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Abstract 7 

Gravity inversion is intrinsically non-unique: the recovered density distribution depends not 8 

only on the observations, but also on forward geometry, data uncertainty, regularization, and 9 

prior constraints. This paper presents ALTYN Inversion, a MATLAB-based 2D/2.5D profile 10 

framework that combines finite-strike rectangular-prism forward modeling, topography-11 

consistent X–Z discretization, uncertainty-weighted data fitting, explicit density bounds, 12 

optional regional nuisance estimation, L2 and iteratively reweighted least-squares (IRLS) 13 

regularization, and a projected Newton/active-set preconditioned conjugate-gradient solver. 14 

The framework is examined using three synthetic baseline experiments of increasing 15 

structural complexity and a 171-station gravity profile, approximately 9.23 km long, from the 16 

Dieng geothermal area in Indonesia. The synthetic tests recover the dominant anomaly 17 

polarity and approximate lateral position of simple targets, but depth smearing and loss of 18 

structural fidelity increase as the source geometry becomes more complex. In the most 19 

demanding benchmark, an uncertainty-consistent WRMS is obtained despite substantial 20 

model-space error, showing that a good gravity fit does not guarantee correct source 21 

geometry. For the field profile, both L2 and IRLS satisfy the adopted discrepancy criterion 22 

but select noticeably different density textures. L2 produces smoother, more distributed 23 

contrasts, whereas the chosen IRLS configuration sharpens vertical transitions. Features 24 

shared by both solutions are therefore more defensible than detailed boundaries, density 25 

extrema, or deep continuations. Quantitative robustness to observational-noise level, strike-26 

length choice, and mesh resolution is not claimed from the present runs. ALTYN is best 27 

viewed as a transparent framework for constructing and comparing geophysically admissible 28 

density models under explicit assumptions rather than as a unique reconstruction of 29 

subsurface geology. 30 

 31 
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1. Introduction 35 

The gravity method is capable of detecting subsurface mass heterogeneity and is therefore 36 

widely used to investigate density variations associated with sedimentary basins, lithological 37 

contacts, intrusive bodies, mineral systems, volcanic structures, geothermal environments, and 38 

crustal architecture. However, the interpretation of gravity measurements remains subject to 39 

several challenges, one of the most important being the modeling stage. The inverse problem 40 

is fundamentally ill-posed because substantially different density distributions can produce 41 

identical or nearly identical gravity fields at the observation surface (Al-Chalabi, 1971; 42 

Boulanger & Chouteau, 2001; Li & Oldenburg, 1998; Uieda & Barbosa, 2016). Consequently, 43 

an inversion model should not be interpreted as a unique representation of the actual 44 

subsurface, but rather as one geophysically admissible model that is consistent with the data 45 

and with the information explicitly incorporated into the inversion. Stable gravity inversion 46 

requires appropriate model parameterization, regularization, data-error weighting, geological 47 

or petrophysical constraints, and numerical strategies capable of controlling the trade-off 48 

between data fit and model complexity. 49 

Various inversion formulations have been developed to address these challenges, and the 50 

resulting density images can depend strongly on the selected parameterization and stabilizing 51 

functional. Continuous cell-based approaches generally estimate density contrasts by 52 

minimizing a weighted data-misfit term together with a quadratic minimum-structure penalty, 53 

producing stable but inherently smooth models. In contrast, compactness and focusing 54 

formulations seek to recover more spatially concentrated anomalous bodies through 55 

minimum-volume, minimum-support, or related stabilizers (Barbosa & Silva, 1994; Guillen & 56 

Menichetti, 1984; Last & Kubik, 1983; Portniaguine & Zhdanov, 1999). Non-smooth and 57 

piecewise-constant models can be obtained using total variation or iterative reweighting 58 

formulations, which are more appropriate when the true geology is characterized by sharp 59 

physical-property contrasts (Bertete-Aguirre et al., 2002; Farquharson, 2008; Vatankhah et al., 60 

2018a). Other formulations employ discrete or binary density states, sensitivity-dependent 61 

weighting, and compactness constraints to reduce ambiguity and near-surface bias 62 

(Ghalehnoee et al., 2017; Krahenbuhl & Li, 2006), whereas randomized matrix 63 

decompositions have been used to improve the computational efficiency of focused inversion 64 

in large model spaces (Vatankhah et al., 2018b) Stochastic and population-based optimization 65 

methods provide alternatives to deterministic local optimization, particularly for nonlinear 66 

geometry estimation and uncertainty assessment (Pallero et al., 2015; Song et al., 2021). More 67 

recent formulations have also explored Lp-norm penalties and structure-based constraints to 68 



3 

enhance compactness or boundary recovery (Liu et al., 2022; Peng & Liu, 2021). These 69 

developments emphasize that data fit alone is insufficient for evaluating an inversion; 70 

smoothness, compactness, model boundaries, depth sensitivity, numerical convergence, and 71 

geological plausibility collectively determine the characteristics and interpretability of the 72 

recovered density distribution. 73 

Another practical issue arises when gravity observations are acquired along a profile 74 

crossing geological structures that can be approximated in cross-section but have a finite, 75 

rather than infinite, extent perpendicular to the profile. Conventional two-dimensional 76 

modeling generally assumes invariance along strike, whereas full three-dimensional inversion 77 

explicitly represents lateral variations at the expense of substantially greater model 78 

dimensionality and computational cost. Analytical gravity expressions for finite-length 79 

sources and rectangular prisms demonstrate that source extent contributes directly to the 80 

forward response and should therefore be represented when the infinite-strike approximation 81 

is inappropriate (Cady, 1980; Nagy et al., 2000). This consideration motivates an intermediate 82 

2.5D formulation, in which the inversion remains parameterized in the X–Z cross-section 83 

while the forward operator accounts for finite strike length. In this context, ALTYN was 84 

developed not to introduce a new standalone regularizer, but to integrate finite-strike prism 85 

physics, topography-consistent active cells, observation-uncertainty weighting, a fixed 86 

reference model, explicit density bounds, directional smallness and smoothness 87 

regularization, L2/IRLS schemes, an optional regional nuisance component, constrained 88 

optimization, and weighted-residual diagnostics within a transparent and reproducible profile-89 

inversion framework. 90 

An important reference for cell-based gravity inversion is the GROWTH software. Its 91 

initial implementation determines anomalous-body geometry through progressive exploration, 92 

in which cells belonging to a three-dimensional prism partition are progressively assigned 93 

predefined positive or negative density contrasts. Candidate additions are evaluated using a 94 

criterion that balances the fit to the gravity data against model size or anomalous mass, while 95 

a regional gravity trend can be adjusted simultaneously (Camacho et al., 2002). The 96 

development of GROWTH2.0 introduced a graphical user interface, increasingly automated 97 

parameter selection, robust treatment of outliers, options for depth-dependent density 98 

variation, and improved handling of the balance between model fit and smoothness (Camacho 99 

et al., 2011). GROWTH3.0 subsequently simplified the operational package and incorporated 100 

automatic determination of density contrast, subhorizontal layered structures, a background 101 

medium with density increasing downward, and updates to both graphical and computational 102 
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procedures (Camacho et al., 2021). GROWTH is therefore a relevant tool for constrained 103 

gravity inversion; however, its model-growth formulation differs fundamentally from the 104 

ALTYN approach. In GROWTH, predefined density contrasts are assigned to progressively 105 

selected cells to construct anomalous-body geometry, whereas ALTYN estimates continuous 106 

density contrasts on a fixed X–Z discretization through explicitly regularized and bounded 107 

numerical optimization. 108 

This study presents ALTYN Inversion as a MATLAB-based 2D/2.5D gravity inversion 109 

framework for recovering continuous density-contrast distributions beneath a gravity profile 110 

using finite-strike rectangular-prism forward modeling (Figure 1). The framework discretizes 111 

the subsurface using a topography-following X–Z mesh and incorporates uncertainty-112 

normalized data fitting, explicit density bounds, a fixed reference density, directional model 113 

regularization, and optional constant or linear regional components. Two regularization 114 

strategies are implemented: conventional L2 regularization as a smooth minimum-structure 115 

model and non-quadratic IRLS to investigate solutions exhibiting different degrees of spatial 116 

segmentation. Model updates are obtained using a projected Newton/active-set preconditioned 117 

conjugate-gradient strategy, allowing density bounds to be enforced within the solution 118 

process rather than imposed afterward. The primary objective is to identify first-order density 119 

features that can be consistently recovered while maintaining transparent control over the 120 

assumptions underlying the inversion. No claim is made regarding quantitative robustness to 121 

perturbations for which dedicated tests have not yet been performed. 122 

 123 

Figure 1. ALTYN Inversion graphical user interface (GUI) used for gravity-data input and 124 

preliminary profile visualization. 125 
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2. ALTYN Inversion Methodology 126 

2.1 Forward gravity formulation 127 

ALTYN Inversion represents the subsurface as a two-dimensional distribution of density 128 

contrast in the vertical X–Z plane, while evaluating the gravity response by accounting for a 129 

finite extent perpendicular to the profile. Let N denote the number of gravity observations and 130 

M the number of active subsurface cells. The observed gravity-anomaly vector is denoted by 131 

dobs ∈ ℝN, whereas the unknown density-contrast model is represented by m ∈ ℝM. For a 132 

prescribed model geometry, the density contribution to the gravity response is linear with 133 

respect to m. ALTYN also allows an optional regional component to be estimated 134 

simultaneously with the density distribution; therefore, the predicted gravity anomaly is 135 

expressed as shown in Equation (1). 136 

dpred = Jm + Bc (1) 

where J ∈ ℝN×M is the finite-strike gravity sensitivity matrix, B is the basis matrix for the 137 

optional regional component, and c contains its nuisance coefficients. The observation model 138 

can then be written as Equation (2). 139 

dobs = Jm + Bc + ε (2) 

where ε represents observational errors and gravity components not captured by the adopted 140 

model. Internally, ALTYN uses meters for horizontal and vertical coordinates, g/cm3 for 141 

density contrast, and mGal for the gravity response. The vertical coordinate is defined as 142 

positive upward, whereas the modeled gravity response is taken as positive downward. 143 

This formulation follows a continuous cell-based gravity inversion approach, in which 144 

density contrast is treated as the inversion parameter on a fixed mesh, as commonly adopted 145 

in minimum-structure gravity inversion (Li & Oldenburg, 1998). This approach should be 146 

distinguished from the GROWTH family of methods. GROWTH progressively assigns 147 

predefined positive or negative density contrasts to selected cells and thereby constructs the 148 

geometry of anomalous bodies through model exploration, whereas ALTYN continuously 149 

estimates the density contrasts of all active cells under explicit regularization and bound 150 

constraints (Camacho et al., 2002). Although both approaches employ cell-based 151 

representations, their inversion parameterizations and optimization strategies are 152 

fundamentally different. 153 

2.2 2.5D finite-strike prism response 154 

The principal physical approach adopted in ALTYN is to represent the geological cross-155 

section using an X–Z inversion mesh, in which each cell has a prescribed finite extent 156 

perpendicular to the profile. Each active cell is treated as a three-dimensional rectangular 157 
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prism formed by symmetrically extruding the X–Z cross-section from 
−Ly2  to +Ly2 , where Ly 158 

denotes the finite strike length. Density may vary from cell to cell within the inversion cross-159 

section but is assumed to remain constant along the strike extent of each prism. This results in 160 

a 2.5D formulation: the unknown model remains two-dimensional, while the gravity forward 161 

operator explicitly accounts for the three-dimensional geometry of finite-length sources. This 162 

formulation avoids the infinite-strike assumption inherent in conventional 2D models without 163 

introducing a fully three-dimensional density parameterization. 164 

For receiver i and active cell j, the sensitivity coefficient is calculated from the analytical 165 

vertical gravitational attraction of a rectangular prism. Under the ALTYN coordinate 166 

convention, this coefficient can be expressed as Equation (3). 167 ܬ௜௝ = 108ܩ ∑ ∑ ∑ (−1)௉+௤+௥ݔ)ܨ௉2௥=12௤=12௉=1 , ௤ݕ ,  ௥), (3)ݖ

with 168 ݔ)ܨ, ,ݕ (ݖ = ݔ ln(ݕ + ܴ) + ݕ ln(ݔ + ܴ) − ݖ tan−1 (௫௬௭ோ), (4) 

and 169 

R = √(x² + y² + z²) (5) 

