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Supplementary Note 1 | Convergence tests of density functional theory parameters
This Supplementary Note provides the numerical parameters employed in the density functional theory (DFT) calculations and the associated convergence tests. To reliably extract tensorial spin–interaction parameters, systematic tests were performed for both k-point sampling density and Gaussian smearing width , ensuring that total-energy differences between distinct magnetic configurations are converged to the meV scale. All key numerical settings and their associated uncertainties are detailed below to demonstrate the numerical stability and robustness of the energy-mapping procedure.
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Supplementary Figure 1 | Convergence tests of total energy with respect to k-point sampling and smearing width  in MnTe. (a) Convergence test of the total energy per formula unit (FU) as a function of the Brillouin-zone (BZ) spacing for ferromagnetic MnTe with magnetic moments aligned along the z-axis, calculated under two sets of Hubbard U values. The reference energies are defined as the converged value obtained from the densest k-point mesh. In the k-mesh test, we fix eV. The grey region indicates the k-point spacing (equals  k-mesh) adopted in the production calculations. (b) Convergence test of the total energy as a function of the Gaussian smearing width . The grey region highlights the chosen smearing value (eV) used in the production calculations. In the smearing test, the k-mesh is fixed to .


Note 1.1 | K-point convergence
Accurate determination of the higher-order interaction terms in the tensorial spin Hamiltonian requires total-energy differences between magnetic configurations to reach meV-level precision. To this end, we examined the convergence behavior of the total energy with respect to the Brillouin-zone (BZ) k-point sampling density under two sets of Hubbard U values (U=2eV and U=4eVcomplied to ref[1]). Supplementary Fig. 1a shows the variation of the total energy as a function of the BZ spacing (defined as the distance between adjacent k points in reciprocal space) for the ferromagnetic configuration with magnetic moments aligned along the z direction. The reference energy is defined as the converged value obtained using the densest k-point mesh. Energy deviations  are reported in meV per formula unit (FU). For bulk MnTe, the total energy converges rapidly upon refinement of the k-point mesh. The energy of the higher U value converges faster than that of the lower U because the electron orbitals at the Fermi level () with the higher U are more localized; therefore, a sparse k-mesh would be enough to describe the orbital morphology. Based on these tests, a k-point mesh density of , corresponding to a  k-mesh for the primitive cell (highlighted in grey in the figure) was adopted for both sets of U values.


Note 1.2 | Smearing width convergence
Supplementary Fig. 1b presents the dependence of the total energy of MnTe on the Gaussian smearing width . The converged smearing width varies with different k-meshes. Here, we fix the k-mesh to  and do the smearing test to safely render accurate total energies for the subsequent various magnetic configurations. Finally, eV (highlighted in grey in the figure) was adopted. 


Supplementary Note 2 | Convergence tests of AMATIS parameters

Note 2.1 |Definitions of tensorial spin interactions
: denotes the th representative tensorial spin interaction of rank- involving  lattice sites among all possible rank- tensor interactions. The interactions are ordered according to  and  (see the definition in supplementary note 4.1). This notation is primarily used to describe material-specific spin interactions extracted from first-principles calculations. From the full tensor set, only symmetry-inequivalent and physically relevant interactions under the crystal symmetry are retained.
Examples:
: the rank-2 interaction involving one lattice site, corresponding to the single-ion anisotropy (SIA).
: the rank-2 interaction involving two lattice sites, corresponding to the nearest-neighbor interaction.
: the rank-4 interaction involving two lattice sites, corresponding to the third-nearest-neighbor interaction.
The notation  provides a compact index system for labeling tensorial spin interactions of different rank, site multiplicity, and spatial range.


