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Abstract: 

This study presents a comprehensive numerical simulation of the hydrothermal behavior of nanofluid flow 

within a horizontal channel saturated with a Darcy-Forchheimer porous medium. Unlike simplified models 

that rely on Ordinary Differential Equations (ODEs), this work solves the full system of governing non-linear 

Partial Differential Equations (PDEs) to capture the complete evolution of the flow field. The nanofluid is 

modeled using Buongiorno’s non-homogeneous two-phase framework, which accounts for Brownian motion 

and thermophoresis slip mechanisms. The numerical solution is implemented via the SIMPLER algorithm 

within a customized Fortran environment on a structured staggered grid. A primary novelty of this research 

is the investigation of partial nanoparticle injection at the boundary layers and its interaction with thermal 

dispersion effects. The results indicate that the local Nusselt and Sherwood numbers are significantly 

influenced by the injection thickness; however, an asymptotic behavior is observed where increasing the 

injection layer beyond a certain threshold yields negligible improvements in hydrothermal performance. 

Furthermore, it is found that elevating the thermal dispersion coefficient enhances lateral heat transport, thus 

intensifying the convective heat transfer rate. The results also indicate that among the investigated 

nanoparticles ( ,Cu
2 3Al O  and 

2TiO ), the Cu-water nanofluid exhibits the highest Nusselt number due to its 

superior thermal conductivity. This research provides a precise numerical tool and physical insights for 

optimizing porous media  based cooling systems through strategic, partial nanofluid injection. 

 

 

Key words: Brinkman porous channel; Brownian motion; Buongiorno model; Nanofluid; Numerical solution; 

Partial nanofluid injection; Thermal dispersion. 
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Nomenclature 

A  Cross-sectional area 

a  Channel half-height 

FC  Forchheimer coefficient (Inertial resistance factor) 

pc  specific heat at constant pressure 

*C  thermal dispersion coefficient 

BD
 

Brownian diffusion coefficient 

TD
 

thermal diffusion coefficient 

Da  Darcy number 

pd  nanoparticle diameter 

h  average wall heat transfer coefficient 

k  thermal conductivity 

K  permeability 

* ,L L  dimensionless and dimensional channel length 

m  mass flow rate 

BN  Brownian motion parameter 

TN  thermophoresis parameter 

Nu  Nusselt number 

,P p  dimensionless and dimensional pressure 

Pr  Prandtl number 

Re  Reynolds number 

,S s  dimensionless and dimensional nanofluid injection thickness 

Sc  Schmidt number 

Sh  Sherwood number 

T  temperature 

,U u  dimensionless and dimensional axial velocities 

,V v  dimensionless and dimensional Transverse velocities 

u  uniform axial velocity at the inlet 

DV


 Darcy velocity vector 

,X x  dimensionless and dimensional axial coordinates 

,Y y  dimensionless and dimensional normal coordinates 

  

Greek letters  

  Thermal diffusivity 

  porosity 

,  dimensionless and dimensional nanoparticles volume fraction or 

concentration 


 dynamic viscosity 

  dimensionless temperature 
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  density  

  kinematics viscosity 

Subscript, Superscript 

f  fluid 

eff  effective 

,i in  inlet 

m  mean quantity 

nf  nanofluid 

out  outlet 

p  particles 

w  
 

wall 

 

1. Introduction 

Nanofluids, defined as suspensions of nanoscale particles (1-100 nm) in conventional base fluids, 

have emerged as promising candidates for advanced heat transfer applications. Their unique 

thermophysical properties have attracted attention across diverse fields such as thermal engineering, 

energy systems, electronics cooling, and biomedical processes. The concept of nanofluids was first 

introduced by Choi [1] in 1995, highlighting the potential of nanoparticles to enhance the effective 

thermal conductivity of otherwise low-conductivity base fluids. Subsequent studies confirmed that 

metallic nanoparticles (e.g., Cu , Ag ) and metal oxides (e.g., 2 3Al O , CuO ) can significantly improve 

the thermal performance of fluids when properly dispersed. Previous investigations have consistently 

demonstrated that even a small addition of nanoparticles can lead to a noticeable rise in the thermal 

conductivity of base fluids. Eastman et al. [2] reported that dispersing only 5% volume fraction of 

2 3Al O , CuO , or Cu  nanoparticles resulted in nearly 60% improvement in the effective conductivity 

of nanofluids. Several other studies have likewise confirmed that remarkable enhancements can be 

achieved at relatively low particle concentrations. A major advancement in nanofluid modeling was 

achieved by Buongiorno [3], who proposed a comprehensive framework for convective transport by 
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incorporating slip mechanisms between nanoparticles and the base fluid. Among the seven slip effects 

considered, Brownian diffusion and thermophoresis were identified as the dominant contributors to 

nanoparticle migration and heat transfer enhancement. This formulation provided a more realistic 

description compared to earlier homogeneous models such as Tiwari-Das [4], and has since become 

a cornerstone in nanofluid research. Subsequent investigations confirmed that nanoparticle transport 

phenomena strongly influence velocity and temperature fields, thereby affecting the overall heat 

transfer performance [5–7]. Recent investigations have expanded the application of Buongiorno’s 

model to complex flow configurations. For example, Fetecau et al. [8] analyzed natural convection 

of nanofluids near an isothermal moving surface, while Bhatti and Rashidi [9] explored Brownian 

and thermophoretic effects in non-Newtonian nanofluid flows induced by stretching geometries. 

These studies underline the importance of nanoparticle transport phenomena in determining the 

overall heat transfer performance of nanofluids. As highlighted by Khaled and Vafaei [10], adjusting 

the distribution of dispersive elements such as nanoparticles or flexible fins within channel flows can 

enhance heat transfer, with boundary and exponential arrangements resulting in up to 21% 

improvement compared to uniform configurations and pointing toward the development of advanced 

nanofluids with superior cooling capabilities, while the nanofluid is modeled as a single-phase 

continuum with spatially varying effective thermal conductivity and a prescribed fully developed 

velocity profile rather than by solving the full momentum equations within a Buongiorno-type two-

phase slip framework. Mousavi et al.  [11]  address the challenge of sustaining heat transfer 

performance in geothermal energy systems by systematically formulating and characterizing 

aluminum-water nanofluids stabilized with different surfactants (sodium dodecyl sulfate, Span 80, 

and (3-aminopropyl) triethoxysilane), combining an extensive suite of experimental techniques 

(scanning electron microscopy, ultraviolet-visible spectrometry, thermogravimetric analysis, 

dynamic light scattering, Fourier-transform infrared spectroscopy, turbidity, viscosity and density 
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measurements, computed tomography, and computational fluid dynamics with finite element method 

analysis) to show that properly surface-modified nanofluids can simultaneously improve thermal 

transport and reduce frictional losses -yielding up to about 30% higher energy recovery than water 

and roughly 12% gain over unmodified nanofluids- while a newly proposed stability index provides 

a quantitative framework for screening long-term-stable formulations for geothermal applications. A 