Here ݔ௉ and ݖ௥ are the prism-boundary coordinates relative to the gravity receiver, while y1 =170 −Ly2 ,  y2 = +Ly2 . This formulation is consistent with the analytical gravitational attraction 171 

equation for a rectangular prism, as summarized by Nagy et al. (2000). In the implementation, 172 

logarithmic and arctangent evaluations are numerically safeguarded for limiting geometric 173 

configurations to avoid singular floating-point evaluations. The factor in Equation (3) arises 174 

from 108 = 103 × 105, where 103 converts the input density unit from g/cm3 to kg/m3, and 105 175 

converts gravitational acceleration from m/s2 to mGal. Accordingly, each column of J 176 

represents the gravity response in mGal generated by a unit density contrast within a single 177 

finite-strike cell. The relationship between the X–Z inversion mesh and the finite-strike 178 

extrusion used in the forward operator is illustrated in Figure 2. 179 
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 180 

Figure 2. Geometry of the ALTYN 2.5D finite-strike gravity formulation. The inversion 181 

parameters are defined in the X–Z section, whereas each density cell ઢૉ࢐ is extruded over the 182 

prescribed finite strike length ࢟ۺ for computation of its gravity response. 183 

 184 

Finite strike length is an assumed physical parameter rather than a quantity uniquely 185 

determined from profile gravity data. Its specification should therefore reflect the expected 186 

geological extent of the target, and uncertainty in this parameter forms part of the model-187 

assumption uncertainty. 188 

2.3 X–Z model discretization and topographic constraint  189 

ALTYN discretizes the model domain using a uniform rectangular X–Z mesh 190 

characterized by the horizontal cell width, dx, the nominal vertical cell height, dz, the 191 

maximum investigation depth, and lateral padding beyond the observation interval. The 192 

density model is expressed as Equation (6). 193 

m = [m₁, m₂, …, mM]ᵀ, (6) 

where M includes only cells classified as active cells beneath the surface. The lateral 194 

boundaries are extended beyond the first and last observation points by a prescribed padding 195 

distance so that near-surface density structures at the ends of the profile remain represented 196 

beneath the outermost receivers. 197 

Topography is incorporated directly into the physical model geometry. For each 198 

horizontal mesh column, ALTYN evaluates the topographic elevation over the entire column 199 

interval. Under the adopted topography-safe convention, the minimum surface elevation 200 

intersecting that interval is used to determine whether a nominal cell lies entirely or partially 201 

beneath the surface. Cells located above the surface are excluded from the active model. For 202 

the uppermost active cell, the nominal upper boundary is truncated to conform to the local 203 
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surface elevation. Consequently, the actual height of the uppermost cell may differ from the 204 

nominal dz, and cells with a negligible residual height are removed. 205 

This operation is important because topography is not applied merely as a graphical mask 206 

after the inversion. The truncated cell boundaries are passed directly to the finite-prism 207 

forward calculation in Equation (3), such that topographic relief modifies the geometry 208 

represented by J. The cell centers, widths, and heights subsequently used in the regularization 209 

terms are also calculated from the final active-cell geometry. This treatment prevents the 210 

prisms used in the forward calculation from extending above the modeled ground surface and 211 

ensures geometric consistency among the topography, forward kernel, and inversion model. 212 

2.4 Data uncertainty and weighted data misfit 213 

ALTYN explicitly incorporates the uncertainty associated with each gravity observation. 214 

If positive and finite standard deviations are available in the input data, these values are 215 

retained. If such values are unavailable or invalid, a combined absolute–relative uncertainty 216 

model is constructed, as expressed in Equation (7). 217 ߪ௜ = 02ߪ√ + 2(௜௢௕௦݀|ݎ)
,  

(7) 

where 0ߪ is an absolute error floor in mGal and r is a fractional relative uncertainty. The 218 

quadrature combination ensures that the uncertainty remains finite near zero anomaly while 219 

allowing the assumed error magnitude to increase with anomaly amplitude. The resulting 220 

data-weighting matrix is: 221 ܅d = diag(σ1−1, σ2−1, … , σN−1), (8) 

and the statistically normalized data-misfit functional is: 222 ϕd = obs܌]d܅‖ − ܕ۸ −  (9) ,22‖[܋۰

Equivalently, the normalized squared residual can be written as: 223 ܺ2 = ∑ [ௗ೔೚್ೞ−ௗ೔೛ೝ೐೏ఙ೔ ]2ே௜=1 , 
(10) 

and ALTYN reports the weighted root-mean-square residual as: 224 

WRMS=√௑2ே   
(11) 

This normalization permits a direct discrepancy-based interpretation of the final residuals. 225 

If the observations are statistically independent and the assigned ߪ௜ values are representative 226 

of their standard deviations, a WRMS near unity indicates that the magnitude of the residual 227 

is broadly compatible with the assumed data uncertainty. It does not, however, demonstrate 228 

that the recovered density model is unique or geologically correct; the usual ambiguity of 229 
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gravity inversion remains, and the recovered solution continues to depend on 230 

parameterization, regularization, bounds, and the finite-strike assumption. 231 

2.5 Regional gravity component 232 

Long-wavelength or datum-related gravity components may otherwise be incorrectly 233 

represented as subsurface density structure. ALTYN therefore permits a low-order regional 234 

term to be solved simultaneously with the density model. Three modes are implemented: no 235 

regional term, a constant offset, or a profile-parallel linear trend. For a constant regional 236 

component, the formulation is: 237 ݃௥௘௚(ݔ௜) = ܿ0, (12) 

whereas the linear mode is parameterized as: 238 ݃௥௘௚(ݔ௜) = ܿ0 + ܿ1 ௫೔−௫̅1000 , (13) 

where ܿ0 is the gravity offset in mGal, ܿ1 is the slope in mGal/km, ݔ௜ is profile distance in 239 

meters, and x̄ is its mean. Centering the distance coordinate reduces correlation between offset 240 

and slope. 241 

The associated coefficients are appended to the density parameters and estimated as part 242 

of the same data-fitting problem. However, they are intentionally neither density bounded nor 243 

included in the density-model regularization. Before the main inversion loop, their starting 244 

values are estimated by uncertainty-weighted least squares against the residual remaining after 245 

the starting density model. This initialization reduces the tendency for a simple gravity datum 246 

offset to be mapped immediately into density structure. 247 

2.6 Model regularization and depth weighting 248 

Because the number of active cells can be substantially greater than the number of 249 

observations, stable inversion requires explicit model regularization. Minimum-structure 250 

formulations and depth weighting are well established in cell-based gravity inversion, 251 

particularly for controlling non-uniqueness and compensating for the strong decay of gravity 252 

sensitivity with depth (Li & Oldenburg, 1998). ALTYN minimizes the combined objective 253 

function expressed in Equation (14). 254 

Φ(m, c) = γ² φ_d + β² φ_m (14) 

where γ scales the data term and β controls the balance between data agreement and model 255 

regularization. The use of β², rather than β, is retained consistently in the implemented normal 256 

equations. The model objective is: 257 ϕm = ௦ϕsߙ + ௫ϕxߙ +  ௭ϕz, (15)ߙ

where ߙ௦ ௫ߙ , , and ߙ௭  independently control model smallness, horizontal smoothness, and 258 

vertical smoothness. For a fixed reference model ܕref, the three components are: 259 
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ϕs = ܕ)s܅‖ − ref)‖22, (16) ϕxܕ = ܕ)x۲x܅‖ −  ref)‖22 (17)ܕ

and 260 ϕz = ܕ)z۲z܅‖ − ref)‖22 (18) ۲xܕ  and ۲z  are first-order difference operators connecting horizontally and vertically 261 

adjacent active cells. The reference model is fixed throughout the inversion rather than 262 

replaced by the previous iteration. Regularization geometry accounts for the dimensions of the 263 

active rectangular cells. For each neighboring pair, the magnitude of the discrete difference 264 

operator is proportional to: 265 ( shared − face dimensiondistance between cell centers)1/2
 

(19) 

The horizontal operator therefore uses the common vertical face dimension, whereas the 266 

vertical operator uses the common horizontal face dimension. Additional face weights are 267 

derived from the adjacent cell weights, providing a continuous transition between cell-based 268 

and derivative-based regularization even where topographic clipping alters upper-cell 269 

dimensions. ALTYN further introduces a cell-area scaling: 270 wj(A) = √ Ajmedian(A), (20) 

where Aj  is the actual X–Z area of cell j. Depth is measured downward from the locally 271 

interpolated topographic surface to the cell center rather than from a flat global datum. When 272 

depth weighting is enabled, the depth-dependent factor is: 273 wj(d) = Ch[max(dj, dmin,j)]−Pd/2
, (21) 

where dj is the local depth, Pd is the configured depth exponent, Ch is the depth-weighting 274 

coefficient, and dmin,j prevents singular amplification close to the surface. In the implemented 275 

geometry, dmin,j  is tied to one-half of the cell height. An optional sensitivity weight may 276 

additionally be formed from the uncertainty-normalized kernel: 277 sj = [∑ (Jijσi)2Ni=1 ]1/2
, 

(22) 

followed by normalization, flooring, and exponentiation. 278 wj(s) = [max ( sjmaxιsι , smin)]η
 

(23) 

When sensitivity weighting is disabled, wj(s)
= 1. The base cell weight used in 279 

regularization can therefore be represented conceptually as: 280 
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wjbase = wj(A)wj(d)wj(s)
. (24) 

Depth and sensitivity weighting alter the prior metric of the inverse problem and thus 281 

influence the admissible recovered structure; they should not be interpreted as data-derived 282 

corrections independent of prior assumptions. 283 

2.7 L2 and IRLS formulations 284 

ALTYN supports both quadratic L2 regularization and an iteratively reweighted least-285 

squares formulation for nonquadratic LP-type stabilization. In L2 mode, the configured norms 286 

satisfy: 287 Ps = Px = Pz = 2, (25) 

and all IRLS multipliers remain unity. The resulting objective is therefore quadratic for each 288 

fixed β, favoring comparatively smooth, distributed, minimum-structure-type density 289 

variations. Such solutions are useful when strong discontinuities are not assumed a priori and 290 

provide an important reference against which focused solutions can be evaluated. 291 

For IRLS mode, ALTYN repeatedly solves weighted quadratic subproblems whose 292 

weights are updated from the current model. This strategy is widely used to approximate 293 

nonquadratic stabilization and to generate more focused or piecewise-structured potential-294 

field models (Farquharson, 2008; Portniaguine & Zhdanov, 1999; Vatankhah et al., 2017, 295 

