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Abstract

On this paper, We investigate the generation and enhancement of bipartite entan-

glement in a three level cascade laser embedded in a Kerr nonlinear resonator and

coupled to a squeezed vacuum reservoir. The system dynamics are modeled using

a quantum master equation that incorporates atom-field interactions, Kerr non-

linearity, cavity damping, spontaneous emission, and squeezed vacuum effects.

Applying the good cavity approximation, the atomic variables are adiabatically

eliminated to derive effective cavity-field equations, which are transformed into

c-number Langevin equations. Linearization around the steady state yields ana-

lytical expressions for second-order moments and the covariance matrix. Bipartite

entanglement is quantified using the Duan inseparability criterion and logarith-

mic negativity. Our numerical results show that stronger Kerr nonlinearity and

more squeezing greatly increase quantum correlations, while coherent pump-

ing improves entanglement by boosting atomic coherence.However, higher cavity

losses reduce entanglement due to photon loss.These findings highlight Kerr-

enhanced cascade lasers with squeezed reservoirs as potential sources of entangled

light for engineering bright, highly entangled CV optical sources for quantum

key distribution, teleportation, and optical quantum networks.

Keywords: continuous variable, Kerr nonlinearity, spontaneous emission
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1 Introduction

Quantum entanglement is a fundamental concept in modern quantum physics and is
essential for creating nonclassical connections used in quantum communication, tele-
portation, and computing. It allows for strong correlations between quantum systems
that are separated in space, which cannot be explained by classical physics.Continuous
variable (CV) entanglement, which is made using the amplitude properties of light
waves, has become very popular because it is strong, can be made reliably, and works
well with existing technologies for sending light signals [1, 2]. As a result, CV entangled
states are now vital for many quantum applications like teleportation, secure com-
munication, data compression, networked quantum systems, sensing, and information
processing [3–8].

Optical systems, especially those involving lasers and materials that change their
properties in response to light, are practical ways to create entangled light. Three
level laser systems are particularly interesting because they have simple structures
and allow for strong interactions between atoms and light. Adding nonlinear optical
materials, such as Kerr media, can change the behavior of light significantly [9–11].
These materials alter the refractive index based on light intensity, which leads to
interactions between photons inside an optical cavity. These nonlinear effects can
increase quantum correlations and help create entangled states. Another method to
improve quantum correlations is by connecting the system to a squeezed vacuum.
A squeezed vacuum is a special kind of light where the random fluctuations in one
property are lower than usual, which can lead to stronger connections between different
parts of the light and improve entanglement.

Among the different systems used to generate entangled light, three-level cascade
lasers are getting a lot of attention because they naturally produce pairs of corre-
lated photons through a process involving atomic transitions [12, 13]. The interaction
between the laser cavity and the atoms creates coherence, which is key in forming
quantum connections between different parts of the light[14–16]. The optical Kerr
effect causes changes in the light’s path based on its own intensity, resulting in inter-
actions between photons. These interactions change the behavior inside the cavity,
and can lead to stronger squeezing and entanglement by making the cavity’s parts
interact more effectively. Unlike a regular vacuum, which only adds typical noise from
random fluctuations, a squeezed vacuum has strong connections between pairs of pho-
tons [17]. This reduces noise in one part of the light while increasing it in another.
Putting squeezed vacuum into an optical cavity can greatly boost the squeezing effect,
reduce loss of quantum properties, and improve entanglement by transferring corre-
lations from the reservoir to the light inside the cavity. Even though each of these
methods Kerr nonlinearity, squeezed vacuum, and three level lasers has been studied
a lot on its own, they are usually looked at separately. Few studies have explored how
these effects work together in a single model. Since these effects come from different
physical processes, using them together might create even stronger quantum correla-
tions than using just one [18]. Therefore, a thorough theoretical study is needed to
understand how these effects can work together to improve entanglement.

In this study, we carry out a comprehensive quantum analysis of a three level
cascade laser system that is placed inside a Kerr nonlinear cavity and coupled to
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a squeezed vacuum reservoir. Previous studies have shown that Kerr nonlinearity
enhances quantum correlations through self phase and cross phase modulation, while
squeezed vacuum reservoirs reduce quantum noise and improve continuous variable
entanglement and three level cascade lasers have been widely studied as efficient
sources of correlated photon pairs. However, a comprehensive theoretical framework
that simultaneously incorporates Kerr nonlinear coefficient, squeezing parameter,
coherent pump strength, and cavity decay rate has not been systematically investi-
gated within a unified master equation and Heisenberg Langevin equation. To address
this gap, the present work develops a comprehensive theoretical model of a three-
level cascade laser embedded in a Kerr resonator and coupled to a squeezed vacuum
reservoir. Starting from the Hamiltonian system and the Lindblad master equation to
obtain the corresponding Heisenberg Langevin equations with eliminate the atomic
variables under the good cavity approximation and derive analytical expressions for
the second order moments we quantified continuous variable entanglement using both
the Duan inseparability criterion and logarithmic negativity.

2 Model and Hamiltonian Formulation

Our system of model analysis that the cooperative interplay between Kerr nonlin-
ear coefficient, squeezing parameter and coherent pump strength correlations in a
three level cascade laser are powerful quantum resources for enhancing squeezing and
continuous variable entanglement for engineering highly entangled optical fields for
continuous variable quantum communication and quantum information processing as
see from figure 1. The interaction of the system can be described using the Hamilto-

Figure 1

nian consider a cascade three-level laser consisting of atoms with energy levels |3⟩, |2⟩,
and |1⟩ interacting with two cavity modes a and b. The cavity contains a Kerr non-
linear medium and is coupled to a broadband squeezed vacuum reservoir. The total
Hamiltonian of the system can be written as

Ĥ = Ĥ0 + ĤAF + ĤP + ĤK , (1)
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where Ĥ0 is the free Hamiltonian,

Ĥ0 =

3
∑

i=1

ℏωi|i⟩⟨i|+ ℏωaâ
†â+ ℏωbb̂

†b̂, (2)

where ωi denotes the energy of the atomic level |i⟩, a (a†) and b (b†) are the annihilation
(creation) operators corresponding to the two cavity modes, while ωa and ωb are the
frequencies of the cavity modes associated with the transitions |3⟩ −→ |2⟩ and |2⟩ −→
|1⟩, respectively. The operators â† and â (b̂† and b̂) satisfy the bosonic commutation
relations

[â, â†] = 1, [b̂, b̂†] = 1.

