
Time: 15

596.95 Mpa
596.95

4643

397.97

331.64

265.31

198,98

13266

66328
4.8131e-6 Mpa

Figure 10 48°Stress Diagram

According to the precise path division in Section 1.2, the effective surface area of the action path is
91.48 mm?, and the maximum principal stress in the fixed high-risk area is 124.6 MPa. A stress
direction angle analysis was carried out in the range of 28° to 48° with 5° increments. As shown in
Figures 8-10, by comparing the equivalent stress cloud diagrams for each angle, we can see that in
the 28° to 38° range, the peak equivalent stress gradually rises from 650 MPa to 680 MPa as the
angle increases. The mechanical reason is that the tangential load component increases with the angle,
making the tooth root bending tensile stress increasingly dominant and intensifying stress
concentration. When the angle reaches 38°, the tangential bending tensile stress and the normal
contact compressive stress form an optimal coupling at the high-risk section, producing the strongest
superposition effect, with the peak stress reaching 680 MPa. If the angle continues to increase to 48°,
the peak stress drops to 570 MPa, a decrease of 16.2%, because the normal load component gradually
misaligns with the tooth root fillet normal direction, weakening the superposition effect of tangential
and normal stresses, and the force flow reroutes along the tooth surface, easing local stress
concentration.
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This analysis shows that within the 20° range of 28° to 48°, the peak stress difference reaches 110
MPa, with a relative change of 16.9%, which is significant. Thus, 38° is determined to be the most
unfavorable load direction angle for this gear structure.

4 Comprehensive verification of failure mechanisms

In Chapter 2, finite element analysis precisely pinpointed the high-risk fracture area to the [2.8, 4.2]
mm range laterally and [3, 5] mm range longitudinally at the tooth root. Chapter 3 further identified
38° as the most unfavorable load direction. However, stress analysis only reveals the mechanical
driving factors behind the fracture, so we still need to cross-verify the failure mechanism from the
perspectives of material microstructure and structural dynamic properties. To do this, this chapter
carries out metallographic analysis (Section 4.1) and experimental modal analysis (Section 4.2),
checking the consistency of the conclusions from Chapters 2 and 3 at both the micro material
strength and macro vibration response levels, and revealing the fracture mechanism under the
combined effect of static stress concentration and dynamic load resonance amplification.

4.1 Metallography

To further clarify the cause of the gear fracture and evaluate the metallurgical quality of the raw
materials and the reasonableness of the heat treatment process, a systematic metallographic analysis
was carried out on the failed gear. The sampling locations are shown in Figure 11, including the
fracture debris inside the differential housing and the gear tooth contact area. After mounting,

grinding, and polishing, the microstructure was observed using a scanning electron microscope (SEM)
(9]

Figure 11: Sampling of metallographic test specimens

Based on the metallographic analysis of the phases at 200x and 500x magnification (Figure 12), the
following can be observed:

From the morphology (dense gray-black matrix + diffused fine dark particles):

1. Matrix: Fine tempered martensite (high carbon, carburized surface structure)

After carburizing, the surface carbon content increases. Quenching and low-temperature tempering
form fine needle-like/cryptocrystalline tempered martensite, which is the main body for wear
resistance of the gear tooth surface (tooth surface hardness HRC58~63);

2. Diffuse small black particles: Granular alloy carbides + trace amounts of retained austenite

Fine particles: Cr alloy carbides precipitated during the carburizing process (improving wear
resistance and pitting resistance); Light white diffused area: Quenched retained austenite (normal
associated structure in carburized gears);
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Figure 12 Metallographic Structure (200x, 500x)

Metallographic observation confirmed that the fracture surface was characterized by surface spalling
dominated by overload impact, accompanied by localized carbide segregation and a high content of
retained austenite in the carburized layer. These microstructural features reduced the surface impact
toughness to some extent, accelerating wear and chipping. The spatial location of this spalling feature
closely matches the high-stress zone (transverse [2.8, 4.2] mm, longitudinal [3, 5] mm) identified in
Chapter 2, which is precisely the stress concentration zone under the 38° critical load direction
determined in Chapter 3. These three findings corroborate each other, indicating that the fracture was
caused by stress concentration in the high-risk area exceeding the material's microstructural strength
limit under a specific load direction.