41.9 percent thermal conductivity enhancement in Al-Cu/water hybrid nanofluids, as revealed by He 

et al. [12], stems from molecular dynamics insights into solid-like interfacial ordering and synergistic 

hydrogen bond-nanoparticle vibrational coupling at the optimal 40:60 ratio. Investigating the intricate 

interplay of convective boundary conditions and nonlinear stratification in nanofluid transport, Khan 

et al. [13] develop a comprehensive model for cubic doubly stratified rotating Casson nanofluid flow 

over an inclined bidirectional stretching sheet, incorporating mixed convection, velocity slip, 

Darcy/non-Darcy porous media, oblique magnetic fields, thermal radiation, viscous dissipation, heat 

generation/absorption, Brownian diffusion, and thermophoresis, with numerical solutions via 

Mathematica's NDSolve revealing that magnetic/Darcy effects suppress velocities while Biot 

numbers and radiation enhance temperature profiles for optimized heat/mass transfer in applications 

like semiconductor manufacturing and solar collectors. 

Recent investigations have extended Buongiorno’s nanofluid framework to diverse physical 

situations. Shi et al. [14] and with Hayat et al. [15] focused on microorganism motility in non-

Newtonian environments, where activation energy, radiative heat flux, and viscous dissipation were 

shown to play a decisive role in transport processes. In another work, Chu et al. [16] examined the 

Buongiorno problem under magnetohydrodynamic (MHD) influences and activation energy 

conditions, while also incorporating microbial motion into the fluid dynamics. Qasim et al. [17] 

investigated thin film nanofluid flow above an unsteady stretching sheet, employing Buongiorno’s 

formulation to capture heat and mass transfer characteristics. Nadeem et al. [18] presented a 
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parametric study where velocity, temperature, and concentration profiles were analyzed, with 

graphical results clarifying the sensitivity of thermal behavior to physical parameters. Rosca et al. 

[19] explored boundary layer flow and thermal transport over a permeable isothermal surface subject 

to stretching and shrinking, considering both nanofluid and hybrid nanofluid cases. Their work 

introduced a modified Buongiorno-type model to account for hybrid effects. In their recent work, 

Adnan et al. [20] analyzed Buongiorno nanofluid flow in thermally radiated inclined microchannels 

with microbial activity, showing that rotation and thermophoretic deposition enhance transport 

performance, whereas radiation effects reduce efficiency. Raja et al. [21] presented a numerical 

investigation of Buongiorno nanofluid flow over a stretching sheet using 2 3Al O , Cu , Ag , and 2TiO  

nanoparticles, and concluded that variations in Brownian motion, thermophoresis, and particle 

fraction substantially reshape velocity, temperature, and concentration fields, ultimately enhancing 

heat transfer efficiency. Nihaal and Mahabaleshwar [22] studied hybrid nanofluid flow of 

2 2 4TiO -Fe O  over a rotating cylinder in porous media, showing that porous resistance increases drag, 

thermophoresis reduces heat transfer, while Brownian motion enhances mass transport. Rahman et 

al. [23] developed a hybrid nanofluid model with graphene and 
2 4Fe O  nanoparticles in channels with 

expanding/contracting walls, showing that nanoparticle fraction, Joule heating, and magnetic effects 

significantly alter density, thermal conductivity, and velocity distributions. By examining 

2 3Cu-Al O /water  hybrid nanofluid alongside conventional Cu/water  nanofluid, Devi and Devi [24] 

revealed that hybrid formulations achieve higher heat transfer rates under Newtonian heating on a 

three-dimensional stretching surface, even in magnetohydrodynamic settings, with adjustable 

nanoparticle ratios offering further optimization. Rana et al. [25] analyzed electrically conducting 

alumina-water nanofluid flow over a horizontally shrinking cylinder with velocity and thermal slip, 

employing Buongiorno’s non-homogeneous model together with nanolayer conductivity and 

Nielsen’s viscosity formulations; their numerical results revealed that higher nanoparticle 
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concentration increases skin friction and Nusselt number, while larger particle diameters reduce heat 

transfer, with dual solution branches appearing under specific suction, curvature, and shrinking 

conditions. Several studies have employed Buongiorno’s model to analyze diverse flow and heat 

transfer scenarios, including stretching sheets, rotating cylinders, porous media, and thermally 

radiated channels [26–46]. 

Building upon Darcy’s classical description of porous flow, Forchheimer introduced an additional 

inertial correction that enables accurate representation of high‑speed regimes [47]. Subsequent 

investigations, including those by Dero et al. [48], confirmed the relevance of this extended 

formulation at larger Reynolds numbers. Unlike the linear Darcy relation, the Darcy-Forchheimer 

framework incorporates a nonlinear resistance term, making it suitable for diverse engineering 

applications ranging from petroleum extraction and aquifer treatment to solar energy devices, 

reservoir engineering, thermal storage, and propulsion systems [49–58]. More recent contributions 

include investigations of Darcy-Forchheimer magnetohydrodynamic flow over variable-thickness 

stretchable sheets, incorporating chemical reactivity and heat generation effects, which demonstrate 

its relevance in aerodynamic structures, energy systems, and cooling technologies [59]. In addition, 

Darcy-Forchheimer Maxwell-MHD bio-convection nanofluid flow through a porous rotating disk, 

with entropy generation, thermal radiation, and chemical reactivity effects, has been analyzed using 

both analytical (HAM) and numerical (Bvp4c) approaches, highlighting its importance in gas 

turbines, braking systems, and glass manufacturing [60].  

The mathematical formulation addresses boundary-layer motion of a Newtonian fluid over an 

extensible surface situated within a porous region beyond the classical Darcy description, where the 

added nonlinearity stems from the Forchheimer velocity-squared resistance rather than convective 

contributions. In related work, Khan et al. [61] examined micropolar ferrofluid transport in Darcy-

Forchheimer porous structures while incorporating Joule heating and viscous dissipation effects. 
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Rasool et al. [62] presented an analysis of nanofluid transport governed by Darcy-Forchheimer 

magnetohydrodynamic effects along a nonlinear extensible surface. Darcy-Forchheimer modeling of 

tri‑hybrid nanofluids, formulated with blood as the carrier medium and metallic/ceramic 

nanoparticles, has been explored in porous channels to illustrate potential biomedical applications 

such as targeted drug delivery, hyperthermia treatment, and magnetic endoscopy [63]. Gul et al. [64] 

investigated magnetohydrodynamic influences on the motion of three different tri-hybrid nanofluids 

over an elongated cylindrical surface. Power-law hybrid nanofluids over stretching surfaces are 

modeled by Endalew and Zhang [65], integrating inclined magnetic fields, Navier slip boundaries, 

and modified Fourier heat conduction; numerical solutions confirm superior surface heat transfer 

rates versus conventional nanofluids despite velocity suppression effects. Two-dimensional 

magnetohydrodynamic micropolar nanofluid flow over a stretching sheet is examined by Mittal and 