2018b). For outer iteration k, the smallness multiplier is: 296 ݓ௦,௝(௞) = [( ௝݉(௞) − ݉௥௘௙,௝)2 + ߳௦](௉ೞ−2)/4
, 

(26) 

while the horizontal-gradient multiplier is: 297 ݓ௫,௟(௞) = ௫[݉(௞)ܦ)] − ݉௥௘௙])௟2 + ߳௫](௉ೣ −2)/4
, 

(27) 

and the corresponding vertical multiplier is: 298 ݓ௭,௟(௞) = ௭[݉(௞)ܦ)] − ݉௥௘௙])௟2 + ߳௭](௉೥−2)/4
 

(28) 

The implemented norms satisfy: 299 

0 ≤ Ps, Px, Pz ≤ 2 (29) 

The exponent (p − 2)/4 arises because each IRLS multiplier is subsequently used within a 300 

squared weighted Euclidean norm; the resulting squared weight produces the corresponding 301 

(p − 2)/2 dependence required by the quadratic IRLS surrogate. The positive quantities ߳௦, ߳௫ 302 

and ߳௭  stabilize the weights near zero model or gradient differences and prevent singular 303 

amplification. 304 

A reproducibility-relevant feature of ALTYN is that all IRLS differences are evaluated 305 

relative to the fixed ܕref. The previous model is therefore used to calculate the current IRLS 306 
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weights but does not become a new reference model. In the first outer iteration, the IRLS 307 

multipliers are initialized to unity; subsequent weights are updated after each accepted density 308 

solution. 309 

2.8 Density bounds and constrained numerical solution 310 

Physical prior information is incorporated through explicit bounds on every active density 311 

cell. 312 mmin ≤ mj ≤ mmax, ݆ = 1, … ,  (30) ܯ

These limits define the feasible model space and are enforced during optimization rather 313 

than by clipping an unconstrained solution afterward. Regional nuisance coefficients remain 314 

unbounded. Defining the augmented parameter vector: 315 ܠ = ܋ܕ] ] (31) 

and the augmented forward matrix: 316 ۶ = [۸ ۰] (32) 

the fixed-weight quadratic problem at outer iteration k can be expressed through the normal 317 

operator: 318 ܓۯ = γ2۶T۱d−1۶ + βk2̃܀k (33) 

where 319 ۱d−1 = diag(σ1−2, … , σN−2), (34) 

and 320 ̃ܓ܀ = ܓ܀] 00 0] (35) 

The zero regional block in Equation (35) expresses explicitly that nuisance coefficients 321 

are not subject to density-model regularization. If 322 ܓ܀ = ܓ,ܛ܀ + ܓ,ܠ܀ +   ,ܓ,ܢ܀

the implemented right-hand side is 323 ܓ܊ = γ2۶T۱d−1܌obs + βk2 0܎܍ܚܕ ܓ,ܛ܀] ] (36) 

Only the smallness reference contribution appears explicitly because the ALTYN 324 

reference density is spatially constant, and its first-order directional derivatives therefore 325 

vanish. The corresponding constrained quadratic objective is: 326 minx [12 ܠܓۯ܂ܠ −  [ܠ܂ܓ܊
(37) 

subject to the density bounds in equation (30). ALTYN solves this subproblem using a 327 

projected Newton/active-set procedure in which cells satisfying the appropriate lower- or 328 

upper-bound optimality condition are temporarily fixed, and the Newton system is solved 329 
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only over the remaining free variables. The reduced linear system is solved by preconditioned 330 

conjugate gradients (PCG). When diagonal preconditioning is enabled, the preconditioner is 331 

assembled from the diagonal of the uncertainty-weighted data normal operator together with 332 

the regularization contribution. 333 

For a Newton direction p, ALTYN evaluates the quadratic optimal step 334 αN = − gTܘܘTܘܓۯ 
(38) 

where ࢍ = ܠܓۯ − ܓ܊ , and restricts it to the maximum feasible step before any density 335 

parameter crosses its bound. If the PCG/Newton direction is non-finite, non-descent, or 336 

degenerate, the algorithm falls back to a diagonally scaled projected-gradient direction. Trial 337 

density parameters are then projected onto the feasible interval and the active set is re-338 

evaluated. 339 

Optimality is monitored through the projected gradient associated with the Karush–Kuhn–340 

Tucker conditions. In the implementation, gradient entries are removed from the projected 341 

residual when a variable lies at a lower bound with an outward gradient or at an upper bound 342 

with the opposite outward gradient. The reported normalized projected KKT residual is: 343 rKKT =  (39) ,(∞‖ܓ܊‖,1)max∞‖ܒܗܚܘ܏‖

Thus, density bounds influence the inversion throughout the optimization. They represent 344 

prior physical constraints and consequently restrict the family of admissible models rather 345 

than serving solely as a numerical safeguard. 346 

2.9 Regularization-parameter cooling and convergence 347 

For both L2 and IRLS modes, ALTYN uses an outer-loop cooling schedule for the 348 

regularization trade-off parameter. Starting from β₀ > 0, the schedule is: 349 βk+1 = qβk, 0 < q ≤ 1, (40) 

where q is the prescribed reduction factor. Large initial β values emphasize stabilization, 350 

whereas progressive cooling gives increasing influence to the data-misfit term. This differs 351 

from selecting one fixed regularization parameter independently of the inversion trajectory, 352 

and it permits the solution to move gradually toward the data-consistent region of model 353 

space. 354 

The principal ALTYN stopping rule is based on the normalized discrepancy criterion. If 355 

the requested target weighted RMS is WRMS_target, the inversion terminates when: 356 x2 ≤ N(WRMStarget)2
 (41) 

For the common choice: 357 
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௧௔௥௚௘௧ܵܯܴܹ = 1  

equation (41) reduces to: 358 

χ² ≤ N (42) 

Use of χ²-type principles for regularization and discrepancy assessment has precedent in 359 

focused gravity inversion, but its statistical interpretation depends directly on the reliability of 360 

the assigned data uncertainties. A WRMS near one therefore indicates consistency with the 361 

adopted uncertainty model rather than proof of a unique subsurface reconstruction. 362 

A secondary stopping condition may be applied to the relative change in the density model, 363 δm(k) =  (43) ,(2,1‖(k−1)ܕ‖)2max‖(k−1)ܕ−(k)ܕ‖

falls below a user-specified threshold. If this criterion is disabled, cooling continues until the 364 

discrepancy target or the maximum number of outer iterations is reached. 365 

For diagnostic transparency, ALTYN stores substantially more information than is 366 

required for stopping. The recorded quantities include unweighted RMS in mGal, WRMS, χ², 367 

model norm, smallness contribution, horizontal- and vertical-smoothness contributions, total 368 

model objective, combined objective, relative model change, fraction of cells located at 369 

density bounds, projected KKT residual, PCG iteration count, active-set iteration count, and 370 

elapsed computational time. These quantities are diagnostic outputs; they should not all be 371 

interpreted as independent convergence conditions. The ALTYN inversion workflow is 372 

illustrated in Figure 3. 373 
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 374 

Figure 3. Computational workflow of the ALTYN Inversion framework. 375 

 376 

3. Synthetic Baseline Validation 377 

3.1 Synthetic benchmark design 378 

Synthetic experiments were used to evaluate ALTYN under conditions in which the 379 

prescribed density distribution is known independently of the inversion. Such tests are 380 

important because close agreement between observed and predicted gravity does not, by 381 

itself, demonstrate that the source distribution has been reconstructed correctly; markedly 382 

different density models may produce similar surface responses because of the inherent non-383 

uniqueness and depth-dependent sensitivity of gravity inversion (Li & Oldenburg, 1998). The 384 

three experiments therefore assess both data-space recovery, expressed through gravity 385 
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residuals, and model-space recovery through direct comparison of the prescribed and 386 

recovered density distributions. 387 

All three benchmarks used 81 gravity observations distributed from 0 to 6 km at a uniform 388 

interval of 75 m. The synthetic forward models and inverse models employed 150-m nominal 389 

cell dimensions in both the horizontal and vertical directions, a model depth of 3 km, 600 m 390 

of lateral padding, and a finite strike length of 4 km. Density contrasts were constrained 391 

between −0.60 and +0.60 g/cm3, with zero starting and reference models. Synthetic noise was 392 

deterministic, zero-mean, and scaled to the prescribed standard deviation, allowing the 393 

experiments to be repeated without variation caused by random-number generation. 394 

Benchmark 1 used σ = 0.03 mGal, whereas Benchmarks 2 and 3 used σ = 0.05 mGal. The 395 

target discrepancy was WRMS = 1.05. The three topographic configurations resulted in 1008, 396 

1035, and 1079 active subsurface cells, respectively (see Table 1). 397 

Table 1. Principal parameters used in the three synthetic ALTYN benchmarks 398 

Parameter Benchmark 1 Benchmark 2 Benchmark 3 

Number of 

observations 
81 81 81 

Station spacing 75 m 75 m 75 m 

Horizontal cell size, 

dx 
150 m 150 m 150 m 

Vertical cell size, dz 150 m 150 m 150 m 

Maximum model 

depth 
3000 m 3000 m 3000 m 

Lateral padding 600 m 600 m 600 m 

True strike length 4000 m 4000 m 4000 m 

Inversion strike 

length 
4000 m 4000 m 4000 m 

Assigned σ 0.03 mGal 0.05 mGal 0.05 mGal 

Density bounds −0.60, +0.60 g/cm3 −0.60, +0.60 g/cm3 −0.60, +0.60 g/cm3 

Regional component None Constant Linear 

WRMS target 1.05 1.05 1.05 

Active cells 1008 1035 1079 

 399 
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3.2 Benchmark 1: Compact positive-density anomaly 400 

Benchmark 1 represents the simplest recovery problem. The prescribed model consists of 401 

a single positive-density elliptical body centered at approximately 3.0 km along the profile 402 

and at an elevation of −0.85 km. The defining semi-axes are approximately 0.75 km 403 

horizontally and 0.50 km vertically, and the prescribed density contrast is +0.35 g/cm³. After 404 

discretization, the nonzero target occupies the central portion of the section between 405 

approximately 2.33 and 3.68 km along the profile and elevations of about −0.38 to −1.28 km. 406 

The prescribed and recovered density distributions are compared in Figure 4. ALTYN 407 

correctly identifies the positive polarity and lateral center of the source. The maximum 408 

recovered positive density is concentrated close to the true body position, indicating that the 409 

profile location of the causative structure is resolved. The geometry, however, is not 410 

reproduced literally. Instead of the compact prescribed body, the recovered positive anomaly 411 

extends vertically through a much greater fraction of the model domain and gradually 412 

broadens with depth. Lower-amplitude negative contrasts also occur on both sides of the 413 

central positive structure. Because these negative regions are absent from the prescribed 414 

model, they should be interpreted as compensating components of the regularized inverse 415 

solution rather than as recovered target structures. This result illustrates an important 416 

distinction between source localization and geometrical reconstruction. The inversion 417 

identifies the principal lateral position and correct density sign, but gravitational depth 418 

ambiguity permits the required mass effect to be distributed over a considerably larger vertical 419 

interval. The imposed smoothness also spreads the abrupt boundaries of the compact target 420 

into gradual transitions, a behavior characteristic of minimum-structure-type potential-field 421 

inversions (Portniaguine & Zhdanov, 1999). Despite this model-space discrepancy, the 422 

predicted gravity reproduces the synthetic observations with an RMS residual of 0.02602 423 

mGal and a WRMS of 0.867, while no model cells reach the imposed density bounds. Thus, 424 

the excellent data-space agreement coexists with appreciable geometrical smearing. 425 

