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Abstract

This study revisits bailouts in a federation by investigating whether soft budget constraints
cause inefficient bailouts. Many studies have examined bailouts in public finance, wherein
a federal government provides excessive financial support to regional governments after the
need for loss compensation arises. We show that, within the framework of Goodspeed (2002,
International Tax and Public Finance, 9(4), 409-421), inefficient bailouts arise from budget
pooling rather than the lack of commitment associated with intertemporal inconsistency.
Specifically, under budget pooling, the federal government balances aggregate revenues and
expenditures across regional governments rather than separately balancing each regional
government’s budget. If the tax revenue from the regional government is spent only on the
public goods in the region, no bailouts occur. As such, distinguishing between soft budget
constraints and budget pooling improves our understanding of the mechanisms generating
inefficient federal bailouts.
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1 Introduction

This study revisits bailouts in a federation by investigating whether soft budget constraints
cause inefficient bailouts. In public finance or public economics, soft budget constraints are
defined as the consequence of intertemporal commitment problems, whereby the federal
government cannot credibly commit not to providing ex-post bailouts. Since Goodspeed
(2002) developed one of the first formal models to analyze bailouts in a federation, many
studies have examined bailouts in public finances. Here, the federal government provides
excessive financial support to regional governments after the need for loss compensation arises.
Many studies since have referred to Goodspeed’s (2002) model to emphasize the soft budget
constraints as the reason for excessive borrowing. However, soft budget constraints, which are
considered only one of intertemporal inconsistency problems, are not the main cause of the
federal government’s bailouts in the model. Instead, as we show, the bailouts are triggered not
by lack of the commitment caused under soft budget constraints but by budget pooling. Under
budget pooling, the federal government balances regional governments’ total tax revenues and
expenditures, but does not balance those of each regional government individually.

However, the problem under soft budget constraints is that when regional governments can
continue operations through federal government grants, budget constraints are not working
properly and excessive bailouts through grants create inefficiencies. To focus on what happens
under soft budget constraints, Goodspeed (2002) explored a two-period intertemporal model,
wherein after regional governments excessively borrow in the first period, the federal govern-
ment bails them out by subsidizing them in the second period. The author emphasized that
federal government bailouts of regional borrowing generate two effects: the opportunity cost
and common pool effects. These effects respectively imply that bailouts decreases the oppor-
tunity cost of regional borrowing and that the regional government incurs an additional tax
cost because a portion of the borrowing must be paid through increased common pool taxes
of the federal government. If the opportunity cost effect exceeds the common pool effect, soft
budget constraints cause excessive borrowing. Many subsequent articles examine the issues
of federal bailouts of regional governments by extending the basic model.!

As Kornai et al. (2003), and Qian and Roland (1998) clarified, the soft budget constraints
are regarded as an intertemporal inconsistency problem caused by a lack of dynamic com-
mitment.” Therefore, irrespective of whether multiple regional governments compete for their
grants, the problem arises when the federal government has a lack of commitment not to
bail out regional governments ex post. However, in the Goodspeed model and its extensions,
the problem of soft budget constraints does not occur when only one regional government
exists. Rather, Goodspeed (2002) and subsequent research describe a situation wherein while
interactions between multiple regional governments lead to the bailouts, the bailouts are not
concerned with intertemporal issues.

Among studies related to the claims made in our study, Akai and Sato (2011) explored a
simple dynamic decentralized leadership model between the federal and regional governments
to examine the problems under soft budget constraints. The authors noted that Goodspeed’s
model remains a relatively descriptive analysis, in that it fails to analyze the strategic responses

"For a survey of recent prior studies, see Martinez-Vazquez et al. (2017). As an example of subsequent studies, Martinez-Lépez
(2022) extended Goodspeed’s (2002) model by allowing the federal government to borrow to finance the grants.

2Dewatripont and Maskin (1995) formulated the soft budget constraint problem in game theory by using the concept of time
inconsistency. Maskin (1999) summarized theoretical work on the soft budget constraint.



regarding regional government borrowing and the interactions between regional governments.
In addition, Vigneault (2007) claimed that two conditions are necessary for soft budget
constraints: 1) the federal government must find it optimal to grant additional resources or
even provide a bailout to the regional government ex post; and 2) as the federal government
has an incentive to provide additional resources ex post and the regional government is
aware of this incentive, the regional government finds it optimal to behave strategically and
selects an excessive level of expenditure ex ante. Notably, under the conditions Vigneault
presented, the existence or interaction of multiple regional governments is not necessary for
soft budget constraint problems to arise. Furthermore, the author argued that the theoretical
literature on the soft budget constraint problem primarily focuses on three points: the federal
government’s lack of commitment, its resulting implications, and the strategic reactions of
regional governments aware of this constraint. Notably, the common pool problem arises
only when multiple regional governments exist. However, even before the common pool
problem arises among multiple local governments, one needs to consider whether the federal
government’s ex-post bailouts drive the inefficiency.

This study aims to revisit Goodspeed’s (2002) model to investigate the main factors
causing bailouts in a federation. In particular, by specifying the functional form for simplicity,
we explicitly derive the equilibrium and demonstrate the following: If the tax revenue from
the regional government is spent only on the public goods in this region, no bailouts occur.
Only when multiple regional governments exist, the budget commonly pooled by the federal
government leads to regional governments competing for grants, resulting in unnecessary
bailouts. A free-rider problem arises when grants are partially covered by taxation from other
regional governments. Bailouts are caused by fiscal externalities or spillovers, as taxes from a
region are partially spent in other regions and vice versa. Bailouts occur irrespective of whether
the lack of dynamic commitment arises. Our results suggest that the distinction between
soft budget constraints and budget pooling improves the understanding of the mechanisms
generating inefficient federal bailouts.

The remainder of this study proceeds as follows: Section 2 describes our proposed model.
Section 3 presents the results of the benchmark case, wherein the budget for the grant is
separate. Section 4 presents the main results when the budget for the grant is pooled. Section 5
discusses the obtained results. Section 6 presents the concluding remarks. All the calculations
are in Appendix.

2 The model

Following Goodspeed (2002), we consider a simple two-period intertemporal model with
two types of players: 1) the federal government and 2) regional governments. For brevity, we
consider two regions, which are indexed by i = {A, B}.? Each region i has a population n;,
which is exogenously given. In the two-period model, the time index is denoted by ¢ = {1, 2}.
In region 7, homogeneous (representative) individuals reside for two periods, without moving
between regions.

Their utility in region ¢ depends on the following four variables: C;; > 0, C;2 > 0,
G;1 > 0, and G;5 > 0, where C;; denotes the per capita private consumption in region 4

3Even if we consider n regions, the essence of the results remains the same.



in period ¢ and G;; denotes the per capita public consumption in region i in period t.* Y,
denotes the individual’s income in region ¢ during period ¢. The utility function is assumed
to be additively separable. Furthermore, to explicitly derive the equilibrium, we assume a
log-linear utility function. The utility function of the representative individual in region ¢ is

Ui :lncﬂ +OélnGi1 +B(lnC’i2+alnGi2), (1)

where a > 0 denotes the relative weight of the public goods consumption over private goods
consumption and 3 > 0 denotes the intertemporal discount factor.’