Eq. (2) represents the free Hamiltonian of the uncoupled atom cavity system. The first
term describes the energy of the three atomic levels, while the second and third terms
correspond to the free energies of cavity modes a and b. This Hamiltonian serves as the
reference for transforming the system into the interaction picture. Under the electric
dipole and rotating wave approximations, the interaction between the three-level atom
and the cavity modes is described by

ĤAF = ℏga
(

âσ̂32 + â†σ̂23

)

+ ℏgb

(

b̂σ̂21 + b̂†σ̂12

)

, (3)

where σ̂ij = |i⟩⟨j| and ga and gb are the atom-cavity coupling constants. The
coupling constants are characterize the strength of the interaction between the atoms
and the respective cavity modes.

To induce coherence between the upper and lower atomic states, an external classi-
cal coherent field drives the dipole-forbidden transition |3⟩ −→ |1⟩. The corresponding
Hamiltonian is

ĤP =
ℏΩp

2

(

e−iωptσ̂31 + eiωptσ̂13

)

, (4)

where Ωp is the Rabi frequency of the driving field and ωp denotes its angular fre-
quency [19]. Under exact resonance, the time-dependent phase factors disappear in
the interaction picture [20], giving

ĤP =
ℏΩp

2
(σ̂31 + σ̂13) . (5)

Eq.5 show the coherent pump prepares atomic coherence that is transferred to the
cavity field, increasing the degree of quantum correlation between the emitted photons.
As a result, the cavity resonance frequency becomes intensity dependent, giving rise to
nonlinear optical phenomena such as self-phase modulation, cross-phase modulation,
optical bistability, and the generation of nonclassical states of light [21]. For Kerr
medium, the nonlinear interaction Hamiltonian is written as

ĤK = ℏχ
(

â†â+ b̂†b̂
)2

. (6)
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where χ denotes the Kerr nonlinear coupling coefficient and â†â and b̂†b̂ are the photon-
number operators for cavity modes a and b, respectively. The square of the total
photon-number operator can be expanded algebraically as

(

â†â+ b̂†b̂
)2

= (â†â)2 + (b̂†b̂)2 + 2â†âb̂†b̂.

Substituting this result into Eq.6, the Kerr Hamiltonian gives

ĤK = ℏχ
[

(â†â)2 + (b̂†b̂)2 + 2â†âb̂†b̂
]

. (7)

The first two terms represent self-phase modulation, whereas the last term corresponds
to cross-phase modulation and is responsible for enhancing the correlations between
the two cavity modes. The last term 2â†âb̂†b̂ is the cross-Kerr interaction responsible
for enhancing intermode correlations and entanglement. The complete Hamiltonian of
the atom cavity system is

Ĥ =

3
∑

i=1

ℏωi|i⟩⟨i|+ ℏωaâ
†â+ ℏωbb̂

†b̂+ ℏga(âσ̂32 + â†σ̂23) + ℏgb(b̂σ̂21 + b̂†σ̂12)

+
ℏΩp

2
(σ̂31 + σ̂13) + ℏχ(â†â+ b̂†b̂)2. (8)

This Hamiltonian completely specifies the coherent dynamics of the three-level laser
system. The interaction picture transformation is defined by

ÔI(t) = e
iĤ0t

ℏ ÔSe
−

iĤ0t

ℏ ,

where ÔS and ÔI denote the Schrödinger and interaction-picture operators [20],
respectively.

The interaction Hamiltonian is then

ĤI = e
iĤ0t

ℏ (Ĥ − Ĥ0)e
−

iĤ0t

ℏ .

Evaluating this transformation introduces oscillating phase factors such as

e−i(ω32−ωa)t, e−i(ω21−ωb)t, e−i(ω31−ωp)t,

which represent the detuning between the atomic transitions and the corresponding
driving fields [21].

For resonant operation, we impose the conditions

ω32 = ωa, ω21 = ωb, ω31 = ωp.
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Under these exact resonance conditions, all rapidly oscillating exponential factors
become unity. As a result, the interaction Hamiltonian reduces to

ĤI =ℏga(âσ̂32 + â†σ̂23) + ℏgb(b̂σ̂21 + b̂†σ̂12)

+
ℏΩp

2
(σ̂31 + σ̂13) + ℏχ(â†â+ b̂†b̂)2.

(9)

This interaction Hamiltonian contains only the terms responsible for the coherent
evolution of the coupled atom-cavity system.

2.1 Master Equation and Heisenberg Langevin Dynamics

In the interaction picture, the time evolution of the density operator is governed by
the master equation described by the density operator ρ̂. After applying the Born and
Markov approximations [22] and tracing over the reservoir degrees of freedom [23], the
complete master equation therefore becomes

dρ̂

dt
= − i

ℏ

[

ĤI , ρ̂
]

+ LAρ̂+ LC ρ̂+ Lsqρ̂, (10)

where ĤI is the interaction Hamiltonian given by Eq. 9. The first term in Eq.(10)
describes the coherent evolution generated by the atom field interaction, coherent
pumping, and Kerr nonlinearity.

