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1 Supplementary Note 1: Minimal tri-stable phase field

Three locally stable scalar phases separated by barriers require at least five ordered stationary points.
Hence a polynomial derivative must have degree at least five and the potential degree at least six. A
convenient normalized representative is

4
Wo(x) = §X6 =3t + 22, (S1)

with a linear unfolding W (x; H) = Wy(x) — Hx. At zero bias, x = 0 is the global minimum, y = +1
are metastable minima and x = #1/4/2 are barriers. Stationary points satisfy

8% —12x* + 4y — H = 0. (S2)
Numerically the positive coexistence point is
Hegex = 0.341688495018, (S3)

where the central and positive minima have equal free energy and the equilibrium order parameter
jumps from 0.087415890295 to 1.035423691165. The central spinodal is H = 0.928501997833, while
the positive daughter branch persists under reverse bias to H = —0.435940. These constants
are reproduced by analysis_phase.py. The numerical coefficients are a normalization; only the
tri-stable catastrophe structure is used in the main argument.

2 Supplementary Note 2: Exact spherical regional-state identities

For an Einstein—de Sitter spherical overdensity,

R = A(1 —cos#), t = B(f —sin#), (S4)
with
pra 9 (6 — sin)? (S5)
pbg 2 (1 —cosf)?’
o 40t 8
The regional coordinate of the main text therefore satisfies
Yover = Ho/Hyg = cos(0/2). (S7)
Vpa/pg
For a spherical underdensity,
R = A(coshn —1), t = B(sinhn —7), (S8)



and

9 (sinhn — n)?
po _ 9 (sinhp 'n)37 (89)
pbg 2 (coshn —1)
Hq :g(sinhn—n)sthn’ ($10)
Hy,, 2 (coshn—1)
so that
Yyoia = cosh(n/2). (S11)
The linearly extrapolated underdensity is
373 2/3
o = —x [4(smh77 - 77)] . (S12)
Matter—curvature equality is T = v/2, hence n = 2arcosh v/2, and yields
01« = —0.516745404162, pa/pog = 0.638816488503. (S13)

Mature spherical void shell crossing at 67, = —2.717 instead gives T ~ 2.94672 and p/p ~ 0.205.

3 Supplementary Note 3: First-passage and power-spectrum timing
audit

The provisional phase-conversion bookkeeping uses a Brownian excursion between a positive collapse
barrier . = 1.686 and a negative V-phase barrier §,. Following the standard two-barrier void
bookkeeping [2, 3], for shifted coordinate 0 < y < L, the absorbing heat kernel is

2 . nmYyg . NTY n2nir
p(y, ) = anz:lsm 7 S exXp |~ | (S14)
Boundary fluxes give the cumulative first-passage fractions. The shell-crossing choice §, = —2.717
requires
712 = 2.940769839691 (S15)

for the chosen half-volume Eulerian landmark. With Planck-like og = 0.811 and standard transfer
shapes, the variance on Ry, ~ 9 — 11 A~ 'Mpc is much smaller, so this selector is excluded as a viable
abundance mechanism within the stated prototype. Replacing the late barrier by matter—curvature
equality gives

712 = 0.358216707503, (S16)

which lies in the variance range of large-void Lagrangian scales. This is an external consistency
audit, not a self-consistent background solution.

4 Supplementary Note 4: Basin antichain and history-dependent
occupation

Let 7 be a laminar watershed or merge-tree hierarchy [4]. A set of eligible nodes E C T is reduced
to its maximal elements under inclusion,

V = max E. (S17)

Proposition 1. V is an antichain.



If two selected nodes were nested, the smaller would have an eligible strict ancestor and would not be
maximal, a contradiction. Thus the active union can be represented without nested double counting.

For first-order hysteresis the instantaneous eligibility and actual phase occupation are distinct.
In the strongest absorbing limit,

AV (thrl) = -AV(tn) U gV(thrl)v (818>

followed by maximal-node reduction. A deterministic hierarchy stress test in analysis_basin_
dynamics.py produces fewer state switches than an instantaneous classifier and a monotone active-
union filling fraction, as expected.