Next, we describe grants from the federal government, taxation by both federal and regional
governments, and intertemporal borrowing. The federal government gives region ¢ in period
t a grant g;;. g;1 is assumed to be predetermined by the federal government before the
following two-period game is played. Thus, g;; is exogenous and cannot be chosen in the
model. Meanwhile, g;5 is an endogenous variable whose level is determined by the federal
government. Regional government ¢ imposes an income tax on the residents in region . t;
denotes the income tax rate that regional government ¢ imposes on its residents in period ¢.
The federal government also imposes an income tax on all citizens of both regions in period 2.
t.o denotes the income tax rate that the federal government imposes on all citizens in period
2. Regional residents can borrow an amount for private and public consumption in period
1: BS and B denote the respective per capita amount of borrowing. 7 > 0 denotes the net
interest rate and is exogenously given. When individuals borrow money in the first period,
they must pay back (1 + r)B%, z = {C, G} in period 2.

Regional governments aim to maximize the total utility of regional residents with respect
to the four policy variables ¢;1, t;2, Bﬁ, and Bg . Because individuals are homogeneous, each
regional government maximizes a representative individual’s utility by choosing the income
tax rates in periods 1 and 2, and borrowing amounts for private and public consumption in
period 1. The federal government aims to maximize national social welfare in a country, which
is defined as the sum of utilities for all citizens. That is, the federal government maximizes
Zi n;U; = naUs + ngUp.” Grants given to region ¢ in period 2, g;o, are the policy
variables available to the federal government. We define the vector of grants for both regions
by g2 = (942, 9B2)-

The timing of the two-period game is as follows:® In the first stage in the first period,
regional government ¢ non-cooperatively and simultaneously determines the income tax rate

4As with previous studies, we assume that public goods are not non-rival. The assumption that the variables are positive is critically
important because we show that corner solutions occur in Section 4.

>In Goodspeed’s (2002) original model, the utility function is defined in the general form by U; = u;(Gi1) + vi(Gi2) +
w;(Ci1) + 2:(Ci2), where w; (+), v; (+), w; (+), and z; (+) are sub-utilities obtained from G;1, G2, C;1, and C;2, respectively.
Further, we assume that the first-order derivative are positive and the second-order derivatives are negative. However, because the utility
function is in a general form, the equilibrium cannot be explicitly derived. Our specification corresponds to w; (C;1) = In Cj1,
’U,L(Gd) = aln Gilv Zq (CLQ) = ﬁ In Cig, and 'UL(GLQ) = Ba In Gig.

c‘Following the Goodspeed model, the income tax rate that the federal government imposes in period 1, t.1, is not excluded from
the model. As the federal government exogenously decides g;1 and ¢ in period 1, such a simplification does not affect the results.

7Goodspeed (2002) assumed that the federal government aims to maximize the probability that voters (citizens) re-elect the
government’s politicians. Specifically, it maximizes } , n;p; (U; ) by defining the utility-dependent re-election probability by p; (U;).,
where p; > 0and p}’ < 0 are assumed. This study does not consider the federal government’s objectives to be politically motivated
other than being a simple social welfare maximizer. This is because it does not affect the substance of the results even if other
purposes are extensively considered. Therefore, assuming p”’ = 0, we simplify the model by setting p; (U;) = U;. In addition, in
the original study, political motivation is modeled only by introducing the function p; (-). However, besides political motives, p; (+)
can be interpreted as the relative weight on social welfare that the federal government places on both regions. Therefore, the political
motivation of winning elections is just one example of how to interpret the model.

8 Although the game has two periods, it is a three-stage game.



in period 1, ¢;1, and the amounts of borrowing for public consumption, BS, and private
consumption, BY.° Regional government i chooses t;1, BS; and B, given the choices of the
other regional government j(# 7). In the second stage in period 2, regionnal government i non-
cooperatively and simultaneously determines the income tax rate in period 2, ¢;o. Regional
governments select ¢;o given the choices of regional government 5.'° Finally, in the third stage
in period 2, the federal government determines the grant levels for both regions g;2, given the
choice variables for both regions, (¢;1, BS, B, ti2) for i = { A, B}. The solution concept is
subgame perfect Nash equilibrium. We obtain the equilibrium by backward induction.

3 Benchmark

As abenchmark, we consider a situation wherein no budget pooling exists between the regions
and a grant is paid separately from the tax revenue for each region. Because both regions are
financially independent, this case is the same as the case wherein only one region exists. For
the simplicity of notation, the index of region ¢ is omitted in this section. Subsections 3.1 and
3.2 consider the benchmark case wherein the regional government can and cannot use the
borrowing for public consumption Bf , respectively.

3.1 When borrowing for public consumption is possible

In the third stage in period 2, the federal government maximizes the national social welfare,
naU4 + npUp. However, under budget separation, no policy interaction exists between the
regions. Thus, the federal government maximizes the sum of regions’ social welfare, n;U;.
Furthermore, as the population is exogenously given, the federal government maximizes the
representative individual’s utility in the region, denoted by U, with respect to the region’s
grant go. When the budget is separated between regions, the federal government is benevolent
because it has the same objectives as regional governments.
The constrained optimization problem facing the federal government is:

max U=InCy +alnG; + (InCs + aln Gs) 2)
g2
st. Gy = g1 + 0¥ + BE,
Cy = (1—t)Y1 4+ BY,
Ga = g2 +t2Ys — (1 +7)BF,
Cy=(1—ty—te)Ya— (1+7)BY,
g2

teanYs = ngs & teo = Y,

The first four constraints in (2) denote the government budget constraints for public and private
consumptions in periods 1 and 2. The final constraint implies that the budget for grants is

9Since the regional government and individual in the region have the same objective function, they maximize utility as if they were
the same decision-making entity.

101f regional government i chooses t;o after observing the choices of the other regional government in the first period,
(tjr, B i1 Bjci ), the strategic considerations complicate the analysis because they have to consider ;2 (¢;1, Bﬁ s Bjcl) in the first
stage. Stated differently, this model assumes that regional governments commit to ;2 in the first period and never change ;2 even

after observing (t;1, B].Gl, B7C1) in period 2.



financially independent between regions and grants are paid from tax revenues within the
regions.

In the final stage, the federal government determines g given the income tax rates and
borrowing amounts in the region, (¢1,t2, BY, BY), determined in the previous periods. The
first-order condition for the federal government to maximize national social welfare is:

o 1
ﬂ(G2—C’2>:0<:>G2=0402~ 3)

(3) implies that the federal government provides the grant to equalize the marginal utility of
private and public consumptions in period 2.

The optimal grant level, g3, in this subgame is expressed as a function of (t1,to, BY, BY),
which are determined in the previous stages. By substituting the government budget constraints
into (3), the following equation can be obtained:

g2 +t2Ys — (14+7)BY = a((1 —t2 — tea)Yo — (1 +7)BY)

. a—(14+a)ty)Yy — (1 +7)(aBf — BY)
@*92:92@2,3?»3?):( J 21+a . —. 4)

Partially differentiating (4) with respect to 1, t2, BlC , and BY, we obtain the following
first-order partial derivatives:

g3 a(l+r) g3 1+r
2 dBC 1+a 9B~ 1+a ©)

995 _, 9%
oty T Ot

Clearly, g3 is independent of ¢1. As G2 increases when 5 increases, g» decreases. The decrease
in C5 due to an increase in Blc requires more ¢o and reduces go. As G2 decreases, when Blg
increases, gs increases.

In the first and second stages, the regional government maximizes the representative
individual’s utility in the region with respect to (¢1, 2, BY', BY). The constraints facing the
regional government are five equations under the government budget constraints and condition
for the budget for grants, which are expressed in (2), and the federal government’s reaction
function, (3) or (4).1!