Kori [66], incorporating Brownian motion, thermophoresis, Darcy-Forchheimer porous resistance, 

chemical reaction, and thermal radiation with active/passive nanoparticle control; semi-analytical 

Homotopy Analysis Method solutions show magnetic and slip effects suppress velocity/microrotation 

while stretching rate and volume fraction enhance them for microscale heat/mass transfer 

applications. Velocity enhancement and reduced temperature/concentration in Reiner-Philippoff 

nanofluid flow over nonlinear stretching sheets are demonstrated by Ghoneim et al. [67], where 

Darcy-Forchheimer porosity, slip velocity, thermal radiation, activation energy, and Buongiorno 

effects with viscous dissipation collectively boost mass transfer for groundwater remediation 

applications. Also Hayat Khan et al. [68] examine time-fractional entropy generation in mixed 

convection of reacting nanofluids within Darcy-Forchheimer porous channels, integrating 

thermophoresis, buoyancy, chemical reactions, viscous dissipation, Brownian motion, and velocity 

slip; Euler wavelets with implicit differencing reveal that higher Eckert and Reynolds numbers boost 

entropy by 15-20 percent while pressure gradients and Forchheimer effects reduce it by 12 percent 
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for optimized porous media designs. Recent studies have examined melting effects in Darcy-

Forchheimer porous media with nanofluid flow towards cylindrical surfaces under MHD stagnation-

point conditions. Using the Buongiorno nanofluid model and numerical techniques, the influence of 

melting, curvature, magnetic field, and Brownian motion on velocity, temperature, and nanoparticle 

concentration has been reported, with results validated against existing data [69]. Darcy-Forchheimer 

thin-film flow of couple stress nanofluid with Manganese zinc ferrite and Graphene nanoparticles 

exhibits enhanced heat transfer under nonlinear thermal radiation, melting heat, and Newtonian 

heating, where Khemiri et al. [70] apply Adam-Bashforth predictor-corrector solutions to reveal that 

Darcy-Forchheimer resistance opposes flow while hybrid nanomaterials boost thermal performance 

for coating and microelectronics cooling applications. Asif Memonet al. [71] analyze dual solutions 

for Copper-Molybdenum disulfide micropolar water-based hybrid nanofluid boundary layer flow 

over stretching/shrinking surfaces under Darcy-Forchheimer porous resistance, thermal radiation, and 

partial slip, revealing that nanoparticle volume fractions boost Sherwood numbers while suppressing 

skin friction and Nusselt numbers amid suction and magnetic effects. 

The main purpose of this study is to analyze the effects of partial nanoparticle injection (boundary 

arrangements) with varying thicknesses in a Darcy-Forchheimer porous channel using the most 

precise Buongiorno two-phase model. The fully coupled system of non-linear partial differential 

equations is solved numerically using a control volume method based on the SIMPLER algorithm. 

This approach accounts for thermal dispersion and non-uniform velocity, temperature, and 

concentration profiles, covering the entire flow development from the inlet to the fully developed 

conditions. The authors believe that the present study is new and innovative. The governing partial 

differential equations are transformed into dimensionless form and numerically solved using the 

control volume approach with SIMPLER algorithm. Graphical and tabular analysis reveals the effects 

of different physical parameters including nanoparticle arrangement type, injection zone thickness, 
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nanoparticle material, volume fraction, Reynolds number, and entrance/development region effects. 

In the present work, non-uniform two-phase nanofluid flow with precise thermal dispersion modeling 

is taken into account which covers many directions of nanofluid transport rarely considered by 

researchers in such porous channel studies. It is hoped that this article will prove helpful to new 

researchers working on advanced nanofluid applications, particularly those investigating optimal 

nanoparticle distribution strategies for heat transfer enhancement. 

 

2. Flow Analysis and Mathematical Formulation 

The steady, two-dimensional flow of a Newtonian, incompressible viscous nanofluid through a 

channel saturated with a porous medium is considered.  The channel is formed by two parallel 

impermeable plates separated by a distance 2a , and the porous region is assumed to be fully saturated 

with known properties. At the inlet section, a developing region of length 1l   exists. This is followed 

by a downstream region of length 2l  in which the flow and thermal fields are fully developed. As 

illustrated in Fig. 1, the x-axis is aligned with the channel centerline in the axial direction, while the 

y-axis is taken perpendicular to it. The fluid entering the channel may consist of pure fluid in part of 

the inlet cross-section and nanofluid (pure fluid with suspended nanoparticles) in another part. The 

fluid is assumed Newtonian, with thermophysical properties varying according to the local 

nanoparticle concentration. Both channel walls are maintained at a constant temperature 
wT  

throughout the flow domain. Different configurations for nanoparticle injection at the channel inlet 

cross-section are considered. In one arrangement, referred to as boundary injection and illustrated in 

Fig. 1, nanoparticles are introduced into regions of thickness s  adjacent to the channel walls, with a 

prescribed volume fraction i  relative to the base fluid.  
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Fig.  1. The schematic of the problem and grid system. 

As the flow proceeds in the axial direction, the nanoparticles gradually disperse throughout the 

entire channel. According to most previous studies, the porous medium is assumed to be 

homogeneous, isotropic, and in local thermal equilibrium with the fluid [72]. In addition, the effective 

properties of the porous medium are considered constant, whereas the thermophysical properties of 

the nanofluid vary depending on the nanoparticle concentration in different regions of the field [3]. 

Due to the preceding discussion and given the specific practical conditions of such problems, the 

steady-state solution is desired, and all time-dependent terms are neglected in the governing 

equations. Accordingly, the governing equations are considered in a two-dimensional (axisymmetric)  

and steady-state form. To prepare the equations for a clearer and more tractable numerical solution, 

they are nondimensionalized through the introduction of appropriate parameters. Assuming 

two-dimensional flow, the Darcy velocity vector is defined as ˆ ˆ
DV u i v j= +


where î  and ĵ  are unit 
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vectors in the axial and transverse directions of the channel, respectively. Under these assumptions, 

the conservation equations for nanofluid flow, including continuity, momentum, energy, and 

concentration, with the volumetric averaging notation omitted, are expressed as follows [3,72,73]: 

0,
u v

x y

 
+ =

 
 (1) 

1
2 ( ) ( )

,

nf
nf nf

nf nf

F
nf D

u u p u u v
u v u

x y x x x y y x K

C
V u

K

 
 

 



            + = − + + + −                

−


 (2) 