Note 2.2 | Convergence tests
Through the convergence tests, we use U=2eV. There is a two-way convergence path. First, we fix the number of magnetic configurations (sampling number) and test the number of spin interactions considered, which is to avoid underfitting. Second, we fix the spin model and test the sampling number to avoid overfitting.
Supplementary Fig. 2a shows the first type of convergence. It can be observed that as  increases ( is the number of coefficients,  is the number of constraint equations,  is the number of independent coefficients, which is a symbol of the model complexity), the unbiased standard error of the total energy fitting to the spin model  decreases. When the model is extended to  (up to the 9th rank-2 two-site interactions and the 3rd rank-4 two-site interactions; noted that from , relativistic components are neglected to ensure the fitting with the  supercell is solvable), , , ,  converges to approximately meV/unit cell (u.c.). Further addition of the remaining rank-4 tensor terms results in very limited improvement in the error, indicating they are negligible. The reason  cannot be further reduced is a balance between the computation cost and accuracy. As shown in Supplementary Fig. 5a, the 10th‑nearest‑neighbor Heisenberg exchange () obtained via the Liechtenstein Katsnelson Antropov Gubanov (LKAG) method[2] is as large as the final . This indicates that if we neglect this additional Heisenberg exchange, we cannot lower  below 1meV/u.c.. However, with the current supercell of , we cannot consider the additional Heisenberg exchange. To take this into account, one needs to enlarge the z-direction supercell, which would induce high computational cost. As  does not affect the ground state and the phase transition behavior, we can live with meV/u.c.. 
Another convergence path involves fixing a reasonable spin model and examining the number of magnetic configurations sampling . Supplementary Fig. 2b demonstrates that when ,  (the average value of the  distribution of the fitting error, see the definition in ref[3]) also stabilizes to meV/u.c., indicating that  is converged. 
Based on the above tests, we choose  to fit the spin model of  () to ensure the calculated tensor components are valid with error bars at the same level of .
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Supplementary Figure 2 | Convergence tests for MnTe. (a) Relationship between the number of independent parameters in the spin model, , and the unbiased standard fitting error,  with the unit of meV/unit cell (u.c.). The fitting uses  magnetic configurations. Starting with only the single-ion anisotropy ,longer-range and higher-order tensors are gradually added: extending to and subsequently including rank-4 tensors such as . It shows the trend of as the model progresses from simple to complex. (b) Relationship between the number of magnetic configurations  and the square root of the mean-squared unbiased error  under a fixed spin model (, corresponding to ).

Supplementary Fig. 3a shows the relation between the mapped energies  and the DFT energies  for all magnetic configurations. Supplementary Fig. 3b presents the energy discrepancy , which are approximately Gaussian distributed around zero. Based on the above convergence tests, the fitting error is estimated to be meV/u.c. Supplementary Fig. 3c shows the magnetic moment fluctuations for all configurations. The relative variation between the input and output magnetic moment magnitudes remains within ~ 4%. The spread of these variations among different configurations can be characterized by , reflecting the validity of the fixed-length spin approximation in the spin model. Besides the moment magnitude, we also evaluate the orientation deviation between the input and output moments, which remains very small. These results confirm that the spin Hamiltonian provides a reliable description of the electronic structures of the Schrdinger Hamiltonian.
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Supplementary Figure 3 | Quality of fitted data. (a) Mapped total energies  vs. total energies calculated by DFT , (b)  vs. , and (c)  vs. magnetic moment fluctuation, with , . : Average magnetic moment size fluctuation of a magnetic configuration,  where is the number of magnetic ions in the supercell and   is the input magnetic moment,  is the output magnetic moment. : Difference between the maximum and minimum . : Average magnetic moment orientation fluctuation of a magnetic configuration,  where  is the intersection angle between  and .


Supplementary Note 3 | Magnetic configuration pool
In this section, we describe the magnetic configurations used in the DFT total-energy calculations for mapping onto the spin Hamiltonian. All magnetic states are generated from symmetry-allowed spin-spiral configurations associated with magnetic subgroups of the parent crystal symmetry. The full list of magnetic configurations, including the corresponding magnetic space groups and propagation vectors, is summarized in Supplementary Table 1.

Supplementary Table 1 | Magnetic configurations generated from the spin spiral states. A total of 217 magnetic configurations generated from symmetry-allowed spin-spiral states, which belong to subgroups of P63/mmc (No. 194), are listed, together with the magnetic space groups (Belov-Neronova-Smirnova(BNS)numbers and symbols), spin-spiral propagation vectors, and the number of configurations selected. 
	Number of Magnetic space groups
	Magnetic space group
	Propagation vector
	Number of configurations

