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Supplementary Note 1. Payoff calculations between pure memory-one
strategies in alternating stochastic games

In this section, we introduce the method for calculating the payoff relationships among pure memory-
one strategies in repeated alternating games. Let us first consider a single-state game with a 4 X 4 meta-
Markov matrix @, which tracks transitions among the four joint action outcomes A = {CC,CD,DC,DD}:
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When there is a small implementation error € — 0 between strategies, the meta-Markov matrix Q is
regular and there exists a unique stationary distribution [1, 2]. Hence, the perturbed matrix Q¢ can be
expanded as:

Q:=QY +eQ, (S1)

where Q¥ is the unperturbed transition matrix and Q" is the first-order correction matrix. Similarly,
the unique stationary distribution u, is expressed as:

Ue = u(o) + Su(1>, (52)

where u(%)

is a stationary distribution of the unperturbed matrix satisfying ©(©Q© = »©, and u) is
the first-order correction vector. Substituting Egs. (S1) and (S2) into the stationary condition uQ: = u,

and neglecting the higher-order terms &'(£?), we obtain the perturbation equation as follows:
w0QW +4MQO) = ). (S3)

As € — 0, the unique stationary distribution of the perturbed system converges to a convex combi-
nation of the invariant distributions of the unperturbed absorbing classes:

Ue 50 = Zajup (S4)
J

where wu ; are the stationary distributions of the absorbing classes of QY. and o ; are their corresponding
weights derived by solving Eq. (§3). Crucially, the weights o; derived for the single-state repeated
games are also preserved in the two-state stochastic games. Hence, the global stationary distribution
ve_y0 Of the entire 8 x 8 matrix M is obtained by constructing a linear combination of the invariant
distributions of the unperturbed absorbing classes in the full state space, using the same weights «;.
For example, when both players adopt the TFT strategy, the perturbation analysis on the 4 x 4
reduced space yields o = 1/2 for the absorbing class of mutual cooperation u; = (1,0,0,0) and
op = 1/2 for that of mutual defection u, = (0,0,0,1). To simplify the notation, we denote z =
(z1,22,23,24) corresponds to z = (zcc,zcp,2pc,2pp). By assigning these weights to the correspond-
ing unperturbed invariant distributions in the eight-dimensional space of the two-state stochastic game,
v = (21,0,0,0,1 —z1,0,0,0) and v, = (0,0,0,24,0,0,0, 1 — z4), we obtain the unique global stationary
distribution as:
21 u 1-z 1—z4
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To accurately calculate the expected payoffs consistent with the random role assignment described in the
main text, we evaluate the focal player’s outcomes in both the first-mover and second-mover positions.
When the focal TFT acts as the first player (X), its payoff is computed according to Eq. (5) in the main

text:

Ab+by —
("7, q"T) =ve o EX = 2 _; . (S6)

Similarly, when acting as the second player (Y), its payoff is giving by:
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Therefore, the effective expected payoff is then determined by their weighted average according to
Eq. (5) in the main text:

n(p" T, g =S¥+ oAt =

2 2 2 (58)

Following this averaging framework for both players, we calculate the effective expected payoff rela-

tionships among the sixteen pure memory-one strategies in alternating stochastic games, as presented in
Supplementary Tables S1 and S2.

Supplementary Note 2. Analytical verification of strategy equilibria
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Figure S1: Payoff relationships against random memory-one strategies in alternating stochastic
games. The environmental difference in (a) Ab = 0.2, (b) Ab = 0.8, (c) Ab = 1.6. The black line bounds
the entire feasible region of payoffs. The gray, blue, and orange regions represent the possible payoff
pairs for the co-player Y employing any memory-one strategy while player X adopts AllD, FBF and
AlIC, respectively. The corresponding colored dots indicate the payoffs when both players adopt the
same strategy. Other parameters: b, = 1.2, c =1, € =0.001, and z = (1,0,0,0).

To verify the theoretical equilibrium conditions established in the main text, Fig. S1 explores the
payoff boundaries of the specific strategies when a focal player X adopts a specific strategy against an
opponent ¥ employing random memory-one strategies for three different stages of Ab discussed in the
main text.