The maximization problem for the regional government is:

{tl,t;,n;é(,Bf}U =InC; +alnGy + B(InCsy + aln Gs) ©)
st. Gy = g1+t Y1 + By,
Cy=(1—t)Y1+ BY,
Gy = g5 +t2Yo — (1 +7)BY,
Cy = (1 —ty —te2)Ya — (1 +7)BY,

"Since regional governments consider the federal government’s reaction function, regional governments find it impossible to play
a simultaneous-move game with the federal government when deciding the income tax rate ¢2 in period 2. Hence, the game comprises
three stages in two periods.



As the first-order partial derivatives (5) are obtained from the final constraint in (6), we obtain
the following first-order conditions for maximization:

(G- )mi-o g
(G- @) (o) = (6 —g)x0=o ®
& (G e ) o) =6 e (G &) =
& oG e~ 0~ Game) = 6 (G ) =
= %—BOT—QH‘):O. 10)

(7)—(10) are the first-order conditions with respect to ¢y, to, B1C ,and BE€, respectively. (8)
shows that the federal government’s reaction function renders the second-period tax rate
redundant. Since any increase in tax revenue due to a higher 5 is perfectly offset by a reduction
in grants, changes in £2 do not affect the equilibrium allocation. Consequently, the first-order
condition with respect to o does not yield an independent optimality condition and the policy
instruments are not uniquely determined. From (7), (9), and (10), the following relationships
hold.

¢ o (11)

Gl =aCy, C;=p(1+r)Cy, GTZW 2

As the third equation in (11) can be derived from the first and second equations, the third
equation is not linearly independent of them. Thus, multiple maximum solutions exist.'> From
the first-order condition for the federal government (3), G5 = aC3 = af(1 4+ r)C5 holds.

The optimal solutions, (¢}, t5, BY*, BF*), are derived as follows: Using C = B(1+7)C5
and G5 = aB(1 +r)C§ in (11), we express (t5, B{*, B{*) as a function of ¢}.

Yoty + (L+B)(1+7)BS* =Y — B(L+7)(1—t))Y1 — g5,  (12)
aB{* — Bf* = (t; — a(l —}))Y1 + g1, (13)
Yats —af(1+r)BE* — (1 +7)BE* = aB(1+r)(1 —t1)Y1 — g5. (14)

"2The maximum value of utility is expressed as follows: U* = In C} +a In aC7 +3(In f(1+7)C; +alnaB(1+r)C;) =
ln(Cf)(1+a)(1+ﬁ> +1n aa(1+ﬁ)ﬁﬁ(1+a) (1+ r)ﬁ(1+0t).



Expressing (12)—(14) in matrix form, we obtain the following equation:

Y2 1+p8)(1+7r) O t5 Yo =B +7r)(1—t1)Y1 — g5
0 a -1 B | =| (1 —al—t) Y1+ ¢ . (15)
Yo —aB(l+7r) —(1+7) B+ af(l+r)(1—t)Y1 — g3

A x b

This equation can be rewritten as Ax = b while defining the matrix and the column vectors as
shown in (15). The determinant of A is det A = —(1 + a)(1 + 8)(1 + r)Y2 < 0. According
to Cramer’s rule, the optimal solutions are derived as follows:

(A47r)(a—(1+a)t])Yi+aYe—(1+r)g1—(1+a)gs

t5 (1+a)Y>2
Cx | _ Yo+ (1+n)[A-(1+a)(A+8)(1-t7))Y1+g1]
By (I+a)(1+B)(1+r) : (16)
Bf (1+r)aYita¥s—(1+a)(1+8)(1+1) Vit —(1+7)(1+B8+af)g
(14+a)(1+B)(1+7)

The optimal solutions are all combinations of (¢, t5, BS*, B{*) satisfying (16). The optimal
grant, which is derived by substituting (16) into (4), is not uniquely determined.

_ * _ Cx _ nRGx*
g = (a— (14 a)t3)Ys : (1 +7)(aBS* — B ). an
+a

This result can be summarized in the following proposition:

Proposition 1 When the federal government follows budget separation between regions and regional
governments can borrow for public consumption, regions can achieve the first-best welfare level by using
appropriate combinations of policy variables. Furthermore, multiple combinations of policy variables
exist.

Proposition 1 suggests that the policy instruments which the federal government can
implement to maximize regions’ social welfare are not uniquely determined, although the
allocation itself is uniquely characterized. A multiplicity of optimal solutions exists because
the federal government’s reaction function renders the second-period tax rate redundant. Any
increase in tax revenues due to a higher ¢ is perfectly offset through a reduction in grants.
The first-order condition with respect to t5 becomes redundant, leaving one degree of freedom
in the regional government’s policy choice. Furthermore, in period 2, the benevolent federal
government with the same objectives provides grant go. Because of too many changeable
policy variables compared with the number of variables to be maximized, the solution is not
uniquely determined. Even if the grant is zero, that is, go = 0, the following combinations of
(t1,t3, BY*, BE*) achieves the first-best utility maximization:

a(l+r)Yi+aYe—(14+r)gr  (1+m)Y3 +*
1

13 Yot (Lo Ot .
Cx _ 7)(Y1+g1 *
Bi" | = Grairsary — (L= : (18)
BT (+r)aYitaYo—(14r)(1+B8+af)gr _ v 4
(I+a)(1+B)(1+r) 1t




The first-best allocation can be achieved even in the absence of ex-post grants. Therefore, ex-
post grants are not essential for welfare improvement. Furthermore, depending on the regional
government’s policy variables (t%,t5, BC*, B&*), the federal government appropriately sets
g5 in period 2 such that (17) is satisfied. Therefore, the first-best utility maximization is
necessarily achieved. Goodspeed (2002) interpreted the fact that dg; /OB in (5) is positive
as inefficient borrowing under soft budget constraints. Although federal government grants
increase with regional borrowing, the federal government simultaneously adjusts grants to
maintain the first-best allocation characterized by Ga = aC’. Therefore, the positive response
of grants to borrowing, that is, dg3 /0B > 0, does not generate any distortion in the
equilibrium allocations.

The results can be explained using the following analogy: Consider the simple example
of a utility maximization problem with a Cobb-Douglas utility function such as U = (z1 —
t)*(x2+1)8. Or, equivalently, consider the following maximization problem for the following
log-linear utility with respect to ¢.

m?XU:aln(an —t) 4+ Bln(xq +t). (19)
The first-order condition for utility maximization is:

a f « _ Br1—aw
X1 —t xoA4t h a+8

(20)

In the simple example given above, a single policy variable ¢ is sufficient to satisfy the
first-order condition and achieve the utility-maximizing allocation. Introducing additional
policy variables does not improve welfare and only provides alternative policy combinations
which achieve the same allocation. Similarly, in the aforementioned benchmark case, the
federal government’s reaction function makes the second-period tax rate redundant. Since any
increase in a higher income tax in period 2 is fully offset by a reduction in grants, income
tax rate in period 2 does not affect social welfare. Consequently, the number of independent
optimality conditions is smaller than the number of policy instruments available to the regional
government. Consequently, multiple combinations of policy variables can achieve the same
first-best allocation. As such, ex-post grants are not required to improve welfare, although
the equilibrium grant level is endogenously determined by the federal government’s reaction
function.

3.2 When borrowing for public consumption is impossible

Next, we consider a case wherein the regional government cannot borrow for public con-
sumption. That is, B{ = 0.'3 In this case, we derive the optimal solution for all three policy
variables, t1, t2, and Blc.