	194.270
	P63/mm'c'
	
	1

	63.464
	Cm'cm'
	
	4

	63.462
	Cm'c'm
	
	3

	62.454
	PBnma
	
	5

	62.450
	Panma
	
	3

	61.438
	Pabca
	
	1

	60.431
	PCbcn
	
	2

	60.427
	Pbbcn
	
	1

	58.402
	PBnnm
	
	1

	56.373
	Pcccn
	
	3

	39.201
	Abbm2
	
	1

	36.178
	Camc21
	
	2

	33.149
	Pana21
	
	9

	32.140
	Pbba2
	
	4

	31.130
	Pcmn21
	
	1

	31.129
	Pbmn21
	
	5

	31.128
	Pamn21
	
	1

	29.105
	Pbca21
	
	3

	29.104
	Paca21
	
	8

	28.93
	Pbma2
	
	1

	28.92
	Pama2
	
	1

	27.82
	Pccc2
	
	2

	26.73
	Pcmc21
	
	1

	26.72
	Pbmc21
	
	1

	26.71
	Pamc21
	
	1

	19.28
	Pc212121
	
	3

	18.21
	Pc21212
	
	2

	18.20
	Pb21212
	
	4

	17.11
	Pa2221
	
	1

	15.91
	Ca2/c
	
	2

	15.89
	C2'/c'
	
	7

	15.85
	C2/c
	
	4

	14.84
	PC21/c
	
	5

	14.83
	PA21/c
	
	3

	14.82
	Pc21/c 
	
	7

	14.81
	Pb21/c
	
	2

	13.74
	PC2/c
	
	4

	13.70
	 Pa2/c
	
	1

	12.62
	C2'/m'
	
	3

	11.55
	Pa21/m
	
	4

	9.41
	Cac
	
	2

	9.40
	Ccc
	
	3

	7.31
	PAc
	
	2

	7.28
	Pcc
	
	2

	7.27
	Pac
	
	1

	6.22
	Pbm
	
	2

	5.17
	Ca2
	
	2

	2.7
	PS
	; 
	8

	2.4
	P
	
	2

	1.3
	PS1
	; 
	7

	1.1
	P1
	/
	69



Each spin configuration is characterized by one or several (up to three) propagation vectors. For a given magnetic space group, multiple propagation vectors may exist, leading to different spin-rotation axes and magnetic patterns. By systematically sampling these symmetry-allowed spin-spiral states, we construct a diverse magnetic configuration pool for the energy mapping procedure.
The generated configurations span the configuration space associated with the tensorial components. To analyze the coverage of the sampled configuration space, we project the configuration coefficients onto several representative subspaces associated with important rank-2 spin-interaction tensors. For a rank-2 tensor component , the corresponding configuration coefficients  can be regrouped into three vector subspaces,   , which correspond to the diagonal, antisymmetric, and symmetric off-diagonal components of the interaction tensor, respectively.
The distributions of the sampled configurations in these subspaces are shown in Supplementary Fig. 4. As the number of sampled configurations increases, the boundaries of the configuration space (with fixed spin moment magnitude) become clearly visible. The broad distribution of configurations throughout the subspaces ensures that the configuration coefficients span the parameter space effectively, which is essential for obtaining a numerically stable and well-conditioned fitting of the spin Hamiltonian.
[image: ]
Supplementary Figure 4 | Projected configuration space of MnTe. Projected configuration space of the magnetic configurations used in the energy mapping procedure. Each magnetic configuration is projected onto the subspaces associated with the rank-2 interaction tensors. The configuration coefficients  are regrouped into three vector components ,  and , representing the diagonal, antisymmetric, and symmetric parts of the interaction tensor, respectively. The scattered points represent the sampled configurations in the configuration pool. The broad coverage of these subspaces indicates that the sampled configurations span the parameter space sufficiently, ensuring the stability and reliability of the energy-mapping fitting.


Supplementary Note 4 | Reports of extracted tensor components

Note 4.1 | Definition of parameters
: Site indices label given in the form of a 5-tuple , where  is the supercell coordinate in units of the primitive cell,  stands for the th magnetic ion,  is the th ion of the th kind.
: Diameter of the site cluster, defined as  where  is the distance between sites  and .
: Total pairwise distance of the site cluster, .

To compare the relative magnitudes of the three components of the rank-2 exchange tensor, we evaluate their Frobenius norms and normalize them by .
: Heisenberg exchange constant defined from the isotropic part of the exchange tensor  Here  is the  identity matrix.
: Norm of the Dzyaloshinskii–Moriya interaction (DMI) vector.
: Renormalized Frobenius norm of the antisymmetric exchange tensor (detailed definitions in ref[3]) 
: Renormalized Frobenius norm of the traceless symmetric exchange tensor (detailed definitions in ref[3]) 
: Eigenvalues of the traceless symmetric exchange tensor .
: Corresponding orthonormal eigenvectors of .