4.2 Experimental modal analysis

Metallographic analysis revealed the failure mechanism under static overload conditions but failed to
explain why fractures occurred concentratedly under specific working conditions. The Baja all-
terrain vehicle exhibits short-duration high-impact and broadband random vibration characteristics
during operation. Therefore, this study further investigated resonance risks from a dynamic
characteristics perspective using Experimental Modal Analysis (EMA). Based on the Engineering
Data Management (EDM) software platform, its EMA modal analysis module was used for hammer
impact testing and data acquisition. The EDM platform then employed modal analysis to optimize
the system's dynamic characteristics.

4.2.1 EDM Platform Setup

Connect the DSS device (testing instrument) and set the excitation level of the excitation sensor
hammer to 10V and the sensitivity to 98.88 to generate detailed images. A triaxial accelerometer
capable of simultaneously measuring vibration acceleration signals in the X, Y, and Z directions is
fixed to the gear as shown in Figure 13. The experimental gear is fixed to the stand, and the trigger
type, analysis frequency, block size (line/block), window type, and superposition rate are set as
shown in Table 3. A hammer impact test is performed.

Figure 13 Experimental gear fabrication
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Table 3 Trigger Type Parameters

Analysis Frequency (Hz) 3.5kHz
Block Size (lines/block) 1024/450
Window Type Uniform
Overlay Rate No Overlay
Averaging Mode Linear
Average 4

4.2.2 High and low frequency modes

As shown in Figure 14, the low-frequency modal curves show a significant peak at approximately
3637.5 Hz, with an amplitude of approximately -43.69 dB on a logarithmic scale of 0.0113 g/N.
Simultaneously, the phase frequency curve undergoes a sudden change of approximately -180° near
this frequency. These characteristics are consistent with the typical manifestations of system
resonance: amplitude peak, phase crossing of -90°~-270° or -180° sudden change %, Therefore,
3637.5 Hz is determined to be the first-order bending mode or local resonance frequency of the gear
system. This frequency is located on the typical bumpy surface of the Baja racetrack, which contains
high-frequency impact components of 1~5 kHz '], When the original race car passed through the
hump obstacle, the broadband random excitation from the road surface excited this mode, resulting in
a significant amplification of the dynamic stress at the root of the gear teeth, thereby accelerating the
initiation and propagation of fatigue cracks. This inference is highly consistent with the location of
the maximum equivalent stress zone at the tooth root in the finite element analysis in Section 1,
which is [2.8, 4.2] mm laterally and [3, 5] mm longitudinally, further confirming that dynamic
resonance is an important cause of fracture.

As shown in Figure 15, the high-frequency modal curves also show a clear amplitude peak at
8782.50 Hz. The amplitude at 5.3878 g/N is significantly -17.41 dB on the logarithmic coordinate,
and the phase also shows a change of about -130°, indicating that this frequency corresponds to the
higher-order bending mode or the local vibration mode of the tooth surface 1'?l. The peak amplitude at
8782.50 Hz is relatively low and the bandwidth is narrow, which is likely due to the secondary
resonance of the hammer or the higher-order mode of the test fixture. It has limited impact on the
actual working conditions and can be temporarily disregarded in subsequent optimization.

11
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Figure 15. Amplitude-frequency characteristic curves of FRF high-frequency band modes

4.3 Comprehensive determination of failure mechanism

The combined results of metallographic analysis and experimental modal analysis indicate that the
wear fracture primarily occurs at the static and dynamic levels:

Statically: Stress concentration in the high-risk area (688.95 MPa) coupled with the most unfavorable
load direction (38°) causes the local stress at the tooth root to exceed the material's microstructural
strength limit, creating the mechanical conditions for crack initiation;

Dynamically: The first-order bending mode frequency (3637.5 Hz) falls into the main excitation
frequency band of the track, dynamically resonating and amplifying the stress amplitude at the tooth
root, accelerating crack propagation;

The synergistic effect of these two factors leads to the early fracture failure of the gear under
durability conditions.
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5 Tooth root optimization and PCI-BOE decision method based on variable curvature
splines