Using the standard Lindblad dissipator [24],

D[Ĉ]ρ̂ = 2Ĉρ̂Ĉ† − Ĉ†Ĉρ̂− ρ̂Ĉ†Ĉ, (11)

the spontaneous emission contribution becomes

Latomρ̂ =
γ32
2

D[σ̂23]ρ̂+
γ21
2

D[σ̂12]ρ̂. (12)

Expanding the dissipators gives

Latomρ̂ =
γ32
2

(2σ̂23ρ̂σ̂32 − σ̂33ρ̂− ρ̂σ̂33) +
γ21
2

(2σ̂12ρ̂σ̂21 − σ̂22ρ̂− ρ̂σ̂22) . (13)

where γ32 and γ21 are the spontaneous emission rates of the transitions |3⟩ → |2⟩
and |2⟩ → |1⟩, respectively. The first term describes quantum jumps associated with
spontaneous photon emission, while the remaining terms ensure proper normalization
and preserve complete positivity.

The cavity damping can also be described using the Lindblad formalism [26]. The
cavity damping Liouvillian becomes

Lcavρ̂ =
κa

2
D[â]ρ̂+

κb

2
D[b̂]ρ̂, (14)
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Expanding the Lindblad dissipators yields

Lcavρ̂ =
κa

2

(

2âρ̂â† − â†âρ̂− ρ̂â†â
)

+
κb

2

(

2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂
)

. (15)

where κa and κb denote the damping rates of cavity modes a and b, respectively. The
statistical properties of the squeezed reservoir are completely characterized by the
squeezing parameter r and the squeezing phase ϕ [20]. The corresponding reservoir
parameters are

N = sinh2 r, (16)

which represents the average photon number of the squeezed vacuum, and

M = sinh r cosh reiϕ =
√

N(N + 1)eiϕ, (17)

which quantifies the two-photon correlations generated by the squeezed field [27].
The interaction between cavity mode a and the squeezed reservoir can be described

using the generalized Lindblad master equation for squeezed states. The corresponding
Liouvillian is

L(a)
sq ρ̂ =

κa

2
(N + 1)

(

2aρ̂a† − a†aρ̂− ρ̂a†a
)

+
κa

2
N
(

2a†ρ̂a− aa†ρ̂− ρ̂aa†
)

− κa

2
M (2aρ̂a− aaρ̂− ρ̂aa)− κa

2
M∗

(

2a†ρ̂a† − a†a†ρ̂− ρ̂a†a†
)

. (18)

The first two terms correspond to ordinary photon absorption and emission processes,
modified by the nonzero thermal occupation. The last two terms originate exclu-
sively from the squeezed nature of the reservoir and describe correlated two-photon
absorption and emission processes.

Similarly, for mode b,

L(b)
sq ρ̂ =

κb

2
(N + 1)

(

2bρ̂b† − b†bρ̂− ρ̂b†b
)

+
κb

2
N
(

2b†ρ̂b− bb†ρ̂− ρ̂bb†
)

− κb

2
M (2bρ̂b− bbρ̂− ρ̂bb)− κb

2
M∗

(

2b†ρ̂b† − b†b†ρ̂− ρ̂b†b†
)

. (19)

The total squeezed vacuum contribution for identical cavity damping rates, κa = κb =
κ, the squeezed-reservoir Liouvillian can be written compactly as

dρ̂

dt
=− i

ℏ

[

ℏga
(

âσ̂32 + â†σ̂23

)

+ ℏgb

(

b̂σ̂21 + b̂†σ̂12

)

+
ℏΩp

2
(σ̂31 + σ̂13) + ℏχ

(

â†â+ b̂†b̂
)2

, ρ̂
]

+
γ32
2

(2σ̂23ρ̂σ̂32 − σ̂33ρ̂− ρ̂σ̂33) +
γ21
2

(2σ̂12ρ̂σ̂21 − σ̂22ρ̂− ρ̂σ̂22) +
κa

2

(

2âρ̂â† − â†âρ̂− ρ̂â†â
)

+
κa

2
(N + 1)

(

2âρ̂â† − â†âρ̂− ρ̂â†â
)

+
κa

2
N
(

2â†ρ̂â− ââ†ρ̂− ρ̂ââ†
)

− κa

2
M (2âρ̂â− ââρ̂− ρ̂ââ)

− κa

2
M∗

(

2â†ρ̂â† − â†â†ρ̂− ρ̂â†â†
)

+
κb

2
(N + 1)

(

2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂
)

+
κb

2
N
(

2b̂†ρ̂b̂− b̂b̂†ρ̂− ρ̂b̂b̂†
)

− κb

2
M
(

2b̂ρ̂b̂− b̂b̂ρ̂− ρ̂b̂b̂
)

− κb

2
M∗

(

2b̂†ρ̂b̂† − b̂†b̂†ρ̂− ρ̂b̂†b̂†
)

. (20)
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Using Eqs. (13), (15), and (20), substitute the interaction Hamiltonian, the atomic
Liouvillian, the cavity damping Liouvillian and the squeezed-reservoir Liouvillian into
Eq. (10) yields

dρ̂

dt
=− i

ℏ

[

ℏga
(

âσ̂32 + â†σ̂23

)

+ ℏgb

(

b̂σ̂21 + b̂†σ̂12

)

+
ℏΩp

2
(σ̂31 + σ̂13) + ℏχ

(

â†â+ b̂†b̂
)2

, ρ̂

]

+
γ32
2

(2σ̂23ρ̂σ̂32 − σ̂33ρ̂− ρ̂σ̂33) +
γ21
2

(2σ̂12ρ̂σ̂21 − σ̂22ρ̂− ρ̂σ̂22)

+
κa

2

(

2âρ̂â† − â†âρ̂− ρ̂â†â
)

+
κb

2

(

2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂
)

+
κa

2
(N + 1)

(

2âρ̂â† − â†âρ̂− ρ̂â†â
)

+
κa

2
N
(

2â†ρ̂â− ââ†ρ̂− ρ̂ââ†
)