Since no unilateral deviation by player Y can yield a payoff exceeding that of mutual defection, AlID
is always a Nash equilibrium. As shown in Fig. S1, the highest gray dots denote the mutual defection

payoff, while the lower gray areas confirm that any alternative strategy yields a lower payoff against



€ v I S 9 a— 14 14 2— o— Slg
2e—tq+qv' —4r+qv(2+2) 2p—q+qv(¥2+%2) —4qg+qv(e2+%2) op—tqrtqv(E+2)
€ 14 s J— £ _ 14 9 g— £ Vlg
—Tqt+qy 1z —qt+qv(E2+@2) op—qgtqy(E2+2) Eré —Tq7+Hqv(©2+2) op—T1qg+qv(2+12) ¢
€ € 0] € J_ 14 14 9 o_ €lg
26=4q+qv'2 —qz+qv(2+2) 28—1q9+qv(E2+22)¢ T—%q+qve —4qr+qv($2+%2) 2p—Tqz+qv(B2+2)
9 8 14 4 4 8 8 i4 <_ g
26-tq+qviz —2q9+qv(E2+22)¢ 77— YT +qv(e2+22) 2=V 29—Tqrtqv(2+22) op—Tqpt+qv (Tt 2+12) op—Tqrtqv(2+T2) —fqtqvrz 0
€ 4 9 T T_ ¥ 9 14 < 1g
—Tq+qv 1z IN&N+&<A¢N+NNV uvlm&w+&<ﬁvw+mwv 2—Cq+qyez 2 IN&N+&<?N+NNV INQN.TQQ?N.TSV —qztqy(r2+2) 2
€ i4 T v N A 01
2—4q+qvT —4qz+qv(2+2) 0 o—4q+qva 0 274 tqv(P2+22) 0 st=tqzravimry 07F
s 4 8 g+ qvez 01 3 9 9 _ 6g
2E—qHqvTz tqztqv(e2+2) —lqptqv(r+e2g+e) —%qr+qv(©2+%2) op—Tqp+qv(Tze+2+2) op—tqrtqv(+£2) or-tqrqv(z+e) 0
S AR 9 4 € 9 < < 8
0 tqztqv(e2+2) tqzqv(2+2) ATV iy ‘atqvrz 0 arqvz 0%
o— o— o— 14 14 . — o— Ls
§+§S+§+E §+2§+§+E 9T—%qr+qv(2+£2) 07—tqr+qv(T2+£2)
m| 29— £ _ 8 0 g— Z_ 9g
2 Sii 2+QT+12) §+§ 240t 12) T op=Tqptqv (Tt e+a) 2
P T 4 4 9 ¥ v 9 . Sg
tqztqv(e2+2) QqzHqv(2+@2) o7—qr+qv(2+2) op—Tqr+qv(©2+2) 9T—%qr+qv(¥2+£2) 07—tqr+qv(v2+£2)
£_ C € € 9 C 0 € £ g
2 tqztqv(e2+2) tqrtqv(e2+2) 2= Hqvig og—tqrtqv(B2+22) q+qv72 o-tq+qvz 9
T_ C 8 z T 8 v v [
2 2=2q+qV72 op—Tqptqy(T2+E2+ T2+ 12) 2—lq+qyz 2 2p—Cqp+qv(tag+2+2) og—tqgtqv(2+€2) og—tqrtqy(tz+iz) 2
v < v ___r z
0 2T—tqr+qv (1) 0 2=tqtqve 0 oT—tqr+qv (1) 0 St—zravierey 0 F
T_ T 4 C 9 ¥ v 9 T g
? Gqrtqv(2+22) Gqrtqv(2+2)  Wqrrqv(2+2) o7t (2+2) T4 +qv(+2) ot—Yrtqv(+€) or-trtqv(+e) 9
0 C 4 C 9 C 0 C 0 Os
Wqr+qv(2+22) Gqr+qv(2+2) Gqrtqv(e+) LqrHqv(e+2) q+qvz q+qv
8s Lg 9¢ Ss Vs €S s Is Og

