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Abstract8

Small all-terrain vehicles (ATVs) are widely used in complex off-road operations and competitive9
scenarios. Their transmission system gears are prone to fatigue fractures under the combined effects10
of impact loads and wide-band vibrations, which is a key bottleneck affecting vehicle reliability. This11
study addresses the issue of fractured differential axle gears during durability testing in a competition12
vehicle and establishes a systematic design framework of 'failure diagnosis—mechanism13
explanation—structural optimization—comprehensive verification.' Using finite element numerical14
simulation and precise path stress partitioning, the high-risk fracture areas were accurately pinpointed15
to the gear root’s transverse [2.8, 4.2] mm and longitudinal [3, 5] mm ranges. Variable control16
analysis revealed how the stress direction angle at the gear root modulates peak stress, identifying 38°17
as the most unfavorable load angle with a peak stress of 680 MPa, a relative change of 16.9%.18
Experimental modal analysis (EMA) identified the first bending mode frequency of the gear as19
3637.5 Hz, which overlaps with the main excitation frequency band of 1–5 kHz typical for ATV20
bumpy roads, creating a resonance amplification risk. Metallographic analysis confirmed that the21
failure mode was tooth surface pitting dominated by overload impacts, accompanied by anomalies in22
the carburized layer microstructure. To address these multiple failure causes, a variable-curvature23
gear root optimization scheme based on cubic B-splines was proposed, using its local support to24
precisely control the curvature in high-risk areas, smoothly increasing the root fillet radius from 0.525
mm to 1.5 mm. After optimization, the maximum equivalent stress at the gear root decreased from26
688.95 MPa to 601.45 MPa (a reduction of 12.7%), and the first bending mode frequency increased27
from 3637.5 Hz to 4418.75 Hz (a rise of 21.5%), successfully avoiding the 15% resonance safety28
margin zone. On this basis, a continuous stress-curvature radius response model was established29
using Physics-Constrained Interpolation (PCI), and a dual-objective optimization envelope (BOE)30
decision framework was proposed. The BOE range satisfying static strength (90% gain) and dynamic31
stability (15% frequency margin) was defined as R∈[1.32,1.60] mm, with a recommended32
engineering lower limit of R≥1.40 mm. The integrated diagnosis—optimization—verification method33
established in this study provides a reusable technical pathway and theoretical basis for fatigue-34
resistant design of gears in small ATV transmission systems.35
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1 Introduction38

Small all-terrain vehicles (ATVs) are widely used on complex unpaved surfaces,39
where driving conditions are highly unsteady (severe bumps, fluctuating traction40
coefficients, alternating load changes), which puts extremely high reliability demands41
on the transmission system. The differential gears, being key components for power42
transmission and differential coordination, experience severe root stress concentration43
and frequent fatigue fractures under the combined effects of impact loads and wide-44
frequency vibrations, and have become a technical bottleneck limiting lifespan45
improvement[1]. The off-road tracks of the China Baja Competition (BSC), including46
humps, washboard roads, mud, and rocks, realistically replicate extreme load spectra47
and are ideal test grounds for studying transmission failures. In 2025, a vehicle in the48
endurance race experienced gear idling after a differential abnormal noise. Upon49
disassembly, the axle gears were found to be severely worn and broken, with fractures50
near the gear root fillet, showing mixed overload and fatigue characteristics.51
Preliminary analysis suggested multiple coupled factors such as insufficient static52
strength, unfavorable load directions, dynamic resonance, and abnormal material53
structure[2]. Traditional optimization separately addresses static strength or dynamic54
characteristics and lacks systematic recognition and coordinated optimization of55
multiple causes. To address this, this study uses a range of systematic methods56
including finite element numerical simulation, precise path stress partitioning, control57
variable analysis, experimental modal analysis, and metallographic inspection. By58
comprehensively considering the coupling relationships between gear surface load59
spectra, stress angles, natural frequencies, and track excitation frequencies, the study60
performs static fracture analysis, spatial localization of high-risk areas, stress angle61
impact analysis, and dynamic resonance risk assessment[3]. Based on the results, the62
gears were redesigned, using variable-curvature splines to optimize the gear root63
structure. For small-sample data conditions, a physical-constraint interpolation dual-64
objective envelope (PCI-BOE) decision method was proposed, offering a reusable65
design paradigm for gear optimization with limited data. The optimization was66
ultimately validated, providing a theoretical basis for the design of the Baja racecar67
transmission system.68

2 Analysis of Failed Gear Load and Risk Area Positioning69

Due to a differential gear breaking during the car race, causing a failure to transmit power, the70
inspection after disassembly showed that the axle gears were severely worn, as shown in Figure 1.71
This study conducts an ANSYS finite element analysis on the axle gears, focusing on gear contact72
points and surfaces, the maximum fracture load, and the maximum deformation, along with other73
related fracture factors[4].74
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75
Figure 1 worn gear76

2.1 Gear Equivalent Load Analysis77

Finite element analysis requires applying a reasonable load on the gear surface. In this article, based78
on the whole vehicle parameters, as shown in Table 1, the input torque of the axle gear is determined79
from both the power source and ground adhesion aspects, and then the normal force acting on the80
gear surface is calculated.81
Table 1 Vehicle and Gear Parameters82