 426 

 427 

 428 

 429 

 430 

 431 

 432 

 433 
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a) 

 

b) 

 

c) 

 

Figure 4. Synthetic Benchmark 1. (a) Prescribed compact positive density-contrast model 434 

used to generate the synthetic observations. (b) Density distribution recovered by ALTYN. (c) 435 

Cell-wise difference between the recovered and prescribed models. Identical density limits are 436 

used for the true and recovered models to permit direct comparison. 437 

 438 

3.3 Benchmark 2: Positive and negative density anomalies 439 

Benchmark 2 increases the complexity by introducing two spatially separated bodies with 440 

opposite density contrasts. The positive body is centered at approximately 1.9 km and −0.95 441 

km elevation, with horizontal and vertical semi-axes of about 0.65 and 0.55 km and a 442 

prescribed contrast of +0.32 g/cm³. A second body centered near 4.2 km and −1.35 km 443 

elevation has semi-axes of approximately 0.70 and 0.65 km and a contrast of −0.26 g/cm³. A 444 

constant regional offset of 0.25 mGal is superimposed on the density response before noise is 445 

added. This benchmark therefore tests not only dual-polarity recovery but also the partitioning 446 

of the total gravity field between local density structure and a nuisance datum component. 447 

Figure 5 shows that the inversion correctly recovers the broad lateral separation and polarity 448 

of the two principal anomalies. A positive-density zone develops beneath the western target 449 

and a negative-density zone beneath the eastern target, demonstrating that the inversion is not 450 

restricted to a single density sign. As in Benchmark 1, however, both recovered anomalies are 451 

considerably smoother and extend substantially deeper than the prescribed bodies. Their 452 

amplitudes are also attenuated relative to the true contrasts, indicating that the required 453 

gravitational moment is distributed over a larger model volume rather than concentrated 454 

within the exact target geometry. 455 
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The recovered-minus-true panel makes this behavior particularly clear. Within the 456 

prescribed positive body, negative differences indicate under-recovery of its imposed 457 

amplitude, whereas positive differences beneath the body reflect density assigned below the 458 

true target. The converse pattern occurs around the negative body: the true negative contrast is 459 

incompletely recovered within its prescribed geometry, while additional negative density is 460 

distributed at greater depth. The regional-density decomposition also demonstrates that 461 

separation of a broad regional signal from long-wavelength density effects is itself non-462 

unique. The nuisance component accounts for a substantial part of the long-wavelength field, 463 

but some trade-off remains between regional offset and distributed density. Accordingly, 464 

satisfactory recovery of the total gravity field should not be interpreted as unique recovery of 465 

either component individually. 466 

The gravity observations are nevertheless reproduced to within their assigned uncertainty, 467 

with an RMS of 0.04624 mGal and WRMS of 0.925. The density-bound fraction remains 468 

0.0%, showing that the solution is not being forced against the ±0.60 g/cm³ limits. The 469 

principal success of this experiment is therefore recovery of anomaly polarity and 470 

approximate lateral position, rather than exact body boundaries or density amplitudes. 471 

a) 

 

b) 

 

c) 

 

Figure 5. Synthetic Benchmark 2. (a) Prescribed model containing spatially separated 472 

positive and negative density bodies. (b) Recovered density distribution. (c) Recovered minus 473 

prescribed density difference. The inversion reproduces the principal polarity and lateral 474 

position of both targets but distributes their density contrasts over broader depth intervals. 475 

 476 
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3.4 Benchmark 3: Structurally complex density model 477 

Benchmark 3 provides the most demanding baseline experiment. The topography contains 478 

a pronounced central edifice superimposed on lower-amplitude relief. Beneath this surface, 479 

the synthetic model contains a shallow low-density zone centered near 2.9 km and −0.35 km 480 

elevation, with approximate semi-axes of 1.15 and 0.52 km and a density contrast of −0.18 481 

g/cm³. A deeper positive intrusion is centered near 3.3 km and −1.75 km, with semi-axes of 482 

approximately 0.70 and 0.85 km and a prescribed contrast of +0.34 g/cm³. These bodies are 483 

supplemented by a narrow inclined positive-density feeder with a contrast of +0.22 g/cm³. 484 

The increased difficulty of recovering vertically and laterally complex density structure is 485 

illustrated in Figure 6. The shallow negative-density component is recognizable in the 486 

recovered model: its lateral position beneath the central topographic high and its negative 487 

polarity are reproduced. However, the negative anomaly extends far deeper than its prescribed 488 

geometry. More importantly, the deeper positive intrusion is not distinctly recovered at its true 489 

location. Instead, the central deep region remains dominated by the vertically extended 490 

negative solution, while lower-amplitude positive density is displaced principally toward the 491 

flanks, especially to the east. The narrow positive feeder is likewise not resolved as a discrete 492 

structure. 493 

The difference model emphasizes that this benchmark produces a substantially larger 494 

model-space discrepancy than the simpler experiments. Positive differences within much of 495 

the prescribed shallow negative body indicate that the magnitude of the negative contrast is 496 

underestimated locally, whereas strong negative differences over the location of the 497 

prescribed deep positive intrusion indicate failure to recover its positive amplitude there. 498 

Positive differences outside the true intrusive body represent compensating positive density 499 

assigned elsewhere in the section. Thus, although the inversion captures part of the shallow 500 

polarity pattern, it does not uniquely separate the shallow low-density body, feeder, and 501 

deeper positive source under the adopted baseline constraints. 502 

Nevertheless, the total gravity response remains closely matched: RMS is 0.04579 mGal, 503 

WRMS is 0.916, and the density-bound fraction is 0.0%. This result is particularly instructive 504 

because it demonstrates that a statistically satisfactory gravity fit can coexist with substantial 505 

disagreement in model space. The benchmark therefore illustrates the central limitation of 506 

interpreting gravity inversions solely through residual magnitude. It also suggests stronger 507 

trade-offs among depth distribution, regional trend, and density amplitude when several 508 

vertically superposed sources contribute overlapping long-wavelength signals. 509 

 510 



21 

a) 

 

b) 

 

c) 

 

Figure 6. Synthetic Benchmark 3. (a) Prescribed structurally complex model containing a 511 

shallow negative-density zone, deeper positive intrusion, and narrow feeder beneath variable 512 

topography. (b) ALTYN recovered density model. (c) Recovered-minus-prescribed density 513 

difference. A linear regional gravity component is included in the synthetic observations. 514 

 515 

3.5 Quantitative baseline recovery assessment 516 

The verified data-space metrics for the three experiments are summarized in Table 2. All 517 

cases reach WRMS values below the adopted target of 1.05, and none requires density values 518 

at the prescribed model bounds. The lowest residual is obtained for Benchmark 1, whereas 519 

Benchmarks 2 and 3 produce slightly larger residuals consistent with their larger assigned 520 

data uncertainty. These differences should not be interpreted as a ranking of model-space 521 

accuracy. In particular, Benchmark 3 attains WRMS = 0.916, comparable with Benchmark 2, 522 

despite a substantially poorer reconstruction of the deeper prescribed density structure. 523 

Table 2. Verified quantitative inversion diagnostics for the three synthetic benchmarks. 524 

Metric Benchmark 1 Benchmark 2 Benchmark 3 

Gravity RMS (mGal) 0.02602 0.04624 0.04579 

WRMS 0.867 0.925 0.916 

Bound fraction (%) 0.0 0.0 0.0 

 525 

The comparison therefore demonstrates progressively different levels of recovery. 526 

Benchmark 1 establishes that an isolated anomaly can be localized laterally and assigned the 527 

correct polarity, although depth smearing remains pronounced. Benchmark 2 shows that 528 
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positive and negative sources can be discriminated simultaneously, but their amplitudes and 529 

vertical extents remain regularization dependent and trade off with the regional component. 530 

Benchmark 3 provides the clearest demonstration of non-uniqueness: the shallow negative 531 

anomaly is identified, but the deeper positive intrusion and feeder are not independently 532 

reconstructed despite a satisfactory gravity fit. 533 

 534 

4. L2 and IRLS Regularization Analysis 535 

4.1 Comparative inversion design 536 

Because gravity inversion is intrinsically non-unique, the spatial distribution of recovered 537 

density is controlled not only by the observations but also by the regularization imposed on 538 

the model. Two solutions may reproduce essentially the same gravity field while differing 539 

substantially in anomaly amplitude, smoothness, continuity, and depth extent (Li & 540 

Oldenburg, 1998; Portniaguine & Zhdanov, 1999). The L2 and IRLS inversions were 541 

therefore compared to evaluate the sensitivity of the ALTYN solution to the adopted model 542 

norm. The supplied runs use the same 171-point gravity profile, receiver-based topography, 543 

and uncertainty prescription consisting of a 0.05 mGal absolute floor combined with a 5% 544 

relative component. Their sensitivity and depth-weighting distributions are also identical, 545 

indicating that the data geometry, active model discretization, and fixed sensitivity treatment 546 

were held constant. Both inversions simultaneously estimate a constant regional nuisance 547 

component. Thus, the principal methodological difference between the two calculations is the 548 

regularization metric rather than the gravity data or forward geometry. 549 

In the L2 calculation, the smallness and directional terms remain quadratic, with Ps = Px = 550 Pz  = 2. The IRLS configuration retains quadratic smallness and horizontal smoothness, Ps = 551 Px  = 2, but applies the nonquadratic exponent Pz  = 0.5 to the vertical-gradient term. 552 

Consequently, the IRLS case should not be interpreted as a uniformly sparse or compact 553 

inversion. Its nonquadratic behavior acts specifically on vertical density gradients, 554 

encouraging a smaller number of comparatively sharp vertical transitions while horizontal 555 

smoothness and model smallness retain their L2 character. This distinction is important 556 

because focused inversion behavior depends on which component of the model objective is 557 

subjected to nonquadratic weighting (Farquharson, 2008; Vatankhah et al., 2018a). 558 

Both calculations use the same regularization-cooling strategy. The diagnostic histories 559 

indicate an initial β of 500, a reduction factor of 0.8 per outer iteration, and a target WRMS of 560 