"SI0II9 YIIM Qwes o1seydols Juneurdle jo xuew jgoked ayp, (1S 9qe],



€ 4 4
92— NOITQQHN J— NQIT&Q-N o6—<qzqvizg 27—2Cq+qvz J— NQl_l&q_N J— N&ITANQ—N 07—q+qyz sls
_z I -z T S — S R— - I . — S T—
2= qtaqviz 2—%q+qv'z 26— +qvizg 26—tqe+qvizg A A 9T—tqe+qvize Setq v
9 9 9 cl -z I -z I S S
—8q9+qv(2+2+12p) op—299+qv(S2+E+12y) op—lqp+qv(B2+2+127) 201-%q9+qv(E2+2+12p) T EaviE 2=t avE SeTqtqvE Y
14 9 9 8 14 C 14 g
—Tqpt+qv(e2++ig)  og—lqstqv(Brtizg)  2e-1q5tHqv(Le+12g)  op—Tgptqv(E2+ia+iz) —%qe+qv(¥2+127) 2—Lq+qviz 2T—Yqr+qv(vz+12)
2—tq+qviz 2—tq+qv'z 2—tq+qviz ST 2 —+qvz 0-tqtqyiz 2—tq+qviz s
€ 4 4
2—tq+qviz KT AT v 2—-tq+qviz TGV 2—tq+qv'z TGV 2—tq+qy'z Ols
v 9 € 8 _z 1 _z I 8 6
—tayHqv(e2+C2+127) op—2q9+qv(2+0+12y)  o—Te+qv(B+T+12)  op—Tqptqv(f2+i2+12g) DTt viE 2= qviE “Trtav(Er iy
€ 9 € 9 € € S 8¢
I—-tqe+qv(B2+2+12) or-Yqpqv(2+a+12g)  o-tqeqv(B+a+12)  o—Tqe+qv(f+T2+12) 0—qz+qv(2+12) 2—ta+qv iz 2—qg+qv (P2 +12)
12 v 9 8 v 12 g Lg
—tqyHqv(2+C2+127) oT—Yqptqv(2+0+127) op—tqpHqv(B2+T+127)  29—Cqp+qv(f2+T2+12g) —%qe+qv(2+£2) 07—tqr+qv(v2+£2)
12 S S 8 9 0 8 9
—qp+qv(22+2+127) o7-Up+qv(2+2+127) 26— Yqp+qv(2+2+127)  op—tqpHqv(2+2+127)  9T—tqp+qv (2Tt +12) oy—Tqp+qv(P2gt+e2+12)
__ T 4 9 14 14 14 o— Ss
Gqrqv(e2+22) Gqrqv(2+2)  or-Yptqv(2+2)g 0T tqv(2+2) 9T—qr+qv(¥2+£2) 07—tqr+qv(vz+£2)

T € T 4| 4 0 s b

“qetqv(tz+22) Sqetqv(e+e) Gqr+qv(2+2) 0T—849+qv(©2+2)¢ ‘atqvr =TV
v 14 12 8 ¢

Nﬁiﬂstfr 127) 97-Yp+qv(2+a+1g) 0 Nﬁiﬂstfr 12) Nﬁii 242+127) 9T—qe+qv(¥2+52) 07—-tqrHqv(2+£2) op—Yqpt+qv (P2t 12)
€ 9 0 9 s

Nﬁiﬂ e240+127) 0-Tqz+qv(2+12) 0 Nﬁii 2402+ 127) Nﬁii 2+a+12g) 97— qptqv (gt 12) 9Ty +qv(*2g 2+ 12)

4 4 4 v v 12 9 Ig
‘qzqv(e2+22) qr+qv(©2+) qz+qv(2+2) 2—Tqz+qv(2+22) 9T—qr+qv(*2+£2) oT—tqr+qv(2+22) 9Tt +qv(2+2)
T £ A S S— T 0 e S
tqztqv(e2+2) Wqz+qv(e2+2) tqztqv(2+2) tqztqv(e2+2) ‘q+qvrz ‘atqvr

Slg vig ¢lg Clg Ilg Olg 6s

"SI0II9 YIIM Qwes o1seydols Juneurdle jo xuew jgoked oy, 7S 9qe],



AllD.

Conversely, according to the conditions in Egs. (1) and (2) of the main text, the cooperative strategies
FBF and AlIC may become Nash equilibria, depending on the environmental difference Ab. If Ab is too
low to satisfy the condition in Eq. (1), the blue area in Fig. S1(a) demonstrates that FBF does not
constitute a Nash equilibrium. Specifically, an opponent Y adopting other strategies like AlID achieves a
higher payoff than the mutual FBF, leaving the resident FBF population vulnerable to invasion. As Ab
increases to satisfy Eq. (1), Figs. S1(b) and (c) reveal that mutual FBF interactions yield payoffs greater
than or equal to those of any deviating strategy, which confirm that FBF can resist invasion by defective
strategies and maintain cooperation in the population.