Parameters Data

Motor output torque (T) 70N·M

Gearbox transmission ratio（ia） 2.75

Differential transmission ratio（ib） 2.58

Full load mass（i） 7.09

Full load mass（m） 220

Tire radius（ra） 270

Road adhesion coefficient（μ） 0.5-0.6

Axle gear pitch circle radius（rb） 21.25mm

Gear pressure angle（α） 20

(1) Determining the reference torque83

Let the motor's peak output torque be T (N·m), and the total transmission ratio from the motor to the84
half-shaft be i (including the reducer and differential)85

a bi i i  (1)86

Then the torque transmitted from the motor to the half-shaft is:87
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cT T i  (2)88

After calculation, the torque transmitted from the motor to the half-shaft is 496.3 N·m. The maximum89
driving torque that the ground adhesion can handle is limited by the fully loaded mass of the race car90
m (kg), the tire radius r (m), and the road adhesion coefficient μ. Taking gravitational acceleration g,91
the torque limited by adhesion is:92

mtT g r  (3)93
Among them, this is the torque limited by adhesion. In actual driving, the torque on the axle gear94
won't exceed the smaller of the two mentioned above. Calculations show that the reference torque is95
320.2 N·m.96

(2) Torque analysis under impact conditions97

When the Baja car passes over the hump bump obstacle, the gears experience a significant impact98
load. Referring to the mechanical design manual and relevant studies on Baja cars, the impact factor99
is taken as 1.75[5]. Therefore, the torque used for finite element analysis is:100

a A tT K T  (4)101
(3) Calculation of the normal force on the tooth surface102

According to calculations, 560.35 N·m, based on gear mechanics principles, the normal force on a103
single tooth surface is related to the torque, pitch circle radius, and pressure angle as follows:104

2 cos
a

n
b

TF
r 




(5)105

This article treats this axial force as the equivalent load applied to a single gear tooth surface of the106
half-shaft gear, with the direction along the tooth surface normal. By inputting the calculated value of107
1.135×10⁴ N·M into the finite element model, the subsequent stress analysis can be carried out. For108
the material, the half-shaft gear is set as an isotropic standard elastic material, with a density of 7,850109
kg/m³, an elastic modulus of 209 GPa, and a Poisson's ratio of 0.275. Hexahedral elements (C3D8R)110
and tetrahedral elements (C3D10M) are used for meshing. After consulting relevant references and111
balancing analysis error with accuracy, the local mesh size was finally set to 0.5 mm[6]. Considering112
all the factors from the calculations above, a contact stress of 1.135×10⁴ N·M is applied to the gear113
surface.gear surface.114

115

Figure 2 Overall Model Setup116
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117
Figure 3 Gear Finite Element Analysis Model118

As shown in Figure 2, a finite element analysis model of the differential axle gear was established.119
The analysis results show that the maximum equivalent stress of 688.95 MPa appears at the tooth120
root, and the maximum deformation of 0.020344 mm is located at the free end of the tooth top,121
gradually decreasing along the tooth height to the root. The finite element analysis results are shown122
in Figure 3.123

2.2 Multi-interval Deformation Stress Analysis124

Since the range of extreme stress is quite broad and the exact fracture location can't be pinpointed,125
we’re considering using the SpaceClaim module to divide the geometry of the stressed surface. The126
gear tooth grooves are relatively intact without wear marks, so we’re using the centerline of the127
grooves as the starting line to define paths for dividing the equivalent region of plane strain. Within128
this area, multiple horizontal and vertical paths are laid out at 1mm intervals based on the groove129
centerline and edge lines, as shown in Figure 4, with the perimeter area shown in Figure 5.130

131
Figure 4 Horizontal and vertical path division132

133

Figure 5 Path division, perimeter, area134

Compare the maximum stress values along different longitudinal paths, using the midpoint of the135
tooth slot as a reference, and extract data at 1mm intervals, getting about 10 data samples. From these,136
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divide them into 3 groups of highly accurate and representative data to serve as the final experimental137
data samples. Part of the data for the longitudinal distribution curve of equivalent stress is shown in138
Figure 5.139

140
Figure 6 Full Longitudinal Section141

142
Figure 7 full horizontal section143

Based on the analysis of the full longitudinal section in Figure 6:144
The longitudinal path stress extraction results are shown in Figure 6. The stress along the length of145
the tooth slot is unevenly distributed, with a peak stress of 679.83 MPa appearing 4 mm from the146
centerline of the slot. The numerical deviation from the maximum value in the overall finite element147
analysis is within 1.3%, which verifies the consistency of the model accuracy. High-risk areas are148
concentrated within the longitudinal range of [3, 5] mm. Multiple stress distribution lines overlap in149
this region, and after rising rapidly, the stress tends to stabilize, with overall fluctuations of about150
15%. This is a key area for tooth root fracture. Further comparison of the maximum stress values151
along different transverse paths, with data extracted using intervals based on a 0.7 mm distance from152
the edge of the tooth slot, yields the equivalent stress transverse path distribution curve shown in153
Figure 7.154
Based on the analysis of the full transverse section in Figure 7:155
The transverse path stress extraction results are shown in Figure 6. The stress shows a clear inverted156
parabolic trend, reaching a peak of 688.95 MPa at 4.2 mm from the edge of the tooth slot. High-risk157
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areas are concentrated within the transverse range of [2.8, 4.2] mm, where extreme points are densely158
distributed and all exceed 600 MPa. The transverse high-risk area is precisely located within 2.8–4.2159
mm from the centerline of the slot.160
Combining the longitudinal and transverse path analysis results, the high-risk area for gear fracture is161
accurately located in a local part of the tooth slot—transversely [2.8, 4.2] mm and longitudinally [3, 5]162
mm. This positioning provides a precise spatial basis for subsequent control variable analysis of high-163
risk areas.164

