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Abstract

Mathematical models that incorporate stochasticity are essential for understanding pop-
ulation dynamics and assessing extinction risk in fluctuating environments. In this study,
we investigate the extinction risk of the Black-legged Kittiwake (Rissa tridactyla) using
deterministic and stochastic population growth models. Population data obtained from
the Global Population Dynamics Database (GPDD) were fitted using exponential, Gom-
pertz and logistic growth models, with model selection based on the Akaike Information
Criterion (AIC). The logistic model provided the best description of the observed pop-
ulation dynamics and was subsequently extended to incorporate demographic and envi-
ronmental stochasticity through stochastic differential equations. Model parameters were
estimated using maximum likelihood estimation, which identified demographic stochas-
ticity as the dominant source of population variability. Future population trajectories
were projected using Monte Carlo simulations, yielding an estimated 53.1% probability
of quasi-extinction within the next 30 years. Confidence and prediction intervals demon-
strated good agreement between model predictions and observed data, supporting the
reliability of the proposed framework. These findings emphasize the importance of in-
corporating stochastic processes into population viability analyses and provide valuable
quantitative insights for assessing extinction risk and informing conservation strategies
for vulnerable seabird populations.

Keywords: Population dynamics, Logistic growth, Demographic stochasticity,
Environmental stochasticity, Maximum likelihood estimation, Population viability
analysis

1. Introduction

Understanding population growth and extinction risk is a central objective of pop-
ulation ecology and conservation biology, particularly under increasing environmental
variability and anthropogenic pressure. Mathematical models provide an essential frame-
work for describing population dynamics, predicting future population trajectories and
assessing long-term persistence. Among these, the logistic growth model introduced by
Verhulst and related nonlinear growth models, including the Gompertz and 6-logistic
models, remain among the most widely used deterministic models for describing density-
dependent population growth ([14, 30]). Owing to their simplicity, analytical tractability

*Corresponding author
Email address: bandopadhyayrichik@gmail.com (Richik Bandyopadhyay)



22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

and biological interpretability, these models have served as the foundation for numerous
studies in ecology, conservation biology, and population management (|9, [17]).

Natural populations, however, rarely evolve deterministically. Population growth is
influenced by stochastic fluctuations arising from both demographic and environmental
sources [31]. Demographic stochasticity results from the inherent randomness of individ-
ual birth and death events and is particularly important in small populations, whereas
environmental stochasticity reflects temporal variation in external conditions, such as cli-
mate, habitat quality, and resource availability, that simultaneously affect all individuals
within a population (|20} 22]). These stochastic processes can substantially alter popu-
lation trajectories, reduce population persistence, and increase extinction risk even when
the corresponding deterministic model predicts long-term survival.

To account for these uncertainties, stochastic extensions of classical population growth
models have been developed by incorporating random perturbations into the governing
dynamics through stochastic differential equations. In demographic stochasticity models,
the variance of the stochastic fluctuations scales linearly with population size, whereas
under environmental stochasticity it scales with the square of the population size, reflect-
ing fluctuations that simultaneously influence all individuals in the population (|20, 12]).
Such stochastic formulations provide a more realistic description of natural populations
and have become indispensable tools for estimating extinction probabilities, persistence
times, and long-term population viability under uncertainty.

A widely used analytical framework for studying extinction risk is the diffusion approx-
imation, whereby discrete birth-death processes are approximated by continuous-time
stochastic differential equations (|8 [32]). This approach facilitates analytical or semi-
analytical estimates of extinction probabilities while preserving the essential effects of
stochastic fluctuations. However, nonlinear density dependence, parameter uncertainty,
and multiple sources of stochasticity often make analytical solutions difficult or impossible
to obtain. Consequently, simulation-based approaches, particularly Monte Carlo simu-
lations, have become indispensable for forecasting population trajectories, quantifying
uncertainty, and evaluating extinction risk in population viability analyses (|24 [15], 4]).

Reliable prediction of future population dynamics also requires quantifying uncer-
tainty associated with model parameters and stochastic processes. Statistical inference
methods, particularly maximum likelihood estimation (MLE), provide a rigorous frame-
work for estimating model parameters from observed time-series data while accounting
for process variability. Coupled with variance-covariance analysis and first-order Taylor
approximations, MLE enables the construction of confidence intervals for the mean pop-
ulation trajectory and prediction intervals for future observations, thereby providing a
quantitative assessment of forecasting uncertainty (|15, 25]).

In this study, we investigate both deterministic and stochastic frameworks to model the
population dynamics of the Black-legged Kittiwake (Rissa tridactyla), a colonial seabird
that has experienced substantial regional population declines due to climate change, re-
duced prey availability, and other anthropogenic pressures (|29, 23]). In section 2, Using
annual population time-series data obtained from the Global Population Dynamics
Database (GPDD), we first fit exponential, logistic, Gompertz, and #-logistic growth
models to characterize the observed population trajectory. Model parameters are esti-
mated using nonlinear least-squares methods, and the competing models are compared
using standard goodness-of-fit criteria.
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In section 3, building upon the best-performing deterministic model, we have developed
the mathematical methodology. We first incorporate both demographic and environmen-
tal stochasticity into the logistic growth framework and estimate the associated stochastic
parameters using maximum likelihood estimation. We subsequently construct confidence
intervals for the mean population trajectory and prediction intervals for future popu-
lation sizes by propagating parameter uncertainty through the stochastic model using
the estimated variance-covariance matrix and first-order Taylor approximations. Future
population trajectories are generated through stochastic simulations, and the empirical
coverage of the prediction intervals is evaluated by comparing simulated trajectories with
the derived intervals.

Finally, extinction probabilities are estimated using both diffusion approximations and
Monte Carlo simulations, allowing a direct comparison between analytical and simulation-
based approaches under demographic and environmental stochasticity. By integrating
deterministic growth modeling, statistical inference, stochastic simulation, uncertainty
quantification, and extinction analysis, this study provides a comprehensive framework for
assessing population persistence under uncertainty. The proposed methodology illustrates
the importance of explicitly accounting for stochasticity in ecological forecasting and offers
a practical approach to inform conservation and management strategies for vulnerable
species in changing environments.

2. Data

2.1. Data Source and Pre-processing

This study uses long-term population time-series data obtained from the Global Pop-
ulation Dynamics Database (GPDD)ﬂ one of the most comprehensive repositories
of ecological population records. Developed and maintained by the Centre for Popula-
tion Biology at Imperial College London, the GPDD contains population abundance data
for numerous species spanning diverse ecosystems and geographical regions. In addition
to population counts, each record includes associated metadata such as species identity,
geographic location, sampling units, temporal resolution, and unique study identifiers
(MainID). The database is organized in a wide-format structure in which successive ob-
servations are recorded across columns, facilitating the analysis of long-term population
dynamics.

The complete GPDD dataset was initially imported into the analysis environment and
subsequently filtered to retain records corresponding to MainID = 6633, which repre-
sents a long-term monitoring study of the Black-legged Kittiwake (Rissa tridactyla).
From the filtered dataset, only the SampleYear and Population variables were ex-
tracted to construct the annual population time series. Records containing missing or
non-numeric values in either variable were removed during pre-processing to ensure data
integrity and consistency.