Note 4.2 | Rank-2 Tensors Report
[bookmark: _Hlk147235130]Supplementary Table 2 | Rank-2 representative tensors’ information and components. 
	meV
	
	
	
	

	
	(0,0,0,0,0)
	(0,0,0,0,0)
	(0,0,0,0,0)
	(0,0,0,0,0)

	
	(0,0,0,0,0)
	(0,0,-1,0,1)
	(-1,-1,0,0,0)
	(-1,-1,-1,0,1)

	
	0
	3.33
	4.13
	5.31

	
	-0.19
	32.21
	0.81
	6.27

	
	0
	0
	-0.1
	-0.63

	
	0
	0
	-0.02
	1.43

	
	0
	0
	-0.1
	0.74

	
	-0.19
	32.21
	0.93
	6.2

	
	0
	0
	0.04
	1.18

	
	0
	0
	-0.02
	1.73

	
	0
	0
	0.04
	0.65

	
	0.38
	32.43
	1.09
	6.13

	
	0
	32.28
	0.94
	6.20

	
	0
	0
	0
	0.26

	
	0
	0
	0
	0.15

	
	0
	0
	0
	-0.69

	
	0
	0
	0
	0.75

	
	0
	0
	0
	0.61

	
	-0.19
	-0.07
	-0.19
	1.84

	
	-0.19
	-0.07
	0.03
	-1.82

	
	0.38
	0.15
	0.17
	-0.03

	
	0.27
	0.10
	0.15
	1.49

	
	(1,0,0)
	(-0.97,0.24,0)
	(0.87,0.5,0)
	(0.63,0.36,0.69)

	
	(0,1,0)
	(-0.24,-0.97,0)
	(-0.47,0.81,-0.37)
	(0.60,0.35,-0.72)

	
	(0,0,1)
	(0,0,-1)
	(0.18,-0.32,-0.93)
	(0.50,-0.87,0.00)




	meV
	
	
	

	
	(0,0,0,0,0)
	(0,0,0,0,0)
	(0,0,0,0,0)

	
	(0,0,-1,0,0)
	(-2,-1,0,0,0)
	(-1,-1,-1,0,0)

	
	6.65
	7.16
	7.83

	
	1.44
	1.2
	0.95

	
	0
	0
	0

	
	0
	0.29
	0

	
	0
	0
	0

	
	1.44
	1.18
	0.95

	
	0
	0
	0

	
	0
	0.29
	0

	
	0
	0
	0

	
	1.35
	1.1
	0.95

	
	1.41
	1.16
	0.95

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0.03
	0.28
	0

	
	0.03
	-0.30
	0

	
	-0.06
	0.02
	0

	
	0.04
	0.23
	0

	
	(-0.96,0.28,0)
	(-0.76,0,-0.65)
	/

	
	(0.28,0.96,0)
	(-0.65,0,0.76)
	/

	
	(0,0,1)
	(0,-1,0)
	/





	meV
	
	
	

	
	(0,0,0,0,0)
	(0,0,0,0,0)
	(0,0,0,0,0)

	
	(-2,-1,-1,0,1)
	(-2,-2,0,0,0)
	(-2,-2,-1,0,1)

	
	7.90
	8.27
	8.91

	
	0.56
	0.90
	0.42

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0.56
	0.90
	0.42

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0.56
	0.90
	0.42

	
	0.56
	0.90
	0.42

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	0
	0
	0

	
	/
	/
	/

	
	/
	/
	/

	
	/
	/
	/





Note 4.3 | Rank-4 Tensors Report
Supplementary Table 3 | Representative rank-4 tensors’ information.
	meV
	
	
	
	
	
	

	
	0
	0
	(0,0,0,0,0)
	(0,0,0,0,0)
	(0,0,0,0,0)
	(0,0,0,0,0)

	
	3.33
	13.30
	(0,0,0,0,0)
	(0,0,-1,0,1)
	(0,0,-1,0,1)
	(0,0,0,0,0)

	
	4.13
	16.54
	(0,0,0,0,0)
	(-1,-1,0,0,0)
	(-1,-1,0,0,0)
	(0,0,0,0,0)

	
	5.31
	21.22
	(0,0,0,0,0)
	(-1,-1,-1,0,1)
	(-1,-1,-1,0,1)
	(0,0,0,0,0)



Supplementary Table 4 | Rank-4 representative tensors’ components. The 81 Cartesian components (, , , ) of rank-4 tensors are presented in the general Voigt notation, where the first two indices (, ) and the second two indices (, ) are collected into a  vector (, , , , , , , , ) and a  vector, respectively, and thus can be represented in terms of a two-dimensional matrix.
	meV
	
	
	
	
	
	
	
	
	

	
	