Furthermore, the orange dot (b; — c¢,b; — ¢) in Fig. S1 represents the payoff of mutual AlIC in the
good state. Nevertheless, the orange area above this dot in Figs. S1 (a) and (b) indicates that when Ab
is small and Eq. (2) is not met, AlIC is susceptible to exploitation by defectors. Once the condition in
Eq. (2) is satisfied, Fig. S1(c) confirms that no unilateral deviation by an opponent can improve their
payoff against AlIC, thereby sealing the population against invasion by defective strategies.

Supplementary Note 3. Impact of decision sequence on evolutionary dy-
namics in stochastic games.
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Figure S2: Comparison of cooperation rates under alternating and simultaneous interactions
with rare mutations. The average population cooperation rate F¢ as a function of the environmen-
tal difference Ab, where we compare two-state stochastic games with traditional single-state repeated
games under both alternating (A) and simultaneous (S) mechanisms. Specifically, 24 = (1,0,0,0)
and 25 = (1,0,0) denote the alternating and simultaneous stochastic games, respectively. Similarly,

=(1,1,1,1) and 2% = (1,1,1) represent the corresponding single-state repeated games in good en-
vironment of b = b, + Ab. Parameters: b, =1.2,c=1, =1, N = 100.

Previous studies have explored how decision-making sequences impact cooperation [3, 4]. It is
shown from Fig. S2 that, in traditional single-state repeated games, simultaneous interactions promote
cooperation more effectively than alternating ones. This is because simultaneous decisions allow for the



emergence of an evolutionarily stable strategy (ESS) under the help of WSLS when b > 2¢ [4]. However,
in single-state alternating repeated games, no strategy is strictly stable. When FBF is the resident,
it is neutrally stable against ACUD and AlIC. Furthermore, these two strategies open an evolutionary
backdoor for defective strategies like Al/lID and Grim, thereby suppressing the population cooperation
rate. To determine whether this established paradigm holds when environmental feedback is introduced,
this section investigates the evolutionary dynamics of simultaneous versus alternating interactions in
two-state stochastic games.

Since players take actions simultaneously based on the same information, the environmental tran-
sition no longer distinguishes the sequence of actions (i.e., CD and DC are symmetric). Therefore, we
adopt a three-dimensional transition rule z5 = (z2,71,20), where Zn Tepresents the probability of tran-
sitioning to the good environment given n¢ € {0,1,2} cooperators in the current round. The sequence
in decision-making alters how players utilize historical information, which in turn reshapes their actions
and environmental state. As illustrated in Fig. S3, consider the interaction between a player X adopting
TFT strategy and the co-player Y employing WSLS under the transition rule 25 = (1,0,0). Initially, both
players begin in the good state. If X chooses C and Y selects D in the first round, they will switch to the
bad environment (B) in the second round. Then X with TFT will defect based on Y’s previous D, while
Y with WSLS will also defect due to the previous CD outcomes. This simultaneous reaction traps them
into a cycle among CD, DD, and DC in the bad environmental state, leading to a low long-term payoff,
which is different from alternating interactions (Fig. 2(b) in the main text).

1_21 \

Player X | /C C D C D D

Player Y D C D D C

Figure S3: Illustration of simultaneous interactions in stochastic games. The environmental state
transitions are governed by the rule 25 = (1,0,0). A player X adopts the TFT strategy, while co-player
Y employs WSLS. Initially, both players begin in the good state and randomly choose to either cooperate
or defect.

Assuming that two players adopt strategies p and g, the interactions between the environmental state
and the actions of players form a Markov chain M3, We alsodefinep=1—p,G=1—q,and 2=1—z.
The Markov matrix My for simultaneous stochastic games is given by:

pccqceczz pccdcecz2  PecqcecZe pecqeczz pecqccZz  PecqcecZz  PecqccZz Pecdcci:
pcpgpczi pepgpcii pepqpcZi Pepgpcii pepqpcil  pepqpcZl Pepqpcit Pepdpcll
pPpcqcpzi Ppcdcepzi Ppcqgcepil  Ppcqcepil  PpcqcepZl Ppcqcepil PpeqcpiZl Ppedcepzi
MS — | PPp4pD0 Pppgdpp20 PppgpDZ0  PDDGDDZ0  PDDYDDZ0  PDDYDDZ0  PDDYDDZ0  PDDIDDZ0
bccqccz2  pccqdcci2 Pccqcci2  pPccqccz2 pPccqcci2  pccqdcci2  pccqcci2  pccqcci2
pcpgpczi pepgpcii Pepqpcii Pepdpcii PepqpcZi - PepdpcZl PepqpcZl Pepdpell
Ppcqcpzl  Ppcdcpzi Ppcqcpzi PpcdepZi - PpcqdcpZl - PpcqepZl PpcqcepZl Ppcdcpi

| PDD4DDZ0  PDDGDDZ0  PPDYDDZ0  PpDYDDZ0  PpDYDDZ0  PpDYDDZ0  PpDYDDZ0  PDDYDD |
(89)




Taking into account a small error rate € in the execution of the strategy, we obtain the expected payoffs
by calculating the stationary distribution of the matrix M. Then we focus on the evolutionary dynamics
of memory-one strategies both alternating and simultaneous stochastic games.