The final dataset consists of annual population counts spanning the period 1949—
1984, providing a continuous empirical time series for model calibration and validation.
Throughout this study, the observed relationship between time and population size forms

!The dataset is publicly available at https://knb.ecoinformatics.org/.
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1w the basis for estimating deterministic growth dynamics and incorporating stochastic ef-

o fects arising from demographic and environmental variability.

Table 1: Annual population counts of the Black-legged Kittiwake (Rissa tridactyla) extracted from the

GPDD (MainID = 6633).

Observed Population Time Series

Year | Population Size
1949 8
1950 22
1951 24
1952 27
1953 32
1980 173
1981 179
1982 141
1983 175
1984 138
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Figure 1: Observed population time series for the Black-legged Kittiwake (GPDD ID 6633). Each point
represents the recorded population size in a given year. The trend exhibits initial growth followed by
saturation and fluctuations, characteristic of logistic population dynamics
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2.2. Species Profile: Black-legged Kittiwake (Rissa tridactyla)

The ‘Black-legged Kittiwake” (Rissa tridactyla) is a long-lived pelagic seabird belong-
ing to the family ‘Laridae’ and is one of the most extensively studied seabird species in
the Northern Hemisphere ([6]). It breeds colonially on steep coastal cliffs throughout the
North Atlantic and North Pacific Oceans, with colony sizes ranging from a few dozen
to many thousands of breeding pairs. Outside the breeding season, individuals disperse
widely across offshore marine environments, spending the majority of their annual cycle
at sea. This strong dependence on pelagic ecosystems makes the species particularly sen-
sitive to changes in oceanographic conditions, marine productivity, and climate variability
(1),

Black-legged Kittiwakes exhibit a classic slow life-history strategy characterized by
delayed sexual maturity (typically 3-5 years), low annual reproductive output, high adult
survival and strong breeding-site fidelity ([6]). Consequently, long-term population per-
sistence depends more on the maintenance of high adult survival and consistent juvenile
recruitment than on rapid intrinsic population growth. Although this life-history strat-
egy buffers populations against short-term environmental fluctuations, prolonged periods
of poor breeding success or reduced juvenile survival can have persistent demographic
consequences because recruitment into the breeding population is inherently slow ([16]).

During the breeding season, Black-legged Kittiwakes function as central-place foragers,
repeatedly travelling between nesting colonies and offshore feeding grounds to provision
their chicks. Their diet consists predominantly of small pelagic forage fish, including
sandeels (Ammodytes spp.), capelin (Mallotus villosus), juvenile herring (Clupea haren-
gus), and sprat (Sprattus sprattus), although crustaceans and zooplankton may become
important alternative prey when fish abundance is low ([I1]). Numerous long-term ecolog-
ical studies have demonstrated that reductions in forage-fish availability translate directly
into decreased chick growth, reduced breeding success, lower fledging rates, diminished
juvenile recruitment and ultimately population decline (|10} 3]).

Because its demographic performance responds rapidly to fluctuations in marine food-
web structure, prey availability, ocean productivity and climatic variability, the Black-
legged Kittiwake is widely recognised as a sentinel or indicator species of marine ecosys-
tem health (|27]). Breeding success, reproductive output, and adult survival are strongly
influenced by environmental drivers such as sea-surface temperature, changes in plank-
ton communities, fisheries-induced reductions in forage-fish stocks and marine heatwaves,
all of which affect both the quantity and quality of prey available during the energeti-
cally demanding breeding season ([10]). In addition, recent studies have highlighted the
importance of carry-over effects operating across the annual cycle, demonstrating that
environmental conditions experienced during the non-breeding season influence adult sur-
vival, body condition, and subsequent reproductive success ([28]). Consequently, both
breeding and non-breeding environments contribute significantly to the long-term popu-
lation dynamics of the species.

Despite its broad circumpolar distribution, many regional populations of the Black-
legged Kittiwake have undergone substantial declines over recent decades. These declines
are attributed to multiple interacting stressors, including reduced forage-fish availability,
climate-driven changes in marine ecosystems, overexploitation of fish stocks, increasing
frequency of extreme weather events, pollution, habitat degradation, offshore develop-
ment and other anthropogenic disturbances ([3]). Reflecting these persistent declines,
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the species is currently classified as Vulnerable on the ‘IUCN Red List’ (BirdLife Inter-
national, 2019 [2]).

The ecological characteristics of ‘Rissa tridactyla’-its long lifespan, low reproductive
rate, strong dependence on variable marine resources and pronounced sensitivity to envi-
ronmental stochasticity-make it an ideal model species for population viability analysis,
stochastic demographic modelling and climate-change ecology (|[16]). Long-term monitor-
ing data, when integrated with deterministic and stochastic population models, provide
a powerful framework for quantifying extinction risk, identifying the demographic pro-
cesses that most strongly influence population persistence and evaluating the potential
effectiveness of conservation and management strategies. Consequently, the Black-legged
Kittiwake has become an important model organism for understanding the demographic
consequences of environmental variability and for developing predictive tools that support
evidence-based conservation under ongoing climate change.

3. Methodology and Results
3.1. Model Selection and AIC Based Comparison

To model the population dynamics of the selected time series, we considered three
classical deterministic growth models: the Exponential, Logistic, and Gompertz
models. Each of these models captures distinct assumptions about population growth
and regulation mechanisms.

Exponential: One of the primary good candidates for the study of population dy-
namics remains the exponential law of population growth (|13 [1]). It Assumes constant
per capita growth rate without environmental limits. The population density of the pop-
ulation at any time t is given as: N(t) = N(tp)e"*™%), where r is the intrinsic growth
rate and N (ty) is the initial population density.

Logistic: The first step to enhance the biological realism of the exponential growth
model, density-dependent regulation must be incorporated. The logistic growth model
provides the simplest and most widely used framework for this ([26] [I8]). It introduces
a carrying capacity K that limits population growth. Consequently the growth rate
decreases as the population size approaches K, ultimately vanishing when the carrying
capacity is reached. The population density of the population at any time ¢ is given as :
N(t) = ==

Gompertz: The Gompertz model is a commonly used sigmoidal growth model for
populations exhibiting a gradual decline in growth rate ([7, 19]). It assumes that the
growth rate decays exponentially as the population approaches its carrying capacity,
providing greater flexibility than the logistic model in many ecological applications. The
model is defined as, N(t) = Ke¢ "7

We fitted each model to the empirical population data using nonlinear least squares
optimization (curve fit from scipy.optimize in Python). Initial parameter values were
chosen based on observed data properties (e.g., initial population size, median year, and
estimated growth peaks). For the Gompertz model, we included parameter bounds to
ensure numerical stability and ecological realism.