1
( ) 2 ( )

,

nf
nf nf

nf nf

F
nf D

v v p u v v
u v v

x y y x y x y y K

C
V v

K

 
 

 



             
+ = − + + + −                  

−


 (3) 

22

( )

( ) .

nf nfp p

nf eff

T
p p B

w

c T c T T T
u v k

x y x x y

DT T T T
c D

x x y y T x y



  

      
+ = +           

             + + + +                 

 (4) 

2 2 2 2

2 2 2 2

1
.T

B

w

D T T
u v D

x y x y T x y

   


         
+ = + + +              

 (5) 

For the pressure gradient terms in Eqs. (2) and (3), based on the volume‑averaging method and 

the assumption of constant porosity, one can write  [42, 132, 133]: /
nf

p p  = , where p  

denotes the effective nanofluid pressure inside the channel. Since the coefficients BD  and TD  depend 

respectively on temperature and local nanoparticle concentration, and given the limited variation of 

these parameters, average values within the channel are adopted. Accordingly, the coefficients BD  

and TD  are treated as constants to facilitate appropriate nondimensionalization. Also, in the 

governing equations, effk  denotes the effective thermal conductivity of the porous medium, which 
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combines the stagnant nanofluid conductivity with the additional contribution from thermal 

dispersion. A detailed analysis of this formulation is presented in the subsequent section. 

The boundary conditions of the problem, consistent with the geometry and practical features, are 

defined as follows: 

• Inlet: A uniform axial velocity u  (with zero transverse component) and a uniform inlet 

temperature iT  are imposed. For nanoparticle concentration, partial injection is considered: 

in part of the inlet cross-section, nanoparticles enter with a uniform volume fraction i , while 

the remaining section admits pure base fluid. 

• Walls: No-slip condition is applied, i.e., both axial and transverse velocity components vanish 

at the walls. A constant wall temperature 
wT  is prescribed. For nanoparticle concentration, a 

physically consistent condition is adopted: the net nanoparticle flux at the wall is set to zero, 

implying no deposition or generation. This leads to a Robin-type boundary condition as: 

T
B y a y a

w

D T
D

y T y


= =

 
= −

 
, while the longitudinal concentration gradient at the wall is 

assumed zero. 

• Centerline: Due to symmetry, zero-gradient conditions are imposed for all variables along 

the channel centerline, allowing half-domain computation. 

• Outlet: No explicit boundary condition is required. Numerical extrapolation is applied at the 

downstream boundary, consistent with the finite volume SIMPLE algorithm. For sufficiently 

high Péclet numbers, the outlet behaves as a convective boundary, and developed flow 

conditions for velocity and temperature are assumed. For nanoparticle concentration, linear 

extrapolation of neighboring nodes is used. Mass conservation of the nanofluid (equal inlet 

and outlet mass flow rate) is enforced at each iteration to ensure convergence. 
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Based on the above discussion, the boundary conditions of the problem are mathematically 

formulated as follows: 

Inlet: 

(0, ) , (0, ) 0,

(0, ) ,i

u y u v y

T y T

= =
=

 

0 0
(0, )

i

y s
y

s y a



 

=   
 

(6) 

Walls: 

( , ) 0, ( , ) 0,

( , ) ,

( , ) ( , )
.

w

T

w B

u x a v x a

T x a T

Dx a T x a

y T D y



= =
=

  
= −    

 (7) 

Centerline: 

( ,0) ( ,0)
0, 0,

( ,0)
0,

( ,0)
0.

u x v x

y y

T x

y

x

y



 
= =

 


=



=



 

(8) 

Outlet ( For faster convergence): 

( ) ( )
0 0

, ( , ) (0, )
a a

out in
out in

m m u L y dA u y dA = =   

(9) 

Understanding transport mechanisms in nanofluids requires expressing the governing equations 

in nondimensional and conservative forms. 
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,
x

X
a

 ,
i




   ,i

w i

T T

T T
 −


−
 

2
,

f

p
P

u
  ,

v
V

u
    ,

u
U

u
 * ,

L
L

a
  ,

s
S

a
  ,

y
Y

a
   

2
Re

f

f

a u


= ,  Pr
ff pf

f f

c

k




= = ,

2

K
Da

a
=   

( )

( )

p p B i
B

p f f

c D
N

c

 
 

= ,

( ) ( )

( )

p p T w i
T

p f f w

c D T T
N

c T


 

−
= , 

f

f B

Sc
D




=   

(10) 

Each dimensionless quantity is defined with respect to its corresponding reference value. By 

substituting these nondimensional variables into the conservation equations (1)-(5), the governing 

system is reformulated in dimensionless form: 

0,
U V

X Y

 
+ =

 
 (11) 

2
2 1

Re
( )

2
,

.Re

nf

nf

f f

nf

nf nfF
D

f f

U

X XU U P
U V

X Y X U V

Y Y X

C
V U

Da Da



 



 
 

     +          + = − + −           +      
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In Eqs. (12) and (13), DV


 represents the magnitude of the local dimensionless velocity vector. 

As previously mentioned, it is defined as 
2 2

DV U V= +


, which accounts for the non-linear 

Forchheimer resistance within the porous medium. This term, along with the Darcy term, 

characterizes the total pressure drop across the porous structure.  

The dimensionless boundary conditions: 

(0, ) 1, (0, ) 0,
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= =
=

 

0 0
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1 1
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S Y
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( ) ( )
1 1

*

0 0
( , ) (0, )

out In
U L Y dY U Y dY =   (19) 

The addition of nanoparticles to a base fluid alters its thermophysical properties, including 

thermal conductivity, viscosity, and specific heat, thereby influencing convective heat transfer. The 

final properties depend strongly on particle type, concentration, purity, shape, and size. Several 

empirical correlations have been proposed to describe these effects. Heat transfer enhancement in 

nanofluids can be explained by two mechanisms: (i) increased effective conductivity due to 

suspended nanoparticles, and (ii) thermal dispersion arising from the random motion of ultrafine 

particles. Consequently, the overall effective conductivity of a nanofluid ( )nfk  is expressed as the 
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sum of the statics nanofluid conductivity ( )Statick   and the contribution from thermal dispersion 

( )Dispersionk [3,74]: 

nf Static Dispersionk k k= +  (20) 

Experimental and theoretical studies confirm that nanoparticles enhance fluid thermal 

conductivity by forming interfacial thermal bridges. A modified Maxwell model with minimal error 

was later proposed by Wasp et al. [75]: 

2 2( )
,

2 2( )

p f f p

Static f

p f f p

k k k k
k k

k k k k




 + − −
=  

+ + −  
 (21) 

For thermal dispersion, the correlation proposed by Xu and Roetzel [76] is adopted as the 

preferred model for estimating the effective conductivity contribution: 

*( )Dispersion p nfk C c au =  (22) 

Therefore: 

*
2 2( )

( )
2 2( )

p f f p

nf f p nf

p f f p

k k k k
k k C c au

k k k k


 


 + − −

= + 
+ + −  

 (23) 

Finally, the effect of the porous matrix on the overall thermal conductivity must be considered. 