1.0. The L2 solution reaches the discrepancy target after 36 outer iterations, whereas the IRLS 561 

calculation requires 39 iterations. Because IRLS weights are updated after each non-terminal 562 
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outer solution, the latter run undergoes repeated nonquadratic reweighting and can therefore 563 

be considered a developed IRLS solution rather than a calculation that terminated before the 564 

reweighting mechanism became active. 565 

Table 3. Principal controlled parameters in the L2 and IRLS comparison. 566 

Parameter L2 IRLS 

Number of gravity 

observations 
171 171 

Absolute uncertainty floor 0.05 mGal 0.05 mGal 

Relative uncertainty 5% 5% 

Topographic representation Receiver elevations Receiver elevations 

Regional formulation Constant Constant Ps  2.0 2.0 P௫  2.0 2.0 P௭   2.0 0.5 

IRLS stabilizers Not active 10⁻⁸ 

Initial β 500 500 

Beta reduction factor 0.8 0.8 

Target WRMS 1.0 1.0 

Outer iterations to target 36 39 

 567 

The common field-model settings were a 100 m × 100 m X–Z discretization, a 5000 m 568 

model depth, 500 m left/right lateral padding, zero starting and reference density, and density 569 

bounds of −0.50 to +0.55 g/cm3. The regularization coefficients were ߙ௦ = 20, ߙ௫ = 100, and 570 ߙ௭  = 1. Depth weighting was enabled with exponent 2, whereas additional sensitivity 571 

weighting was disabled. The strike-length input was set to 0, which in ALTYN activates the 572 

automatic option of 10 times the profile length; for the 9231.7 m A-A' profile this corresponds 573 

to an effective finite strike length of approximately 92,317 m. These geometry, bound, 574 

weighting, and regional settings were held common between the L2 and IRLS calculations, so 575 

the comparison isolates the effect of the regularization norm described above. 576 

4.2 L2-regularized solution 577 

The L2 result is characterized by comparatively smooth density variations and gradual 578 

transitions between positive and negative regions. The recovered density distribution, data fit, 579 

and convergence behavior are summarized in Figure 7. The most prominent positive-density 580 

feature occurs between approximately 2 and 3 km profile distance beneath the highest part of 581 
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the topography. Its highest amplitudes are concentrated at shallow elevations, but a lower-582 

amplitude positive continuation extends downward over a broad depth interval. A second 583 

substantial positive-density region occurs approximately between 5.8 and 7.0 km. Smaller 584 

positive features are also resolved in the western part of the profile. 585 

Negative density contrasts occupy broad regions surrounding the positive anomalies, 586 

particularly beneath the central portion of the section and toward the eastern half of the 587 

profile. These negative variations are comparatively diffuse and generally decay in amplitude 588 

with depth. This smooth spatial distribution is consistent with the quadratic penalty imposed 589 

on both model amplitude and directional gradients: abrupt changes are penalized strongly, so 590 

the inversion tends to accommodate the gravity data by distributing density contrasts among 591 

neighboring cells rather than concentrating them into sharply bounded regions. The observed 592 

and predicted gravity responses agree closely over most of the profile. The L2 model yields 593 

an RMS residual of 0.5751 mGal, a WRMS of 0.972, and a final density-bound fraction of 594 

1.9%. 595 

The standardized-residual diagnostic gives χ² ≈ 161 for 171 observations, thereby 596 

satisfying the discrepancy criterion. The largest residuals are spatially localized near the high-597 

amplitude gravity peak at approximately 2.6–3.0 km, while much of the remainder of the 598 

profile is reproduced with comparatively small residuals. The nonzero bound fraction 599 

indicates that a small subset of cells reaches an imposed density limit, but the solution as a 600 

whole is not dominated by bound-saturated cells. 601 



25 

 602 

Figure 7. L2-regularized ALTYN inversion. Recovered density-contrast distribution, 603 

observed and predicted gravity responses, and WRMS convergence history for the quadratic 604 

L2 regularization. The recovered model exhibits comparatively smooth and spatially 605 

distributed density variations. 606 

 607 

4.3 IRLS-regularized solution 608 

The corresponding IRLS result is shown in Figure 8. The large-scale pattern remains 609 

recognizable: the strong positive-density feature beneath approximately 2–3 km persists, as 610 

does the positive structure around 6–7 km and the principal negative-density regions 611 

separating and surrounding them. The persistence of these major anomaly locations despite 612 

the change in regularization indicates that their broad lateral positions are comparatively 613 

stable with respect to this particular model-norm perturbation. 614 

The detailed model character, however, differs substantially from the L2 solution. Positive 615 

anomalies in the IRLS model display sharper lateral and vertical transitions and more 616 

internally coherent high-amplitude cores. The principal positive feature around 2–3 km is 617 

more columnar, whereas the positive-density structure around 6–7 km is divided into more 618 

localized high-amplitude regions. Negative contrasts are also more vertically coherent and 619 

persist more strongly into the deeper model. This behavior is consistent with the actual IRLS 620 

configuration: because Pz  = 0.5 is applied only to the vertical-gradient term, the method 621 
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preferentially permits a limited number of stronger changes in the vertical direction rather 622 

than enforcing quadratic smoothing at every depth transition. The result is therefore better 623 

described as more vertically segmented and structurally focused than as uniformly more 624 

compact. 625 

The IRLS model produces an RMS residual of 0.5488 mGal, WRMS of 0.950, and 626 

density-bound fraction of 2.2%. The corresponding standardized-residual diagnostic gives χ² 627 

= 154, again below the nominal target of 171. Thus, IRLS reduces the RMS by only about 628 

4.6% relative to L2 and the WRMS by about 2.3%. These differences are modest because 629 

both solutions already reproduce the observations at approximately the level of the assumed 630 

measurement uncertainty. They therefore do not constitute evidence that the IRLS density 631 

model is geologically more accurate. 632 

Another notable difference occurs in the decomposition between density response and the 633 

simultaneously fitted regional term. Both inversions employ a constant regional model, but 634 

the fitted regional level is visibly greater in the IRLS calculation. The regularization change 635 

therefore influences not only the detailed density distribution but also the trade-off between 636 

long-wavelength density structure and the nuisance regional component. This illustrates that 637 

nuisance parameters and model regularization cannot necessarily be interpreted independently 638 

when they are estimated simultaneously. 639 
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 640 

Figure 8. IRLS-regularized ALTYN inversion. Recovered density-contrast distribution, 641 

gravity-data fit, and convergence history obtained using iterative reweighting. The 642 

nonquadratic vertical-gradient regularization produces sharper vertical transitions and a more 643 

segmented density structure than the corresponding L2 solution. 644 

 645 

4.4 Direct L2–IRLS model comparison 646 

A same-scale comparison of the two recovered models is presented in Figure 9. Both 647 

panels should use identical horizontal and vertical limits, topographic representation, density 648 

limits, and diverging color scale centered at zero. Under these conditions, the major 649 

similarities and differences can be attributed to the inversion results rather than graphical 650 

normalization. 651 

The strongest evidence of regularization stability is the persistence of the main positive-652 

density zones beneath approximately 2–3 km and 6–7 km profile distance. Their exact 653 

amplitudes and geometries vary, but their lateral positions and density signs remain broadly 654 

unchanged. Smaller shallow positive anomalies toward the western part of the profile are 655 

likewise present in both solutions. These features are therefore comparatively insensitive to 656 

the transition from quadratic L2 regularization to the adopted IRLS formulation, although 657 

such persistence does not itself constitute independent geological validation. 658 
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The main differences lie in model texture and vertical distribution. L2 produces broader 659 

transitions between anomaly cores and surrounding cells, together with a more gradual 660 

decrease in density amplitude with depth. IRLS produces sharper vertical contrasts and 661 

stronger columnar continuity, especially beneath the main positive bodies and within the 662 

intervening negative-density zones. This behavior is consistent with the fact that only the 663 

vertical-gradient term is nonquadratic. The comparison should therefore not be reduced to a 664 

simple “smooth L2 versus compact IRLS” distinction. In this configuration, IRLS 665 

redistributes vertical gradients and changes the depth continuity of density anomalies while 666 

horizontal smoothing remains quadratic. 667 

IRLS also places slightly more cells at their density limits—2.2% compared with 1.9% for 668 

L2. The difference is small, but it indicates that the more strongly structured IRLS solution 669 

makes somewhat greater use of the admissible density extremes. The density bounds therefore 670 

remain part of the model prior in both cases and must be considered when interpreting local 671 

high-amplitude regions. 672 

The field comparison is based on density sections displayed on a common scale together 673 

with scalar inversion diagnostics. A formal cell-by-cell IRLS-minus-L2 difference map is not 674 

used because the native recovered-density vectors needed for a numerical subtraction are not 675 

available in the archived comparison package. Figure 9 therefore shows only density sections 676 

that can be compared directly; subtracting rendered image pixels would not be an acceptable 677 

substitute for a model-space difference. 678 

a) 

 

b) 

 

Figure 9. Direct comparison of L2 and IRLS density models. (a) L2 recovered density 679 

distribution. (b) IRLS recovered density distribution. Both panels use identical profile-680 

distance, elevation, topography, and density-color limits to expose regularization-dependent 681 

differences directly. 682 
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4.5 Comparative data fit, convergence, and model characteristics 683 

The principal diagnostics are summarized in Table 4. Both inversions terminate by 684 

satisfying the WRMS discrepancy criterion rather than merely reaching the final available 685 

iteration. L2 attains the target after approximately 36 outer iterations, corresponding to β ≈ 686 

0.203, whereas IRLS reaches it after approximately 39 iterations at β ≈ 0.104. The later 687 

convergence of IRLS reflects the different evolution of the reweighted model objective rather 688 

than a failure to fit the observations. 689 

Table 4. Comparative diagnostics for the L2 and IRLS inversions 690 

Metric L2 IRLS 

RMS (mGal) 0.5751 0.5488 

WRMS 0.972 0.950 

χ² ≈ 161 ≈ 154 

Bound fraction (%) 1.9 2.2 

Outer iterations 36 39 

Final β ≈ 0.203 ≈ 0.104 

Stopping condition WRMS target WRMS target 

 691 

The convergence histories show a broadly similar progression in both cases: WRMS 692 

remains high while regularization dominates at large β, then decreases rapidly as β is cooled. 693 

The L2 curve begins its rapid decline somewhat earlier, whereas the IRLS curve remains at 694 

larger WRMS for more iterations before converging toward the same discrepancy level. This 695 

difference is consistent with repeated IRLS modification of the vertical-gradient metric during 696 

the outer sequence. 697 

The constrained-solver diagnostics provide an additional distinction that should not be 698 

obscured by the satisfactory WRMS values. In the L2 calculation, the projected KKT residual 699 

decreases strongly during intermediate iterations but rises again during the final low-β 700 

iterations, accompanied by an increase in inner PCG effort. The IRLS calculation maintains 701 

smaller KKT residuals through most of its trajectory, although its final iteration also shows 702 

some increase. Thus, the data-discrepancy criterion and the constrained-optimality diagnostic 703 

do not convey identical information. Model selection should consider both data consistency 704 

and optimization diagnostics rather than minimizing the gravity residual alone. 705 
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5. Application to Real Gravity Data 706 

5.1 Study area and gravity dataset 707 

Following the synthetic validation and the regularization comparison, ALTYN was 708 

applied to the A-A' gravity profile from the Dieng dataset used in this study (Figure 10). The 709 

Dieng geothermal field is located within the Dieng Volcanic Complex, Central Java, 710 

Indonesia, a high-temperature volcanic geothermal system characterized by numerous 711 

Quaternary volcanic centers, ridges, cones, explosion craters, and active thermal 712 

manifestations. Previous geological and geothermal studies describe a heterogeneous volcanic 713 

succession dominated by basaltic to andesitic lava and pyroclastic units, locally intruded by 714 

denser igneous bodies and extensively modified by faulting and hydrothermal alteration 715 