− κa

2
M (2âρ̂â− ââρ̂− ρ̂ââ)

− κa

2
M∗

(

2â†ρ̂â† − â†â†ρ̂− ρ̂â†â†
)

+
κb

2
(N + 1)

(

2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂
)

+
κb

2
N
(

2b̂†ρ̂b̂− b̂b̂†ρ̂− ρ̂b̂b̂†
)

− κb

2
M
(

2b̂ρ̂b̂− b̂b̂ρ̂− ρ̂b̂b̂
)

− κb

2
M∗

(

2b̂†ρ̂b̂† − b̂†b̂†ρ̂− ρ̂b̂†b̂†
)

2.2 Linearized Stochastic Equations

Instead of following the evolution of the density operator, the Heisenberg picture
follows the evolution of the operators themselves while the quantum state remains
fixed. The expectation value of an arbitrary system operator Ô [28] is defined as

⟨Ô⟩ = Tr(Ôρ̂). (21)

Differentiating both sides with respect to time gives

d

dt
⟨Ô⟩ = Tr

(

Ô
dρ̂

dt

)

, (22)

where the time dependence of ρ̂ is determined by the master equation.
Substituting the complete master equation,

dρ̂

dt
= − i

ℏ
[ĤI , ρ̂] + Latomρ̂+ Lcavρ̂+ Lsqρ̂, (23)

yields

d

dt
⟨Ô⟩ =− i

ℏ
Tr
(

Ô[ĤI , ρ̂]
)

+Tr
(

ÔLatomρ̂
)

+Tr
(

ÔLcavρ̂
)

+Tr
(

ÔLsqρ̂
)

. (24)

The first term describes coherent evolution generated by the interaction Hamilto-
nian, whereas the remaining three terms account for dissipative processes arising from
spontaneous emission, cavity losses, and the squeezed vacuum reservoir. To derive the
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equation of motion for cavity mode a, the coherent contribution is

i

ℏ
[ĤI , â]. (25)

Using
[â, â†] = 1, [â, b̂] = 0, (26)

we obtain
[ĤAF , â] = −ℏgaσ̂23. (27)

Therefore,
(

dâ

dt

)

AF

= −gaσ̂23. (28)

This term describes the exchange of excitation between the cavity mode and the atomic
transition |3⟩ −→ |2⟩. Introducing the total photon number operator

N̂ = â†â+ b̂†b̂, (29)

the Kerr Hamiltonian becomes
ĤK = ℏχN̂2. (30)

Using the commutator identity
[N̂ , â] = −â, (31)

one finds
[N̂2, â] = −2N̂ â. (32)

Hence,
[ĤK , â] = −2ℏχ(â†â+ b̂†b̂)â. (33)

Therefore,
(

dâ

dt

)

K

= −i2χ(â†â+ b̂†b̂)â. (34)

This nonlinear term produces an intensity dependent phase shift and couples the
evolution of each cavity mode to the total intracavity photon number. Applying the
cavity damping Liouvillian to the annihilation operator yields

(

dâ

dt

)

loss

= −κ

2
â. (35)

This term represents the exponential decay of the cavity field due to photon leak-
age through the mirrors. These fluctuations are incorporated through the Langevin
noise operator F̂a(t) [? ], whose statistical properties are determined by the reservoir
correlation functions. Combining all coherent and dissipative contributions gives

dâ

dt
= −gaσ̂23 − i2χ(â†â+ b̂†b̂)â− κ

2
â+ F̂a(t). (36)

9



This is the Heisenberg Langevin equation governing the evolution of cavity mode a.
Following exactly the same procedure for cavity mode b, the atom field interaction
contributes

(

db̂

dt

)

AF

= −gbσ̂12. (37)

The Kerr nonlinearity contributes

(

db̂

dt

)

K

= −i2χ(â†â+ b̂†b̂)b̂. (38)

The cavity damping contributes

(

db̂

dt

)

loss

= −κ

2
b̂. (39)

Finally, the Langevin noise operator associated with the squeezed reservoir is
denoted by F̂b(t).

Combining all terms yields

db̂

dt
= −gbσ̂12 − i2χ(â†â+ b̂†b̂)b̂− κ

2
b̂+ F̂b(t). (40)

As a result, in the good-cavity regime (γ32, γ21 ≫ κ) [29] the atomic subsystem
reaches its steady state much faster than the cavity field evolves. The Heisenberg
equation of motion for any atomic operator [31] is

dσ̂ij

dt
=

i

ℏ
[ĤI , σ̂ij ] + L†(σ̂ij), (41)

where the first term describes coherent atom field interaction and the second term
represents spontaneous emission.

Applying this equation to the atomic coherence operator σ̂23 gives

dσ̂23

dt
= −γ32

2
σ̂23 + igaâ(σ̂33 − σ̂22) + i

Ωp

2
σ̂21 + F̂23(t), (42)

where F̂23(t) denotes the associated Langevin noise operator.
Similarly,

dσ̂12

dt
= −γ21

2
σ̂12 + igbb̂(σ̂22 − σ̂11) + i

Ωp

2
σ̂32 + F̂12(t). (43)

These equations explicitly show that the two atomic coherences are coupled through
the coherent pump field.
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The coupled linear equations can be solved using straightforward algebraic elim-
ination [30]. Eliminating σ̂21 and σ̂32 leads to expressions that depend only on the
cavity-field operators.