In the third stage in period 2, the federal government maximizes the sum of regions’ social
welfare, n;U; because no policy interaction exists between regions under budget separation.
As in Subsection 3.1, the federal government maximizes the representative individual’s utility
in the region, U, with respect to the grant gs.

3We assume that the borrowing for private consumption is permitted. Future studies should examine what happens otherwise.
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The constrained optimization problem facing the federal government is:

max U =InCy + alnG; + 8(InCy 4+ aln Gy) 2n

92
s.t. Gy = g1 +t1Y7q,

Ci = (1 —tl)Yl —‘rBlC,

Ga = g2 + 125,
Cy= (1 —ty —tw)Ys — (14+7)BY,
g2
teonYs = St = .
2N Y2 = Ng2 2 Y,

The first four constraints in (21) denote the government budget constraints for public and
private consumptions in periods 1 and 2. The final constraint represents budget separation
between regions for the federal government.

The federal government determines go given (t1, to, BS). The first-order condition for the
federal government to maximize social welfare is:

«o 1

(22) is the same as (3), which implies marginal utility equalization for private and public
consumptions in period 2. The optimal grant level, g5, in the subgame is a function of
(t1,t2, BY). (22) can be rewritten as follows:

gs + toYo = Oé((l —t2 — tc2)Y2 - (1 + T)Blc)
(a = (1+a)ts)Ys — a(l+7)Bf
14+« )

S g5 = go(te, BY) = (23)

Partially differentiating (23) with respect to ¢1, to, and BY yields the following first-order
partial derivatives:

: 1
— vy<o, D% _ _ol+r) (24)

095 _ o 9% _
oBY¢ 1+«

oty Oty

Clearly, g5 is independent of ¢;. The signs are the same as in Subsection 3.1.
In the first and second stages, the regional government maximizes U with respect to 1,
ta, and BY . The maximization problem for the regional government is:

max U=InC; +alnGy + B(InCy + alnGs) (25)
{t1,t2,Bf}
s.t. Gy = g1 +t1Y7,
Cy = (1—1t)Y1 + BY,
Ga = g5 +12Y52,
Co=(1—ty —te2)Yo — (1 +7)BY,

11



As (24) holds for the first-order partial derivatives, we obtain the following first-order
conditions for maximization with respect to ¢, t2, and Blc , (26)—(28), respectively.

(G &) 58 = (5 - g) xo=0 @

As in Subsection 3.1, (27) does not yield an independent optimality condition because
the federal government’s reaction function renders the second-period tax rate redundant.
Therefore, the optimal allocation is characterized using (26) and (28) as follows:

Gl =aCy, C;=p01+r)Cfy. (29)

From (22), G} = aCj = aB(1 + r)Cj is derived. When B = 0, only two policy variables

are sufficient to satisfy the previously described first-order conditions (29). Furthermore,

another policy variable is required to satisfy (22). Unlike the case with four control variables,

three policy variables must be adjusted and the optimal solution can be uniquely determined.'*
By substituting (¢}, 5, B{*) into (29), we derive the optimal solutions.

B(L+r)Yit; = Yoty — (L+ B)(L+r)Bf* = B(1+r)Y1 — Yz + g3, (30)
(1+ a)Yit] — aBf* = aYi — g1, 31)
aB(1 4 r)Yit: + Yats — aB(1 4+ r)BE* = aB(1 +7)Y1 — g5. (32)

By rewriting (30)—(32) using matrix calculation, we obtain the following:

BA+rY1 =Yy —(1+B)(1+7) t BA+r)Y1 =Y+ g3
1+a)y7 0 —a t3 = oY1 — g1 . (33)
af(l+r)Yr Yo —aB(l+r) B¢+ aB(l+1)Yr —g;

According to Cramer’s rule, the optimal solutions are derived as follows:

a(l+r)Yi+aYo—(147)(1+8+aB)g1

1 (1+a)(1+8)(1+7)Y1
x _ af(1+r)Yi+aBYataB(l+r)gi—(1+a)(1+8)g5 (34)
g |~ (140)(1+8)Y> :
Bl * —B4+r)Y1+Yo—B(1+7)g1
(1+8)(1+7)

!4The maximum utility value is the same as that when the borrowing for public consumption is possible.
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Given g3, the optimal solution satisfying (34) is uniquely determined. In particular, (¢}, B¢*)
is uniquely determined regardless of the value of g3. As the solution is uniquely determined,
this policy variable cannot be eliminated to maximize welfare.

Meanwhile, the optimal ¢5 changes depending on g3. In the third state in period 2, a
benevolent federal government gives grants g to the region. Thus, the optimal ¢35 decreases
with go. The relationship between the optimal grant and tax in period 2 satisfies the following:

. af(l+r)Y1+afYs+af(l+17)g
92 = 1+a)(1+5)

— Yot (35)

(35) shows the origin of the multiplicity of optimal solutions. The federal government’s
reaction function implies a trade-off between the second-period income tax rate and grants.
Since a higher ¢, is exactly offset by a lower go, the equilibrium allocation depends only on
their combined fiscal effect rather than on their individual levels. Consequently, the first-best
allocation can be implemented using a continuum of (¢3, g4 ) combinations, implying that the
tax and grant are functionally equivalent policy instruments in equilibrium. For example, even
when the income tax rate or grant is zero, welfare maximization can occur by choosing the
appropriate tax or grant level, respectively, as follows:

v ey (B +7)Y1+aBYs +aB(1+1)g1
(t3, 93) *( I+a)(1+8)Ys , O) or
(0 aB(1+ 7)Yy + afYs + aB(1 + 7")91)

’ (1+a)(1+5)

(36)
This result is summarized in the following proposition:

Proposition 2 When the federal government follows budget separation between regions and regional
governments cannot borrow for public consumption, the regions can achieve the first-best welfare level
by using appropriate combinations of policy variables. The optimal income tax rate and amount of
borrowing for private consumption in period 1, (t], Blc *), are uniquely determined, whereas multiple
optimal solutions of the income tax rate and grant in period 2, (t5, g5), exist.

Thus, even when the regional government cannot borrow for public consumption, three
policy variables are sufficient to maximize utility. Furthermore, as the benevolent federal
government subsidizes the region, too many policy variables exist. Thus, regardless of whether
the regional government can or cannot borrow, the same optimal utility is achieved. Hence,
borrowing for public consumption by regional governments may not generate inefficiencies
under budget separation. Although the federal government gives grants to regions ex post,
excessive borrowing by regional governments is not induced under budget separation between
regions.

4 Budget pooling between regions

Next, we consider a situation in which the federal government pools the tax revenue for grants
between regions. Grants are funded by tax revenues from both regions and neither region

13



is financially independent. Subsections 4.1 and 4.2 present the case in which the regional
government can and cannot use the borrowing for public consumption BY, respectively.
4.1 When borrowing for public consumption is possible

In the third stage in period 2, the federal government maximizes the national social welfare,
naUs +npUp with respect to grants to both regions, g2 = (g2, gp2). It faces the following
constrained optimization problem:

max Z TL,'UZ‘ = Zm{ln Cil + aln Gil + ﬂ(hl Cig + aln GZQ)} (37)

& _a.B} i
s.t. Git = gin + taYn + BY, (33)
Cin = (1 —t;1)Yi1 + BY, (39)
Gi2 = gi2 + ti2Yi2 — (1 + 1) B, (40)
Cio = (1 —tip — te2)Yio — (1 +7)BS Vi = {A, B}, (41)
te2(naYaz +npYp2) = nagas + npgp2. (42)

The first four constraints, (38)—(41), denote the government budget constraints for public
and private consumptions in periods 1 and 2. The final constraint (42) is the pooling budget
constraint under which the budget for grants is pooled between regions.