(Harijoko et al., 2016; Shalihin et al., 2020, 2022). Earlier integrated interpretations of 716 

gravity, magnetotelluric, and well data also emphasized strong structural 717 

compartmentalization within Dieng (Boedihardi et al., 1991; Layman et al., 2002), while a 718 

more recent 3D gravity study inferred multiple fault-controlled structures and spatially 719 

separated low- to moderate-density reservoir candidates (Rosid & Sibarani, 2021). This 720 

geological complexity provides a plausible basis for substantial lateral and vertical density 721 

contrasts; however, gravity anomalies alone cannot uniquely distinguish among lithological, 722 

structural, porosity-related, and alteration-related causes. 723 

 724 
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Figure 10. Study area and A-A' gravity profile in the Dieng geothermal field. The map 725 

provides the complete Bouguer anomaly context together with mapped faults, volcanic 726 

centers, craters, and thermal manifestations used for geological reference. 727 

 728 

Structural complexity is a defining characteristic of the field. NW-SE-trending faults have 729 

been inferred from geological mapping and from the alignment of thermal manifestations, 730 

while crater-related structures occur around several volcanic centers. Subsurface 731 

investigations further indicate widespread hydrothermal alteration involving mineral 732 

replacement, dissolution, and secondary mineral deposition, with pyroclastic units locally 733 

showing more intense alteration than lava units (Shalihin et al., 2020). These observations 734 

support the use of gravity inversion to investigate first-order density architecture, but they do 735 

not establish a one-to-one correspondence between a recovered density anomaly and a 736 

particular geological unit or geothermal component. 737 

The field inversion uses the A-A' traverse, identified by the ALTYN input interface as 738 

dataset A-A'. The input coordinates are Easting and Northing in meters, gravity is expressed 739 

in mGal, and receiver elevations define the topographic surface. The profile contains 171 740 

observations over a total length of 9231.7 m. Inspection of the numerical arrays indicates a 741 

relatively uniform station spacing of approximately 54.3 m, receiver elevations of about 742 

1560–2375 m, and gravity values ranging from -8.0 to 20.0 mGal. 743 

5.2 Field-data preparation and inversion configuration 744 

The input consists of projected Easting-Northing coordinates, gravity values, and 745 

elevations. Because no explicit standard-deviation column is provided, ALTYN constructs 746 

observation uncertainties using the adopted absolute-relative quadrature model with a 747 

minimum absolute floor of 0.05 mGal and a relative component of 5%. Receiver elevations 748 

are used to construct the topographic surface, and the internal calculations use meters, mGal, 749 

and the positive-downward gravity convention. The field mesh uses dx = dz = 100 m, a 750 

maximum model depth of 5000 m, and 500 m of lateral padding on both sides. The resulting 751 

mesh contains 103 x 60 cells (6180 total), of which 5682 are active subsurface cells. A 752 

constant regional nuisance term is estimated simultaneously so that a profile-wide datum 753 

contribution is not forced entirely into the recovered subsurface density distribution. 754 

The same field profile, topography, uncertainty model, forward geometry, density bounds, 755 

and regional formulation are used for the L2 and IRLS calculations. Both inversions start 756 

from a zero-density model and use a zero reference model, density bounds of -0.50 to +0.55 757 

g/cm³, α௦ = 20, α௫ = 100, α௭ = 1, depth weighting with exponent 2, no additional sensitivity 758 
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weighting, γ = 1, an initial β of 500, a β reduction factor of 0.8, and a target WRMS of 1.0. 759 

The L2 model uses p௦ = p௫ = p௭ = 2, whereas the IRLS model retains p௦ = p௫ = 2 and applies 760 p௭ = 0.5 with ε௦ = ε௫ = ε௭ = 10-8. The two density sections are therefore interpreted jointly, 761 

with Figures 7–9 providing the principal model-space comparison. 762 

The projected PCG/KKT tolerance is 10-4, with a maximum of 1000 PCG iterations for 763 

each reduced linear solve. These numerical controls complement the projected active-set 764 

strategy and are reported to improve reproducibility of the field calculations. 765 

The strike-length setting requires particular care in interpretation. A GUI input of zero 766 

does not represent zero physical strike extent; instead, it activates the ALTYN automatic 767 

option, Ly = 10 × profile length. For A-A', this corresponds to an effective finite strike length 768 

of approximately 92.317 km, roughly ten times the 9.23-km profile length. The field run 769 

should therefore be regarded as a long finite-strike approximation rather than as a cross-770 

profile extent independently constrained by geology. Strike length remains a physical 771 

geometric prior that cannot be determined uniquely from a single gravity profile. 772 

Accordingly, the A-A' application demonstrates the integrated inversion workflow but does 773 

not establish the superiority or robustness of this particular strike-length choice; such a claim 774 

would require dedicated perturbation experiments that were not performed in the present 775 

study. 776 

5.3 Gravity response and residual characteristics 777 

The A-A' profile exhibits pronounced variations in both wavelength and amplitude. The 778 

western part of the line contains several local gravity highs, followed by the strongest positive 779 

anomaly between approximately 2 and 3 km. The signal then decreases rapidly into a broad 780 

negative interval across much of the central profile before rising again toward a secondary 781 

positive anomaly at approximately 6–7 km; the easternmost part is again dominated by 782 

negative values. Both the L2 and IRLS solutions reproduce these first-order variations well, as 783 

illustrated in Figures 7 and 8. The final RMS-WRMS pairs are 0.5751 mGal and 0.972 for L2, 784 

and 0.5488 mGal and 0.950 for IRLS. 785 

Both WRMS values satisfy the adopted uncertainty-normalized discrepancy criterion. The 786 

modest reduction in residual level obtained by IRLS should therefore not be interpreted as 787 

evidence that its subsurface density model is uniquely superior. In a non-unique gravity 788 

inverse problem, closely comparable data fits can correspond to materially different 789 

admissible density distributions (Al-Chalabi, 1971; Li & Oldenburg, 1998; Portniaguine & 790 

Zhdanov, 1999). 791 
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The spatial residual pattern is more informative than the aggregate WRMS alone. The clearest 792 

concentration of misfit occurs at approximately 2.6–3.0 km profile distance, close to the 793 

steepest and highest-amplitude part of the observed anomaly. In the L2 result, several 794 

standardized residuals in this interval exceed +4σ, with the largest approaching +5.5σ; a 795 

negative standardized residual is also present near 3 km. Nevertheless, the total normalized 796 

misfit is χ² = 161, below the nominal target of 171. 797 

The IRLS solution displays a very similar spatial residual pattern and retains several 798 

standardized residuals above +4σ in the same interval, while the global value decreases to χ² = 799 

154. 800 

This residual concentration is important because WRMS close to one does not imply that 801 

every observation is fitted within one assigned standard deviation. Much of the central and 802 

eastern profile has comparatively small standardized residuals, whereas the localized cluster 803 

around the strongest anomaly contributes disproportionately to the global objective function. 804 

Such coherent residual structure can arise from inadequacy of the assumed finite-strike 805 

geometry, unresolved three-dimensional source variation, an overly simple regional 806 

component, limitations of the discretization, locally underestimated observational uncertainty, 807 

or some combination of these effects. The residual pattern by itself cannot discriminate 808 

among these possibilities, but it identifies the interval in which the adopted parameterization 809 

is least satisfactory. 810 

a) 

 

b) 

 

Figure 11. Residual and uncertainty-normalized fit diagnostics for the A-A' gravity inversion. 811 

Residual and standardized-residual distributions for the L2 and IRLS solutions. Both 812 

inversions satisfy the global WRMS discrepancy criterion, but localized standardized 813 

residuals remain concentrated near the steep, high-amplitude gravity anomaly at 814 

approximately 2.6–3.0 km profile distance. 815 
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5.4 Recovered density structure 816 

The L2 and IRLS density models in Figures 7–9 share several first-order features. Both 817 

recover a strong positive-density anomaly beneath approximately 2–3 km profile distance, 818 

directly beneath the highest-topography sector and the strongest positive gravity anomaly; in 819 

the study-area map this sector is associated with Mount Prau. A second positive-density 820 

domain occurs at approximately 6–7 km, while smaller shallow positive features appear 821 

farther west. Broad negative-density zones separate and flank these positive domains, 822 

particularly across the central part of the profile and east of the second positive anomaly. 823 

These recurrent features are more defensible than detailed model boundaries because their 824 

polarity and approximate lateral position persist under both regularization schemes. The 825 

principal 2–3 km positive anomaly occurs at essentially the same lateral position in the L2 and 826 

IRLS models, and the broad negative domains remain recognizable despite differences in 827 

texture. Their persistence provides evidence of relative stability with respect to the specific 828 

L2-versus-IRLS perturbation tested here, although it does not constitute independent 829 

geological validation. 830 

Geometry within these broad domains is considerably less stable. L2 distributes density 831 

changes smoothly among neighboring cells and produces gradual transitions with depth. The 832 

selected IRLS formulation produces sharper vertical changes and more columnar density 833 

patterns because the nonquadratic term acts on the vertical gradient while smallness and 834 

horizontal smoothness remain quadratic. This behavior is consistent with the expected 835 

influence of nonquadratic or focusing regularization, which can sharpen selected model 836 

components without resolving the intrinsic non-uniqueness of potential-field inversion 837 

(Farquharson, 2008; Portniaguine & Zhdanov, 1999; Vatankhah et al., 2018a, 2018b). 838 

The sensitivity diagnostics reinforce this distinction. Kernel sensitivity is greatest in the 839 

shallow part of the section and decreases strongly with depth, even though depth weighting 840 

modifies the regularization metric to reduce excessive near-surface concentration. Depth 841 

weighting therefore changes the prior metric rather than adding independent information to 842 

the observations (Li & Oldenburg, 1998). Deep vertical continuations and density extrema 843 

should consequently be assigned lower spatial confidence than the broad polarity and lateral 844 

position of the principal anomalies. 845 

5.5 Geophysical interpretation and limitations 846 

Geologically, the recovered models should first be interpreted as maps of relative density 847 

contrast rather than as direct lithological cross-sections. The Dieng subsurface comprises 848 

basaltic to andesitic lava, pyroclastic and volcaniclastic sequences, younger volcanic products, 849 
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hydrothermally modified units, and locally intrusive rocks (Harijoko et al., 2016; Shalihin et 850 

al., 2020, 2022). Shalihin et al. (2020) reported dioritic material in wells at depths of roughly 851 

2 km in parts of the field and documented widespread hydrothermal alteration, with 852 

pyroclastic rocks locally more intensely altered than lava. Earlier geothermal studies also 853 

emphasized the structurally compartmentalized character of Dieng and the close association 854 

of the resource with NW-trending volcanic and structural elements (Boedihardi et al., 1991; 855 

Layman et al., 2002). 856 

On this basis, prominent positive-density zones recovered by ALTYN may be compatible 857 

with relatively dense and coherent volcanic or intrusive material, whereas negative-density 858 

contrasts may reflect lower-density pyroclastic or volcaniclastic sequences, increased fracture 859 

or pore volume, hydrothermal leaching or alteration, or combinations of these processes. 860 

These interpretations remain hypotheses. A positive anomaly cannot be identified 861 

automatically as a dioritic intrusion merely because diorite is known elsewhere in the field, 862 

and a negative anomaly cannot be equated uniquely with a geothermal reservoir, clay cap, or 863 

alteration zone. Comparable ambiguity is evident in other gravity inversions in which model 864 

focusing, bounds, and depth weighting strongly influence the recovered geometry (Boulanger 865 

& Chouteau, 2001; Ghalehnoee et al., 2017; Krahenbuhl & Li, 2006). 866 

Previous work confirms substantial structural and geothermal complexity at Dieng. NW-867 