Figure S2 compares the population cooperation rates F¢ across these two interaction mechanisms.
Interestingly, introducing stochastic environmental feedback alters the paradigm, yielding a crossover
advantage in promoting cooperation that depends on the environmental difference Ab. When Ab is
small, alternating stochastic games yield higher cooperation rates than simultaneous ones. To reveal
the underlying mechanism, we calculate the stationary abundance distributions of key strategies, as
shown in Fig. S4(a). Although A/ID persists in alternating interactions, the total abundance of defective
strategies (AlID and Grim) is markedly suppressed compared to the simultaneous case. Conversely,
alternating interactions enrich the abundance of TFT and FBF'. This advantage stems from the underlying
dominance relationships. In alternating stochastic games, when AlID is the resident strategy, on the
one hand, it is rapidly invaded by TFT since the latter dominates former according to the main text.
On the other hand, it will be invaded by eTFT and Grim via neutral drift. More importantly, TFT
strictly dominates Grim provided zccAb 4 by — ¢ > 0 according to the Tables S1 and S2. This strict
dominance provides a greater transition probability from Grim to TFT, thus increasing the abundance of
TFT. Consequently, TFT acts as a catalyst and enhances a high transition probability to FBF, allowing a
high abundance of FBF although it can be invaded by defective strategies, and then the population has a
certain cooperation rate. In contrast, under simultaneous stochastic games, TFT only weakly dominates
AlID and Grim. This weaker advantage reduces the transition probability to TFT, making it difficult to
reach more generous strategies like WSLS. Furthermore, WSLS is susceptible to be invaded by AllD and
Grim again. As a result, these defective strategies dominate in the population, trapping the population
in a low cooperation rate.
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Figure S4: Comparison of strategy abundances between alternating (z* = (1,0,0,0)) and simulta-
neous stochastic games (25 = (1,0,0). (a) Ab = 0.4; (b) Ab = 0.8; (c) Ab = 1.8. “Others" represents
the abundance of the remaining eight memory-one strategies within the strategy space P. Parameters:
by=12,c=1,=1,N=100.

As Ab increases to an intermediate range (Ab > 0.4 when b, = 1.2 and ¢ = 1), both FBF and WSLS
emerge as equilibrium strategies in alternating and simultaneous stochastic games, respectively. How-
ever, their evolutionary stability differs. In alternating interactions, the neutral drift among FBF, ACUD
and A/IC persists as an evolutionary loophole. Since ACUD and AlIC are not yet Nash equilibria at
this stage, they remain susceptible to invasion by defective strategies like AlID and Grim, as shown in
Fig. S4(b). In contrast, within simultaneous stochastic games, once WSLS becomes the resident strat-
egy under the condition Eq. (1) in the main text, it resists invasions from other strategies [5]. Conse-
quently, simultaneous stochastic games become more effective at stabilizing cooperation than alternating



ones Fig. S2.

When Ab is sufficiently large (Ab > 1.0 when b, = 1.2 and ¢ = 1), both alternating and simultaneous
interactions in stochastic games achieve almost full cooperation (Fig. S2). In the alternating case, once
Eqg. (2) in the main text is satisfied, both ACUD and AlIC can resist invasions from defective strategies.
Consequently, Fig. S4(c) shows that FBF, ACUD, and AlIC form a robust multi-strategy cooperative
alliance, driving the population to high cooperation. In contrast, WSLS dominates the population and
maintains cooperation in simultaneous stochastic games.

In summary, whether alternating or simultaneous interactions is superior in promoting cooperation
depends on the environmental feedback and environmental difference. Since alternating and simultane-
ous mechanisms provide different historical information during the decision-making process of players,
the payoff relationship between strategies is reshaped. This sequence interaction ultimately drives the
population toward different evolutionary pathways under the distinguishing influence of key cooperative
strategies (FBF versus WSLS).
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