3 Analysis of Multi-Variable Load Effects in High-Stress Areas165

3.1 Analysis Plan Design166

We analyzed and pinpointed the high-risk transverse fracture zone in the gear structure at [2.8, 4.2]167
mm and the longitudinal zone at [3, 5] mm. Based on this data, to further study how stress values and168
stress angles affect fractures in these high-risk gear areas, a controlled variable analysis approach was169
used. Using the equivalent area of the high-risk zone (91.48 mm²) obtained from the path170
segmentation in Chapter 1 and the average stress level in that area, we calculated the reference value171
for the maximum principal stress in the high-risk zone to be 124.6 MPa. This serves as the fixed172
stress value for the controlled variable analysis. By keeping the stress value constant and changing173
the stress angle, we carried out the controlled experiments. Reviewing relevant studies shows that the174
direction of the maximum principal stress forms about a 35°~55° angle with the normal of the tooth175
root surface[7], and this angle changes with the load application point. At the upper boundary of a176
single tooth pair engagement, the direction of the maximum principal stress at the tooth root is177
typically around 43°, and it shifts as the load moves across the tooth surface[8].178

With all this in mind, we conducted controlled variable experiments: based on the high-risk zone179
precisely located in Section 2.2 (transverse [2.8, 4.2] mm, longitudinal [3, 5] mm), we designed180
multiple sets of controlled variable experiments:181

3.2 Controlled variable analysis experiment182

The controlled variable experiment is mainly divided into 5 groups, controlling fixed stress values183
and varying stress angles, as shown in Table 2.184

Table 2: Control Variable Experimental Design185

Experimental
Group

Control
Method

Fixed
Parameters Experimental Purpose Variable Parameters

Group 5

Fixed stress
value,
changing
stress angle

Maximum
principal stress
value is 124.6
NM

To study the effect of
stress direction on
local stress
concentration areas at
the tooth root and
fracture patterns

Stress angle
parameter gradient:
28°, 33°, 38°, 43°, 48°
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186

Figure 8 28°,33° Stress Diagram187

188

Figure 9 38°,43°Stress Diagram189

190

Figure 10 48°Stress Diagram191

According to the precise path division in Section 1.2, the effective surface area of the action path is192
91.48 mm², and the maximum principal stress in the fixed high-risk area is 124.6 MPa. A stress193
direction angle analysis was carried out in the range of 28° to 48° with 5° increments. As shown in194
Figures 8-10, by comparing the equivalent stress cloud diagrams for each angle, we can see that in195
the 28° to 38° range, the peak equivalent stress gradually rises from 650 MPa to 680 MPa as the196
angle increases. The mechanical reason is that the tangential load component increases with the angle,197
making the tooth root bending tensile stress increasingly dominant and intensifying stress198
concentration. When the angle reaches 38°, the tangential bending tensile stress and the normal199
contact compressive stress form an optimal coupling at the high-risk section, producing the strongest200
superposition effect, with the peak stress reaching 680 MPa. If the angle continues to increase to 48°,201
the peak stress drops to 570 MPa, a decrease of 16.2%, because the normal load component gradually202
misaligns with the tooth root fillet normal direction, weakening the superposition effect of tangential203
and normal stresses, and the force flow reroutes along the tooth surface, easing local stress204
concentration.205
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This analysis shows that within the 20° range of 28° to 48°, the peak stress difference reaches 110206
MPa, with a relative change of 16.9%, which is significant. Thus, 38° is determined to be the most207
unfavorable load direction angle for this gear structure.208

4 Comprehensive verification of failure mechanisms209

In Chapter 2, finite element analysis precisely pinpointed the high-risk fracture area to the [2.8, 4.2]210
mm range laterally and [3, 5] mm range longitudinally at the tooth root. Chapter 3 further identified211
38° as the most unfavorable load direction. However, stress analysis only reveals the mechanical212
driving factors behind the fracture, so we still need to cross-verify the failure mechanism from the213
perspectives of material microstructure and structural dynamic properties. To do this, this chapter214
carries out metallographic analysis (Section 4.1) and experimental modal analysis (Section 4.2),215
checking the consistency of the conclusions from Chapters 2 and 3 at both the micro material216
strength and macro vibration response levels, and revealing the fracture mechanism under the217
combined effect of static stress concentration and dynamic load resonance amplification.218

4.1 Metallography219

To further clarify the cause of the gear fracture and evaluate the metallurgical quality of the raw220
materials and the reasonableness of the heat treatment process, a systematic metallographic analysis221
was carried out on the failed gear. The sampling locations are shown in Figure 11, including the222
fracture debris inside the differential housing and the gear tooth contact area. After mounting,223
grinding, and polishing, the microstructure was observed using a scanning electron microscope (SEM)224
[9].225