Based on established correlations, the relation proposed by Nield and Bejan [77] is adopted, 

accounting for both the nanofluid flow and the porous medium properties: 

1 1

eff nf sk k k

 −
= +  (24) 

The thermophysical properties of nanofluids, including specific heat, density, and dynamic 

viscosity, are calculated using the following model equations [78–80]: 

(1 )
nf p fp p pc c c = + −  

(1 )nf p f    = + −  

(25) 
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The governing expressions for the relevant physical quantities are formulated as follows [81,82]: 

1

4 ,
( )

Y
nf

X

f w m

k YNu
k



 

=

=
−

0 .

L

XNu dX
Nu

L
=   

1

4 ,
( )

Y

X

w m

YSh
=


=
 −

0 .

L

XSh dX
Sh

L
=   

(26) 

 

3. Numerical Method and Grid Convergence Study 

The governing transport equations were discretized using the finite volume method on a 

structured grid. Pressure–velocity coupling was resolved through the SIMPLER (Semi-Implicit 

Method for Pressure-Linked Equations Revised) algorithm, which improves stability compared to 

the classical SIMPLE scheme. 

The iterative cycle, schematically presented in Fig. 2, can be summarized as follows: 

• Start with provisional distributions of velocity, pressure, and scalar variables. 

• Compute pseudo-velocities from the discretized momentum equations without pressure 

correction. 

• Solve the auxiliary pressure equation to refine the pressure field. 

• Update velocity components using corrected pressure gradients. 

• Enforce continuity by solving the pressure correction equation. 

• Correct velocity and pressure fields, then advance scalar transport equations (temperature and 

nanoparticle concentration). 

• Repeat until residuals of all governing equations fall below the prescribed tolerance. 
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Due to the nonlinear nature of the Forchheimer term in the momentum equation and the Brownian 

and thermophoretic contributions in the energy equation, a linearization procedure was required. 

Initial estimates for velocity, temperature, and nanoparticle concentration were assigned across all 

grid nodes. Nonlinear expressions were reformulated as products of known and unknown quantities 

to facilitate linearization. Once discretized, the system -together with the boundary conditions- was 

reduced to a tridiagonal matrix of algebraic equations, which was solved using Gaussian elimination 

to update the field variables in each iteration. This process was repeated until the solution converged 

within a predefined tolerance. 

To ensure numerical robustness, a grid refinement analysis was conducted. Successive mesh 

refinements in both axial and transverse directions revealed that beyond a certain resolution, 

variations in velocity, temperature, and nanoparticle concentration profiles became negligible, 

confirming grid independence of the solution. 

To reduce discretization errors and accurately resolve steep gradients of velocity, temperature, 

and nanoparticle concentration, a non-uniform computational mesh was generated with refined 

spacing near the channel walls and in the inlet region (see Fig. 1). Owing to the planar symmetry of 

the physical domain, only half of the channel cross-section was discretized. 

The resulting mesh consisted of 101 nodes in the transverse direction and 91 nodes in the axial 

direction. A grid independence study was conducted to assess the sensitivity of the numerical solution 

to mesh resolution by analyzing the axial distribution of the local wall Nusselt number. Five different 

mesh configurations were examined, denoted as 31 41  91 101  ،81 91  ، 45 55   and 121 141.   
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Fig.  2. The SIMPLER solution procedure. 
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To ensure numerical stability and to avoid large deviations in the velocity, temperature, and 

nanoparticle concentration fields near the inlet and close to the channel walls, mesh refinement was 

applied in both axial and transverse directions. Representative values of the governing physical 

parameters were selected for the grid sensitivity analysis. The axial variation of the wall Nusselt 

number for the different mesh resolutions under boundary nanoparticle injection conditions is shown 

in Fig. 3. As observed in Fig. 3, the solution obtained with the coarsest mesh exhibits significant 

inaccuracies and is therefore discarded. The intermediate meshes show noticeable deviations 

compared with the two finest grids. In contrast, the difference between the two finest mesh resolutions 

is negligible, indicating that grid convergence has been achieved. Consequently, the mesh with 

91 101   nodes provides an optimal balance between accuracy and computational cost and is adopted 

for all subsequent numerical simulations. 

 
Fig.  3. Axial variation of the wall Nusselt number for different mesh resolutions (grid independence study). 

The discrete algebraic equations are solved iteratively due to the nonlinear dependence of the 
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at all nodes, and the equations are repeatedly solved using the Thomas algorithm (tridiagonal matrix 

method) until convergence is achieved. Fig. 4 shows the convergence history of the momentum 

equation for different Reynolds and Darcy numbers. About 35,000 iterations are sufficient under the 

most demanding conditions. Lower Darcy or Reynolds numbers require additional iterations to reach 

convergence. 

 
Fig.  4. Convergence of the momentum equation for different Reynolds and Darcy numbers. 

4. Comparisons and verification 

To ensure the accuracy of the present numerical method, the results are validated against 

experimental data reported by Fazeli et al. [83], who studied forced convection of Al₂O₃-water 

nanofluid in the entrance region of a two-dimensional channel. Their study combined experimental 

measurements with numerical simulations using a two-phase model without thermal dispersion. Fig. 

5 compares the local convective heat transfer coefficient along the channel wall predicted by the 

present two-phase Buongiorno model with their numerical and experimental results for inlet volume 

fractions of 0.04i =  and Re 1588= . The Buongiorno model shows better agreement with 
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experimental data than the single-phase model, due to its realistic treatment of nanoparticle transport 

and inclusion of thermal dispersion. The model’s accuracy improves at higher Reynolds numbers, 

where the influence of thermal dispersion on convective heat transfer becomes more significant. 

 
Fig.  5. Comparison of numerical results with experimental data and the two-phase model [83] for average wall heat transfer 

coefficient in the channel. 

 

5. Results and Discussion 

This section presents the numerical findings concerning the hydrothermal behavior and 

nanoparticle dispersion within the porous channel. The current numerical model utilizes the 

Brinkman-Forchheimer equations and a finite volume approach. To ensure the reliability of the 

computational framework, this model was validated against established empirical data and analytical 

solutions, showing excellent agreement. Following validation, the results delineate the intricate flow 

physics within the entry region, which are often neglected in simplified models despite their 

significant impact on heat transfer under varying Reynolds and Prandtl numbers. A key finding 

involves the efficiency of partial nanofluid injection. This study indicates that partial injection near 
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the boundaries or the channel centerline serves as a thermally effective and cost-effective alternative 

to complete saturation. 