	0.05
	0
	1.47
	0
	0.02
	0
	1.47
	0
	-0.07

	
	
	0
	0.02
	0
	0.02
	0
	-1.47
	0
	-1.47
	0

	
	
	1.47
	0
	-0.07
	0
	-1.47
	0
	-0.07
	0
	0

	
	
	0
	0.02
	0
	0.02
	0
	-1.47
	0
	-1.47
	0

	
	
	0.02
	0
	-1.47
	0
	0.05
	0
	-1.47
	0
	-0.07

	
	
	0
	-1.47
	0
	-1.47
	0
	-0.07
	0
	-0.07
	0

	
	
	1.47
	0
	-0.07
	0
	-1.47
	0
	-0.07
	0
	0

	
	
	0
	-1.47
	0
	-1.47
	0
	-0.07
	0
	-0.07
	0

	
	
	-0.07
	0
	0
	0
	-0.07
	0
	0
	0
	0.13

	
	&
	
	0
	
	0
	
	0

	
	
	
	0
	
	0
	
	0

	
	
	
	0
	
	0
	
	0

	
	
	-0.62
	0
	0.21
	0
	-0.3
	0
	-0.21
	0
	0.44

	
	
	0
	-0.3
	0
	-0.02
	0
	-0.21
	0
	0.21
	0

	
	
	-0.21
	0
	0.44
	0
	0.21
	0
	0.65
	0
	0

	
	
	0
	-0.02
	0
	-0.3
	0
	-0.21
	0
	0.21
	0

	
	
	-0.3
	0
	-0.21
	0
	-0.62
	0
	0.21
	0
	0.44

	
	
	0
	0.21
	0
	0.21
	0
	0.44
	0
	0.65
	0

	
	
	0.21
	0
	0.65
	0
	-0.21
	0
	0.44
	0
	0

	
	
	0
	-0.21
	0
	-0.21
	0
	0.65
	0
	0.44
	0

	
	
	0.44
	0
	0
	0
	0.44
	0
	0
	0
	-1.3

	
	&
	
	-0.16
	
	0
	
	0

	
	
	
	-0.16
	
	0
	
	0

	
	
	
	0
	
	0
	
	0

	
	
	-0.29
	0.54
	-0.04
	0.54
	-0.27
	0.09
	-0.04
	0.09
	-0.84

	
	
	0.54
	-0.27
	0.09
	0.3
	0.14
	0.52
	-0.5
	0.18
	-0.8

	
	
	-0.04
	0.09
	-0.84
	-0.5
	0.18
	-0.8
	-0.01
	-0.68
	-0.47

	
	
	0.54
	0.3
	-0.5
	-0.27
	0.14
	0.18
	0.09
	0.52
	-0.8

	
	
	-0.27
	0.14
	0.18
	0.14
	-1.08
	-0.33
	0.18
	-0.33
	0.08

	
	
	0.09
	0.52
	-0.8
	0.18
	-0.33
	0.08
	-0.68
	0.78
	0.82

	
	
	-0.04
	-0.5
	-0.01
	0.09
	0.18
	-0.68
	-0.84
	-0.8
	-0.47

	
	
	0.09
	0.18
	-0.68
	0.52
	-0.33
	0.78
	-0.8
	0.08
	0.82

	
	
	-0.84
	-0.8
	-0.47
	-0.8
	0.08
	0.82
	-0.47
	0.82
	-0.76

	
	&
	
	-0.47
	
	0
	
	0

	
	
	
	-0.47
	
	0
	
	0

	
	
	
	0
	
	0
	
	0

	
	
	-0.43
	-0.87
	-0.82
	0.35
	-0.3
	-0.24
	-0.22
	-0.1
	-0.44

	
	
	0.35
	-0.3
	-0.24
	0.32
	0.44
	-0.65
	-0.91
	-0.17
	-1.34

	
	
	-0.22
	-0.1
	-0.44
	-0.91
	-0.17
	-1.34
	0.11
	0.43
	1.47

	
	
	-0.87
	0.03
	-0.35
	-0.3
	-0.61
	0.35
	-0.1
	-0.76
	0.6

	
	
	-0.3
	-0.61
	0.35
	0.44
	-0.03
	0.06
	-0.17
	-0.21
	-0.01

	
	
	-0.1
	-0.76
	0.6
	-0.17
	-0.21
	-0.01
	0.43
	0
	0.29

	
	
	-0.82
	-0.35
	0.4
	-0.24
	0.35
	0.26
	-0.44
	0.6
	0.99

	
	