226

Figure 11: Sampling of metallographic test specimens227
Based on the metallographic analysis of the phases at 200x and 500x magnification (Figure 12), the228
following can be observed:229
From the morphology (dense gray-black matrix + diffused fine dark particles):230
1. Matrix: Fine tempered martensite (high carbon, carburized surface structure)231
After carburizing, the surface carbon content increases. Quenching and low-temperature tempering232
form fine needle-like/cryptocrystalline tempered martensite, which is the main body for wear233
resistance of the gear tooth surface (tooth surface hardness HRC58~63);234
2. Diffuse small black particles: Granular alloy carbides + trace amounts of retained austenite235
Fine particles: Cr alloy carbides precipitated during the carburizing process (improving wear236
resistance and pitting resistance); Light white diffused area: Quenched retained austenite (normal237
associated structure in carburized gears);238
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239
Figure 12 Metallographic Structure (200x, 500x)240

Metallographic observation confirmed that the fracture surface was characterized by surface spalling241
dominated by overload impact, accompanied by localized carbide segregation and a high content of242
retained austenite in the carburized layer. These microstructural features reduced the surface impact243
toughness to some extent, accelerating wear and chipping. The spatial location of this spalling feature244
closely matches the high-stress zone (transverse [2.8, 4.2] mm, longitudinal [3, 5] mm) identified in245
Chapter 2, which is precisely the stress concentration zone under the 38° critical load direction246
determined in Chapter 3. These three findings corroborate each other, indicating that the fracture was247
caused by stress concentration in the high-risk area exceeding the material's microstructural strength248
limit under a specific load direction.249

4.2 Experimental modal analysis250

Metallographic analysis revealed the failure mechanism under static overload conditions but failed to251
explain why fractures occurred concentratedly under specific working conditions. The Baja all-252
terrain vehicle exhibits short-duration high-impact and broadband random vibration characteristics253
during operation. Therefore, this study further investigated resonance risks from a dynamic254
characteristics perspective using Experimental Modal Analysis (EMA). Based on the Engineering255
Data Management (EDM) software platform, its EMA modal analysis module was used for hammer256
impact testing and data acquisition. The EDM platform then employed modal analysis to optimize257
the system's dynamic characteristics.258

4.2.1 EDM Platform Setup259

Connect the DSS device (testing instrument) and set the excitation level of the excitation sensor260
hammer to 10V and the sensitivity to 98.88 to generate detailed images. A triaxial accelerometer261
capable of simultaneously measuring vibration acceleration signals in the X, Y, and Z directions is262
fixed to the gear as shown in Figure 13. The experimental gear is fixed to the stand, and the trigger263
type, analysis frequency, block size (line/block), window type, and superposition rate are set as264
shown in Table 3. A hammer impact test is performed.265

266

Figure 13 Experimental gear fabrication267
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Table 3 Trigger Type Parameters268

Analysis Frequency (Hz) 3.5kHz

Block Size (lines/block) 1024/450

Window Type Uniform

Overlay Rate No Overlay

Averaging Mode Linear

Average 4

4.2.2 High and low frequency modes269

As shown in Figure 14, the low-frequency modal curves show a significant peak at approximately270
3637.5 Hz, with an amplitude of approximately -43.69 dB on a logarithmic scale of 0.0113 g/N.271
Simultaneously, the phase frequency curve undergoes a sudden change of approximately -180° near272
this frequency. These characteristics are consistent with the typical manifestations of system273
resonance: amplitude peak, phase crossing of -90°~-270° or -180° sudden change [10]. Therefore,274
3637.5 Hz is determined to be the first-order bending mode or local resonance frequency of the gear275
system. This frequency is located on the typical bumpy surface of the Baja racetrack, which contains276
high-frequency impact components of 1~5 kHz [11]. When the original race car passed through the277
hump obstacle, the broadband random excitation from the road surface excited this mode, resulting in278
a significant amplification of the dynamic stress at the root of the gear teeth, thereby accelerating the279
initiation and propagation of fatigue cracks. This inference is highly consistent with the location of280
the maximum equivalent stress zone at the tooth root in the finite element analysis in Section 1,281
which is [2.8, 4.2] mm laterally and [3, 5] mm longitudinally, further confirming that dynamic282
resonance is an important cause of fracture.283
As shown in Figure 15, the high-frequency modal curves also show a clear amplitude peak at284
8782.50 Hz. The amplitude at 5.3878 g/N is significantly -17.41 dB on the logarithmic coordinate,285
and the phase also shows a change of about -130°, indicating that this frequency corresponds to the286
higher-order bending mode or the local vibration mode of the tooth surface [12]. The peak amplitude at287
8782.50 Hz is relatively low and the bandwidth is narrow, which is likely due to the secondary288
resonance of the hammer or the higher-order mode of the test fixture. It has limited impact on the289
actual working conditions and can be temporarily disregarded in subsequent optimization.290
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291

Figure 14 Amplitude-frequency characteristic curves of FRF low-frequency band modes292

293

Figure 15. Amplitude-frequency characteristic curves of FRF high-frequency band modes294

4.3 Comprehensive determination of failure mechanism295

The combined results of metallographic analysis and experimental modal analysis indicate that the296
wear fracture primarily occurs at the static and dynamic levels:297