SE faulting and crater-related structures have been linked to permeability and thermal 868 

manifestations (Shalihin et al., 2020, 2022), and previous 3D gravity analysis inferred 869 

multiple normal faults together with separated low- to moderate-density zones interpreted as 870 

reservoir candidates (Rosid & Sibarani, 2021). Earlier integrated gravity, magnetotelluric, and 871 

well interpretations likewise separated the field into distinct sectors and associated some 872 

gravity highs with relatively low-permeability barriers (Boedihardi et al., 1991). These studies 873 

provide important regional context, but without verified spatial registration of A-A' against 874 

their specific structures, wells, and 3D models, it would be inappropriate to identify an 875 

individual ALTYN density transition as a named fault, reservoir boundary, or lithological 876 

contact. 877 

The field results therefore support a deliberately limited interpretation. The broad polarity 878 

and lateral position of the principal density contrasts are better constrained than their absolute 879 

density amplitude, detailed geometry, or maximum depth. The localized residual 880 

concentration at 2.6–3.0 km further suggests that the strongest anomaly is not represented 881 

perfectly by the adopted 2.5D parameterization despite the satisfactory global WRMS. 882 

Locally more complex three-dimensional source geometry is one plausible explanation, 883 
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although observational uncertainty, preprocessing effects, regional-field simplification, and 884 

discretization remain viable alternatives. 885 

Several limitations remain fundamental. Gravity inversion is intrinsically non-unique; 886 

finite strike length imposes an assumed cross-profile geometry; a 2.5D formulation cannot 887 

represent arbitrary out-of-profile heterogeneity; sensitivity decreases with source depth; L2 888 

and IRLS impose different spatial priors; density bounds restrict the admissible model family; 889 

and the simultaneously estimated regional term can trade off against long-wavelength density 890 

structure (Al-Chalabi, 1971; Boulanger & Chouteau, 2001; Li & Oldenburg, 1998). Out-of-891 

profile three-dimensional geology is particularly relevant in a volcanic complex containing 892 

numerous eruption centers and structurally segmented geothermal sectors (Harijoko et al., 893 

2016). The A-A' result should therefore be treated as a geophysically admissible density-894 

contrast distribution consistent with the processed gravity profile and the stated uncertainty, 895 

finite-strike, bound, regional, and regularization assumptions, rather than as a unique 896 

reconstruction of the Dieng subsurface. 897 

6. Discussion 898 

6.1 Performance of the finite-strike inversion framework 899 

The baseline synthetic tests and the field application demonstrate that ALTYN can 900 

execute a consistent profile-gravity inversion workflow while accounting explicitly for 901 

topography, observation uncertainty, model regularization, density bounds, a regional 902 

nuisance component, and prescribed finite strike extent. The three synthetic benchmarks 903 

become progressively more demanding. Benchmark 1 localizes the isolated positive source 904 

laterally but smears its depth extent; Benchmark 2 recovers separated positive and negative 905 

polarities while retaining amplitude and depth ambiguity; and Benchmark 3 shows that an 906 

uncertainty-consistent gravity fit can coexist with failure to reconstruct the deeper positive 907 

source at its prescribed location. The results therefore support first-order recovery of anomaly 908 

polarity and approximate lateral position more strongly than exact body boundaries, density 909 

amplitude, or depth geometry. 910 

This progression is consistent with the fundamental behavior of gravity inversion rather 911 

than with a simple transition from successful to failed optimization. Gravity observations are 912 

integrated responses to subsurface mass contrast, and the inverse problem admits many 913 

density distributions capable of generating nearly indistinguishable surface fields (Al-Chalabi, 914 

1971; Boulanger & Chouteau, 2001; Li & Oldenburg, 1998). Sensitivity also decays strongly 915 

with depth, so increasingly complex combinations of shallow and deep sources enlarge the 916 

range of model-space trade-offs available to the inversion (Li & Oldenburg, 1998; 917 
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Portniaguine & Zhdanov, 1999). The synthetic tests are therefore an important internal 918 

control: ALTYN can reproduce the dominant characteristics of relatively simple sources, but 919 

it does not artificially remove the intrinsic non-uniqueness of the gravity inverse problem. 920 

The finite-strike formulation occupies an intermediate geometric position between 921 

conventional 2D infinite-strike modeling and a fully variable 3D inversion (Nagy et al., 922 

2000). For a given X–Z density distribution, changing the strike extent changes the predicted 923 

gravitational attraction and can be compensated by changes in density amplitude, source 924 

volume, or depth. Finite-strike flexibility therefore introduces an additional geometric prior 925 

rather than an independently resolved parameter. This is particularly important for the present 926 

field case: the synthetic benchmarks use an explicit 4-km strike length, whereas A-A' uses the 927 

automatic long-strike value of approximately 92.3 km. The field result should consequently 928 

be interpreted as a demonstration of the integrated profile workflow, not as validation of a 929 

geologically determined cross-profile strike extent. 930 

ALTYN does not define a fundamentally new class of gravity inverse problem. Its 931 

contribution is the computational integration of established ideas within a single constrained 932 

profile formulation. Minimum-structure inversion and depth weighting are well-established 933 

strategies for stabilizing cell-based gravity inversion (Li & Oldenburg, 1998); compact and 934 

focusing stabilizers have long been used to favor spatially concentrated anomalies (Guillen & 935 

Menichetti, 1984; Last & Kubik, 1983; Portniaguine & Zhdanov, 1999); IRLS and related 936 

nonquadratic approaches permit piecewise or focused models (Farquharson, 2008; Vatankhah 937 

et al., 2017, 2018b); and physical bounds or discrete constraints can substantially reduce the 938 

admissible model space (Boulanger & Chouteau, 2001; Ghalehnoee et al., 2017; Krahenbuhl 939 

& Li, 2006). Within that established methodological landscape, ALTYN combines 940 

topography-consistent active-cell geometry, finite-prism physics, uncertainty-normalized 941 

fitting, optional simultaneous regional estimation, explicit box constraints, directional 942 

L2/IRLS regularization, and a projected Newton/active-set PCG strategy. Its principal 943 

scientific value is therefore transparency: the assumptions that select one data-compatible 944 

model can be stated, compared, and diagnosed without changing the underlying forward-data 945 

convention. 946 

The A-A' application shows that the same numerical framework can be transferred from 947 

controlled synthetic experiments to a real profile with substantial topographic relief. Both 948 

regularization choices reproduce the principal field-gravity variations at approximately the 949 

level expected from the adopted uncertainty model. This consistency supports the numerical 950 

applicability of the forward and constrained-inverse formulation, but it does not establish 951 
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uniqueness or geological correctness. That distinction is especially important in Dieng, where 952 

previous studies document multiple volcanic centers, fault-controlled geothermal sectors, 953 

intrusive activity, and spatially variable hydrothermal alteration (Boedihardi et al., 1991; 954 

Harijoko et al., 2016; Layman et al., 2002; Shalihin et al., 2020, 2022). 955 

6.2 Data-space fit versus model-space resolution 956 

One of the clearest outcomes of this study is the distinction between satisfactory data-957 

space fit and reliable model-space recovery. This distinction appears in both the synthetic and 958 

field calculations and is most obvious in Benchmark 3. The synthetic gravity response for that 959 

experiment is reproduced with WRMS close to the adopted discrepancy level, yet the deeper 960 

prescribed positive-density structure is not distinctly reconstructed at its correct position. 961 

Instead, the recovered model redistributes density over a broader volume while retaining a 962 

gravity response compatible with the synthetic observations. A small residual can therefore 963 

coexist with substantial source-geometry error. 964 

This behavior is a direct consequence of non-uniqueness. Data-space quantities such as 965 

RMS, WRMS, standardized residuals, and χ² measure consistency between predicted and 966 

observed gravity, but they do not determine whether the corresponding density distribution is 967 

close to the true source (Al-Chalabi, 1971; Li & Oldenburg, 1998; Uieda & Barbosa, 2016). 968 

In synthetic tests, model-space fidelity can be quantified because the prescribed density 969 

distribution is known; recovered-minus-true differences, model RMSE, relative error, and 970 

correlation therefore provide information unavailable for field data. For real observations 971 

there is no equivalent true model, and reliability must instead be evaluated indirectly through 972 

regularization comparisons, sensitivity diagnostics, geological or petrophysical constraints, 973 

and consistency with independent observations. Stochastic and population-based gravity 974 

inversions make the same broader point from another direction: uncertainty in geometry and 975 

density should be explored rather than inferred from a single best-fitting model (Pallero et al., 976 

2015; Song et al., 2021). 977 

The interpretation of WRMS is consequently critical. A value near unity indicates that the 978 

residual magnitude is broadly compatible with the assigned observational standard deviations; 979 

it does not imply that density amplitude is correct, that source depth has been uniquely 980 

resolved, or that the solution reproduces the actual geology. The field results illustrate this 981 

directly: L2 and IRLS both obtain acceptable WRMS values but produce noticeably different 982 

density textures and vertical continuities. Likewise, all three baseline synthetic benchmarks 983 

satisfy the discrepancy criterion even though the discrepancy between prescribed and 984 
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recovered geometries increases with structural complexity. The discrepancy principle is 985 

therefore a data-consistency criterion, not a model-validation criterion. 986 

Depth resolution is a major component of this separation between data space and model 987 

space. Near-surface cells exert a stronger gravitational influence at the receivers than 988 

equivalent cells at depth, whereas deeper sources generally produce smoother, longer-989 

wavelength responses. The inversion can therefore trade source depth against density 990 

amplitude and volume. The recovered synthetic models display exactly this behavior: 991 

compact prescribed bodies become broadened or vertically extended, especially as structural 992 

complexity increases, and the deeper positive component of Benchmark 3 is much less 993 

distinguishable than the shallower negative component. Comparable depth-amplitude trade-994 

offs are central to classical minimum-structure and focused gravity inversion (Li & 995 

Oldenburg, 1998; Portniaguine & Zhdanov, 1999). 996 

Depth weighting can reduce the tendency of minimum-structure inversion to concentrate 997 

density immediately beneath the observation surface, but it should not be interpreted as 998 

restoring missing resolution. It modifies the regularization prior to counteract spatial variation 999 

in sensitivity; it does not add independent information to the data (Ghalehnoee et al., 2017; Li 1000 

& Oldenburg, 1998). Deep density structures recovered by ALTYN, as in other potential-field 1001 

inversions, should therefore be interpreted with lower spatial confidence than shallower 1002 

lateral anomaly positions. 1003 

The same distinction applies to numerical convergence. Satisfying the WRMS target 1004 

establishes a data-discrepancy condition, whereas the projected KKT residual assesses how 1005 

adequately the box-constrained numerical subproblem has been solved. These diagnostics 1006 

answer different questions. A statistically acceptable model can still show a less completely 1007 

resolved final constrained subproblem, particularly at low regularization strength. Numerical 1008 

optimality diagnostics therefore complement rather than replace statistical misfit assessment. 1009 

6.3 Influence of regularization and prior assumptions 1010 

The L2-IRLS comparison demonstrates how different regularization priors select different 1011 

members of the family of gravity-compatible density models. In the L2 formulation, density 1012 

amplitudes and directional gradients are penalized quadratically, favoring broad and smoothly 1013 

varying structure. This behavior is consistent with minimum-structure approaches that 1014 

stabilize ill-posed potential-field inversion by suppressing model complexity, but can smear 1015 

abrupt geological boundaries (Li & Oldenburg, 1998; Portniaguine & Zhdanov, 1999). The A-1016 