To compare model fits, we computed the Akaike Information Criterion (AIC), which
penalizes model complexity while rewarding goodness-of-fit. For a model with k param-
eters and residual variance o2, the AIC is given by: AIC=2k-2In L
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where In L is the log-likelihood under Gaussian noise assumption. The model with
the lower AIC is selected. Below are the AIC scores for the models obtained after fitting:

Table 2: AIC scores for the fitted models

Model AIC

Logistic 328.69
Gompertz 334.24
Exponential | 380.30

Among the three, the Logistic model achieved the lowest AIC, making it the most
appropriate choice for this dataset. Its characteristic sigmoidal shape aligns with the
ecological assumption of early growth followed by saturation due to resource limitation.

This conclusion is further validated by the visual comparison in Figure 3 where the
Logistic model closely follows the observed trajectory, especially around the inflection
point and plateau. The Gompertz model slightly underestimates late growth, while the
Exponential model overpredicts it due to its lack of a carrying capacity.

3.2. Incorporating Stochasticity: Demographic, Environmental, and Combined Noise

While the deterministic logistic model captures general population trends, real-world
population dynamics are inherently noisy. Stochasticity can arise from two primary
sources:

Demographic noise: This results from the probabilistic nature of birth and death
events, which are especially influential in small populations. This type of noise scales
with population size.

Environmental noise: It reflects fluctuations in external factors (e.g., food sup-
ply, weather) that affect the entire population. Its effect scales with the square of the
population size.

Combined noise: This incorporates both demographic and environmental variability
simultaneously, offering a more realistic approximation in complex ecosystems.

To formally incorporate these sources, we extend the logistic model by modelling
population size N; at time ¢ using the stochastic form:

N({t+1)=N(t) +r,N(t) (1 — %) +Noise.

3.2.1. Likelihood Formulation

Each stochastic model assumes Gaussian noise with zero mean and a variance structure
specific to the noise type.

Model 1: Demographic Noise

First, we incorporate only the demographic noise. The stochastic model to be consid-
ered is given below:

AN(t) = N (1) (1 - %) dt + o/ N dW (1),
where 7, is the intrinsic growth rate, K is the carrying capacity, o, is the strength of

demographic noise and W (t) is the standard Wiener process.
item Noise scales with /N (t): fluctuations are larger in small populations.

7
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item This formulation defines a stochastic differential equation (SDE) with multiplica-

tive noise.

To approximate this SDE in discrete time, we apply the ‘Euler-Maruyama method’

with time step At:

Nt + At) = N(t) + rmN(t) (1 - %’f)) At + €(t),
where
e(t) ~ N (0,05N(t)AL) .
Hence,
N(t+ At) ~ N (u(t),ciN(t)AL)
where

u(t) = N(t) + rN(2) < - %) At.

Assuming that the process satisfies the Markov property, the likelihood function can

be written as,

L, K, 02 | N(to), ..., N(t)) =P (N(to), ..., N(tn) | rm, K, 02)

n

= P(N(to)) [[P(N(#:) | N(t:-1)) .-

i=1
From the discretized model,
N(tl) ’ N(ti_l) ~ N (,uti, O'CQlN(tl_l)At) s
where
N(t;_
M, = N(tz_l) + TmN(ti_l) (1 — %) At.

Therefore, the corresponding conditional density is

L[ -
\/27F0§N(t1_1)At 203N(t171)At

Hence, the full likelihood becomes

P(N(t) [ N(tia)) =

(N(t) = o)’
L(rm, K, Ni(to) oxp | —amg )
( ) (o) H \/2md ti1)At Xp[ 202N (ti_1) At

Taking logarithms yields the log-likelihood function as following:




BN (N (t:) = )’
U1, K,02) = —= log (2702 N (t;_1)At) + ~r 22
(s B 00) = =5 2. log( mouN ) A & N G A
249 Model 2: Environmental Noise
250 To incorporate environmental stochasticity, we consider the stochastic logistic growth
21 model
N(t
dN(t) = r,, N(t) (1 — T()) dt + o .N(t)dW;,
252 where 02 denotes the environmental noise intensity. Since the diffusion term is pro-

3 portional to the population size, the variance of the stochastic fluctuations increases
»4  quadratically with population density. This formulation captures random environmental
5 perturbations that simultaneously affect all individuals in the population.
256 Applying the Euler-Maruyama discretization with time step At yields

N(t+ AL) = N(t) + 1, N(2) (1 _ %) At +e(t),
257 where
e(t) ~ N (0,02N(t)*At) .
258 Hence,
N(t+ At) ~ N (u(t), 02N (t)*At)
259 where

1(t) = N() + rmN(2) (1 - %) At.

260 Assuming that the population process satisfies the Markov property, the likelihood
1 function can be expressed as,

n

L =P(N(to)) [ [P (N() | N(tima)).

=1

262 From the discretized model,

N(tl) ’ N(tzfl) ~ N (,ut“ O'zN(tz;l)zAt) ,

263 where

e, = N(tioy) +rmN(tio1) (1 - N(;(",l)) At.

264 Therefore, the conditional probability density is
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B 1 (N(tz) - :U’ti)2
P(N(t;) | N(ti-1)) = 2o Nty 1 AL exp [_ 202N (t;—1)?At

Hence, the log-likelihood function is

n

Urm, K, 02) = —% Z llog (27TO'§N(ti71)2At) +M

UgN(ti_l)2At

=1

The variance of the stochastic increment is: Var(e(t)) = 02N (t)>At, which increases
quadratically with population size, reflecting the fact that environmental fluctuations
simultaneously influence all individuals in the population.

Model 3: Combined Demographic and Environmental Noise

To account for both demographic and environmental stochasticity, we consider the
stochastic logistic model

dN(t) = r,, N(t) (1 — %) dt + \/ale(t) + 02N(t)? dW;,

where 02 and o2 denote the demographic and environmental noise intensities, respec-
tively. The demographic component is proportional to the population size and therefore
has a stronger influence at low population densities, whereas the environmental compo-
nent scales with the square of the population size and becomes increasingly important for
larger populations. Consequently, this model simultaneously incorporates both sources
of stochasticity.

Applying the Euler-Maruyama discretization with time step At gives

Nt + At) = N(t) + rmN(t) ( - %) At + €(t),
where
e(t) ~ N (0, (6IN(t) + 02N (t)*) At) .
Hence,
N(t+ At) ~ N (u(t), (67N (t) + 02N(t)%) At),
where

j(t) = N() + rmN(#) (1 - %) At.

Therefore, the conditional distribution is

N(t:) | N(tie1) ~ N (e, (03N (ti1) + 02N (t-1)%) At) |
with

e, = N(ti_l) + TmN(ti_l) (1 — %) At.

10
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The corresponding conditional probability density is

1 (N(ts) — )’

P(N(t:) | N(ti-1)) = V2 (NG ) T PN 1)) AL exp | —

Assuming conditional independence of successive observations, the likelihood function
is

n

L =P(N(to)) [ [P (N(t) | N(ti-1)-

i=1

Taking logarithms yields the log-likelihood function:

Urm, K,03,02) = —% Z log (27 (03N (ti—1) + 02N (t;—1)?) At)
i=1
L N )
(O'?iN(ti_l) + O'gN(ti_l)Q) At .

The variance of the stochastic increment is therefore

Var(e(t)) = (07N (t) + 02N (t)?) At,

which is the sum of the demographic and environmental contributions, reflecting the
combined effects of both sources of stochasticity on population fluctuations.