Statically: Stress concentration in the high-risk area (688.95 MPa) coupled with the most unfavorable298
load direction (38°) causes the local stress at the tooth root to exceed the material's microstructural299
strength limit, creating the mechanical conditions for crack initiation;300

Dynamically: The first-order bending mode frequency (3637.5 Hz) falls into the main excitation301
frequency band of the track, dynamically resonating and amplifying the stress amplitude at the tooth302
root, accelerating crack propagation;303

The synergistic effect of these two factors leads to the early fracture failure of the gear under304
durability conditions.305

306

307
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5 Tooth root optimization and PCI-BOE decision method based on variable curvature308
splines309

Finite element analysis shows that the maximum equivalent stress at the tooth root in the original310
design reaches 688.95 MPa, with the high-risk area concentrated in the narrow local zone of the tooth311
root transition arc. To fundamentally reduce the stress concentration level at the tooth root, this312
chapter establishes mathematical models for both traditional circular arc tooth roots and variable313
curvature spline tooth roots based on parametric modeling theory. The fatigue-resistant design of the314
tooth root structure is achieved through curvature distribution optimization[13].315

5.1 Traditional circular arc tooth root mathematical model316

In the tooth root transition region, a local coordinate system is established with its origin at the317
intersection of the tooth groove centerline and the tooth root circle. The x-axis is along the tooth318
groove centerline, and the y-axis is along the tooth width direction. The geometric equation of the319
traditional circular arc tooth root can be expressed as:320

 22 2
0 ( )c cx y y R y y    (6)321

The resulting stress concentration factor Kt can be approximately expressed using the Neuber322
formula or the Peterson formula as follows:323

0

21t
eff

aK
R 

  (7)324

tK —Theoretical stress concentration factor max
t

nom

K 


325

a—Gap depth326

eff —Equivalent radius of curvature at the root of the notch327

max —Actual peak stress328

nom —nominal stress329

For a circular arc with constant curvature as shown in Figure 16, tK maintains a constant maximum330
value throughout the entire tooth root segment, resulting in stress concentration that cannot be331
alleviated by local adaptation of the geometry. In the original design of this study, 0 0.5R mm , and332

the nominal stress nom 550 pM a  obtained from the finite element analysis, the actual peak stress at333

the tooth root max 688.95 pat nomK M    , which is consistent with the analysis in Section 2.1.334
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335
Figure 16 Traditional circular arc tooth root curve336

5.2 Mathematical model of tooth root with variable curvature spline337

For the tooth root transition curve, curvature continuity directly affects the transmission path of force338
flow across the tooth surface. Cubic B-splines offer a balance between curve smoothness and339
computational efficiency; quadratic splines cannot guarantee C2 curvature continuity, whereas340
splines of degree four or higher involve an excessively large influence range for control points,341
making localized adjustments in high-risk areas difficult. Therefore, this study employs cubic B-342
splines to construct the tooth root transition profile, with the following parametric equation:343

   ,0

n
i p ii

C t N t P


  (8)344

In the equation, C(t) = [x(t), y(t)]ᵀ is the position vector on the curve at parameter t, n = 5 (indicating345
6 control points), p = 3 is the spline degree, Pᵢ represents the coordinates of the i-th control point, and346
Nᵢ,ₚ (t) is the p-th degree B-spline basis function determined by the Cox-de Boor recurrence formula:347
the B-spline basis functions are determined by the following recurrence formula:348

   
 

1
,0

1
0

i i
i

t t t
N t

otherwise
 

 


(9)349

     1
, , 1 1, 1

1 1

i pi
i p i p i p

i p i i p i

t tt tN t N t N t
t t t t

 
  

   


 

 
(10)350

To ensure a smooth transition between the root curve and the straight section of the tooth profile, and351
the bottom of the tooth groove at the connection point, the following must be met:352

 1 '
conC C t V link tan： (11)353

 2 ''
conC C t V link nor： (12)354

Here, λ and μ are proportionality coefficients, while V_tangential and V_normal represent the355
tangential and normal vectors at the connecting boundary, respectively. Research by Vaghela and356
Prajapati indicates that the G² continuity constraint is the key geometric condition for eliminating357
stress concentration at the root junction [14]. The radius of curvature ρ(t) of the B-spline curve is given358
by:359

 
 

   

3'

' ''

C t
t

C t C t
 


(13)360

 'C tlink —First derivative of the curve at the connection point361

 ''C tlink —Second derivative of the curve at the connection point362
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—Tangential continuity scaling factor363
—Normal continuity scaling factor364
Vtan—Tangent vector of the adjacent geometric feature365
Vnor—Normal vector of the adjacent geometric feature366

In the formula, C'(t)and C''(t)represent the first and second derivatives of the curve, respectively. A367

smaller ρ(t) indicates sharper curvature at the tooth root and more severe stress concentration,368

whereas a larger ρ(t)implies a gentler curve and alleviated stress concentration; by adjusting the369

positions of the control points,ρ(t) is made to transition continuously from R0 = 0.5mm to Rmax =370 1.5mm [15].As shown in Figure 17.371

372

Figure 17 Variable-curvature spline tooth root curve373
A key advantage of B-spline curves is their local support property: adjusting any single control point374