A' L2 model accordingly exhibits gradual transitions between positive and negative density 1017 

regions and distributes anomaly amplitude over relatively large volumes. 1018 
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The adopted IRLS configuration is more specific than a generic smooth-versus-focused 1019 

comparison. Smallness and horizontal smoothness remain quadratic, whereas the vertical-1020 

gradient term uses p_z < 2; the nonquadratic weighting therefore acts preferentially on 1021 

vertical variation. The resulting model contains stronger vertical segmentation, more 1022 

pronounced columnar continuity, and sharper transitions among some density domains. This 1023 

response is consistent with the behavior of IRLS, Lp, total-variation, and focusing approaches 1024 

reported in previous gravity studies, in which changing the stabilizing functional can sharpen 1025 

or compact selected features (Farquharson, 2008; Peng & Liu, 2021; Vatankhah et al., 2017, 1026 

2018b, 2018a). It should not, however, be interpreted as independent evidence that the IRLS 1027 

geometry is geologically more accurate. The difference in field-data fit is modest, and the 1028 

slightly lower IRLS RMS/WRMS does not establish improved geological fidelity. 1029 

Conversely, several first-order features persist under both regularization schemes. The 1030 

principal positive-density domains occur at nearly the same lateral positions, and the broad 1031 

negative-density regions remain recognizable. Their persistence indicates relative stability 1032 

with respect to the specific regularization perturbation that was actually tested. More 1033 

interpretive confidence can therefore be assigned to the existence and approximate lateral 1034 

location of these common anomalies than to small features or detailed boundaries that change 1035 

between L2 and IRLS. Nevertheless, stability under two regularizers is not equivalent to 1036 

independent geological validation, a caution also emphasized by studies comparing smooth, 1037 

compact, binary, and focused potential-field formulations (Ghalehnoee et al., 2017; 1038 

Krahenbuhl & Li, 2006; Last & Kubik, 1983). 1039 

Density bounds constitute another prior assumption. Explicit limits are useful because 1040 

they prevent the inversion from fitting the data through unrealistically large density contrasts, 1041 

but they also restrict the admissible model space and can alter the trade-off among anomaly 1042 

amplitude, volume, and depth (Boulanger & Chouteau, 2001; Krahenbuhl & Li, 2006). The 1043 

small bound-active fraction in the baseline synthetic experiments indicates that those solutions 1044 

are not dominated by widespread saturation at the imposed limits, and the field inversions 1045 

likewise show limited bound activity. Even so, the bounds remain part of the prior model 1046 

definition even when only a small number of cells lie exactly at their limiting values. 1047 

The regional component introduces a further trade-off. Simultaneously estimating a 1048 

constant or linear nuisance term with the density model reduces the tendency for a datum 1049 

offset or broad trend to be mapped entirely into subsurface density. Related simultaneous 1050 

regional treatment has been used in other constrained gravity-inversion frameworks, including 1051 

the GROWTH family (Camacho et al., 2002, 2011, 2021). The decomposition is not unique, 1052 
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however, because broad or deep density structure can generate long-wavelength gravity 1053 

responses that overlap a low-order regional term. The estimated regional coefficient should 1054 

therefore be treated as part of the inversion parameterization rather than as an independently 1055 

resolved geological field. 1056 

Finite strike length and model discretization introduce similar prior dependence. An 1057 

inaccurate strike extent can be compensated by density amplitude, source depth, or volume, 1058 

while a finer mesh adds degrees of freedom without automatically adding independent 1059 

information to the data. Fine discretization can represent sharper or smaller anomalies, but 1060 

features that appear only at the finest scale may reflect parameterization rather than true 1061 

resolving power; conversely, an excessively coarse mesh can suppress meaningful structural 1062 

variation. These issues are common to cell-based gravity inversion and become particularly 1063 

important when geological complexity approaches or exceeds the dimensionality assumed by 1064 

the forward model (Cady, 1980; Li & Oldenburg, 1998; Nagy et al., 2000). 1065 

Among the principal assumptions examined here, dependence on regularization is tested 1066 

directly through the completed L2-versus-IRLS comparison. Quantitative invariance to 1067 

observational noise, finite strike length, and mesh spacing has not been demonstrated by 1068 

repeated runs and is therefore not claimed. Similar WRMS values obtained under different 1069 

assumptions do not by themselves establish model-space robustness. The present evidence 1070 

supports greater confidence in first-order anomaly polarity and lateral position than in density 1071 

extrema, exact boundaries, or deep continuation. 1072 

6.4 Implications for interpreting the Dieng gravity profile 1073 

The A-A' field inversion reinforces the conclusions drawn from the synthetic experiments: 1074 

the most defensible result is the first-order density architecture rather than the detailed 1075 

geometry of individual cells. L2 and IRLS both identify the main positive-density zones at 1076 

similar profile positions and reproduce broad negative-density domains between and around 1077 

them, whereas local amplitude, vertical continuity, and detailed boundaries vary more 1078 

strongly. This indicates that the presence and approximate lateral position of the principal 1079 

density contrasts are more stable than their exact subsurface extent. 1080 

The geological setting of Dieng provides several plausible mechanisms for these density 1081 

variations. Positive relative contrasts may be associated with coherent lava packages, denser 1082 

volcanic units, intrusive material, or locally shallower dense basement, whereas negative 1083 

contrasts may reflect volcaniclastic or pyroclastic sequences, stronger fracturing, higher 1084 

porosity, hydrothermal alteration or leaching, or combinations of these effects. The regional 1085 

literature supports such heterogeneity: Harijoko et al. (2016) documented a complex multi-1086 
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stage volcanic and magmatic evolution; Shalihin et al. (2022, 2020) described extensive 1087 

subsurface hydrothermal alteration, varied volcanic lithologies, and structurally controlled 1088 

geothermal circulation; and Layman et al. (2002) emphasized the association of the 1089 

geothermal resource with a NW-trending volcanic-structural zone. These studies make density 1090 

heterogeneity geologically plausible, but they do not provide a unique conversion from 1091 

density contrast to lithology. 1092 

Previous geophysical interpretations also provide an important comparison. Boedihardi et 1093 

al. (1991) integrated gravity, magnetotelluric, and well information and interpreted the Dieng 1094 

field as several geothermal sectors separated by comparatively low-permeability zones, some 1095 

of which corresponded to gravity highs and conductivity lows. Rosid and Sibarani (2021), 1096 

using derivative analysis and 3D gravity inversion, identified multiple predominantly normal 1097 

faults and two low- to moderate-density graben-like zones interpreted as separate reservoir 1098 

candidates, with comparison to geological and magnetotelluric information. The present 1099 

ALTYN result is qualitatively consistent with the broader conclusion that Dieng is strongly 1100 

density-heterogeneous and structurally segmented. However, because A-A' is a single 2.5D 1101 

profile and is not registered here in a way that permits direct cell-by-cell comparison with 1102 

those earlier 3D interpretations, the agreement should be regarded as regional consistency 1103 

rather than direct validation of any named reservoir, fault, or lithological body. 1104 

For the same reason, the field density section should not be translated directly into a 1105 

geological cross-section without independent constraints. A positive density anomaly should 1106 

not automatically be labeled as an intrusion, and a negative-density region cannot uniquely be 1107 

assigned to a geothermal reservoir, clay cap, fractured zone, or hydrothermally altered unit. 1108 

Such interpretations would become substantially stronger if supported by borehole lithology 1109 

and density measurements, mapped structures, magnetotelluric resistivity, seismic velocity, 1110 

magnetic data, or other independent observations. This requirement is consistent with the 1111 

broader gravity-inversion literature, which emphasizes that geological plausibility and 1112 

external constraints are essential for discriminating among non-unique density models 1113 

(Boulanger & Chouteau, 2001; Pallero et al., 2015). 1114 

The residual distribution provides an additional constraint on interpretation. Although the 1115 

global WRMS is statistically acceptable, both field inversions retain localized standardized 1116 

residuals around the strongest gravity-gradient zone at 2.6–3.0 km. Coherent misfit coincident 1117 

with a steep, high-amplitude anomaly indicates that this interval may be inadequately 1118 

represented by the adopted parameterization. Possible causes include local three-dimensional 1119 

source geometry, spatially variable strike extent, unresolved small-scale sources, a simplified 1120 
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regional model, topographic or discretization effects, or underestimated local observational 1121 

uncertainty. The residual pattern cannot distinguish among these causes, but it marks the part 1122 

of the profile where geological interpretation should be most cautious. 1123 

Taken together, the real-data application supports a hierarchical interpretation. Broad 1124 

anomaly polarity and lateral position receive the highest confidence because they persist 1125 

under both regularization schemes and are required to reproduce the principal gravity 1126 

variations. Exact density extrema, narrow secondary anomalies, vertical boundaries, and deep 1127 

continuations receive progressively lower confidence because they are more strongly 1128 

influenced by regularization, depth sensitivity, and geometric assumptions. This hierarchy is 1129 

consistent with both the synthetic recovery results presented here and the longstanding 1130 

recognition that potential-field inversions resolve some aspects of source location more 1131 

reliably than unique three-dimensional source geometry (Al-Chalabi, 1971; Li & Oldenburg, 1132 

1998; Portniaguine & Zhdanov, 1999). 1133 

7. Conclusions 1134 

ALTYN provides a 2D/2.5D finite-strike gravity-inversion framework that integrates 1135 

finite-prism forward modeling, topography-consistent discretization, uncertainty-weighted 1136 

data fitting, explicit density bounds, optional regional nuisance estimation, L2/IRLS 1137 

regularization, and constrained iterative optimization. The baseline synthetic tests show that 1138 

the framework can recover the principal polarity and approximate lateral position of relatively 1139 

simple density anomalies, whereas increasingly complex and deeper structures are less well 1140 

resolved. Satisfactory RMS or WRMS values do not guarantee accurate recovery of source 1141 

geometry; Benchmark 3 demonstrates that an acceptable data-space fit can coexist with 1142 

substantial model-space error. The L2-IRLS comparison likewise shows that both schemes 1143 

can reproduce the observations at approximately the adopted uncertainty level while selecting 1144 

different admissible density distributions. L2 favors smoother and more distributed structure, 1145 

whereas the adopted IRLS configuration produces stronger vertical segmentation and sharper 1146 

density transitions. Large-scale anomaly locations are therefore more defensible than detailed 1147 

boundaries, density extrema, and deep continuations. 1148 

Application to the real A-A' gravity profile demonstrates that ALTYN can accommodate 1149 

variable topography and recover coherent first-order positive- and negative-density domains 1150 

while maintaining a fit consistent with the assumed uncertainty of the processed gravity 1151 

anomaly. The field calculation uses an automatic long finite-strike prior of approximately 1152 

92.3 km and therefore should not be interpreted as validation of a uniquely constrained 1153 

geological strike extent. Localized residual concentration and the differences between the L2 1154 
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and IRLS solutions further show that the field model is not a unique geological cross-section. 1155 

Quantitative robustness to observational-noise level, strike-length choice, and mesh resolution 1156 

has not been established through repeated perturbation experiments and is not claimed here. 1157 

ALTYN is therefore best regarded as a transparent framework for constructing and comparing 1158 

geophysically admissible density models under explicitly stated forward, uncertainty, bound, 1159 

regional, and regularization assumptions. 1160 
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