The resulting steady state solutions can be written in the compact form

σ̂23 = Aâ+Bb̂†, (44)

σ̂12 = Cb̂+Dâ†. (45)

The coefficients A, B, C, and D are determined by the spontaneous emission rates,
atom field coupling strengths, and coherent pump. Symbolically,

A = A(ga,Ωp, γ32), (46)

B = B(ga, gb,Ωp, γ21, γ32), (47)

C = C(gb,Ωp, γ21), (48)

D = D(ga, gb,Ωp, γ21, γ32). (49)

Substituting the steady state atomic coherences into the Heisenberg Langevin
equations gives

dâ

dt
= −ga(Aâ+Bb̂†)− i2χ(â†â+ b̂†b̂)â− κ

2
â+ F̂a(t), (50)

db̂

dt
= −gb(Cb̂+Dâ†)− i2χ(â†â+ b̂†b̂)b̂− κ

2
b̂+ F̂b(t). (51)

Introducing the effective coefficients

µa = gaA+
κ

2
, µb = gbC +

κ

2
, (52)

νa = −gaB, νb = −gbD, (53)

the equations reduce to the compact form

dâ

dt
= −µaâ+ νab̂

† − i2χ(â†â+ b̂†b̂)â+ F̂a(t), (54)

db̂

dt
= −µbb̂+ νbâ

† − i2χ(â†â+ b̂†b̂)b̂+ F̂b(t). (55)

These shows the competition between effective damping (µa, µb), gain and intermode
coupling (νa, νb), Kerr nonlinearity, and quantum noise.

Since the normal ordering of field operators is assumed throughout this work,
we employ the positive P representation, in which operator expectation values are
replaced by stochastic averages over complex variables [32].

α(t) −→ â, β(t) −→ b̂, (56)
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Thus,
⟨â†â⟩ = ⟨α∗α⟩s, ⟨b̂†b̂⟩ = ⟨β∗β⟩s, (57)

Replacing the field operators by their corresponding stochastic amplitudes, the
effective Langevin equations become

dα

dt
= −µaα+ νaβ

∗ − i2χ(|α|2 + |β|2)α+ fa(t), (58)

dβ

dt
= −µbβ + νbα

∗ − i2χ(|α|2 + |β|2)β + fb(t), (59)

where fa(t) and fb(t) are complex Gaussian noise functions originating from the
quantum fluctuations of the squeezed reservoir [33].

For a squeezed vacuum reservoir characterized by the squeezing parameter r, the
noise correlation functions satisfy

⟨fα(t)f∗
α(t

′)⟩ = κ(N + 1)δ(t− t′),

⟨f∗
α(t)fα(t

′)⟩ = κNδ(t− t′),

⟨fα(t)fα(t′)⟩ = −κMδ(t− t′),

⟨f∗
α(t)f

∗
α(t

′)⟩ = −κM∗δ(t− t′), (60)

Similar relations hold for mode b. Using Itô calculus on the linearized stochastic
differential equations [34], the equations of motion for these moments are obtained as:

d

dt
⟨α†α⟩ = −2µa⟨α†α⟩+ νa⟨αβ⟩+ νa⟨α†β†⟩+ κN, (61)

d

dt
⟨β†β⟩ = −2µb⟨β†β⟩+ νb⟨αβ⟩+ νb⟨α†β†⟩+ κN, (62)

d

dt
⟨αβ⟩ = −(µa + µb)⟨αβ⟩+ νa⟨β†β⟩+ νb⟨α†α⟩+ κM. (63)

At steady state,
d

dt
⟨α†α⟩ = d

dt
⟨β†β⟩ = d

dt
⟨αβ⟩ = 0. (64)

Hence, the steady-state equations become

2µa⟨α†α⟩ =νa
(

⟨αβ⟩+ ⟨α†β†⟩
)

+ κN, (65)

2µb⟨β†β⟩ =νb
(

⟨αβ⟩+ ⟨α†β†⟩
)

+ κN, (66)

(µa + µb)⟨αβ⟩ =νa⟨β†β⟩+ νb⟨α†α⟩+ κM. (67)

We define the steady state shorthand notation for the photon numbers and intermode
correlations as:

na = ⟨a†a⟩, nb = ⟨b†b⟩, m = ⟨ab⟩. (68)

At steady state, setting the time derivatives to zero

dna

dt
=

dnb

dt
=

dm

dt
= 0
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the equations simplify to:

2µana = νa(m+m∗) + κN

2µbnb = νb(m+m∗) + κN

(µa + µb)m = νanb + νbna + κM. (69)

Assuming exact resonance and real correlations such that m = m∗, the steady-state
photon numbers can be expressed explicitly as:

na =
2νam+ κN

2µa

, (70)

nb =
2νbm+ κN

2µb

. (71)

Substituting these expressions back into the total correlation equation yields the
explicit closed-form solution for m:

m =
κN

(

νa

2µb
+ νb

2µa

)

+ κM

(µa + µb)− νaνb

(

1
µa

+ 1
µb

) . (72)

The total variance of the EPR type quadrature operators û and v̂ is given by [34],

D = ∆u2 +∆v2. (73)

For zero-mean fluctuations, this parameter simplifies in terms of our second-order
moments to:

D = 4 + 2(na + nb)− 4Re(m). (74)

The cavity modes exhibit nonclassical bipartite entanglement whenever D < 4.

D =4 + κN

(

1

µa

+
1

µb

)

+

[

2

(

νa
µa

+
νb
µb

)

− 4

]

κN
(

νa

2µb
+ νb

2µa

)

+ κM

(µa + µb)− νaνb

(

1
µa

+ 1
µb

) . (75)

The cavity modes are entangled whenever the Duan criterion satisfies D < 4
[8]. Therefore, increasing the Kerr nonlinearity χ and the squeezing parameter r
enhances the intermode correlation m, reduces the Duan parameter D, and con-
sequently strengthens the bipartite entanglement generated by the three-level laser
system [2, 35].
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3 Numerical Results and Discussion

The steady state solutions from the linearized Langevin equations were computed
numerically by applying the analytical formulas created in the previous sections.