Pi affects the curve shape only within the parameter interval t ∈ [ti, ti + p + 1] , leaving the rest of the375

curve unchanged. This characteristic allows for localized, refined adjustments in high-risk zones376

(transverse range [2.8, 4.2] mm, longitudinal range [3, 5] mm) without the need to redesign the entire377

tooth root curve [16, 17]. The sequence of optimal control point coordinates {Pi} derived from the378

mathematical model is imported into SolidWorks; 6 to 8 control points are defined on the tooth root379

cross-section sketch to generate the transition curve. Fine-tuning the control points near the high-risk380

zone ensures a smooth transition of the radius of curvature from 0.5 mm to 1.5 mm, followed by a381

sweep operation along a 3D guide curve to complete the optimization of the tooth root surface . After382

optimization, the three intermediate control points (P1, P2, P3) are shifted outward by approximately383

0.2–0.4 mm, resulting in a continuous transition of the tooth root radius of curvature from R0 = 0.5384

mm to 1.5 mm.As shown in Figure 18.385

386

Figure 18 Modeling Optimization387
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388

5.3 Decision-making method for gear root optimization based on physics-constrained389
interpolation and dual-objective envelopes390

Sections 5.1 and 5.2 established the geometric models for variable-curvature spline root fillets and391
determined the stress and frequency responses for two extreme design cases (R = 0.5 mm and R = 1.5392
mm) via finite element analysis. However, engineering optimization requires not only verifying the393
feasibility of individual designs but also defining recommended parameter ranges based on limited394
data. To address this common challenge, this section proposes a structural optimization decision-395
making framework suitable for small datasets; the framework comprises two core components:396
(1) Physics-Constrained Interpolation (PCI)—constructing a complete response curve by using the397
power-law relationship derived from classical stress concentration theory as a constraint and the two398
extreme data points as anchors [18];399
According to the theory of stress concentration at the tooth root, a power-law relationship exists400
between the maximum root stress (σ) and the fillet radius (R).401

  mR R b     (14)402

The exponent m is related to the tooth profile geometry; literature indicates that it falls within the403
range m∈ [0.3, 0.5][19]. In this study, m is set to 0.35 (a typical value for standard involute gears),404
and the coefficients a and b are determined using two finite element data points (R = 0.5 mm, σ =405
688.95 MPa; R = 1.5 mm, σ = 601.45 MPa), yielding the following PCI model:406

-0.35 σ(R)=215.06 R  +414.84  (MPa) (15)407

The fundamental distinction of the PCI method from traditional polynomial regression lies in the fact408
that the curve's shape is determined by physical laws rather than statistical fitting; consequently, it409
yields physically consistent predictions even with small sample sizes.410

411
Figure 19 Comparison of the PCI model fitting curve with finite element data412

Figure 19 illustrates the comparison between the PCI fitted curve and the original finite element data413
points. The red curve represents the relationship between root stress and radius of curvature predicted414
by the PCI model; the red dots indicate the finite element data points; the orange dashed line marks415
the 90% benefit threshold (610.20 MPa); and the purple dash-dotted line indicates the critical radius416
(1.32 mm). The model curve passes precisely through two data points, validating the effectiveness of417
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the fitted parameters (a=215.06, b=414.84) ​ ​ in accurately reflecting the data characteristics. The418
figure also displays the 90% benefit threshold line (σ90% = 610.20 MPa ) and its corresponding419
critical radius (Rσ = 1.32 mm).420

Furthermore, to reveal the intrinsic relationship between the two optimization objectives—static421
strength and dynamic stability—Figure 20 plots the Pareto front extending from the initial design to422
the optimized point, with stress on the horizontal axis and frequency on the vertical axis. The front423
exhibits a monotonically decreasing trend, indicating that the two objectives do not conflict within424
the parameter range investigated in this study; specifically, a reduction in stress is accompanied by an425
increase in frequency, demonstrating a synergistic relationship between them[20].426

427
Figure 20 Dual-objective Pareto front and constraint boundary.428

The solid red line represents the Pareto front extending from the initial design (R = 0.5 mm) to the429
optimized point (R = 1.5 mm); the orange dashed line indicates the 90% gain threshold (σ≤ 610.20430
MPa), and the green dashed line marks the 15% frequency safety margin (f ≥ 4183 Hz). The green431
shaded area represents the region where both objective constraints are simultaneously satisfied. The432
Pareto front exhibits a monotonically decreasing trend, indicating synergy between the two objectives433
rather than conflict.434
(2) Bi-objective Optimization Envelope (BOE)— defined by constraints on static strength and435
dynamic stability, this envelope delineates the parameter range that simultaneously meets all436
performance requirements. The optimization problem is formulated as determining the feasible437
parameter region subject to these dual-objective constraints.438
Static strength objective: A 90% gain cutoff criterion is defined— when changes in geometric439
parameters yield more than 90% of the total gain, the parameter enters the "optimal solution range."440
The total gain isΔ = 688.95 − 601.45 = 87.50, and the stress threshold corresponding to 90% gain is441
σ90% = 610.20 MPa. Substituting this into Equation (15) and solving inversely yields:442

R 1.32mm  (16)443
To intuitively describe how the optimized gain varies with the radius of curvature, the gain ratio is444
defined as the percentage of the total stress reduction represented by the current stress reduction:445

σ(0.5)-σ(R)Benefit(R)= 100%
σ(0.5)-σ(1.5)