To further characterize these phenomena, a systematic parametric study was conducted to 

evaluate the influence of dimensionless variables, including the Reynolds (Re) , Prandtl (Pr) , Darcy 

( )Da , and Schmidt ( )Sc  numbers, alongside porosity ( )  and nanoparticle injection thickness ( )S . 

By isolating the effects of Brownian motion ( )BN  and thermophoresis ( )TN  against the baseline 

values established in Table 1, the study highlights how the interplay between porous resistance and 

focused injection optimizes the local Nusselt number. Given that the porous matrix significantly 

accelerates flow development compared to clear channels, a longitudinal aspect ratio of / 10l a =  was 

maintained to ensure a transition to fully developed conditions at the exit. While both wall-based and 

centerline configurations were examined, the primary analysis focuses on a 50% boundary injection 

profile due to its superior thermal performance, particularly within the developing zone where 

gradient intensities are most pronounced. 

Table 1. Baseline values for the governing dimensionless parameters. 

Dimensionless Parameter Symbol Baseline Value 

Reynolds number Re  Re 50=  

Darcy number Da  0.1Da =  

Porosity   0.6 =  

Injected layer thickness S  0.5S =  

Thermal dispersion 

coefficient 

*C  * 0.1C =  

Injected nanoparticle 

volume fraction 
i  0.02i =  

Brownian motion parameter BN  0.001BN =  

Thermophoresis parameter TN  0.00005TN =  
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Schmidt number Sc  50.0Sc =  

To simulate realistic heat exchanger conditions, water was utilized as the base fluid with Cu   

11( 6 10 )pd m−=   as the reference nanoparticle, while 2 3Al O  and 2TiO  were evaluated for 

comparative analysis. Thermophysical properties were determined at the mean temperature, 

assuming an inlet temperature of 20o

iT C=  and a constant wall temperature of 80o

wT C= . The 

porous domain consisted of silicon dioxide 
2(SiO )  with a fixed thermal conductivity of 

1.5 / .sk W m K= [84]. Tables 2 and 3 summarize the detailed thermophysical specifications for 

these materials. 

Table 2. Thermophysical properties of the base fluid (water) at various temperatures [85]. 

Property Unit 20OT C=  45OT C=  170OT C=  240OT C=  

Density ( )  3/kg m  998 999.1 890.2 818.3 

Specific heat ( )pc  / .J kg K  4181 4179 4440 4740 

Thermal conductivity ( )k  / .W m K  0.606 0.634 0.678 0.631 

Dynamic viscosity ( )  2. /N s m  0.000959 0.000631 0.000152 0.000113 

Prandtl number (Pr)  - 6.62 4.0 1.0 0.85 

 

Table 3. Thermophysical properties of the investigated nanoparticles [86]. 

Property Unit Copper ( )Cu  Alumina 
2 3( )Al O  Titania 

2( )TiO  

Density ( )  3/kg m  8933 3970 4250 

Specific heat ( )pc  / .J kg K  385 765 686.2 

Thermal conductivity ( )k  / .W m K  400 40 8.9 

To establish a benchmark for subsequent parametric investigations, the fundamental 

hydrodynamic and thermal characteristics were evaluated using the reference properties specified in 

Table 1. The streamline distribution in Fig. 6 confirms that the flow field is governed by axial 

momentum. Near the channel entrance, boundary-induced shear and wall friction cause a localized 

transverse deflection toward the centerline. The flow maintains a predominantly horizontal 

orientation and stabilizes into a parallel pattern further downstream. The nanoparticles are introduced 
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at the inlet via a partial boundary-layer injection with a 50% spatial distribution. This injection 

modifies local velocity magnitudes but has a negligible impact on the overall flow topology. The 

spatial development of the axial velocity profiles is further detailed in Fig. 7. This figure highlights 

the transition from a uniform inlet velocity at 0X =  to a fully developed state as the flow progresses 

along the channel.  Based on the dimensionless channel length, it is evident that hydrodynamic 

development occurs before the final quarter of the channel. The results indicate that the hydrodynamic 

entry length is less than three-quarters of the total channel length. 

  
Fig. 6. Streamline distribution within the channel. 
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Fig. 7. Dimensionless axial velocity profiles at various longitudinal locations along the channel. 

Fig. 8 illustrates the axial pressure and pressure gradient distributions along the channel 

centerline. Near the inlet, the pressure approximates the ambient injection value, with the initial drop 

driven by the combined effects of fluid acceleration and wall shear stress. At lower Reynolds 

numbers, viscous effects dominate the entry region, resulting in a consistent pressure decline. Further 

downstream, the pressure distribution decreases linearly with axial distance. The maximum pressure 

drop occurs near the entrance, while the pressure gradient stabilizes at a constant value in the fully 

developed region. The negative sign of the gradient reflects the continuous pressure loss along the 

channel. 

  
Fig.  8. Dimensionless pressure distribution and pressure drop along the channel centerline. 

Fig. 9 illustrates the transverse temperature and nanoparticle concentration profiles at equidistant 

longitudinal stations. Thermal development follows Equation (19), characterized by boundary layer 

growth and increased bulk temperature due to surface heating. The profiles further confirm the 

symmetry boundary condition at the channel centerline. Regarding particle distribution, the initial 

injection is restricted to the upper half of the inlet, resulting in higher concentrations in that region 

near the entrance. However, nanoparticles gradually diffuse toward the centerline as the flow 

progresses. This migration is particularly evident near the exit, where particles accumulate centrally 

due to Brownian motion and thermophoresis driven by the increasing core temperature. 
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 Fig.  9. Dimensionless temperature and nanoparticle concentration profiles at various axial locations along the channel. 

Fig. 10 presents the axial distribution of the local Nusselt ( )Nu  and Sherwood ( )Sh  numbers 

along the channel wall. As expected, Nu  decreases sharply in the entry region and stabilizes as it 

approaches the thermally fully developed state. This downstream reduction stems from the 

diminishing temperature gradient between the wall and the bulk fluid. Notably, the fully developed 

Nu   significantly exceeds the values for a pure fluid, primarily due to the integrated effects of the 

porous medium and nanoparticle additives.  Similarly, the local Sh  declines along the channel, 

reflecting a reduced mass transfer rate as the nanoparticle distribution becomes more uniform 

downstream. 
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Fig.  10. Axial distribution of the local Nusselt and Sherwood numbers along the channel wall. 

Following is the analysis of the influence of physical parameters on the hydrodynamic and 

thermal behavior of nanofluid flow in a porous-filled channel, encompassing pressure gradients, 

velocity, temperature and concentration distributions, as well as Nusselt and Sherwood numbers. 

While these flow characteristics are essential, the primary objective of this research is to investigate 

the thermal performance of the system. Consequently, the discussion primarily focuses on the effects 

of varying parameters on the temperature profiles and the Nusselt number. 