Figure 2

Figure 2 shows how the Duan inseparability parameter changes with the squeezing
parameter of the squeezed vacuum reservoir. The results show that when the squeez-
ing parameter increases at first, the Duan parameter decreases, which means there is a
big improvement in continuous variable bipartite entanglement between the two cav-
ity modes. So, when the Duan parameter drops below this value, it confirms that there
are strong quantum correlations inside the laser cavity. As the squeezing parameter
gets larger, the cavity modes become more entangled because the squeezed reservoir
makes the phase sensitive correlations stronger, which helps create two mode quantum
coherence. Additionally, the squeezed vacuum reservoir greatly enhance the bipartite
entanglement between the two cavity modes with cascade atomic coherence and Kerr
nonlinearity, it allows for the effective generation of strongly entangled nonclassical
light. Figure 3 shows how the Duan inseparability parameter depends on the Kerr

Figure 3
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nonlinear coefficient χ. The numerical results clearly show that as the Kerr coefficient
increases, the Duan parameter decreases continuously.This shows that the Kerr non-
linear medium is important for improving continuous-variable bipartite entanglement
inside the cavity. As the Kerr coefficient gets larger, this nonlinear effect becomes
stronger, causing the fluctuations between the two modes to become more correlated
and the intermode correlation function ⟨ab⟩ to increase steadily [36]. Since the cas-
cade atomic transitions already create strong correlations between the photon numbers
in the two modes, the Kerr-induced phase modulation helps to make their quantum
fluctuations more synchronized, and reduces random phase diffusion that could other-
wise reduce the entanglement. Thus, Figure 3 shows that the Kerr nonlinear medium
improves continuous-variable bipartite entanglement by increasing the nonlinear inter-
action and the quantum correlations between the two cavity modes. Figure 4 show

Figure 4

how the Duan inseparability parameter changes with the coherent pump strength Ωp.
The numerical results show that the coherent pump field plays a major role in cre-
ating continuous-variable bipartite entanglement in the three-level laser system. As
the pump strength increases from a low level, the Duan parameter steadily decreases,
which means the produced radiation becomes increasingly entangled. This happens
because a higher pump strength improves the intermode correlation function ⟨ab⟩,
which in turn lowers the Duan inseparability parameter for enhancing atomic coher-
ence, improving intermode correlations, and encouraging the production of correlated
photon pairs. Figure 5 shows how the total number of photons inside the cavity, which
is the sum of ⟨n̂a⟩ and ⟨n̂b⟩, changes with the squeezing parameter r of the squeezed
vacuum reservoir. The results show that as the squeezing parameter increases, so does
the total number of photons inside the cavity. Since the photons from the squeezed vac-
uum are created in pairs that are strongly correlated, the increase in photon number
also means more of these correlated pairs are available. So, the squeezed vacuum reser-
voir not only increases the number of photons in the cavity but also greatly improves
the creation of continuous variable entanglement between the two cavity modes.
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Figure 5

Figure 6

Figure 6 shows how the real part of the intermode correlation function, Re⟨ab⟩,
changes with the squeezing parameter r of the squeezed vacuum reservoir.The inter-
mode correlation is a key measurement in continuous-variable quantum optics because
it directly shows how coherent the two cavity modes are [37].The results show that
Re⟨ab⟩ steadily increases as the squeezing parameter increases, meaning that more
squeezing leads to better generation of correlated photon pairs within the optical
cavity.As the squeezing parameter rises, the reservoir correlation parameter M also
rises quickly, allowing the squeezed vacuum reservoir to send stronger phase-sensitive
quantum correlations to the field inside the cavity, which in turn enhances continuous-
variable bipartite entanglement. Figure 7 shows a three-dimensional surface plot of the
Duan inseparability parameter, which depends on the squeezing parameter r and the
Kerr nonlinear coefficient χ. The numerical results show that as either the squeezing
parameter or the Kerr coefficient increases, the Duan parameter decreases steadily.
The squeezed vacuum reservoir improves entanglement by sending strongly corre-
lated photon pairs into the cavity, which increases the number of squeezed photons
and the phase-sensitive correlation parameter. Thus, Figure 7 clearly shows that the
squeezed vacuum reservoir and the Kerr nonlinear medium work together to enhance
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Figure 7

continuous-variable bipartite entanglement, with the strongest entanglement occur-
ring when both the squeezing parameter and the Kerr coefficient are large. The results

Figure 8

of Figure 8 shows how important the Kerr resonator is in improving continuous vari-
able bipartite entanglement. As the squeezing parameter gets bigger, this improvement
becomes even more noticeable, showing that the Kerr resonator helps more when
the squeezing is stronger. The result shows that the Kerr nonlinear medium greatly
improves continuous variable bipartite entanglement, and its effect becomes stronger
as the squeezing increases because of how it works with the squeezed vacuum reservoir.

3.1 Logarithmic Negativity

Another way to examine entanglement is through logarithmic negativity, which is used
for two-mode continuous variables and is based on the negativity of the partial trans-
position. The smallest symplectic eigenvalue of the partially transposed covariance
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matrix is [24]

ν̃ =

√

Σ−
√
Σ2 − 4 detV

2
, (76)

where,
Σ = detA+ detB − 2 detC, (77)

in which A and B are the covariance matrices describing each mode separately while
C are the intermodal correlations.

with

V =

(

A C
CT B

)

. (78)

The elements of the matrix on Equation are given by

Vij =
1

2
⟨YiYj + YjYi⟩ − ⟨Yi⟩⟨Yj⟩.

Since the fluctuations have zero mean,

Vij =
1

2
⟨YiYj + YjYi⟩.

in which i, j 1, 2, 3, 4. The quadrature operators are defined as X̂k = (k̂ + k̂†)/
√
2

and P̂k = (k̂ − k̂†)/(i
√
2) (k ∈ {a, b} [15] where, Y = (Xa, Pa, Xb, Pb)

T .