3.2.2. Parameter Estimation and Model Comparison

To estimate the parameters of each stochastic model, we employed Maximum Like-
lihood Estimation (MLE). Specifically, we defined a custom log-likelihood function for
each noise type (demographic, environmental, and combined) and minimized its negative
using the minimize function from the scipy.optimize module in Python. This numer-
ical optimization procedure identifies the parameter values that maximize the likelihood
of observing the data under the specified stochastic model.

Initial parameter values were selected using data-driven heuristics, including the empir-
ical growth rate, the maximum observed population size, and the variance of population
increments. Appropriate parameter bounds were imposed to ensure biologically mean-
ingful estimates, such as positive growth rates, carrying capacities, and noise intensities.

Model comparison was performed using the Akaike Information Criterion (AIC).

Table 3: Maximum likelihood estimates (MLE) and AIC values for the demographic, environmental, and
combined noise models.

Model T'm K 04 o. LogLik AIC

Demographic 0.339670 168.58 1.43 - -143.35  292.70
Environmental 0.504405 163.52 - 0.26 -165.29 336.57
Combined 0.339670 168.58 1.43 0.00 -143.35 294.70

11
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As shown in Table [3], the demographic noise model yields the lowest AIC value, indi-
cating that it provides the best balance between model fit and complexity. This suggests
that intrinsic stochasticity arising from individual birth-death events is the dominant
source of variability in the observed population dynamics. Consequently, we adopt the
demographic noise model as the stochastic framework for subsequent simulations and
extinction risk analyses.

3.2.3. Comparison of Curve-Fit and MLE-Based Logistic Models

To assess the performance of the deterministic logistic model relative to the stochastic
MLE-based framework, we compared two different parameter estimation approaches.

1. Nonlinear Curve Fitting: The classical logistic growth model was fitted di-
rectly to the observed population data using the curve_fit routine from the
scipy.optimize package. This method assumes deterministic logistic growth with
independently and normally distributed residuals, and estimates the parameters K,
r, and ty by minimizing the residual sum of squares.

2. MLE-Based Stochastic Simulation: The maximum likelihood estimates of the
intrinsic growth rate (r,,) and carrying capacity (K), obtained under the demo-
graphic stochasticity model, were used to generate population trajectories by nu-
merically integrating the stochastic logistic equation using the Euler-Maruyama
scheme.

The resulting trajectories were then compared with the observed population time se-
ries. As shown in Figure 4, both approaches capture the overall growth dynamics and
provide comparable fits to the data, accurately reproducing the initial exponential growth
phase as well as the subsequent saturation towards the carrying capacity. The MLE-based
stochastic trajectory (red solid line) shows slightly improved agreement with the observa-
tions in the vicinity of the inflection point, which may be attributed to its likelihood-based
estimation procedure and explicit incorporation of demographic stochasticity. In contrast,
the deterministic logistic fit obtained via nonlinear least squares (green dashed line) pro-
duces a smooth growth curve but is less effective in capturing the variability observed
during the later stages of population growth.

12
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Figure 2: Comparison of logistic growth curves obtained via nonlinear curve fitting (green dashed line)
and MLE-based simulation (red solid line) under the demographic noise model.

3.2.4. Confidence and Prediction Intervals for the Demographic Model

Following parameter estimation by maximum likelihood estimation (MLE), the un-
certainty associated with the fitted population trajectory was quantified by constructing
both confidence intervals (CIs) and prediction intervals (PIs). Confidence intervals de-
scribe the uncertainty in the estimated mean trajectory resulting from the estimation
of model parameters, whereas prediction intervals additionally account for the inherent
stochastic variability of the population process, thereby providing a probabilistic range
for future population observations.

The fitted mean trajectory was obtained by numerically integrating the deterministic
component of the stochastic logistic model using the MLE estimates of the parameters
T, K , and 04. The deterministic dynamics were approximated using the Euler discretiza-
tion, N(t + At) = N(t) + rmN(t) (1 - %) At.

The uncertainty in the fitted trajectory was estimated using the first-order delta
method. Specifically, the gradient of the predicted trajectory with respect to the model
parameters was evaluated and combined with an approximate covariance matrix of the
MLEs to propagate parameter uncertainty to the fitted trajectory. For computational
simplicity, the covariance matrix was assumed to be diagonal, thereby neglecting corre-
lations among the parameter estimates. The resulting confidence intervals characterize
the uncertainty in the estimated mean trajectory, while the prediction intervals addition-
ally incorporate the effects of demographic stochasticity, providing a more comprehensive
measure of the uncertainty associated with future population dynamics.

13



353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

Demographic Growth Model with Confidence and Prediction Intervals

® Observed Data o &
200 + —— Demographic Model Fit
95% CI b ®
95% PI e ® o
o ®
r
]
150 A =
® @ ¥ ® ®
® g b
=4
2
=
A}
= 100 1
o
&£
50
0 -
1950 1955 1960 1965 1970 1975 1980 1985

Year

Figure 3: Fitted demographic logistic model (blue curve) with 95% confidence intervals (blue shaded
region) and 95% prediction intervals (orange shaded region). The confidence interval reflects uncertainty
in the estimated mean trajectory due to parameter estimation, whereas the prediction interval addition-
ally incorporates demographic process noise. Most observed data points (black circles) lie within the
prediction interval, indicating an adequate model fit.

The 95% confidence interval was constructed as

pt) % 1.96\/ Vayuyaon (N (1),

where p(t) denotes the predicted mean population size and Varpaam (N (t)) represents
the variance attributable to parameter uncertainty.
The 95% prediction interval was computed as

p(t) % 196/ Vapura (N (1)) + 02N (1) AL,

where the second term accounts for demographic process noise.

Overall, the demographic stochastic logistic model accurately reproduces the observed
population dynamics, including the initial exponential growth, the intermediate growth
phase, and the eventual approach to carrying capacity. Most observations lie within
the prediction interval, indicating that the model adequately captures the stochastic
variability present in the data. Furthermore, the widening of the prediction interval over
time reflects the accumulation of uncertainty due to demographic stochasticity.

3.3. Forecasting and Extinction Risk under Demographic Stochasticity

Assessing extinction risk is a central objective in population ecology and conserva-
tion biology. Although deterministic population models describe the expected trajectory
of a population, they fail to capture extinction events arising solely from demographic
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stochasticity, which can be particularly important for small populations. Consequently,
populations with positive expected growth rates may nevertheless face a substantial risk
of extinction due to random fluctuations in births and deaths.

In the present study, extinction was defined using a quasi-extinction threshold of 10
individuals, representing a population size below which recovery is considered unlikely
because of demographic stochasticity, inbreeding depression, or Allee-type effects. The
probability of extinction was estimated using Monte Carlo simulations of the stochastic
logistic model over a forecasting horizon of 30 years. For each simulation, the population
was initialized at the observed initial abundance and evolved according to N(t + At) =
N(t) + riN(t) <1 — %) At + 044/ N(t),€e(t), where e(t) ~ N(0,At). A simulation
was classified as an extinction event if the population size fell below the quasi-extinction
threshold at any time during the simulation period. This procedure was repeated for 1000
independent realizations, and the extinction probability was estimated as the proportion
of simulations that resulted in quasi-extinction.