The axial distribution of the dimensionless pressure gradient for various Reynolds number is 

shown in Fig. 11. As expected, increasing Re  leads to a reduction in the dimensionless pressure drop 

across all sections, aligning with the decrease in the friction factor [87]. In the fully developed region, 

the pressure drop asymptotically stabilizes as the velocity profile becomes constant and kinetic energy 

changes cease. Notably, higher Re  values delay the transition to fully developed conditions and 

extend the hydrodynamic entrance length. This is further reflected in the velocity profiles, where the 

peak velocity shifts towards the channel center upon reaching the developed state. Additionally, the 

maximum centerline velocity decreases at higher Re  due to the reduced pressure gradient. 

  
Fig.  11. Influence of Reynolds number on the dimensionless pressure drop and velocity profiles at various axial locations. 
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Fig. 12 illustrates the dimensionless temperature distribution for various Reynolds numbers 

within the laminar regime. As Re  increases, the thermal penetration from the heated channel walls 

into the cold incoming fluid significantly decreases. Assuming constant fluid properties, a higher Re  

corresponds to an increased inlet velocity. Consequently, the fluid passes through the channel more 

rapidly, reducing the time for heat diffusion and shifting the temperature distribution toward the cold 

inlet conditions. This phenomenon is characterized by a noticeably thinner thermal boundary layer at 

higher Reynolds numbers. 

  

  

Fig.  12. Influence of Reynolds number on the dimensionless temperature contours of the nanofluid. 

 

Fig. 13 displays the dimensionless concentration contours and the steady-state distribution of 

nanoparticles within the channel. As the Reynolds number increases, the nanoparticles' dispersion 

becomes significantly restricted, and their transport becomes more streamlined. This behavior is 

attributed to the dominance of inertial forces at higher Re , which diminishes the lateral diffusion of 

nanoparticles. Since the nanoparticles are injected into the boundary half of the channel, higher inertia 

further confines them to this region, causing their motion to align more closely with the primary flow 

direction. 



31 

 

  

  

Fig.  13. Influence of Reynolds number on the dimensionless nanoparticle concentration contours. 

 

 

 

 

Fig. 14 shows that increasing Re  significantly enhances the local Nusselt number. This is 

attributed to higher fluid velocities and steeper wall temperature gradients (as seen in Fig. 12), which 

increase the convective heat transfer coefficient. Similarly, this Figure illustrates a sharp rise in the 

Sherwood number with Re , driven by intensified convective mass transport. Furthermore, higher 

Reynolds numbers extend both the thermal and concentration entrance lengths, delaying the onset of 

fully developed conditions. The transition to a fully developed state is indicated by the curves 

asymptotically reaching a horizontal constant value. 



32 

 

  
Fig.  14. Influence of Reynolds number on the local Nusselt and Sherwood numbers along the channel walls. 

One of the most significant findings of this study is presented in Fig. 15, which shows a substantial 

increase in the local Nusselt number as the inlet nanoparticle concentration rises. This enhancement 

is primarily driven by the increased thermal conductivity of the nanofluid, which steepens the 

temperature gradient at the channel walls. Similarly, the Sherwood number exhibits a marked 

increase, particularly in the fully developed region, indicating enhanced convective mass transport at 

higher concentrations. Quantitative data in Table 4 further supports these observations. The injection 

of only a 1% volume fraction of nanoparticles results in an 8.28% increase in the average Nusselt 

number, while increasing the concentration to 8% leads to a remarkable enhancement of over 56% 

compared to the base fluid. 
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Fig.  15. Influence of inlet nanoparticle volume fraction on the local Nusselt and Sherwood numbers. 

 
Table 4. Average Nusselt numbers and corresponding enhancements relative to the base fluid for varying nanoparticle 

concentrations. 

Enhancement 

( ) 100
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Nu Nu
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

 

Average Nusselt Number 

( )Nu
 

Inlet Nanoparticle 

Concentration (
i ( Fluid Type 

-   11.52553 0.0i =
 Pure Water 

8.28%      12.47937       0.01i =
 Cu-Water Nanofluid 

16.05%  13.37597 0.02i =
 Cu-Water Nanofluid 

30.43%  15.03284 0.04i =
 Cu-Water Nanofluid 

56.25% 18.00932 0.08i =
 Cu-Water Nanofluid 

Fig. 16 reveals that while nanoparticle injection significantly enhances thermal development, the 

system becomes remarkably insensitive to the injection thickness beyond 0S = . This suggests that 

thermal boundary layer modification is effectively optimized by localized near-wall particle 

concentrations. Driven by Brownian motion and thermophoresis, these particles bolster thermal 

diffusivity in high-gradient regions, rendering further volumetric coverage redundant. Notably, the 

boundary distribution induces a particularly sharp temperature gradient at the channel wall due to the 

strategic presence of nanoparticles within the inner boundary layer. This localized intensification 

indicates that substantial convective gains are attainable at minimal injection depths, a trend to be 

definitively quantified through the subsequent analysis of Nusselt number profiles. 
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Fig.  16. Effect of the dimensionless inlet injection thickness on the dimensionless temperature contours of the nanofluid. 

The dimensionless concentration ( )  contours in Fig. 17 elucidate the physical mechanisms 

underlying the observed thermal saturation. At 0.25S = , boundary injection establishes a dense 

nanoparticle layer ( 1.0) =  within the critical near-wall region, effectively targeting the zone of 

maximum thermal resistance. While increasing the injection depth to 1.0S =  eventually permeates 

the entire channel core, the near-wall concentration remains remarkably consistent. This confirms 

that convective enhancement is predominantly driven by localized boundary layer modification, 

rendering further volumetric coverage in the bulk flow redundant for energy dissipation. 
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Fig.  17. Effect of the dimensionless inlet injection thickness on the dimensionless temperature contours of the nanofluid. 

The longitudinal evolution of the local Nusselt ( )XNu  and Sherwood ( )XSh  numbers along the 

channel wall for various dimensionless injection thicknesses is illustrated in Fig. 18. While 

nanoparticle injection clearly enhances convective heat transfer, the thermal response exhibits a 

remarkable insensitivity to the total injection width. Due to Brownian diffusion, localized near-wall 

injection achieves thermal performance comparable to full-channel loading by effectively targeting 

the high-gradient boundary layer. As the flow progresses downstream, the XNu  profiles for all 

injection thicknesses converge, indicating that spatial dispersion becomes uniform in the fully 

developed region. Similarly, the local Sherwood number converges to a consistent value for higher 

injection thicknesses, suggesting that mass transport near the wall becomes independent of the initial 

layer width in regions far from the inlet. However, distinct variations in mass transfer rates remain 

evident near the entrance, where the initial concentration gradients are most pronounced. 
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Fig.  18. Effect of the dimensionless inlet injection thickness with boundary distribution on the local Nusselt number 

(left) and the local Sherwood number (right) along the channel wall. 