	-0.24
	0.35
	0.26
	-0.65
	0.06
	-0.29
	-1.34
	-0.01
	1.13

	
	
	-0.44
	0.6
	0.99
	-1.34
	-0.01
	1.13
	1.47
	0.29
	-0.11

	
	&
	
	-0.23
	
	0.19
	
	0.19

	
	
	
	-0.23
	
	0.19
	
	0.19

	
	
	
	0
	
	0
	
	0





Note 4.4 | Comparison of spin interactions obtained from different computational methods and Hubbard U parameters.
To validate the reliability of our calculated magnetic parameters and evaluate the effect of the electronic correlation, we perform comparative calculations using different methods and parameters, as summarized in Supplementary Fig. 5.
As shown in Supplementary Fig. 5a, in the same case of Hubbard U=2eV, we first compare the distance-dependent Heisenberg exchange interactions () obtained from the AMATIS code and the Quantum ATK package. In the ATK calculations, the exchange interactions are evaluated via the real-space Green's function scheme based on the LKAG formalism[2]. For a direct comparison, the sign and magnitude of the ATK results have been transformed to match the convention used in AMATIS. The excellent agreement between the two distinct methods confirms the consistency and accuracy of our exchange coupling calculations.
Furthermore, we investigate the influence of the Hubbard U parameter within the DFT+U framework using the AMATIS code. Supplementary Fig. 5b–5d illustrate the comparison of the isotropic , the renormalized anisotropic DMI magnitude (), and the symmetric anisotropic exchange interaction () under U=2eV and U=4eV. Although the calculated interaction parameters (, , and ) exhibit an overall decrease in magnitude at U=4eV due to the enhanced electron localization, their distance-dependent trends and sign features remain highly consistent with those at U=2eV.
[image: ]
Supplementary Figure 5 | (a) Heisenberg exchange interaction  as a function of interatomic distance r, calculated by the AMATIS code and Liechtenstein-Katsnelson-Antropov-Gubanov (LKAG) method, both with Hubbard U=2eV. The sign and magnitude of the ATK results have been transformed to align with the AMATIS convention. (b) Heisenberg exchange interaction , (c) antisymmetric anisotropic interaction  and (d) symmetric anisotropic interaction  extracted from AMATIS+DFT calculations with different Hubbard U parameters (U=2eV and U=4eV). For U=2eV, the magnetic parameters are fitted from 217 magnetic configurations derived from spin-spiral states (as detailed in Supplementary Table 1); for U=4eV, 214 configurations are utilized due to energy convergence constraints.



Supplementary Note 5 | Band structure
The electronic band structure of MnTe in the absence of spin–orbit coupling (SOC) is calculated. First, we sample along the high-symmetry path –M–K––A–L–H–A–L–M–H–K of the hexagonal cell, which gives spin-degenerate bands, shown in Supplementary Fig. 6b. In contrast, a clear lifting of Kramers degeneracy is observed along –– path, which lies away from high-symmetry planes, shown in Supplementary Fig. 6c. Here, the –– plane lies in  (see Supplementary Fig. 6a). Our result is consistent with the current reports[1].
[image: ]
Supplementary Figure 6 | Band structures of MnTe. (a) The Brillouin zone of MnTe, the green region represents the three-dimensional Brillouin zone, the yellow region denotes the selected cross-sectional plane, and the purple line indicates the high-symmetry path used for the band structure calculations. (b) Band structures calculated without spin–orbit coupling (SOC) along the high-symmetry path of the Brillouin zone (Γ–M–K–Γ–A–L–H–A–L–M–H–K), for U=2eV and U=4eV, respectively. The results illustrate the modulation of band dispersion and band gap by different correlation strengths. (c) Band structures calculated without SOC along a symmetry path constructed by translating the Γ, K, and M points along the  direction by 1/3.

To address the relativistic effects on the electronic properties, we calculate the spin-resolved projected band structure of MnTe including SOC (U=2eV), as shown in Supplementary Fig 7. Now there is explicit spin splitting along the convention high symmetry path, without breaking the inversion symmetry. 

Supplementary Figure 7 | Spin-resolved projected band structure of MnTe with SOC. (a–c) Energy bands with U=2eV calculated incorporating SOC, where the color mapping represents the spin projection components along the (a) x, (b) y, and (c) z directions, respectively. 