Finite element analysis shows that the maximum equivalent stress at the tooth root in the original
design reaches 688.95 MPa, with the high-risk area concentrated in the narrow local zone of the tooth
root transition arc. To fundamentally reduce the stress concentration level at the tooth root, this
chapter establishes mathematical models for both traditional circular arc tooth roots and variable
curvature spline tooth roots based on parametric modeling theory. The fatigue-resistant design of the
tooth root structure is achieved through curvature distribution optimization!'3],

5.1 Traditional circular arc tooth root mathematical model

In the tooth root transition region, a local coordinate system is established with its origin at the
intersection of the tooth groove centerline and the tooth root circle. The x-axis is along the tooth
groove centerline, and the y-axis is along the tooth width direction. The geometric equation of the
traditional circular arc tooth root can be expressed as:

XH(y-y.) =R <) (6)

The resulting stress concentration factor Kt can be approximately expressed using the Neuber
formula or the Peterson formula as follows:

K —1+= |4 (7)
Ry \ Py

ax

, . o
K, —Theoretical stress concentration factor K, = %
o)

nom

a —Gap depth
P —Equivalent radius of curvature at the root of the notch

0, —Actual peak stress

o,., —hominal stress

n

For a circular arc with constant curvature as shown in Figure 16, K, maintains a constant maximum

value throughout the entire tooth root segment, resulting in stress concentration that cannot be
alleviated by local adaptation of the geometry. In the original design of this study, R, = 0.5mm , and

the nominal stress o, = 550Mpa obtained from the finite element analysis, the actual peak stress at

the tooth root o, =K, -0, = 688.95Mpa , which is consistent with the analysis in Section 2.1.

nom
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Figure 16 Traditional circular arc tooth root curve
5.2 Mathematical model of tooth root with variable curvature spline

For the tooth root transition curve, curvature continuity directly affects the transmission path of force
flow across the tooth surface. Cubic B-splines offer a balance between curve smoothness and
computational efficiency; quadratic splines cannot guarantee C2 curvature continuity, whereas
splines of degree four or higher involve an excessively large influence range for control points,
making localized adjustments in high-risk areas difficult. Therefore, this study employs cubic B-
splines to construct the tooth root transition profile, with the following parametric equation:

C(t):ZLoNi,p (t)Pz ®)
In the equation, C(t) = [x(t), y(t)]T is the position vector on the curve at parameter t, n = 5 (indicating
6 control points), p = 3 is the spline degree, Pi represents the coordinates of the i-th control point, and
Ni,p (t) is the p-th degree B-spline basis function determined by the Cox-de Boor recurrence formula:
the B-spline basis functions are determined by the following recurrence formula:

N <r<ty,)
Nio (t) B {O(OL‘herwise) ©)
r—t, ti+ + —1
]v[,p (t) = _l Ni,p—l (t)+%Ni+l,p—l (t) (10)
ti+p t[ ti+p+1 i+1

To ensure a smooth transition between the root curve and the straight section of the tooth profile, and
the bottom of the tooth groove at the connection point, the following must be met:

Clon: C'(t]ink)zﬂ"l/tan (11)
Cooi C"(tnnk):,u'V (12)

con® nor

Here, A and p are proportionality coefficients, while V_tangential and V_normal represent the
tangential and normal vectors at the connecting boundary, respectively. Research by Vaghela and
Prajapati indicates that the G* continuity constraint is the key geometric condition for eliminating
stress concentration at the root junction [, The radius of curvature p(t) of the B-spline curve is given

by:
~ew
pl)= )

C (t,;,, ) —First derivative of the curve at the connection point

(13)

C'(t,;,, ) —Second derivative of the curve at the connection point
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A —Tangential continuity scaling factor
H —Normal continuity scaling factor

Vian —Tangent vector of the adjacent geometric feature

Vier —Normal vector of the adjacent geometric feature

In the formula, C'(t)and C'"'(t)represent the first and second derivatives of the curve, respectively. A
smaller p(t) indicates sharper curvature at the tooth root and more severe stress concentration,
whereas a larger p(t)implies a gentler curve and alleviated stress concentration; by adjusting the
positions of the control points,p(t) is made to transition continuously from Ry = 0.5mm to R, =

1.5mm '] As shown in Figure 17.