 (17)446

Figures 21 illustrate the variation of the gain ratio with the radius of curvature R. The curve exhibits a447
monotonically increasing trend; the gain rises rapidly within the range of R = 0.5–1.0 mm but448
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subsequently slows down, demonstrating characteristics of diminishing marginal returns. The449
intersection of the 90% gain threshold line and the gain curve occurs at R = 1.32 mm , which is450
consistent with the result calculated using Equation (15).451

452

Figure 21 Optimized gain-to-curvature radius ratio curve453

The green curve represents the variation of the optimized benefit ratio with the radius of curvature;454

the orange dashed line indicates the 90% benefit threshold, and the purple dash-dot line marks the455

critical radius (1.32 mm). The benefit curve rises rapidly in the R=0.5-1.0 mm range but subsequently456

levels off, exhibiting the law of diminishing returns. Considering computational accuracy and457

engineering safety margins, it is recommended to round the value to R≥ 1.40 mm as the lower limit458

for engineering applications. Dynamic stability objective: Based on the EMA results from Chapter 4,459

the gear's first-order bending mode frequency must avoid the 15% resonance safety margin range—460

specifically, f ≥ 4183 Hz. The linear relationship between frequency and the radius of curvature is461

determined by two data points (R = 0.5 mm, f = 3637.5 Hz; R = 1.5 mm, f = 4418.75 Hz); solving462

this yields:463

fR 1.20mm (18)464
Taking the intersection of the two yields the bi-objective optimization envelope (BOE):465

 1.32,1.60R mm (19)466

For engineering purposes, a value of R≥ 1.40 mm is recommended; this value captures over 90% of467

the potential gains from static strength optimization while balancing dynamic stability requirements468

and manufacturing feasibility. The decision diagram based on the PCI-BOE framework is shown in469

Figure 22.470
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471

Figure 22 Bi-objective Optimization Envelope (BOE) Decision Diagram472

The green shaded area represents the BOE (Best Operating Envelope) region; its left boundary (R =473

1.32 mm) is determined by the theoretical value derived from static strength constraints, while the474

right boundary (R = 1.60 mm) is an engineering upper limit established by considering both475

geometric interference and the effect of diminishing marginal returns. For engineering applications, it476

is recommended to set the curvature radius to R ≥ 1.40 mm. The figure clearly demonstrates that: (1)477

when R < 1.32 mm, the tooth root stress exceeds the 90% benefit threshold, resulting in insufficient478

gains from static strength optimization; (2) when R ≥ 1.20 mm, the modal frequency already meets479

the 15% safety margin requirement, meaning this constraint does not play a dominant role within the480

BOE; and (3) within the BOE range (R = 1.32–1.60 mm), both objectives are satisfied, and the stress481

levels approach the optimal range. Given that the theoretical value of R = 1.32 mm is derived from an482

exact inverse solution based on the PCI model, and accounting for engineering uncertainties—such as483

finite element calculation errors, material property variations, and manufacturing tolerances—this484

paper recommends a lower limit of R ≥ 1.40 mm for practical application. This value captures over485

90% of the potential static strength optimization benefits while maintaining sufficient margins for486

dynamic stability requirements and manufacturing feasibility. Figure 23 presents a normalized487

comparison of tooth root stress and the first-order bending modal frequency—using the original488

design (R = 0.5 mm) as the baseline (100%)—to comprehensively evaluate the overall static and489

dynamic improvements achieved by the optimization scheme.490

491

492
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493

Figure 23 Normalized comprehensive comparison of static and dynamic characteristics
494

The red curve represents the stress ratio (normalized against the original design value of 688.95 MPa),495
the blue curve represents the frequency ratio (normalized against the original design value of 3637.5496
Hz), the green shaded area indicates the BOE range (1.32–1.60 mm), and the purple dash-dotted line497
marks the critical radius. At R = 1.5 mm, the stress drops to 87.3% of the original design value while498
the frequency rises to 121.5%, achieving a simultaneous improvement in both static strength and499
dynamic stability.500

Synthesizing the analysis results from Figures 19 through 23, the PCI-BOE decision-making501
framework proposed in this paper successfully identified the optimization parameter range satisfying502
dual-objective constraints—using only two finite element data points—and provided a clear503
engineering recommendation (R ≥ 1.40 mm). This framework does not rely on extensive parameter504
sweep data; it is characterized by high data efficiency, strong physical interpretability, and good505
generalizability, making it applicable to other structural optimization problems facing similar "data506
scarcity" conditions, such as gear root parameter design involving different modules, material507
properties, or loading conditions.508

5.4 Experimental verification of the optimization scheme509

To verify the practical effectiveness of the variable-curvature spline root optimization scheme510
presented in Section 5.2, this section employs the same load boundary conditions and testing511
parameters as the original design (as shown in Figure 24). Comprehensive evaluations of the512
optimized gear's static strength and dynamic stability are conducted using finite element static513
analysis and experimental modal testing, respectively.514