Supplementary Note 6 | Spin transport properties
[bookmark: OLE_LINK5]Note 6.1 | Spin transport properties of the Co electrode magnetic tunnel junctions
We calculated the transport properties of a reference Co/vacuum/Co magnetic tunnel junction (MTJ) with a vacuum barrier thickness of  was calculated. As depicted in Supplementary Fig. 8a, the minority channel () of the -resolved transmission coefficients at the  is overall larger than that of the majority channel (). Due to the high spin polarization of Co, a 149% tunneling magnetoresistance (TMR) ratio is achieved near  (Supplementary Fig. 8c).


Supplementary Figure 8 | Spin-dependent transport properties of the reference Co/vacuum/Co MTJ. (a) -resolved transmission coefficients in the two-dimensional Brillouin zone at  for different spin channels. Due to the construction of a  supercell for the Co electrode in the lateral direction, the corresponding Brillouin zone is folded. (b) Energy vs. transmission spectra and (c) the corresponding TMR ratio.

We do an additional calculation of the vertical coordinate, energy, and spin-resolved projected local density of states (PLDOS). The PLDOS of the Co/vacuum/Co MTJ is absent within the vacuum region. The tunnelling transport is therefore mainly determined by the spin-polarized transmission of the Co electrodes. Obviously, due to the M symmetry and MT symmetry of the MTJ, . 

Supplementary Figure 9 | Comparison of PLDOS for Co/vacuum/Co MTJ. Each panel corresponds to one spin channel  associated with a specific electrode magnetic configuration. The PLDOS distributions are calculated for the two electrode magnetic configurations UU and UD with both global spin channels included. The horizontal axis represents the transport direction z across the MTJ, while the vertical axis denotes the energy relative to . The color intensity indicates the magnitude of the PLDOS, increasing from blue to red. 

To investigate whether the altermagnetic MnTe barrier can introduce additional spin-selective transport functionality, we construct a Co/MnTe(0001)/Co MTJ corresponding to a lattice mismatch of approximately 4.8%. The energies of the MTJ devices with hollow, on-top, and bridge configurations were calculated, and it was found that the hollow-type configuration possesses the lowest formation energy of -0.62eV per interfacial Co. Supplementary Fig. 10b demonstrates that the dominant spin channel is the majority channel, which is different from the MTJ with a vacuum barrier. This is not surprising, as the Co-Te bonds contribute to the resonant states that reverse the relation between the spin-resolved density of states and transmission near [4][5] . The Co/MnTe(0001)/Co MTJ exhibits a significantly reduced TMR of only approximately 9% and 36% (Supplementary Fig. 10d), much lower than that of the Co/vacuum/Co MTJ. 
[image: ]
Supplementary Figure 10 | MnTe-based MTJ device structure with different interfacial atomic configurations and transport properties of the Co/MnTe(0001)/Co MTJ. (a) The figure shows the MnTe-based MTJ constructed along the [0001] direction, where MnTe serves as the barrier layer, and Co acts as the electrodes on both sides. Purple, orange, and blue spheres denote Mn, Te, and Co atoms. The interfacial region is highlighted by the red dashed box. To investigate the effect of interfacial atomic arrangements on the total energy stability of different interface configurations, three different Te–Co interfacial configurations are constructed, and their top views are shown within the red dashed box. The three interfacial configurations are defined as follows: The On-top configuration, where the Te–Co bond is aligned along the [0001] direction; The Hollow configuration, where the Te atom is located at the center of the hexagon formed by Co atoms in the top view; The Bridge configuration, where the Te atom is positioned on the perpendicular bisector of the line connecting two neighboring interfacial Co atoms. (b) Transmission channels of the Co/MnTe(0001)/Co MTJ at the ,  showing the contributions of different spin channels in the transverse Brillouin zone. (c) Energy vs. transmission spectra of the eight spin-resolved channels associated with the four electrode magnetic configurations. The Fermi energy is set to zero. (d) Two configuration-resolved tunnelling magnetoresistance ratios calculated from the four total transmission coefficients. (b)(c) and (d) are calculated with the Hollow interfacial configuration, which is the most stable one.

The PLDOS of the Co/MnTe(0001)/Co MTJ further indicates the presence of resonant states inside the band gap, shown in Supplementary Fig. 11. These states mainly lie in the majority channel, whereas they are absent in the minority channel.
[image: ]
Supplementary Figure 11 | Comparison of PLDOS for Co/MnTe(0001)/Co MTJ. Each panel corresponds to one spin channel  associated with a specific electrode magnetic configuration. The PLDOS distributions are calculated for the four electrode magnetic configurations UU, UD, DU, and DD with both global spin channels included. The horizontal axis represents the transport direction z across the MTJ, while the vertical axis denotes the energy relative to . The color intensity indicates the magnitude of the PLDOS, increasing from blue to red. The conduction-band minimum (CBM) and valence-band maximum (VBM) of bulk MnTe are marked for reference.