5 Supplementary Note 5: Conversion sign and interface coarsening

If a V phase with fixed internal energy density ey, > 0 irreversibly occupies a monotonically increasing
fraction ¢y (a), then py = ey¢y. Re-expressing the total dark sector as conserved dust plus a
residual component gives
_ d’¢v(a) 1
3 [y a?ov(a)da’ = 7
where the inequality follows from monotonicity of ¢y. Thus irreversible bulk filling with negligible
interfaces cannot generate present-day w > —1.
Positive interface energy changes the conclusion. Let

Sy, — Az/v, LE = 3¢V/SE, 62 = 0'2/5{/. (820)

(S19)

wres(a) =

Then
pviy =evoy (14 30s/Ly). (S21)

Differentiating the conservation equation gives the exact condition

dln Ly, Ly \ dln oy
dlna <1+3€g> dlna

Wapp > —1

(S22)

Coarsening can therefore move the effective residual from phantom-like back through —1 without
assigning an intrinsic w(a) to the bulk phase.

6 Supplementary Note 6: Diffuse-interface and thin-wall constants

For the phase-field functional
_ K 2 ) 3
F= [ (519 + W = Woin)] &%z, (523)

the planar coexistence wall obeys

LX) = EW = Wani). (524)

Numerical quadrature for the normalized sextic gives
oy, = 0.396830116706+/ k&, dy1o—90 = 1.693129938128+/k/&. (S25)

Writing &y = \/k/&p, a thin-wall daughter domain with bulk advantage A f has

_ 20y

RC_Tf‘

(S26)

If the dimensionless bulk free-energy difference is matched linearly to Hamiltonian imbalance,

Awy = fp(I' - 1), (527)



then R 20, 20, ¢
-C _ 707 oo (R) = 1+ 070‘
&% pr(I—1) grow (1) Br R

The relation reduces an arbitrary bias function to a normalization and a correlation length, but
neither is derived microscopically.

(S28)

7 Supplementary Note 7: Proof of the geometric active-charge
theorem

Let @, be the baryonic potential, Sy a closed equipotential leaf, and ¢ = f(®;). With o = f'(¢),
V| = agp. Define

I(¢) = / gdA = 47GM,,  I(¢) = / gidA. (S29)
Sg Sg
The coarea formula reduces
= —— I —_— .
L= e [ atRdo+ [ 07 a0 (530)

The Euler-Lagrange equation is

d 12062 de
— = . S31
do (47rGaE> d¢ (S31)
Regularity at the innermost leaf sets the integration constant to zero, so
Lo = AnGagM,. (S32)
The emergent active charge is
1
= —— dA = aM,. S33
Q=g [, IVvldA = adt (533)
Hence 5
4 M
QE — %' (S34)
I
With M4 = agA/(47G) and
S ) (S35)
AL, (gi)s’
one obtains
Q2 = nsMyM . (S36)

Cauchy-Schwarz gives I? < Aly, therefore 0 < ng < 1, with equality for constant g, on the leaf.

8 Supplementary Note 8: Three-dimensional synthetic basin stress
test

This test is deliberately constructed as an obstruction rather than as an N-body surrogate. Four
periodic Gaussian fields are generated in a 256 h~!Mpc box on an 80% grid, with power shape
P(k) o kY965T2(k), normalized so that a top-hat at 8 »"!Mpc has rms 0.811. Each field is
smoothed at 4 h~'Mpc, then segmented into non-spherical watershed basins. Marker persistence is
varied over 0, 0.05, 0.10 and 0.20 times the smoothed-field rms.

For each basin, the voxel volume defines R.g, and the regional mean linear underdensity is
mapped through the exact spherical-void relation to I'. The conditional finite-size criterion uses
& = 3.12938 h~'Mpc and fr = 1. Across the four seeds, the zero-persistence fraction satisfying
I' > 1is 3.14% — 5.35%, while the stricter finite-size-active fraction is only 1.70% — 2.94%. Across



all persistence settings, the latter spans 0.67% — 2.94%. Thus a single-scale instantaneous Gaussian
watershed does not generate a volume-dominant V phase. The result specifically motivates nonlinear
basin evolution, hierarchy /history or a different coarse-graining rule.

All numbers above are reproduced by analysis_synthetic_3d_basins.py; the power normal-
ization is verified to machine precision for each seed.

9 Supplementary Note 9: History-dependent Zel’dovich basin
stress test

The static Gaussian watershed test in Supplementary Note 8 contains no dynamical history. We
therefore perform a second, still deliberately limited, three-dimensional test in which the watershed
basins are defined in Lagrangian space and followed through a Zel’dovich deformation. The purpose
is to determine whether the minimal quasi-linear history missing from the static test is already
sufficient to generate a large V-phase filling fraction.