Figure 17 Variable-curvature spline tooth root curve
A key advantage of B-spline curves is their local support property: adjusting any single control point

Pi affects the curve shape only within the parameter interval t € [ti,ti + p + 1], leaving the rest of the
curve unchanged. This characteristic allows for localized, refined adjustments in high-risk zones
(transverse range [2.8, 4.2] mm, longitudinal range [3, 5] mm) without the need to redesign the entire
tooth root curve '® 171, The sequence of optimal control point coordinates {Pi} derived from the
mathematical model is imported into SolidWorks; 6 to 8 control points are defined on the tooth root
cross-section sketch to generate the transition curve. Fine-tuning the control points near the high-risk
zone ensures a smooth transition of the radius of curvature from 0.5 mm to 1.5 mm, followed by a
sweep operation along a 3D guide curve to complete the optimization of the tooth root surface . After
optimization, the three intermediate control points (P1, P2, P3) are shifted outward by approximately
0.2 - 0.4 mm, resulting in a continuous transition of the tooth root radius of curvature from R0 = 0.5
mm to 1.5 mm.As shown in Figure 18.

Figure 18 Modeling Optimization

15



388

389
390

391
392
393
394
395
396
397
398
399
400
401

402

403
404
405
406

407

408
409
410

411
412

413
414
415
416
417

5.3 Decision-making method for gear root optimization based on physics-constrained
interpolation and dual-objective envelopes

Sections 5.1 and 5.2 established the geometric models for variable-curvature spline root fillets and
determined the stress and frequency responses for two extreme design cases (R =0.5 mm and R = 1.5
mm) via finite element analysis. However, engineering optimization requires not only verifying the
feasibility of individual designs but also defining recommended parameter ranges based on limited
data. To address this common challenge, this section proposes a structural optimization decision-
making framework suitable for small datasets; the framework comprises two core components:

(1) Physics-Constrained Interpolation (PCI)—constructing a complete response curve by using the
power-law relationship derived from classical stress concentration theory as a constraint and the two
extreme data points as anchors ['8;

According to the theory of stress concentration at the tooth root, a power-law relationship exists
between the maximum root stress ( 0 ) and the fillet radius (R).

o(R)=aeR™+b (14)

The exponent m is related to the tooth profile geometry; literature indicates that it falls within the
range m € [0.3, 0.5]1"°]. In this study, m is set to 0.35 (a typical value for standard involute gears),
and the coefficients a and b are determined using two finite element data points (R = 0.5 mm, o =
688.95 MPa; R = 1.5 mm, o = 601.45 MPa), yielding the following PCI model:

6(R)=215.06 xR **° +414.84 (MPa) (15)

The fundamental distinction of the PCI method from traditional polynomial regression lies in the fact
that the curve's shape is determined by physical laws rather than statistical fitting; consequently, it
yields physically consistent predictions even with small sample sizes.

750 T
e PC| Model

@ FEM Data Points
90% Benefit Threshold
=== Critical R = 1.32 mm

725 A

700 4

675 1

650

I
|
i
|
|
!

Max. Equivalent Stress o (MPa)

550

0.4 06 0.8 10 12 14 16
Root Radius R (mm)

Figure 19 Comparison of the PCI model fitting curve with finite element data

Figure 19 illustrates the comparison between the PCI fitted curve and the original finite element data
points. The red curve represents the relationship between root stress and radius of curvature predicted
by the PCI model; the red dots indicate the finite element data points; the orange dashed line marks
the 90% benefit threshold (610.20 MPa); and the purple dash-dotted line indicates the critical radius
(1.32 mm). The model curve passes precisely through two data points, validating the effectiveness of
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the fitted parameters (a=215.06, b=414.84) in accurately reflecting the data characteristics. The
figure also displays the 90% benefit threshold line (090% = 610.20 MPa) and its corresponding
critical radius (Ro = 1.32 mm).