3.3.1. Results and Interpretation

Monte Carlo simulations of the demographic stochastic logistic model yielded an es-
timated quasi-extinction probability of 53.1% over a 30-year time horizon, indicating
that more than half of the simulated population trajectories declined below the quasi-
extinction threshold of 10 individuals within the study period. Although the correspond-
ing deterministic logistic model predicts convergence towards the carrying capacity, the
incorporation of demographic stochasticity substantially increased the probability of pop-
ulation decline, demonstrating that random demographic fluctuations alone can generate
considerable extinction risk. Such effects are particularly pronounced when population
sizes are small, where stochastic variation in births and deaths may produce trajectories
that deviate markedly from the deterministic expectation. Because simulations were ter-
minated once the population size fell below the quasi-extinction threshold, trajectories
crossing this threshold were classified as extinction events and were not permitted to re-
cover, thereby providing an estimate of quasi-extinction risk under the assumed modelling
framework.

The predicted extinction risk is consistent with the life-history characteristics of the
Black-legged Kittiwake (Rissa tridactyla), a relatively long-lived seabird characterized by
low fecundity and high adult survival. In such species, long-term population persistence
depends more strongly on sustained recruitment and survival than on rapid intrinsic
population growth. Consequently, stochastic variation in reproductive success or juvenile
survival can have lasting demographic consequences despite comparatively stable adult
survival (JI6]). The substantial quasi-extinction probability obtained in the present study
therefore agrees with the well-established sensitivity of long-lived seabirds to demographic
stochasticity. This interpretation is further supported by the ecological characteristics of
Black-legged Kittiwake populations. Breeding success is strongly influenced by the avail-
ability of energy-rich forage fish, particularly sandeels. Numerous long-term field studies
have shown that reductions in prey abundance are associated with lower breeding success,
reduced fledging rates, diminished juvenile recruitment, and subsequent declines in colony
size (|11, B]). Because individuals typically require several years to reach reproductive
maturity, repeated breeding failures can generate prolonged recruitment deficits whose
demographic consequences may persist for many breeding seasons. Although these eco-
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logical mechanisms were not explicitly represented in the present demographic stochastic
model, they provide a biologically plausible explanation for why stochastic demographic
variation can substantially increase extinction risk in natural populations.

It is important to recognize that the logistic model assumes a constant carrying capac-
ity, whereas the effective carrying capacity of natural Black-legged Kittiwake populations
is likely to vary through time owing to fluctuations in prey availability, ocean produc-
tivity, fisheries pressure and climatic conditions. Consequently, the estimated extinction
probability should be interpreted as representing a stationary environmental scenario.
Continued climate-driven changes in marine ecosystems may further reduce habitat qual-
ity and prey availability, potentially increasing extinction risk beyond that predicted by
the present model. Similarly, the species’ strong fidelity to natal and breeding colonies,
while promoting colony stability under favourable conditions, may limit rapid coloniza-
tion of newly suitable habitats as environmental conditions shift, thereby increasing the
risk of local extinction even when the broader metapopulation persists (|10} 27]).

From a conservation perspective, an estimated quasi-extinction probability of 53.1 %
within three decades represents a substantial level of demographic risk for a species that
has experienced widespread population declines across much of its breeding range. Al-
though the present model does not explicitly evaluate management interventions, the
results suggest that conservation strategies aimed at maintaining breeding productivity,
enhancing juvenile recruitment, preserving high adult survival, and protecting critical
breeding and marine foraging habitats may contribute to reducing long-term extinction
risk. Ecosystem-based management of forage-fish resources and continued long-term de-
mographic monitoring are likewise expected to improve population persistence ([|21], [5]).
Because the Black-legged Kittiwake is widely recognized as an indicator species of ma-
rine ecosystem health, improvements in its demographic performance would also provide
evidence of broader recovery in marine food-web integrity.

The present study demonstrates that demographic stochasticity alone can generate
substantial extinction risk even when deterministic population dynamics predict persis-
tence. Incorporating additional ecological processes, including environmental stochas-
ticity, density-dependent demographic variation, Allee effects, habitat degradation, and
explicit management interventions, would provide a more comprehensive assessment of
long-term population viability and represents an important direction for future research.

4. Discussion

This study presented a comprehensive modelling framework for analysing the popu-
lation dynamics of a long-term ecological time series, using the Black-legged Kittiwake
(GPDD ID 6633) as a case study. Employing empirical observations from the Global
Population Dynamics Database (GPDD), we investigated the species’ population growth
through both deterministic and stochastic modelling approaches. By integrating sta-
tistical model selection, parameter estimation, stochastic simulations and extinction risk
analysis within a single workflow, the proposed framework provides a systematic method-
ology for understanding the mechanisms governing population persistence and decline.

A key strength of the proposed framework is its methodology for selection of suit-
able model for study. Primarily, three deterministic growth models were compared using
the Akaike Information Criterion (AIC) to identify the most appropriate representation
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of the observed population dynamics. The three candidate models chosen are the expo-
nential, logistic, and Gompertz model. Likewise, different sources of stochasticity-namely
demographic, environmental, and combined stochasticity were evaluated using likelihood-
based model selection to determine the dominant source of uncertainty underlying the
data. This strategy allows us to identify and select the most appropriate model which
adequately describes the observed deterministic and stochastic dynamics. This particu-
lar objective model-selection strategy reduces subjective model choice and enhances the
reliability of subsequent forecasting and extinction risk assessment.

The analysis identified the logistic growth model as the most suitable deterministic
description of the observed population dynamics. This finding suggests that density-
dependent regulation plays an important role in governing the long-term behaviour of
the Black-legged Kittiwake population. Unlike the exponential model, which assumes
unlimited resources and unrestricted growth, the logistic model accounts for the gradual
reduction in population growth as the population approaches its carrying capacity. Such
behaviour is biologically consistent with natural populations, where competition for food
resources, breeding sites and nesting habitat imposes constraints on population expansion.
Although the Gompertz model is also capable of describing density-dependent growth,
the lower AIC support obtained in the present study indicates that the logistic formu-
lation provides a better representation of the available observations. After identifying
the logistic growth model with demographic stochasticity as the best-supported model,
both short and long-term population forecasts were generated together with confidence
and prediction intervals. The incorporation of prediction intervals provides considerably
more information than deterministic trajectories alone by explicitly quantifying the un-
certainty associated with future population sizes. Such probabilistic forecasts are partic-
ularly valuable for ecological management, where conservation decisions must frequently
be made despite substantial uncertainty regarding future environmental conditions and
demographic processes.

The next stepping stone of this framework was to estimate extinction probabilities
under demographic stochasticity at a fixed 30-year horizon as well as over time. The
results indicate that the population faces a considerable risk of quasi-extinction, with
demographic fluctuations during the early stages playing a dominant role in determining
long-term persistence. These findings demonstrate that even when deterministic dy-
namics predict long-term persistence, stochastic fluctuations may substantially increase
extinction risk by driving populations below biologically meaningful thresholds. In short,
the prediction of extinction probabilities were less accurately predicted by the determin-
istic framework alone, particularly for populations experiencing substantial demographic
variability.