In the final stage, the federal government determines g given the income tax rates and
borrowing amounts in the region, (¢;1,t;2, BS, BS) for all i = {A, B}, already determined
in the previous periods. The federal government’s first-order condition to maximize social
welfare is:

o Y i Yo g .
gl mi ) _,gt2 My @3
nib (GiQ CianaYas + nBYB2> njﬂcjz naYas +npYpo i@

- niYip
o (2 Ci2

Gia  naYas +npYas

a(naYas +ngYps)

naYao 4 o Ypo
Caz Cp2

54 =0 & Gp= Vi. 44)

(44) implies that the federal government provides the grant to equalize the marginal utility
of increasing a grant to a region to the marginal cost of increasing taxes paid in two regions.
Assuming an interior solution, we obtain the following equation from (44):

G a2 = Gpo. (45)

(45) implies that to equalize the marginal utility between regions, the federal government
equalizes public consumption in period 2 across regions. Both regions are guaranteed the same
amount of public consumption. The optimal grants g5 = (g%, g5-) in this subgame are a
function of (¢;1, t;2, Bic , BZ-G )i:{ A,B}- We derive the first-order partial derivatives of g;o with
respect to (t;1, L2, BiC , BZG )i—{A,B} in Appendix A, because the derivation is complex.

BIn Appendix A, Og;2/0t;1 and dgi2/0t;1 are derived in (A16), and optimal grants do not depend on t;1. dgi2/Ot;2 and
Bgin /Dt ;o are derived in (A21)~(A24). Ogiz /OBY and Ogiz/OBY are derived in (A29)~(A30). 8gia /OB and Dgiz /OB
are derived in (A35)—(A38).
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In the first and second stages, regional government ¢ maximizes a representative individ-
ual’s utility in the region, U;, with respect to t;1, t;2, Bicl, and Bﬁ , under six constraints,
(38)—(42), and the federal government’s reaction function, (44).

The regional government i’s maximization problem is:

max Ui=InCj +alnGy + B(InCi + alnGiz) (46)
{ti1,t:2,BS ,BS
s.t. Gi1 = g1 +ta Y + Bz‘%

Ci1 = (1 —t;1)Yi1 + BY,

Gia = gia + ti2Yi2 — (1 + 1) BY,

Cio = (1 —ti0 — tC2)Yi2 - (1 + T)BiC{’
nagaz + npgp2
naYaz +npYps’
a(naYas +npYpo)

naYao + npYp2
Caz Cp2

teo =

G =

If the optimal solution is interior, the following first-order conditions for maximization are
satisfied:

(& ‘c1 )y =0, @7)
i1 i1

o (0gi2 1 Ot oo B

Gio (3ti2 * YZQ)  Ci (1 + Otio )KQ =0, (48)

! 1 Otey @ Ogiz | _

Cin +B(C’i (_@EQ_(1+T)) +Gi2 8Bg> =0, 49)
o 1 atc2 « [“)glg -
Ga +B(C'i ( 8Bgn2)+Gi2 (8Bg (1+T))> =0. (50)

From (47), G;;1 = aCy; is immediately obtained, which is equivalent to the first equation of
(11). However, as the first-order partial derivatives are derived in Appendix A, we obtain the
following equation:'®

(1+7)ChY)o
ChYj2 — CYio

ChYje — ChYio

Ci2 - 6 B(l + 7‘)01'1)/]'2 '

Ci & Cip= (G1))

However, both regions cannot simultaneously satisfy (51) If the optimal consumption in region
i, Cj2, 18 positive, CZ-QQYJQ > C J?QYZQ holds. Conversely, the optimal consumption in region
j, Cj2, must be negative because 0]22)/;'2 < C?2Y}'2 holds. This contradicts the fact that the
optimal private consumptions in both regions satisfy the first-order conditions. Therefore,
the optimal solution cannot satisfy the first-order conditions and must be a corner solution
wherein the positive constraint on public consumption is binding. In any case, unlike the case

1For the derivation of (51), see Appendix B.
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of the separating budget, C;o = B(1 + r)C;1 never occurs and the first-best interior solution
cannot be achieved.!”
This result is summarized in the following proposition:

Proposition 3 When the federal government follows budget pooling between regions and the regional
governments can borrow for public consumption, the first-best welfare level cannot be achieved.

Proposition 3 holds because of a simple reason. When the federal government establishes
budget pooling between regions, regional governments must determine the levels of policy
variables considering the fiscal spillovers on other regions. For example, an increase in the
income tax rate in period 2 in a region decreases the federal government grant to the region
and increases that to the other region. These strategic interactions between regions lead
to inefficient policy choices. However, borrowing for public consumption does not create
additional distortion because, if the federal government chooses the budget separation, the
first-best result occurs. Next, we examine the case wherein the regional governments cannot
borrow for public consumption under budget separation.

4.2 When borrowing for public consumption is impossible

In the third stage in period 2, the federal government maximizes the national social welfare,
with respect to grants to both regions, go. The constrained optimization problem facing the
federal government is:

ngx Z nU; =naUs +npUp = Zni{lnCﬂ +alnGy + B(InCye + alnGig)}
i—{A.B} i
(52)
s.t. Gy = g1 + tiYi,
Cin = (1—tn)Ya + BY,
Giz = gio +ti2Yio,
Cio = (1 —tig — tea)Yio — (1 +7)B Vi = {A, B},

tea(naYa2 +npYpa) = nagaz +npgp2.

All constraints are the same as those in (38)—(42), except that Bg does not exist.

In the final stage, the federal government determines g given the income tax rates and
borrowing amounts in the region, (¢;1, t;2, BS) forall i = { A, B}, determined in the previous
periods. The first-order condition for the federal government to maximize social welfare is as
follows:

a(naYae +npYps)
naYao npYpo
Caz Cpa

Gio = Vi. (53)

"Unfortunately, in this case, the optimal solution cannot be derived because it is very complicated to determine which constraints
are binding and the optimal solution may be an open solution.
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The first-order condition (53) is identical to that in (44). Thus, the federal government provides
the grant to equalize the marginal utility of increasing a grant to a region to the marginal cost
of increasing taxes paid in the two regions. Assuming an interior solution, we obtain:

Ga2 = Gpo. (54)

The optimal grants g} in this subgame are a function of (t;1, ti2, BE )i 5}-"
In the first and second stages, regional government ¢ maximizes U; with respect to
(i1, tio, Bicl), under six constraints. The regional government 7’s maximization problem is:

max U; =InCy +alnGyy + B(InCiy + aln Gyo) (55)
{ti1,t:2,BG}
s.t. Gi1 = gi1 + ti Vi,
Ci = (1 —ta)Ya + B,
Gi2 = giz + 32,
Cio = (1 —tio — tc2)Y;2 - (1 + T)Bgv
nagaz + npgB2
naYaz +npYps’

a(naYas +npYps)

naYao 4+ s Ypo
Caz Cp2

te2 =

G =

If the optimal solution is interior, the following first-order conditions for maximization are
satisfied:

« 1
(g~ )ya=0 (56)
a (0G0 1 Oteo _
i (atw +Yiz) - a(1 + ati2>Yzz =0, 57)
1 1 Ot a 0gio
ey, —0.
o +ﬂ(ci ( opg (1+7)+ Ca 335) 0 (58)

From (56), G;; = aC}; is immediately obtained. However, using the same procedure as in
the previous subsection, we obtain the following:

(1+7)ChY)o
ChYj2 — ChYio

ChYje — ChYio

Ci2 - B 6(1 + ’/‘)Oil)/jg '

Ci & Cp= (59

This equation is the same as (51). As shown in Subsection 4.1, in either region, the private
consumption must be negative. Therefore, unlike the budget separation case, the optimal
solution does not satisfy the first-order conditions. Consequently, the first-best interior solution
cannot be achieved.