Furthermore, to reveal the intrinsic relationship between the two optimization objectives—static
strength and dynamic stability—Figure 20 plots the Pareto front extending from the initial design to
the optimized point, with stress on the horizontal axis and frequency on the vertical axis. The front
exhibits a monotonically decreasing trend, indicating that the two objectives do not conflict within
the parameter range investigated in this study; specifically, a reduction in stress is accompanied by an
increase in frequency, demonstrating a synergistic relationship between them[20].

4800

Optimized
R=1.5mm
l0=601.45MPa
4600 {f=4418.75Hz

\
4400
A200 e e ]

4000 -

3800 A

Origina

1st Bending Modal Frequency f (Hz)

3600 { @ Pareto Front — :ngSB Q?MPa
—~— Safety Margin f=4183Hz f=3631.5Hz
90% Benefit c<610.2MPa
3400 T {
580 600 620 640 660 680 700 720

Max. Equivalent Stress o (MPa)

Figure 20 Dual-objective Pareto front and constraint boundary.

The solid red line represents the Pareto front extending from the initial design (R = 0.5 mm) to the
optimized point (R = 1.5 mm); the orange dashed line indicates the 90% gain threshold (0 < 610.20
MPa), and the green dashed line marks the 15% frequency safety margin (f = 4183 Hz). The green
shaded area represents the region where both objective constraints are simultaneously satisfied. The
Pareto front exhibits a monotonically decreasing trend, indicating synergy between the two objectives
rather than conflict.
(2) Bi-objective Optimization Envelope (BOE) — defined by constraints on static strength and
dynamic stability, this envelope delineates the parameter range that simultaneously meets all
performance requirements. The optimization problem is formulated as determining the feasible
parameter region subject to these dual-objective constraints.
Static strength objective: A 90% gain cutoff criterion is defined — when changes in geometric
parameters yield more than 90% of the total gain, the parameter enters the "optimal solution range."
The total gainis A = 688.95 — 601.45 = 87.50, and the stress threshold corresponding to 90% gain is
0 90% = 610.20 MPa. Substituting this into Equation (15) and solving inversely yields:
R_>1.32mm (16)

To intuitively describe how the optimized gain varies with the radius of curvature, the gain ratio is
defined as the percentage of the total stress reduction represented by the current stress reduction:

Benefit(R)= 20 0W) 1600 (17)

6(0.5)-6(1.5)

Figures 21 illustrate the variation of the gain ratio with the radius of curvature R. The curve exhibits a
monotonically increasing trend; the gain rises rapidly within the range of R =0.5-1.0 mm but
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subsequently slows down, demonstrating characteristics of diminishing marginal returns. The
intersection of the 90% gain threshold line and the gain curve occurs at R = 1.32 mm, which is
consistent with the result calculated using Equation (15).
!
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Figure 21 Optimized gain-to-curvature radius ratio curve

The green curve represents the variation of the optimized benefit ratio with the radius of curvature;
the orange dashed line indicates the 90% benefit threshold, and the purple dash-dot line marks the
critical radius (1.32 mm). The benefit curve rises rapidly in the R=0.5-1.0 mm range but subsequently
levels off, exhibiting the law of diminishing returns. Considering computational accuracy and
engineering safety margins, it is recommended to round the value to R = 1.40 mm as the lower limit
for engineering applications. Dynamic stability objective: Based on the EMA results from Chapter 4,
the gear's first-order bending mode frequency must avoid the 15% resonance safety margin range—
specifically, f = 4183 Hz. The linear relationship between frequency and the radius of curvature is
determined by two data points (R = 0.5 mm, f = 3637.5 Hz; R = 1.5 mm, f = 4418.75 Hz); solving
this yields:

R; >21.20mm (18)
Taking the intersection of the two yields the bi-objective optimization envelope (BOE):
R e[l.32,1.60]mm (19)

For engineering purposes, a value of R = 1.40 mm is recommended; this value captures over 90% of
the potential gains from static strength optimization while balancing dynamic stability requirements
and manufacturing feasibility. The decision diagram based on the PCI-BOE framework is shown in
Figure 22.
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Figure 22 Bi-objective Optimization Envelope (BOE) Decision Diagram