V =

⎛

⎜

⎜

⎝

η 0 ρ 0
0 η 0 −ρ
ρ 0 ϕ 0
0 −ρ 0 ϕ

⎞

⎟

⎟

⎠

. (79)

where the quadrature operators

η =
1

2
(2na + 1 + α+ α∗) , ϕ =

1

2
(2nb + 1 + β + β∗) ,

ρ =
1

2
(γ + γ∗) (80)

with na = ⟨a†a⟩, nb = ⟨b†b⟩ and m = ⟨ab⟩. A positive value of EN indicates bipartite
entanglement, while larger values correspond to stronger quantum correlations.

Thus, only ten independent unknowns must be determined. The logarithmic
negativity for a two-mode state [38] is defined as

EN = max [0,− log2(2ν̃)] . (81)

The entanglement is achieved when EN is positive with in the region of the lowest
eigenvalue of covariance matrix ν < 1

Figure 9 shows how the average number of photons in mode a (na) and mode b
(nb), along with the real part of the intermode cross-correlation function (m = ⟨ab⟩),
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Figure 9

change as the squeezing parameter r increases.The results indicate that the average
photon numbers in both cavity modes rise with more squeezing, while the intermode
correlation increases and stays the main feature across the whole range of squeezing.
The increase in the average number of photons comes from the combined effect of the
squeezed reservoir, the cascade atomic transitions, and the Kerr nonlinear interaction.
Therefore, the result shows that increasing the squeezing parameter leads to a higher
photon population inside the cavity and stronger quantum correlations between the
two modes, resulting in brighter and more entangled optical fields. Figure 10 shows

Figure 10

how the logarithmic negativity, EN , changes as the Kerr nonlinear coefficient χ varies.
As the nonlinear interaction becomes stronger, the Kerr medium causes a larger phase
shift that depends on intensity, which helps the two cavity modes interact more effec-
tively through cross-phase modulation. This leads to greater correlation between the
quantum fluctuations of the two modes, improving their coherence and increasing
the correlation function ⟨ab⟩. Thus, the Kerr nonlinear medium increases bipartite
entanglement by enhancing the quantum correlations between the modes, causing a
continuous rise in logarithmic negativity. Figure 11 shows how the logarithmic nega-

19



Figure 11

tivity, EN , depends on the squeezing parameter r of the squeezed vacuum reservoir.
The numerical results show that EN increases as r increases, which means there is a
gradual improvement in the entanglement between the two cavity modes.This happens
because the squeezed vacuum reservoir creates strong two-photon correlations, which
are described by the parameters N = sinh2(r) and M = sinh(r) cosh(r). As a result,
the correlation between the two cavity modes becomes much stronger, leading to better
quantum coherence and more entanglement, as seen by the rise in logarithmic nega-
tivity. Figure 12 shows how the logarithmic negativity, EN , changes with the coherent

Figure 12

pump strength Ωp.The numerical results show that as the pump strength increases,
the logarithmic negativity also increases at first, which means the continuous-variable
bipartite entanglement between the two cavity modes becomes stronger.This hap-
pens because a stronger pump increases the number of photons inside the cavity and
improves the interaction between the three-level atoms and the cavity field. There-
fore, the coherent pump field improves bipartite entanglement by boosting atom field
interactions and cavity mode quantum correlations, and it reaches its highest level at
the optimal pumping region. Figure 13 shows how the cavity decay rate κ affects the
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Figure 13

logarithmic negativity. When the cavity decay rate is higher, photons leave the cavity
more , which lowers the number of photons inside the cavity and weakens the inter-
action between the three level atoms and the cavity modes. Therefore, a low cavity
decay rate is important for maintaining strong continuous-variable bipartite entangle-
ment, while higher cavity losses greatly reduce quantum correlations. Figure 14 shows

Figure 14

how the squeezing parameter r and the Kerr nonlinear coefficient χ together affect
the logarithmic negativity EN .The three-dimensional graph clearly shows that both
parameters work together to improve continuous-variable bipartite entanglement in
the three-level laser system. So, the squeezed vacuum reservoir and the Kerr nonlinear
medium work together to create the strongest continuous variable bipartite entangle-
ment, especially when both the squeezing parameter and the Kerr nonlinearity are
large. Figure 15 compares the Duan inseparability parameter and the logarithmic neg-
ativity, EN , as they change with the Kerr nonlinear coefficient χ. The results show that
as the Kerr nonlinear coefficient increases, the Duan inseparability parameter steadily
decreases and stays below the entanglement threshold (D < 4), which means the two
cavity modes stay entangled across the whole range of parameters studied.Meanwhile,
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Figure 15

the logarithmic negativity keeps increasing, showing that the entanglement becomes
stronger as the Kerr nonlinearity grows. So, Figure 15 shows that both the Duan insep-
arability criterion and logarithmic negativity support the idea that raising the Kerr
nonlinear coefficient leads to more continuous-variable entanglement between the two
modes.

4 Conclusion

In this work, we have theoretically investigated the generation and enhancement of
bipartite entanglement in a three-level cascade laser incorporating a Kerr nonlinear
resonator and coupled to a squeezed vacuum reservoir. Using the quantum mas-
ter equation, we derived the Heisenbergâ Langevin equations and, under the good
cavity approximation, obtained effective cavity-field equations to analyze the steadys-
tate quantum correlations. Bipartite entanglement was quantified using both the
Duan inseparability and logarithmic negativity. The results demonstrate that com-
bining Kerr cross-phase modulation with squeezed vacuum bath driving produces a
strong cooperative effect, significantly enhancing entanglement . Increasing the Kerr
nonlinear coefficient and the squeezing parameter strengthens quantum correlations,
while coherent pumping further improves entanglement by increasing atomic coher-
ence and correlated photon-pair generation. Overall, the proposed system provides an
efficient platform for producing bright continuous-variable entangled light with promis-
ing applications in quantum communication, teleportation, quantum networking,
quantum sensing, and quantum information processing.
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Figures caption

Figure 1. Schematic representation of a three-level laser via kerr resonator coupled
to vacuum reservoir

Figure 2. The plot of Duan inseparability parameter is shown as a function of the
squeezing parameter with the system parameters κ = 1.0, µa = µb = 1.5, νa = νb =
0.6, and ϕ2 = 0. When D < 4 [8], the two mode state meets the Duan criterion for
quantum inseparability, indicating entanglement is present

Figure 3. The Duan inseparability parameterD = ∆u2+∆v2 depends on the Kerr
nonlinear coefficient χ in a two-mode nonlinear system with the parameters κ = 1.0,
ga = gb = 2.0, γ = 5.0, squeezing parameter r = 1.5, and pump strength Ωp = 1.5. The
change in D as χ varies shows how Kerr nonlinearity affects the quantum correlations
between the two modes.