This result can be summarized in the following proposition:

8The first-order partial derivatives of g;o with respect to (¢;1, t;2, BiC )i:{A,B} are the same as those in Subsection 4.1, which
are derived in Appendix A.
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Proposition 4 When the federal government follows budget pooling between regions and the regional
governments cannot borrow for public consumption, the first-best welfare level cannot be achieved.

Similar to Proposition 3, Proposition 4 holds because the budget pooling between regions
set by the federal government. Irrespective of whether the regional government can borrow
for public consumption, the first-best welfare cannot be achieved. However, borrowing for
public consumption does not exacerbate inefficient policy choices. This model has too many
policy variables to achieve welfare maximization. In the benchmark case where the federal
government sets budget separation, the first-best welfare level can be derived with three of the
four policy variables (1,2, BY, BY). Even with the three policy variables (¢, %o, B), the
first-best welfare can be achieved by combining them with the federal government grant go.
Meanwhile, under the budget pooling by the federal government, the three policy variables
cannot achieve the first-best welfare. Even if public borrowing is possible, the first-order
conditions for welfare maximization are not satisfied and the optimal solution is a corner
solution which depends on the binding constraints. Therefore, welfare level remains below the
first-best level. In any case, intertemporal borrowing does not cause the soft budget problem
which requires excessive federal government grants to bail out regional governments. Overall,
rather than soft budget constraints, pooling budget leads to inefficient decisions regarding
policy variables by regional governments through strategic interactions between regions.

5 Discussion

5.1 Simplifying the model

Following Goodspeed’s (2002) model, we specify the model’s functional form and attempt to
derive the equilibrium. However, even in the simplified model, the calculations are still com-
plicated, and the equilibrium cannot be derived under budget pooling. To further simplify the
model, we must reduce the number of variables. The problem of excessive variables falls into
the following two categories: the existence of exogenous variables unnecessary for the analy-
sis; and excessive policy variables. Regarding the former issue, for example, the grant given
to region ¢ in period 1, g;1, which is an exogenous variable, can be omitted from the model.
The model in which social welfare depends on four variables, (C;1, G;1, Ci2, Gi2), compli-
cates the analysis. Even when private consumption in period 1, Cj1, is excluded, governments
continue to face intertemporal choice problems. One may analyze the effects of borrowing
for public consumption on grants. Regarding the latter issue, Propositions 1 and 2 show that
the multiplicity of the optimal solutions arises because certain policy instruments become
redundant when the federal government’s reaction function is incorporated into regional gov-
ernments’ decision making. In particular, the second period income tax rate and grants are
alternative instruments for implementing the same allocation. A potential solution is to reduce
the number of policy variables by considering situations wherein feasible policies are limited.
For example, when an income tax cannot be levied in either period or borrowing for private
consumption is not possible, the first-best outcome may not be possible even under budget
separation. Future research can consider a model where the first-best outcome cannot occur
under budget separation to examine how the results change under budget pooling.
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5.2 Improving inefficiencies

How can the federal government achieve the first-best welfare? The first and obvious solution
is for the federal government to adopt budget separation rather than pooling. In the model, it
has perfect and complete information on the regional governments’ policy variables chosen
until the third stage. Thus, the federal government correctly recognizes income tax rates
and borrowing amounts in both regions, and the grant amount given to regions. Therefore,
by separating rather than pooling budgets, which deliberately creates distortions in regional
governments’ decision-making, the federal government can eliminate this inefficiency. Stated
differently, the federal government can simply set the budget rule, {.2Y;2 = ¢g;2. In this
framework, no additional policy instruments are required; the first-best is achieved simply by
replacing the budget pooling with budget separation.'”

Second, the federal government can give no grants to regional governments at all. As ex-
post grants under budget pooling distort the ex-ante decision-making of regional governments,
committing not to provide any ex-post grants yields the first-best outcome. This implies
a commitment by the federal government to not bailout regional governments.”’ However,
because this commitment leads to first-best welfare level, the federal government has no
incentive to break a commitment. That is, the time inconsistency problem does not arise in
this setting.

Third, the decision-making timing between the federal and regional governments can be
changed. If the federal government is the first mover and regional governments are the second
movers, rather than the original model’s timing, the regional governments, as followers,
appropriately choose their policy variables to maximize their region’s social welfare in the
subgame. Then, correctly predicting the choices made by regional governments, the federal
government appropriately determines the grant levels. In the game with a reverse timing,
no strategic interactions between the regions exist and the regional governments face no
distortions in decision-making. Specifically, in the second stage, the regional governments
choose {t;1, tiz, Bﬁ, Bg }i:{ A, B} to satisfy the first-order conditions for the first-best welfare
maximization. In the first stage, the federal government sets grants (gaz,gp2) to satisfy
Go4 = Gop, under which the national social welfare is maximized. As the first-best result is
achieved, the federal government does not need to deviate from the commitment in the first
stage. Therefore, even without deriving the equilibrium, we can see that the first-best outcome
can be achieved.

Another possible solution for the federal government is introducing other policy variables
besides grants. However, whether this can actually solve the problem remains unclear since
deriving the equilibrium in a more complicated model is more difficult. For example, Martinez-
Lopez (2021) introduced federal government borrowing into the model. However, unless the
distortions caused by strategic interactions between regional governments can be resolved,
first-best welfare is unlikely to be achieved even if federal borrowing is introduced.

19While budget separation may not be possible, due to political motivations or administrative constraints, such as legal prohibition,
economic reasons do not hold.

Therefore, when exploring a model, we need to clarify the purpose of the federal government giving grants to regional governments.
In the benchmark case, the grants have no clear purpose because welfare maximization can be achieved without grants.
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6 Concluding remarks

We investigated whether soft budget constraints as an intertemporal inconsistency problem
cause inefficient bailouts by revisiting bailouts in a federation. We showed that rather than
soft budget constraints, the main source of inefficient bailout outcomes is budget pooling,
whereby the federal government balances the total tax revenues and expenditures of regional
governments, but does not balance those of each regional government individually. We demon-
strated that under budget separation, the inefficient outcome does not occur. Rather, the model
describes a situation wherein interactions between multiple regional governments lead to
bailouts, which are not concerned with intertemporal issues. Unnecessary bailouts are caused
by fiscal externalities or spillovers, in a sense that taxes from a region are partially spent in
other regions and vice versa, irrespective of whether the lack of dynamic commitment arises
under soft budget constraints. This suggests that explaining soft budget constraints as an
intertemporal inconsistency requires an alternative approach which extends beyond the frame-
work of Goodspeed’s (2002) seminal study on bailouts. Moreover, our analysis highlights the
importance of distinguishing intertemporal inconsistency-driven inefficiencies from budget
pooling-driven ones. This distinction may provide a more appropriate foundation for future
theoretical research on federal bailouts.