Note 6.2 | Spin transport properties of the Fe4GeTe2 electrode magnetic tunnel junctions
We performed a calculation for an Fe4GeTe2/vacuum/Fe4GeTe2 MTJ; the vacuum thickness is set to 3.5Å. As shown in Supplementary Fig. 12a-b, , which is consistent with the M and MT symmetry, as well as the large spin polarization of the bulk Fe4GeTe2. At , the TMR ratio is 3866%, as shown in Supplementary Fig. 12c. 

Supplementary Figure 12 | Transport properties in the Fe4GeTe2/vacuum/Fe4GeTe2 MTJ. (a) Spin-and in-plane momentum-resolved transmission distributions. All distributions are plotted using the same colorbar. (b) Energy-dependent transmission spectra of the eight spin-resolved channels associated with the four electrode magnetic configurations. The Fermi energy is set to zero. (c) The corresponding TMR ratio. 

We also calculated the PLDOS of the Fe4GeTe2/vacuum/Fe4GeTe2 reference MTJ, as shown in Supplementary Fig. 13. The PLDOS within the vacuum region is nearly zero.

Supplementary Figure 13 | PLDOS of the Fe4GeTe2/vacuum/Fe4GeTe2 MTJ. The PLDOS distributions are calculated for the four electrode magnetic configurations UU, UD, DU, and DD with both global spin channels included. Each panel corresponds to one spin channel  associated with a specific electrode magnetic configuration. The horizontal axis represents the transport direction z across the MTJ, while the vertical axis denotes the energy relative to the . The color intensity indicates the magnitude of the PLDOS, increasing from blue to red. 

To examine the influence of interface termination on the transport properties, we additionally considered an Mn-terminated Fe4GeTe2/MnTe(0001)/Fe4GeTe2 MTJ.  Compared with the Te-terminated MTJ discussed in the main text, the interface termination strongly modifies the momentum-space coupling between Fe4GeTe2 and MnTe; the transmission in 8 channels decreases, as shown in Supplementary Fig. 14b-c. In the Mn-terminated MTJ, ,  at . Unlike in Co-electrode MTJ, the majority channel still has the highest transmission, same as in the vacuum MTJ. This is because the resonant states contributed via the interfacial Mn-Te bonds near  are not strong enough to reverse the two channels, but indeed decrease TMR by a smaller difference between the two channels.

Supplementary Figure 14 | Multistate transport in the Mn-terminated Fe4GeTe2/MnTe(0001)/Fe4GeTe2 MTJ. (a) Side-view atomic structure of the Mn-terminated Fe4GeTe2/MnTe(0001)/Fe4GeTe2 MTJ. Purple, orange, blue, and green spheres denote Mn, Te, Fe, and Ge atoms, respectively. (b) Spin-and in-plane momentum-resolved transmission distributions. All distributions are plotted using the same colorbar. (c) Energy vs. transmission spectra of the eight spin-resolved channels associated with the four electrode magnetic configurations. The Fermi energy is set to zero. (d) The corresponding TMR ratio. 

To investigate the influence of interface termination on transport behavior, we further calculated the spin-resolved PLDOS of the Mn-terminated Fe4GeTe2/MnTe(0001)/Fe4GeTe2 MTJ, as shown in Supplementary Fig. 15. Compared with the Te-terminated MTJ, the resonant states of the majority channel inside the band gap are weaker, because the interfacial bonds mainly weaken the majority channels. As a result, the  and  channels are significantly reduced, leading to a smaller transmission contrast between the parallel and antiparallel configurations, consequently reducing the TMR of the device.

Supplementary Figure 15 | PLDOS of Mn-terminated Fe4GeTe2/MnTe(0001)/Fe4GeTe2 MTJ. The PLDOS distributions are calculated for the four electrode magnetic configurations UU, UD, DU, and DD with both global spin channels included. Each panel corresponds to one spin channel  associated with a specific electrode magnetic configuration. The horizontal axis represents the transport direction z across the MTJ, while the vertical axis denotes the energy relative to . The color intensity indicates the magnitude of the PLDOS, increasing from blue to red. The CBM and VBM of bulk MnTe are marked for reference.
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