The linearly extrapolated smoothed density field obeys V2® = 67, and the mapping is

x(q,D) = q— DVe(q). (S37)
If \; are the local eigenvalues of the Hessian of ®, the deformation Jacobian is

J=]]-Dx). (S38)

2

For a fixed Lagrangian basin with initial coordinate volume V7, its Eulerian coordinate volume and
regional density are

Vi(D) = / Jdg, 2T (S39)
Q

Pbg B VE'
In the Einstein—de Sitter timing convention, D = a, differentiation of the physical basin volume
a®Vg gives

HEe . D dve

14— S40
Hyg 3Vg dD (540)

These two quantities determine YT and hence I'g = T% — 1 without mapping the mean basin density
through a spherical model. First shell crossing is identified by DApax > 1. The strict V-phase test
requires the full Lagrangian basin to remain pre-shell-crossing, to have positive regional expansion,
and to satisfy the same conditional finite-size inequality used in the main text. We also report
a kinematic upper envelope in which the basin-wide single-stream requirement is dropped; this
deliberately estimates how much of the low abundance can be blamed on the strict shell-crossing cut.

Four fixed Gaussian realizations and three watershed persistence choices are followed at D =
0.25,0.50,0.75,1.00. The Fourier Hessian trace reproduces the smoothed density field with maximum
error 1.78 x 10715, and the periodic Zel’dovich volume closes to unity within 4.8 x 1076 over the
frozen grid. At D = 1, the strict instantaneous finite-size-active Eulerian fraction spans

0.002614 < ¢y inst < 0.038907. (541)
If activation is treated as absorbing along each fixed basin history, the final range is

0.007302 < ¢y nisy < 0.048485. (S42)
The kinematic upper envelope, which ignores the basin-wide single-stream condition, remains only

0.014988 < ¢y kin < 0.087218. (S43)

Thus the low filling fraction is not solely a consequence of the strict single-stream criterion. Minimal
quasi-linear history raises the active fraction but still fails to produce a volume-dominant V phase.
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Figure S1: History-dependent Zel’dovich stress test. Bands show the extrema across the frozen
seed /persistence grid. The absorbing history lies above the strict instantaneous classifier but remains
far below a volume-dominant expanding phase. The kinematic upper envelope remains below 9% at
D=1.

This calculation should not be read as an N-body void catalogue. The Zel’dovich approximation is
valuable precisely because it captures the onset of anisotropic deformation, caustics and multistream
structure while remaining analytically transparent, but it does not describe the full nonlinear
hierarchy and merger dynamics of the late cosmic web. Published N-body watershed studies track
long-lived void identities, annexed subvoids and merger histories that are absent from the present
fixed-Lagrangian-basin construction. The negative result therefore narrows the next calculation to
nonlinear basin hierarchy and history rather than validating or excluding the broader regional-phase
hypothesis.

All values are reproduced by analysis_zeldovich basin history.py.

10 Supplementary Note 10: SPARC diagnostic details

The galaxy consistency check uses the public SPARC radial-acceleration table [7, 8] with 2,693 points
from 175 disk galaxies. The spherical finite-amplitude relation is

1
9=5 (gb +1/g2 + 4aEgb> - (S44)

Only ap is optimized. Quoted uncertainty in both logarithmic axes is propagated approximately as

010g1( gmod 1)2
2 2 10 ode 2
o =02, + | 2T ) o2 S45
v < dlogyg gp ’ (545)
The deterministic result is

ap = 1.097458984856508 x 10719 ms™2,  x?/dof = 1.610215393925522, (S46)

with raw rms 0.132909757608 dex. This does not refit distance, inclination or stellar mass-to-light
ratios and is not a model-selection likelihood.



11 Supplementary Methods: Reproducibility inventory

The GitHub-ready release contains deterministic scripts for the phase potential, spherical regional
state, first-passage fractions, power-spectrum clock, curvature selector, basin-antichain logic, conver-
sion sign theorem, history-dependent basin occupation, interface coarsening, diffuse-wall constants,
thin-wall fronts, Hamiltonian-bias matching, galaxy diagnostic, three-dimensional synthetic basin
test and history-dependent Zel’dovich basin test. Regression tests freeze all numerical constants
used in the manuscript. The reproducibility package for this submission is designated GitHub re-
lease v1.2.0 (https://github.com/Wujijiandao/ainstein-regional-dark-phases/releases/
tag/v1.2.0) and is archived under the stable project DOI https://doi.org/10.5281/zenodo.
22042564. The public GitHub-safe archive fetches SPARC data from the source rather than re-
distributing the third-party table; the self-contained archival package can be supplied privately to
editors and referees if required.
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