Finally, we discuss possible future research extensions. First, by specifying the utility
function, we explicit derive the equilibrium variables and the comparative static analysis is
possible. Further extensions can be performed using the same model with a log-linear utility
function. For example, to simplify the analysis, we exclude political motivations and assume
that public goods are non-rivalry, the regional government and individuals have the same
objective, and regional governments commit to choose the income tax rate in the second period.
Scholars can investigate what happens when these assumptions are changed. Another possible
extension is the change in the timing between the federal and regional governments. Our model
involves a three-stage game wherein the federal government determines the grant levels in
the second period after observing the income tax rates in both regions. However, games with
different timings can be considered. If the federal and regional governments simultaneously
and independently choose the grants and income tax rates in the second period, the timing of
the game changes into a two-stage game wherein all governments engage in a simultaneous-
move game in the second period. In addition, future studies can investigate whether the first-
or second-mover receives greater grants and/or welfare.
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Appendix A The first-order partial derivatives of g;-

By substituting into (44) into (40) and substituting (42) into (41), we can rewrite g 49, gg2, C' a9, and
C'go as follows:

_ a(na¥Ya2 +npY¥pa) G
942 = TV T npVe ta2Yaz+ (L4 BAL (A1)
CAZ C32
_ a(naYaz +npYpo) o
982 = TV mpp  B2VB2YF (1+7)BB1, (A2)
Caz Ch2
nAgAa2 + nBYB2 c
Caz= (1_tA2_—)YA2— 1+7)BA1, (A3)
nAYA2+nBYBQ ( ) Al

nAgA2 +npgp2

Cpe = (1 —tp2 —
naYa2 +npY¥Ypo

)YB2 — (1+7)B%, (A4)

Partially differentiating g 45 and g go with respect to C 45 and C'gs in (A1) and (A2) yields the following:

Jdga2 _ Ogpa _ a(naYaz +npYpa) na¥ao

0C 10  OC 49  (nAYaz | npYp2y2 (2 >0, (A5)
A2 a2 (MR )7 Can

09B2 _ 0942 _ CY(TZAYAQ + TIBYBQ) ngYpo > 0. (A6)

8032 o 8032 (%4—"57};32)2 0%2

Partially differentiating C' 4o with respect to t;1, t;2, B , and BG, i = {A, B} in (A3) yields the
following:

dg dg dg 99
0Ca2 _ M4 9ta. T B o, Vi OCs2 _ T4 otn. + "B oL, Yo (A7)
Ot ax naYao + npYpa T Ot na¥Yaz +npYpo ’
8 P )
0C 42 AatA2 +np g 0Cag T4 oz +np gl
St )Yaz, - Yar,  (A8)
Ot A2 naYa2 +npYpo Otpa naYa2 +npYpo
9ga2 99B2 9ga2
0Ca2 _ "A9BS T "BoBS, Yao— (147), 2C42 "Aong, T "B 3331 Y2, (A9)
= — A2 — 5 = — A2
0BY, naYas +npYpo 0B%, naYas +npYpe
Ogaz 9982 Ogaz 99B2
9C 42 nAppG TTBopG v 8C 49 NAgpG TMBaRG, Ly (AL0)
= — A2, = - A2
0B§, naYas +npYpo 0BG, na¥Yaz +npYpo

The similar partial derivatives are derived when we partially differentiate C'go with respect to ¢;1, t;2,
BY,and BY, i = {A, B} in (A4).
First, using (A5)—(A7), we obtain dg;2/0t 1 as follows:

(nAYA2 + nBYB2)

8942 _ 09a2 9Cas | 0gaz 9Cpy _ “\°C Chs (n 0942 3932)
dtar  0Cas Otay ' OCpy Ota (néiferngiYm) Aotar P ota
2
(A11)
a(nAYA2 + "BYB2)
0g9a2 _ 9942 0Ca2 | Ogas OCpy _ B2 ( 9942 3932)
otpi 0C g9 Otp1 0Cps Ot (M + "373/32)2 A otp1 B otp1
Caz Cp2
(A12)
a(”AYAz + "Bysz)
992 _ O9p2 9Ca2 | 992 0Cpa _ (n 9942 in 3932)
dtar  0Ca Ota; = OCpa dtay (néier ngiysz)z Adta | Pota

A2

(A13)



a(”AYAQ 4 "BYBz)
992 _ 992 9Caz | Ogp2 0Cpy _ (n 9942 ang)
Otpr  0Cx3 Otpy  0Cpa Otp ("éiyf““’ + "57)/’32)2 At g Botp /)

” (A14)

From (A11)-(A14), 9g42/0ta1 = Ogpa/0ta1 and Oga2/0tp1 = Ogpo/Otp1 must be satisfied.
Substituting them, for example, into (A11), the following equation must be satisfied:

Y2 Y2
8gA2 a(nA + nB)(nA A2 + nB 32) 8gA2
ot = naYao nBYB2 2 Otar (A15)
Al (0742 + 07) Al

As the coeflicient on the right-hand side in (A15) is negative and cannot be unity, all partial derivatives
are zero. That is,

Ot A1 o Ot A1 T Otp otpy
Second, using (AS), (A6), and (A8), we obtain the following equations:

0ga2  Ogpa 0 0ga2  Ogpa 0. (A16)

9942 _ 0gas 0Cas | 9ga2 9Cps
Ot A9 0C g9 Ot g0 0Cpo Ot A9

na(naYa2+npYp2)Y3, naY3, nBY32 dgaz dgB2
a[ Che +( Cas + )(na ABly, TMB 8tA2)

— Yo

T ("87?:12424_ nB};/;n) — Ya2,
(A17)
dgaz _ dgas 9Cas | 9gas ICps
8tB2 8CA2 8tB2 8032 81532
O‘[HB(MYMCTBYB” iz +(”“YA2 + "BYBZ)(n faaz |y Ggmo )}
P B2
- (i 4 gz ). @)
CA2 CBz
99p2 _ 99p2 9Cas | 9gp2 9Cp2
Otaz  0Ca2 Otaz  OCpa Otas
o[ ralna¥az Voo Via 4 (naia 4 Mooy (n , G042 4 5 G002
— A2
- (ia¥ar § 15¥m )2 . (A19)
CA2 CBQ
9gpo _ Ogps 0C 4o  Ogpo 0Cpa v
dtps  0Cas Otps = OCps Olpa  °7
o melnaYaztnaYes)Vis o (RaYds 4 MeYh2)(n, §a2 + np B02)]
B2
T ~ Y.
M &
(az + np )2
(A20)

From (A17)-(A20), 9g42/0t a2 = (0gB2/0ta2) — Ya2 and Ogpa/Otps = (0ga2/0tp2) — Yp2
hold. From (A17) and (A18), we obtain dg;2 /9t o as follows:*'

Yo [(nAYA2 + nBYBQ) +ang (nAYAQ + nBYBQ)Jr anAYA2(nAYA2+nBYB2)]

0ga2 _ Caz Ch2 cz, “0
- _ - ,

otz (Raan 4 np¥e2)2 4 oy +np)(“ApA2 + M)
(A21)

lefYAz/CiQ 2 YBQ/C%Q,@QBQ/atA2 § 0 and agA2/8t32 z 0 hold.