The green shaded area represents the BOE (Best Operating Envelope) region; its left boundary (R =
1.32 mm) is determined by the theoretical value derived from static strength constraints, while the
right boundary (R = 1.60 mm) is an engineering upper limit established by considering both
geometric interference and the effect of diminishing marginal returns. For engineering applications, it
is recommended to set the curvature radius to R > 1.40 mm. The figure clearly demonstrates that: (1)
when R < 1.32 mm, the tooth root stress exceeds the 90% benefit threshold, resulting in insufficient
gains from static strength optimization; (2) when R > 1.20 mm, the modal frequency already meets
the 15% safety margin requirement, meaning this constraint does not play a dominant role within the
BOE; and (3) within the BOE range (R = 1.32—-1.60 mm), both objectives are satisfied, and the stress
levels approach the optimal range. Given that the theoretical value of R = 1.32 mm is derived from an
exact inverse solution based on the PCI model, and accounting for engineering uncertainties—such as
finite element calculation errors, material property variations, and manufacturing tolerances—this
paper recommends a lower limit of R > 1.40 mm for practical application. This value captures over
90% of the potential static strength optimization benefits while maintaining sufficient margins for
dynamic stability requirements and manufacturing feasibility. Figure 23 presents a normalized
comparison of tooth root stress and the first-order bending modal frequency—using the original
design (R = 0.5 mm) as the baseline (100%)—to comprehensively evaluate the overall static and
dynamic improvements achieved by the optimization scheme.
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Figure 23 Normalized comprehensive comparison of static and dynamic characteristics

495  The red curve represents the stress ratio (normalized against the original design value of 688.95 MPa),
496  the blue curve represents the frequency ratio (normalized against the original design value of 3637.5
497  Hz), the green shaded area indicates the BOE range (1.32—1.60 mm), and the purple dash-dotted line
498  marks the critical radius. At R = 1.5 mm, the stress drops to 87.3% of the original design value while
499  the frequency rises to 121.5%, achieving a simultaneous improvement in both static strength and

500  dynamic stability.

501  Synthesizing the analysis results from Figures 19 through 23, the PCI-BOE decision-making

502  framework proposed in this paper successfully identified the optimization parameter range satisfying
503  dual-objective constraints—using only two finite element data points—and provided a clear

504  engineering recommendation (R > 1.40 mm). This framework does not rely on extensive parameter
505  sweep data; it is characterized by high data efficiency, strong physical interpretability, and good

506  generalizability, making it applicable to other structural optimization problems facing similar "data
507  scarcity" conditions, such as gear root parameter design involving different modules, material

508  properties, or loading conditions.

509 5.4 Experimental verification of the optimization scheme

510  To verify the practical effectiveness of the variable-curvature spline root optimization scheme
511  presented in Section 5.2, this section employs the same load boundary conditions and testing
512  parameters as the original design (as shown in Figure 24). Comprehensive evaluations of the
513  optimized gear's static strength and dynamic stability are conducted using finite element static
514  analysis and experimental modal testing, respectively.

515  Static analysis verification: The optimized 3D model (R = 1.5 mm) was re-imported into Ansys

516  Workbench. Upon applying the same normal force (1.135 x 10* N) and impact factor (Ka = 1.75), the
517  calculated maximum equivalent stress at the tooth root was 601.45 MPa—a 12.7% reduction

518  compared to the original design (688.95 MPa), as shown in Figure 25. The peak stress location

519  shifted approximately 0.6 mm from the midpoint of the tooth root arc toward the center-line of the
520  tooth space; this indicates that the variable-curvature design transformed the stress concentration

521  from a "point" into a "short band" distribution, resulting in a more gradual stress gradient. This stress
522 value falls below the 90% benefit threshold (610.20 MPa) derived from the PCI model in Section 5.3,
523 representing a static strength optimization benefit of 91.6%.
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525  Figure 24 Construction of the optimized finite element model.
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527  Figure 25 Finite element analysis of equivalent stress after optimization.