Static analysis verification: The optimized 3D model (R = 1.5 mm) was re-imported into Ansys515
Workbench. Upon applying the same normal force (1.135 × 10⁴ N) and impact factor (KA = 1.75), the516
calculated maximum equivalent stress at the tooth root was 601.45 MPa—a 12.7% reduction517
compared to the original design (688.95 MPa), as shown in Figure 25. The peak stress location518
shifted approximately 0.6 mm from the midpoint of the tooth root arc toward the center-line of the519
tooth space; this indicates that the variable-curvature design transformed the stress concentration520
from a "point" into a "short band" distribution, resulting in a more gradual stress gradient. This stress521
value falls below the 90% benefit threshold (610.20 MPa) derived from the PCI model in Section 5.3,522
representing a static strength optimization benefit of 91.6%.523
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524
Figure 24 Construction of the optimized finite element model.525

526
Figure 25 Finite element analysis of equivalent stress after optimization.527

Dynamic verification: Based on impact testing using the EDM platform, the first-order bending mode528
frequency of the optimized gear in the low-frequency range increased from the original design's529
3637.5 Hz to 4418.75 Hz—a rise of 21.5%. This frequency exceeds the lower limit of the 15%530
resonance safety margin (4183 Hz), successfully moving outside the track's primary excitation531
frequency band of 1–5 kHz (as shown in Figure26). Regarding the high-frequency range (higher-532
order modes), as shown in Figure 2, the peak frequency for the optimized gear appears at 6512.50 Hz,533
a reduction of approximately 2270 Hz compared to the original design's 8782.50 Hz. This mode falls534
well outside the track's primary excitation band (1–5 kHz) and exhibits low amplitude; consequently,535
its engineering impact on the gear's fatigue life is negligible (as shown in Figure 27).536

537

Figure 26 Optimized gear FRF magnitude and phase curves in the low-frequency range
538
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539

Figure27 Optimized FRF magnitude and phase curves of the gear in the high-frequency range540

Comprehensive Evaluation: Table 4 compares key metrics between the original design and the541
optimized scheme (R = 1.5 mm). The optimized scheme simultaneously satisfies the dual objectives542
of static strength (σ ≤ 610.20 MPa) and dynamic stability (f ≥ 4183 Hz), with a curvature radius543
falling within the BOE range (1.32–1.60 mm) defined in Section 5.3; this validates the effectiveness544
of the PCI-BOE decision-making framework and the reliability of the engineering recommendation.545

Table 4 Comparison of static and dynamic performance between the original design and the546
optimized scheme547

Evaluation
Metric

Original Design
Value

Optimized Value
（R=1.5 mm） Change Assessment

Maximum
equivalent
stress at
tooth root
(FEM)

688.95 MPa 601.45 MPa ↓ 12.7% effectively
alleviate

First-order
bending
modal
frequency
(EMA
measured)

3637.5 Hz 4418.75 Hz ↑ 21.5% Safe avoidance

Frequency-
excitation
margin

0% (within
resonance zone)

21.5%
（>15%） Compliant Resonance

eliminated

BOE range
compliance Non-compliant R=1.5∈[1.32,

1.60] Compliant Dual objectives
met
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The above validation results demonstrate that the failure-diagnosis-driven optimization strategy for548
variable-curvature splines has achieved the expected outcomes in both reducing tooth-root stress549
concentration and regulating natural frequencies, thereby providing an experimental basis for the550
fatigue-resistant design of differential gears for small all-terrain vehicles.551

6 In conclusion552

Focusing on the fracture failure of a small all-terrain vehicle (ATV) differential side gear, this study553
establishes a systematic design framework comprising "failure diagnosis, mechanism elucidation,554
structural optimization, and comprehensive verification." The main conclusions are as follows:555

(1) Through finite element analysis and precise stress path zoning, the high-risk fracture zone was556
pinpointed to a local area defined by transverse coordinates [2.8, 4.2] mm and longitudinal557
coordinates [3, 5] mm at the gear root, providing a clear geometric target for subsequent optimization.558
Variable control analysis revealed the significant modulating effect of the stress orientation angle on559
peak stress, identifying 38° as the most critical loading angle.560

(2) Metallographic analysis confirmed the failure mode as tooth surface spalling driven by overload561
impact; cross-verification indicated that the fracture resulted from stress concentration exceeding the562
material's strength limit under specific loading directions. Experimental modal analysis identified that563
the original design's first-order bending mode frequency (3637.5 Hz) fell within the track's primary564
excitation frequency band (1–5 kHz), posing a risk of resonance amplification.565

(3) A variable-curvature gear root optimization scheme based on cubic B-splines achieved a566
continuous transition of the root fillet radius from 0.5 mm to 1.5 mm. Following optimization, the567
maximum equivalent stress at the gear root decreased from 688.95 MPa to 601.45 MPa (a 12.7%568
reduction), and the first-order bending mode frequency rose from 3637.5 Hz to 4418.75 Hz (a 21.5%569
increase), successfully avoiding the resonance-prone range defined by a 15% safety margin. Building570
on this, a joint decision-making framework integrating Physical Constraint Interpolation (PCI) and571
Bi-objective Optimization Envelope (BOE) was proposed. The PCI model was established as σ(R) =572
215.06·R⁻⁰·³⁵ + 414.84 MPa. By setting a 90% performance retention threshold for static strength and573
a 15% frequency safety margin for dynamic stability, a BOE range of R∈ [1.32, 1.60] mm was574
identified to satisfy both objectives, with a recommended engineering lower limit of R ≥ 1.40 mm.575
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