il



dgp2 CmAnBYAzyBQ(g%z - %) a2
Oz (mp¥az 4 np¥oa)2 4 a(na +np)("giz + “8702)
9910 anAnBYA2YB2(g‘§Z - %z) w3
Otpy  (mp¥as | mg¥ea)2 1 a(ns +np)("aya + "2YE2)
32
D Yis [(nAYAz + nBYB2) +ana (nAYA2 + nBYBQ) + CYTLBYBz(nééB/Az‘f‘nBYBz)]
= — 2 < 0.
Otps naY. npY] npY3
(Bg¥an 1 ng¥ia)2 4 a(ng + )" + ME2)
(A24)
Third, using (AS), (A6), and (A9), we obtain the following equations:
0942 _ 0942 9Ca2  Oga2 9Cpo
oBY, 9Ca20BY, 09Cp20BY,
naYas(14r)(naYas+npYn2) nAY npYZ 9ga2 99B2
a| i + (G + G (na G+ 00|
) o |
(A25)
9942 _ 09942 9Ca2 | 9ga2 9Cp
0BY,  0Ca2 0BY,  9Cp2 0B,
o[ eeallinlpaYaatno¥in) o (23 o ngin) o Sase 4 S0
) (52 + oy |
(A26)
992 _ 9g9p2 9Ca2 | 9gp2 9Cp2
0B, 0Ca20BY, 0Cp2 0B,
naYaz(l4r)(naYas+npYp2) nAY npYj dga 998
e[t o oy g 4o )
o+ |
(A27)
992 _ 992 0Ca2 | Ogp2 0Cp2
83%1 9C a2 83%1 9Cp2 aBg1
a[nBYB2(1+T)gL§2YA2+nBYB2) + (nAYA2 + TLBYB2 )(TL gg%z +ng gg%i ):|
: o
(A28)

From (A25)~(A28), dg 42/0BY, = 89p2/0BS, and 8g 42/0BS, = dgps/dB%, hold. From (A25)
and (A26), we obtain Jg;2/ 8Bﬁ as follows:

9942 _ OgB2 _ _ anaYas(1+r)(naYas + npYps) <0, (A29)
8321 8Bgl 2 (nAYAz + nBYBz)z +a(na +np)™ naYz, + ”BYgz) ’
A2 Ca2 Cpa2 A B C%s Chy
0ga2 _ Ogp2 angYpa(l+7)(naYas +ngY¥na) <0
0BG, 0BG, (2 [(naYa: | npYay2 naYi | neYg, '
Bl B1 Cha [( Gaat T 18T Halna +np)(Toztt + T5222)

(A30)
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Fourthly, using (AS), (A6), and (A10), we obtain the following equations:

0942 _ 0942 9Ca2 | Ogaz 9Cp2
0BG, 0Ca20B§, 0Cp20BY,

+(1+7)

a(nAYA2+nBYBQ)(n 9942 | 35'32)

. ABBYS, 0BS,
- nAYAz + npYB2\2 + (@ +r), (A3D)
( Ca2 Chi2 )
77.AYA2 TLBY§ dgaz 99B2
D9z _ D9z OCas | Ogas 9Csy _ U3, + Tom, ) Magpt +neopd)
= = v, Y, )
9B, ~ 0Ca2 0BG, ' 0Cp2 0BG, (np¥az 4 npY¥ezy2
(A32)
”ijz ”BYBz 9ga2 9982
Oapy _ Ogs 0Cay | Oams 9Cp __ “UcR," T e,V Maong Trmong)
a - e c - v, Y, )
0BG, 0Ca20BY, 0Cp20BY, (Haoaz + npb2)?
Ogp2  Ogp2 0Ca2 | Ogp2 0Cp2
0BG,  0Ca2 9B, 9Cp2 dBS + (14
B1 B1
o "z + M) (na S + s S
= _ (néYAz n nBY32 )2 +(1+7). (A34)
A2 BQ

From (A35)—(A38), dgpa/0BG, = (0942/0BG,) — (1 + 1) and dg2/0BS, = (8gp2/0BS,) —
(1 + 7) hold. From (A35)—(A38), we obtain dg;2/ 8Bﬁ as follows:

2 2
(1+T’) [(néYAQ + 77,33;52) +anB(né}:A2 + npYgs )]

0ga2

= >0 (A35)
G v2 v2 )
OBd1  (mgaz 4 mpd2)2 4 a(na +np) ("grt* + "gt2)
2
995> ana(1+7)(3d + M)
= o 0 A36
9B§, (RaYaz 4 npYE2)2 | o(n 4 np)(RAYA2 4 "BYEa ) <0 (A36)
Ca2 Cg2 A B [ cz,
2
0g.12 anp(1+ )"z 4 "2y
= Ch2 <0 (A37)
G 2 5
OBE, (7”51/;‘2 + 7"53/’;2) +a(na +np)(—5 AY“ "3332)
B2
Y ’I’LBY
(14+7)[ (222 4 npYe2)? 4y (3dz + R2352)]
99p2 _ O CBZ > 0. (A38)

G 2
OBE1  (ma¥az 4 npY62)2 4 o(ny +np)( éz;” + ME2)

Appendix B The derivation of (51)

Partially differentiating the budget pooling constraint (42) with respect to ¢;o and Bg, we obtain:
9g;2
Oteg _ M at 2+,
Otia naYaz +npYpo
Y, Yi2\2 +np)Ys Yaz+npY,
Y52 [(né‘Afz + )T+ a(natns) Q(Can A 32)]
- naY, npY] 2 : naY? npY?2 <0,
(naYas +npYpo) [(46/‘1242 4 5352) +ang+np)( 0,2422 + CIZ;;Z )]

(B39)

iv



0gi2 9952
Oty MioBg TMiaBC

BS  maYaz +npYpo

ani(na +np)Yie(l+1)

= - < 0. (B40)
\% Y, Y2 Y2
Ch(mein + =22 + atna + o) (e + 27
From (B39), we have:
Y; g
Ogin ananpYasYpa(gr — gi)
2 P 7
ot; Y2 = naY npY ° naY} npYZ,\’ (B41)
2 (M2 + REER)? +alna +np) (Fert* + =5
nAYA2  "BYRB2 )2
C += ) a(na+np)Y;
Otco anA2YBQ[ "AA}%AZ"'FTLB};?Bz + C, JZ}
U+ )= s oy nAve, v, (B42)
& (M2 + REER)? +alna +np) (Fet* + =5

Substituting (B41) and (B42) into (48), we obtain the following equation:22

2 (Yj_Yi)

onilcy, ~
o — J i .
Gz = ("AYA2+"BYB2)2 Cia. (B43)
Caz Cpa + a(na+np)Y2
naYaz+npYp2 CJ?2

By substituting (B43) into (49) and solving the equation for C;5, we obtain:

CEEEEY ot
Oteo naYazs+npYn2 Ol 0gi2

Cio=28 Y+ (1 +7) - j J - o
oBY an; (G2 — Y2 OB}

oz T 2
Cha Cih

Substituting dg;2/ aBg obtained from (A25) and (A28), and Ot.2/ 8Bﬁ obtained from (B42) into
(B44), we obtain:

Y Y
("A A2+"B B2)2

Caz Cga + a(na+np)Yjs 9

02 Ny + (14 7) — — a2t oT0 o 09 (UE0YR0h gy

g . A - .

9B C‘mi(% - g”f) OB CRYja—ChYi

2 i2
Therefore, (B44) can be rewritten as follows:
1+7)C%Y; CLYj0 — C%Y;

Cip =8 ( JCir¥;2 Cit & Cig= 202 0278 (B46)

07;22}/}'2 - CJZQY;Q ﬂ(l + T)Ci1Y32 ’

22The condition G2 = aCjs does not necessarily hold. When szYjQ — C?2Yi2 < 0 and C;2 > 0 hold, G;2 must be
negative.
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