528  Dynamic verification: Based on impact testing using the EDM platform, the first-order bending mode
529  frequency of the optimized gear in the low-frequency range increased from the original design's

530  3637.5 Hz to 4418.75 Hz—a rise of 21.5%. This frequency exceeds the lower limit of the 15%

531  resonance safety margin (4183 Hz), successfully moving outside the track's primary excitation

532 frequency band of 1-5 kHz (as shown in Figure26). Regarding the high-frequency range (higher-

533 order modes), as shown in Figure 2, the peak frequency for the optimized gear appears at 6512.50 Hz,
534  areduction of approximately 2270 Hz compared to the original design's 8782.50 Hz. This mode falls
535 well outside the track's primary excitation band (1-5 kHz) and exhibits low amplitude; consequently,
536 its engineering impact on the gear's fatigue life is negligible (as shown in Figure 27).
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Figure 26 Optimized gear FRF magnitude and phase curves in the low-frequency range
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Figure27 Optimized FRF magnitude and phase curves of the gear in the high-frequency range

Comprehensive Evaluation: Table 4 compares key metrics between the original design and the

optimized scheme (R = 1.5 mm). The optimized scheme simultaneously satisfies the dual objectives

of static strength (o < 610.20 MPa) and dynamic stability (f > 4183 Hz), with a curvature radius

falling within the BOE range (1.32—1.60 mm) defined in Section 5.3; this validates the effectiveness
of the PCI-BOE decision-making framework and the reliability of the engineering recommendation.

Table 4 Comparison of static and dynamic performance between the original design and the
optimized scheme

Evaluation
Metric

Original Design
Value

Optimized Value

(R=1.5mm)

Change

Assessment

Maximum
equivalent
stress at
tooth root
(FEM)

First-order
bending
modal
frequency
(EMA
measured)

Frequency-
excitation
margin

BOE range
compliance

688.95 MPa

3637.5 Hz

0% (within
resonance zone)

Non-compliant

601.45 MPa

4418.75 Hz

21.5%

(>15%)

R=1.5€[1.32,
1.60]

1 12.7%

121.5%

Compliant

Compliant

effectively
alleviate

Safe avoidance

Resonance

eliminated

Dual objectives
met
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The above validation results demonstrate that the failure-diagnosis-driven optimization strategy for
variable-curvature splines has achieved the expected outcomes in both reducing tooth-root stress
concentration and regulating natural frequencies, thereby providing an experimental basis for the
fatigue-resistant design of differential gears for small all-terrain vehicles.

6 In conclusion

Focusing on the fracture failure of a small all-terrain vehicle (ATV) differential side gear, this study
establishes a systematic design framework comprising "failure diagnosis, mechanism elucidation,
structural optimization, and comprehensive verification." The main conclusions are as follows:

(1) Through finite element analysis and precise stress path zoning, the high-risk fracture zone was
pinpointed to a local area defined by transverse coordinates [2.8, 4.2] mm and longitudinal
coordinates [3, 5] mm at the gear root, providing a clear geometric target for subsequent optimization.
Variable control analysis revealed the significant modulating effect of the stress orientation angle on
peak stress, identifying 38° as the most critical loading angle.

(2) Metallographic analysis confirmed the failure mode as tooth surface spalling driven by overload
impact; cross-verification indicated that the fracture resulted from stress concentration exceeding the
material's strength limit under specific loading directions. Experimental modal analysis identified that
the original design's first-order bending mode frequency (3637.5 Hz) fell within the track's primary
excitation frequency band (1-5 kHz), posing a risk of resonance amplification.

(3) A variable-curvature gear root optimization scheme based on cubic B-splines achieved a
continuous transition of the root fillet radius from 0.5 mm to 1.5 mm. Following optimization, the
maximum equivalent stress at the gear root decreased from 688.95 MPa to 601.45 MPa (a 12.7%
reduction), and the first-order bending mode frequency rose from 3637.5 Hz to 4418.75 Hz (a 21.5%
increase), successfully avoiding the resonance-prone range defined by a 15% safety margin. Building
on this, a joint decision-making framework integrating Physical Constraint Interpolation (PCI) and
Bi-objective Optimization Envelope (BOE) was proposed. The PCI model was established as o(R) =
215.06-R7°-3° + 414.84 MPa. By setting a 90% performance retention threshold for static strength and
a 15% frequency safety margin for dynamic stability, a BOE range of R € [1.32, 1.60] mm was
identified to satisfy both objectives, with a recommended engineering lower limit of R > 1.40 mm.
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