The identification of demographic stochasticity as the dominant source of variability
also provides important ecological insight. Demographic stochasticity originates from
random variation in individual birth and death events and is generally expected to exert
stronger effects when population sizes are relatively small. The present results there-
fore suggest that intrinsic demographic fluctuations contribute more substantially to the
observed population variability than environmental stochasticity over the available obser-
vation period. This highlights the importance of incorporating stochastic demographic
processes into population viability analyses and emphasizes that random individual-level
processes can significantly influence long-term ecological outcomes.
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An another important strength of this analysis is its highly generalized structure en-
abling it to be applicable to other species data-sets ranging from different taxa and life-
history strategies without modifying the underlying implementation. This broad range
of applicability of this analysis comes from its reliability on standard statistical estima-
tion techniques and flexible stochastic differential equation models. Consequently, the
framework provides a unified, reproducible and computationally efficient tool for popu-
lation modelling, forecasting and extinction risk assessment across a broad spectrum of
ecological systems.

Overall, the proposed framework demonstrates the advantages of integrating deter-
ministic growth models with stochastic population dynamics in a statistically rigorous
manner. By combining model selection, parameter estimation, uncertainty quantification,
forecasting and extinction probability estimation within a unified computational frame-
work, the methodology provides a practical approach for analysing long-term ecological
time-series data. Such integrated analyses have considerable potential to support conser-
vation planning, population viability assessment and evidence-based ecological decision-
making under uncertainty.

5. Limitations and Future Research

While the proposed framework captures several important aspects of population dy-
namics, it has certain limitations that suggest promising avenues for future research.

One limitation of the present study is the relatively small size of the available popu-
lation time series, which may reduce the precision and stability of parameter estimation
under classical frequentist inference. In such situations, Bayesian inference provides a
natural alternative by incorporating prior biological knowledge into the estimation pro-
cess, thereby improving parameter regularization and reducing estimation uncertainty.
Furthermore, Bayesian methods yield full posterior distributions of model parameters,
allowing a more comprehensive quantification of uncertainty and facilitating probabilis-
tic predictions for ecological systems with limited observational data.

Another limitation arises from the reliance on a single best-fitting model selected using
the Akaike Information Criterion (AIC). Although AIC is a widely used model selection
criterion, choosing only the model with the minimum AIC implicitly assumes that it
provides an adequate representation of the underlying population dynamics, even when
several competing models receive comparable empirical support. Future studies could
account for model-selection uncertainty through multi-model inference, including model
averaging or ensemble modelling, in which predictions from multiple plausible candidate
models are combined to obtain more robust forecasts. In addition, recent advances in
machine learning, such as random forests and Gaussian process regression, offer flexi-
ble data-driven alternatives for capturing complex nonlinear population dynamics while
requiring fewer structural assumptions than conventional mechanistic models.

The proposed stochastic density-dependent framework captures the essential features
of population regulation but does not explicitly incorporate several biologically relevant
processes that may influence long-term dynamics. These include Allee effects, age or
stage structure, spatial heterogeneity, dispersal, immigration and emigration, harvesting,
species interactions, and climate-driven environmental variability. Incorporating these
ecological mechanisms into the present framework would enhance its biological realism
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and improve its predictive capability for assessing long-term population persistence, re-
silience and extinction risk under changing environmental conditions.
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Appendix: Python Code for Simulation Studies/Results

import pandas as pd

import numpy as np

from scipy.optimize import minimize
from scipy.optimize import curve_fit
import matplotlib.pyplot as plt

1: Relevant Packages Used

# Load the Excel file

file_path = "C:\\Users\\riddh\\Desktop\\Project\\Black-legged Kittiwake
(Rissa tridactyla, GPDD Main ID 6633).xlsx"

df = pd.read_excel(file_path, sheet_name=’Sheetl’)

# Extract and clean the relevant columns

df = df [["SampleYear", "Population"]].dropna()
df ["SampleYear"] = pd.to_numeric(df["SampleYear"], errors="coerce"
df ["Population"] = pd.to_numeric(df["Population"], errors="coerce"

df = df .dropna() .reset_index (drop=True)
2: Code for Section 2.1: Data Extraction

plt.scatter (years, N_data, color=’darkblue’, s=70,)
plt.legend ()

plt.title("Observed Population Time Series")
plt.xlabel("Year")

plt.ylabel ("Population Size")

plt.grid (True)

3: Code for Section 2.1: Figure 1

# --- Define Models ---
def logistic(t, K, r, t0):
return K / (1 + np.exp(-r * (t - t0)))

def gompertz(t, K, r, t0):
return K * np.exp(-np.exp(-r * (t - t0)))

def exponential(t, NO, r):
return NO * np.exp(r * (t - t[0]))
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ssg1 # --- AIC Calculator ---
ssa2 def compute_aic(y_obs, y_pred, k):

5903 resid = y_obs - y_pred

5914 sigma2 = np.var(resid, ddof=k)

5025 loglik = -0.5 * len(y_obs) * (np.log(2 * np.pi * sigma2) + 1)
5936 return 2 * k - 2 * loglik

5047

soss # --- Fit Logistic ---

5069 try:

5920 pO_logistic = [max(N_data), 0.1, np.median(years)]

5081 params_log, _ = curve_fit(logistic, years, N_data, pO=pO_logistic,
599 maxfev=10000)

6002 pred_log = logistic(years, *params_log)

603 aic_log = compute_aic(N_data, pred_log, k=3)

6024 except:

6025 pred_log = np.full_like(N_data, np.nan)

6026 aic_log = np.inf

6057

60es # --- Fit Gompertz with bounds and better init ---

6020 try:

6080 KO = max(N_data)

6091 r0 = 0.01

6102 t0_0 = years[np.argmax(np.diff(N_data))] if len(N_data) > 1 else np
611 .median (years)

6123 bounds = ([0.8%K0O, 0.0001, min(years)], [1.2*KO, 2, max(years)])
6134 pO_gom = [KO, rO, t0_0]

6185 params_gom, _ = curve_fit(gompertz, years, N_data, pO=pO_gom,
615 bounds=bounds, maxfev=50000)

6166 pred_gom = gompertz(years, *params_gom)

6187 aic_gom = compute_aic(N_data, pred_gom, k=3)

6183 except:

6199 pred_gom = np.full_like(N_data, np.nan)

620.0 aic_gom = np.inf

62111

6222 # --- Fit Exponential ---

6233 try:

6244 pO_exp = [N_data[0], 0.1]

625.5 params_exp, _ = curve_fit(exponential, years, N_data, pO=pO_exp,
626 maxfev=10000)

62716 pred_exp = exponential (years, *params_exp)

6287 aic_exp = compute_aic(N_data, pred_exp, k=2)

6298 except:

630.0 pred_exp = np.full_like(N_data, np.nan)