Figure 4. The Duan inseparability parameter D = ∆u2 +∆v2 is plotted against
the pump strength Ωp for a two-mode nonlinear quantum system with parameters
κ = 1.0, ga = gb = 2.0, γ = 5.0, squeezing parameter r = 0.5, and Kerr nonlinear
coefficient χ = 0.5. When D < 4, the system is entangled according to the Duan
criterion, and the variation of D with Ωp highlights how the pump strength influences
the creation and control of quantum correlations between the two modes.

Figure 5 The average number of photons inside the cavity, depends on the squeez-
ing parameter in a two-mode nonlinear quantum system with the parameters κ = 1.0,
ga = gb = 2.0, γ = 5.0, Kerr nonlinear coefficient χ = 0.3, and pump strength
Ωp = 1.5. As the squeezing parameter r increases, the average photon number inside
the cavity also increases, which indicates a stronger effect of quantum fluctuations and
influenced by the nonlinear coupling parameters.

Figure 6. The real part of the intermode correlation, Re⟨ab⟩, is shown as it changes
with the squeezing parameter r in a two-mode nonlinear quantum system with of uses
the parameters κ = 1.0, ga = gb = 2.0, γ = 5.0, Kerr nonlinear coefficient χ = 0.3,
and pump strength Ωp = 1.5. As the squeezing parameter increases, the correlation
also increases, showing that the two-mode quantum coherence becomes stronger due
to the nonlinear interaction and the squeezed input field.

Figure 7. The three-dimensional representation shows how the Duan insepa-
rability parameter D = ∆u2 + ∆v2 changes with the squeezing parameter r and
the Kerr nonlinear coefficient χ in a two-mode nonlinear quantum system using the
values κ = 1.0, ga = gb = 2.0, γ = 5.0, and pump strength Ωp = 1.5. This
indicates how squeezing and nonlinear interaction strength influence the creation of
continuous-variable quantum correlations.

Figure 8. The Duan inseparability parameter D = ∆u2 +∆v2 is compared as a
function of the squeezing parameter r, both with and without Kerr nonlinear inter-
action with parameters κ = 1.0, ga = gb = 2.0, γ = 5.0, pump strength Ωp = 1.5.
This comparison highlights how Kerr nonlinearity affects the creation and changes in
two-mode quantum correlations as the squeezing strength increases.

Figure 9. The mean photon numbers na, nb, and the intermode correlation term
m = Re⟨ab⟩ are shown as they change with the squeezing parameter r in a two-mode
quantum system with using the parameters κ = 1.0, µa = µb = 1.5, νa = νb = 0.6,
and a squeezing phase ϕsq = 0. As the squeezing parameter increases, both the photon
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numbers and the intermode correlations rise, indicating that the squeezed input field
boosts quantum fluctuations and the correlations between the two modes.

Figure 10.The graph shows how the logarithmic negativity EN changes with
the Kerr nonlinear coefficient χ in a two-mode quantum system with the parameters
κ = 1.0, squeezing parameter r = 0.6, squeezing phase ϕsq = 0, µbase = 1.5, and
νbase = 0.6. As χ increases, EN also increases, showing that the quantum entanglement
between the two modes improves due to the Kerr nonlinear interaction.

Figure 11. The graph shows how the logarithmic negativity EN changes with
the squeezing parameter r in a two-mode quantum system with parameters κ = 1.0,
µa = µb = 1.5, νa = νb = 0.6, and a squeezing phase ϕsq = 0. As the squeezing
parameter increases, EN also increases, showing that stronger two-mode squeezing
leads to more quantum entanglement.

Figure 12.The dependence of logarithmic negativity EN on the pump strength
Ωp is shown for a two-mode quantum system uses fixed values of κ = 1.0, squeezing
parameter r = 0.5, and squeezing phase ϕsq = 0. As the pump strength increases,
the variation in EN shows how the external driving field affects the creation and
strengthening of steady state quantum entanglement between the two modes.

Figure 13.The logarithmic negativity EN depends on the coupling/dissipation
parameter κ in a two-mode quantum system with use the parameters r = 0.5, squeez-
ing phase ϕsq = 0, µbase = 1.5, νbase = 0.6, and Kerr nonlinear coefficient χ = 1.The
effective parameters are adjusted to µa = µb = µbase+0.1χ and νa = νb = νbase+0.5χ.
As the result, the quantum entanglement between the two modes, showing how the
parameter κ affects the strength of steady-state quantum correlations.

Figure 14. The three-dimensional plot shows how the logarithmic negativity EN

depends on the squeezing parameter r and the Kerr nonlinear coefficient χ in a two-
mode quantum system using the parameters κ = 1.0, µbase = 1.5, νbase = 0.6, and
squeezing phase ϕsq = 0. The surface demonstrates how both squeezing and Kerr
nonlinearity affect the creation of entanglement, highlighting that stronger nonlinear
interactions and higher squeezing can lead to greater quantum correlations in the
steady state.

Figure 15. The graph shows how the logarithmic negativity EN and the Duan
inseparability parameter D change with the squeezing parameter r.
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