6350 aic_exp = np.inf

6321

6332 # --- Determine Best Fit ---

6363 aic_dict = {

6354 "Logistic": aic_log,

6365 "Gompertz": aic_gom,

637:6 "Exponential": aic_exp

6387

6395 best_model = min(aic_dict, key=aic_dict.get)

6409

6450 # --- Print Results ---

6421 print ("\nAIC Comparison:")
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6432 for model, aic in aic_dict.items():
6443 print (£"{model:12} AIC = {aic:.2f}")
6s5¢ print (f"\nalUE Best fitting model: {best_modell}")

4: Code for Section 3.1: Model Selection (Table 2)

6461 # Define a smooth time range for plotting the fitted curves

6472 t_vals = np.linspace(min(years), max(years), 300)

648 3

6404 # Generate model predictions using previously fitted parameters

6505 logistic_curve = logistic(t_vals, *params_log)
6516 gompertz_curve = gompertz(t_vals, *params_gom)
6527 exp_curve = exponential (t_vals, *params_exp)

653 8

6549 # Create the plot

6550 plt.figure(figsize=(10, 6))

656 1 plt.scatter(years, N_data, color=’black?’, s=70, label="Observed Data")
es72 plt.plot (t_vals, logistic_curve, label="Logistic", linewidth=2.5,

658 linestyle=’--’, color=’green’)

6593 plt.plot(t_vals, gompertz_curve, label="Gompertz", linewidth=2.5,
660 linestyle=’-.’, color=’blue’)

%nlplt.plot(t_vals, exp_curve, label="Exponential", linewidth=2.5,
662 linestyle=’:’, color=’orange’)

663 5
6646 # Customize plot

6657 plt.title("Growth Model Comparison: Logistic vs Gompertz vs Exponential
666 ")

6675 plt.xlabel ("Year")

6680 plt.ylabel ("Population Size")

6620 plt.legend ()

6701 plt.grid(True)

e7e2 plt.tight_layout ()

6723 plt.show ()

5: Code for Section 3.1: Comparison for Fitted Models (Figure 3)

6731 # Define helper function for initial guesses
6742 def generate_initial_guesses (N_data, model="demographic"):

6753 r_guess = 0.1

676 4 K_guess = 1.2 * np.max(N_data)

6775 sigma_guess = np.std(np.diff (N_data)) / np.mean(N_data)
678 6 sigma_guess = np.clip(sigma_guess, 0.05, 5.0)

6797 if model == "demographic":

680 8 return [r_guess, K_guess, sigma_guess]

6819 elif model == "environmental':

6820 return [r_guess, K_guess, sigma_guess]

683 1 elif model == "combined":

6842 return [r_guess, K_guess, sigma_guess, sigma_guess]
6853 else:

686 4 raise ValueError ("Model must be one of: ’demographic’, 2
687 environmental?’, ’combined’")

6885
6826 # Define log-likelihood functions

eoa7 def demographic_log_likelihood (params, N, dt):
6918 rm, K, sigma_d = params

6929 if sigma_d <= 0 or K <= 0:
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72015
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return np.inf
loglik = O
for i in range(l, len(N)):
N_prev = N[i - 1]
mu = N_prev + r_m * N_prev * (1 - N_prev / K) * dt
var = sigma_dx*x*x2 *x N_prev * dt
if var <= O0:
return np.inf
loglik += -0.5 * np.log(2 * np.pi * var) - ((N[i] - mu)*x*2) /
(2 % var)
return -loglik

def environmental_log_likelihood(params, N, dt):
r_m, K, sigma_e = params
if sigma_e <= 0 or K <= 0:
return np.inf
loglik = O
for i in range(l, len(N)):
N_prev = N[i - 1]
mu = N_prev + r_m * N_prev * (1 - N_prev / K) x* dt
var = sigma_e*2 *x N_prev*2 * dt
if var <= O:
return np.inf
loglik += -0.5 * np.log(2 * np.pi * var) - ((N[i] - mu)*x2) /
(2 * var)
return -loglik

def combined_log_likelihood(params, N, dt):
rm, K, sigma_d, sigma_e = params
if sigma_d <= 0 or sigma_e <= 0 or K <= O0:
return np.inf
loglik = 0
for i in range(l, len(N)):
N_prev = N[i - 1]
mu = N_prev + r_m * N_prev * (1 - N_prev / K) * dt
var = (sigma_d*2 * N_prev + sigma_e2 * N_prevx2) * dt
if var <= 0:
return np.inf
loglik += -0.5 * np.log(2 * np.pi * var) - ((N[i]l - mu)*x*2) /
(2 * var)
return -loglik

# Fit models with data-driven guesses

init_dem = generate_initial_guesses(N_data, model="demographic")
init_env = generate_initial_guesses(N_data, model="environmental")
init_comb = generate_initial_guesses(N_data, model="combined")

bounds_dem = [(0, 1), (le-5, np.max(N_data)*10), (le-5, 100)]
bounds_env [(0, 1), (le-5, np.max(N_data)*10), (le-5, 100)]
bounds_comb = [(0, 1), (le-5, np.max(N_data)=*10), (le-5, 100), (le-5,

100) 1]

res_dem = minimize (demographic_log_likelihood, init_dem, args=(N_data,
dt), bounds=bounds_dem)

res_env = minimize (environmental_log_likelihood, init_env, args=(N_data
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, dt), bounds=bounds_env)
res_comb = minimize(combined_log_likelihood, init_comb, args=(N_data,
dt), bounds=bounds_comb)

mle_dem = res_dem.x
mle_env = res_env.X
mle_comb = res_comb.x

# Extract log-likelihoods and AIC

loglik_dem = -res_dem.fun
loglik_env = -res_env.fun
loglik_comb = -res_comb.fun
aic_dem = 2 * 3 - 2 * loglik_dem
aic_env = 2 * 3 - 2 * loglik_env

aic_comb = 2 *x 4 - 2 *x loglik_comb

# Print results

print ("=== MLE and AIC Results ===\n")
print ("Demographic Model:")

print(f" r_m = {mle_dem[0]:.6£f}")

print (£" K = {mle_dem[1]:.2f}")
print (£f" sigma_d = {mle_dem([2]:.2f}")
print (f" LogLik = {loglik_dem:.2f}")
print (£" AIC = {aic_dem:.2f}\n")

print ("Environmental Model:")

print(f" r_m = {mle_env[0]:.6£f}")
print (f" K = {mle_env[1]:.2f}")
print(f" sigma_e = {mle_env[2]:.2f}")

print (f" LogLik
print (£" AIC

{loglik_env:.2f}")
{aic_env:.2f}\n")

print ("Combined Model:")

print(f" r_m = {mle_comb [0]:.6£f}")
print (£" K = {mle_comb[1]:.2f}")
print (f" sigma_d = {mle_comb[2]:.2f3}")
print (f" sigma_e = {mle_comb[3]:.2f}")
print (£" LogLik = {loglik_comb:.2f}")

print (£" AIC {aic_comb:.2f}")

6: Code for Section 3.2.2: Parameter Estimation and Model Comparison (Table 3)

# Define logistic function for curve fitting
def logistic_function(t, K, r, t0):
return K / (1 + np.exp(-r * (t - t0)))

# Fit logistic function directly to observed data

pO0 = [max(N_data), 0.1, np.median(years)] # initial guess: K, r, tO

params_curvefit, _ = curve_fit(logistic_function, years, N_data, pO=pO0,
maxfev=10000)

# Evaluate curve-fit logistic

t_vals = np.linspace(min(years), max(years), 300)
logistic_curvefit = logistic_function(t_vals, *params_curvefit)
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8080
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8413
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8446
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846 8
847

8489
8420
85Q1
8512
8523
8534

# Define MLE-based logistic function
def logistic_mle(t, r, K, NO):
N = np.zeros_like (t)
N[0] = NO
dt = t[1] - t[o0]
for i in range(l, len(t)):
N[i]l = N[i-1]1 + r * N[i-1] * (1 - N[i-1] / K) * dt
return N

# Evaluate MLE-based logistic

r_m_mle, K_mle, _ = mle_dem
NO = N_data[0]
logistic_mle_curve = logistic_mle(t_vals, r_m_mle, K_mle, NO)

# Plot bot

plt.figure(figsize=(10, 6))

plt.scatter (years, N_data, color=’black’, s=70, label="Observed Data")

plt.plot(t_vals, logistic_curvefit, color=’green’, linestyle=’--7,
linewidth=2.5, label="Curve-Fit Logistic")

plt.plot(t_vals, logistic_mle_curve, color=’crimson’, linewidth=2.5,
label="MLE-Based Logistic")

plt.title("Logistic Growth &Kk MLE vs Curve-Fit (Demographic)")

plt.xlabel ("Year")

plt.ylabel ("Population Size")

plt.legend ()

plt.grid(True)

plt.tight_layout ()

plt.show ()

7: Code for Section 3.2.3: Comparison of Curve-Fit and MLE based Logistic Models (Figure 4)

# Observed data

years = df ["SampleYear"].values
N_data = df ["Population"].values
dt = 1

# Demographic model 1likelihood
def demographic_log_likelihood(params, N, dt):
r, K, sigma = params
if sigma <= 0 or K <= 0:
return np.inf
loglik = O
for i in range(l, len(N)):
N_prev = N[i - 1]
mu = N_prev + r * N_prev * (1 - N_prev / K) * dt
var = sigma**2 x N_prev * dt
if var <= O0O:
return np.inf
loglik += -0.5 * np.log(2 * np.pi * var) - ((N[i] - mu)*x2) /
(2 % var)
return -loglik

#MLE estimation

initial_guess = [0.1, max(N_data), 1.0]

bounds [(0, 1), (le-5, np.max(N_data) * 10), (le-5, 100)]

result = minimize (demographic_log_likelihood, initial_guess, args=(
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8587
8598
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861B0
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8675
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86%7
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8784
8795
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8817
88218
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8840
8851
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8928
8939
8940
895 1
8962
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8984
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90L7
902

9038
904

9059
906

90770
9081

N_data, dt), bounds=bounds)

r_mle, K_mle, sigma_mle = result.x

print (f"MLE Estimates:\n r = {r_mle:.4f}, K = {K_mle:.2f}, sigma = {
sigma_mle:.4f}")

# Euler simulation for mean prediction
def demographic_mean_prediction(t_vals, r, K, NO):
N_pred = [NO]
for _ in range(l, len(t_vals)):
N_next = N_pred[-1] + r * N_pred[-1] * (1 - N_pred[-1] / K) =*
dt
N_pred.append(N_next)

return np.array(N_pred)

# Variance for CI/PI using delta method (Taylor expansion)

t_vals = years # only use observed time range
NO = N_data[0]
pred_vals = demographic_mean_prediction(t_vals, r_mle, K_mle, NO)

# Approximate parameter covariance (use inverse Hessian or identity if
unavailable)

# For simplicity, we’ll use identity matrix scaled by small variance (
approximate)

param_cov = np.diag([0.0005, 1.0, 0.01]) # user-tunable for rough CI

# Approximate gradients for delta method
epsilon = le-5
def gradient (func, params, idx):
params_eps = np.array(params)
params_eps [idx] += epsilon
return (func(params_eps) - func(params)) / epsilon

grads = np.zeros((len(t_vals), 3))
for i in range(3):
def temp_fn(p):
return demographic_mean_prediction(t_vals, p[0], p[1], NO)
grads[:, i] = gradient(temp_fn, [r_mle, K_mle, sigma_mle], i)

# Confidence and prediction intervals

conf_var = np.sum(grads @ param_cov * grads, axis=1)
pred_var = conf_var + sigma_mlex**2 * pred_vals * dt
ci95 = 1.96 * np.sqrt(conf_var)

pios 1.96 * np.sqrt(pred_var)

#Plot

plt.figure(figsize=(10, 6))

plt.scatter(years, N_data, color=’black’, label=’0bserved Data’)

plt.plot(t_vals, pred_vals, color=’blue’, label=’Demographic Model Fit’
)

plt.fill_between(t_vals, pred_vals - ci95, pred_vals + ci95, color=’
blue’, alpha=0.3, label=’95% CI’)

plt.fill_between(t_vals, pred_vals - pi95, pred_vals + pi95, color=’
orange’, alpha=0.3, label=’95% PI’)

plt.xlabel("Year")

plt.ylabel ("Population")
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992 plt.title("Demographic Growth Model with Confidence and Prediction
910 Intervals")

oirs plt.legend ()

o124 plt.grid (True)

o135 plt.tight_layout ()

9146 plt.show ()

8: Code for Section 3.2.4: Confidence and Prediction Intervals (Figure 5)

o151 def extinction_probability_given_years(years, x0=N_data[0], r=r_m_mle,

916 K=K_mle, sigma=sigma_d_mle, n_sim=1000, dt=1):

09172

9183 e

9194 Computes extinction probability under demographic noise for a given
920 number of years.

9215

9226 Parameters:

9237 years : Time horizon (e.g., 30)

9248 x0 : Initial population size

9259 r : Growth rate (MLE)

9260 K : Carrying capacity (MLE)

9271 sigma : Std. dev. of demographic noise (MLE)

9282 n_sim : Number of simulation runs (default: 10000)
9293 dt : Time step (default: 1 year)

9304

9315 Returns:

9326 extinction_prob : Estimated extinction probability within given
933 years

9347 e

9358

9369 time_steps = int(years / dt)

9320 extinctions = 0

9381

9392 for _ in range(n_sim):

9403 N = x0

9414 for _ in range(time_steps):

9425 growth = r * N * (1 - N / K) * dt

9436 noise = sigma * np.sqrt(N) * np.random.normal (0, np.sqrt(dt
944 ))

9457 N = max(N + growth + noise, 0)

9468 if N <= 10:

94729 extinctions += 1

9480 break

9491

9502 return extinctions / n_sim

9533

9521 ext_prob = extinction_probability_given_years (30)

9535 print (f"Extinction probability in 30 years: {ext_prob:.4f}")
9: Code for Section 3.3.1: Probability of Extinction
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