Table 5 presents the average Nusselt number ( )Nu  along the channel wall and its percentage 

enhancement relative to the base fluid for various nanoparticle injection thicknesses. The data 

highlights a critical economic finding: full-channel injection ( 1.0)S =  increases the average Nusselt 

number by less than 1% compared to a 50% boundary injection ( 0.5)S = . Furthermore, expanding 

the injection from ( 0.75)S =  to a full distribution results in a negligible gain of only 0.2%. These 

results underscore that localized boundary injection is highly cost effective because it offers near 

maximal thermal performance while requiring significantly lower nanoparticle consumption. 

Table 5. Average Nusselt number and percentage enhancement for different injection thicknesses (Boundary Distribution) 

Enhancement 

( ) 100
nf f

f

Nu Nu

Nu

−
  

Average Nusselt ( )Nu  Injection Thickness ( )S  Case 

- 11.52553 0.0  Pure Water 

12.35% 12.94951 0.25  Water + Cu Nanofluid 

16.05% 13.37597 0.5  Water + Cu Nanofluid 

16.76% 13.45672 0.75  Water + Cu Nanofluid 

16.94% 13.47749 1.0  Water + Cu Nanofluid 

Fig. 19 represents one of the most significant cornerstones of this research. It illustrates the 

substantial increase in the local Nusselt number ( )XNu  resulting from the enhancement of the thermal 

dispersion coefficient 
*( )C . Physically, an increase in the dispersion coefficient bolsters the effective 

thermal conductivity of the nanofluid, thereby facilitating greater heat transfer from the channel wall 

and driving the growth of the Nusselt number. Given this profound impact, manipulating thermal 

dispersion emerges as one of the simplest and most cost-effective strategies for intensifying heat 

transfer. Additionally, this figure reveals a simultaneous rise in the local Sherwood number ( )XSh  as 

the dispersion coefficient increases, signifying enhanced nanoparticle mass transport through 

convective mechanisms. 
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Fig.  19. Effect of the thermal dispersion coefficient on the local Nusselt number (left) and the local Sherwood number 

(right) along the channel wall. 

The integration of nanoparticles into the base fluid fundamentally alters the hydrothermal 

characteristics of the flow field, as evidenced by the substantial enhancement in thermal profiles and 

convective heat transfer rates compared to pure water. As depicted in the local Nusselt number  

distributions in Fig. 20, the transition from a pure fluid to a nanofluid significantly augments the flow 

field temperature, thereby facilitating more efficient heating from the channel walls. While the 

specific material of the nanoparticles exerts a relatively subtle influence on the XNu  curves, Table 6 

reveals that even a marginal volume fraction of 2% yields a remarkable increase in the average 

Nusselt number, reaching a peak enhancement of 16.05% for the Cu-Water nanofluid suspension. 

Conversely, the mass transfer analysis illustrated in the XSh  profiles indicates a distinct trend where 

the chemical nature of the additives becomes more decisive; the superior dispersion of titania particles 

leads to a significantly higher Sherwood number compared to other investigated variants. This 

suggests that while metallic copper is optimal for thermal intensification due to its higher 

conductivity, 2TiO  provides more pronounced concentration gradients, effectively maximizing the 

mass transport efficiency within the channel. 
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Fig.  20. Effect of nanoparticle type on the local Nusselt number (left) and Sherwood number (right) along the channel 

wall. 
 

Table 6 Average Nusselt number and percentage enhancement for nanoparticle type 

Enhancement 

( ) 100
nf f

f

Nu Nu

Nu

−
  

 
Average Wall Nusselt Number 

( )Nu 
 

Nanofluid Type 

-  11.52553  2H O 

16.05%  13.37579  2 /H O Cu 

15.13%  13.26931  2 2 3/H O Al O 

14.14%  13.15559  2 2/H O TiO 

 

 

The thermal analysis thus far has focused on the local Nusselt number ( )XNu  along the channel. 

However, to evaluate the system's overall thermal performance, the average Nusselt number ( )Nu  

must be calculated according to Equation (26). As the primary metric for the convective heat transfer 

coefficient, Nu  provides a definitive measure of the total heat exchanged between the constant-

temperature wall and the flowing nanofluid. This section investigates how the governing physical 

parameters influence this average value.  Fig. 21 presents 3D surface plots illustrating the coupled 

effects of the Reynolds number (Re) , inlet nanoparticle volume fraction ( )i , thermal dispersion 
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coefficient *( )C , dimensionless inlet injection thickness ( )S , and nanoparticle diameter ( )Pd  on the 

average Nusselt number ( )Nu  of the channel wall. 

• Reynolds Number and Concentration: As shown in the top-left plot, Nu  increases significantly 

with flow inertia (Re)  and nanoparticle concentration ( )i . A synergistic effect is observed where 

higher Re intensifies the sensitivity of heat transfer to 
i . 

• Thermal Dispersion and Concentration: The interaction between the dispersion coefficient 

*( )C  and volume fraction is depicted in the top-right plot. The role of 
*C  becomes increasingly 

dominant at higher volume fractions, where its enhancement leads to a sharp escalation in average 

thermal performance. 

• Injection Thickness and Concentration: The bottom-left plot illustrates that enhancing the 

injection width up to 0.5S   results in a steep rise in Nu . Beyond this point, further expansion 

yields diminishing returns with negligible impact on overall heat transfer. 

• Nanoparticle Diameter and Concentration: The bottom-right plot highlights that utilizing 

smaller nanoparticles ( )Pd  improves thermal conditions. This advantage is most pronounced at 

elevated volume fractions. 
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Fig.  21. 3D profiles of the average Nusselt number versus governing physical parameters. 
 

 

6. Conclusions 

This study presents a precise numerical investigation of the hydrothermal behavior of nanofluids 

within a Darcy-Forchheimer porous channel using the Buongiorno two-phase model. By solving the 

complete system of non-linear governing PDEs via a Fortran-based SIMPLER algorithm, the 

complex interplay between thermal dispersion, slip mechanisms, and partial nanoparticle injection 

was elucidated. The key findings of this research are summarized as follows: 

I. Nanoparticle Material Comparison: Among the three investigated nanoparticles ( ,Cu

2 3Al O  and 2TiO ), the Cu-water nanofluid demonstrates the most significant heat transfer 

enhancement. Due to its superior thermal conductivity ( 400 / .W m K ), it achieves the 

highest average Nusselt number. 

II. Strategic Partial Injection: A critical economic and thermal finding is that full-channel 

injection is not necessary. The results indicate that a 50% boundary injection provides 

nearly the same thermal performance as 100% saturation, with the difference in Nusselt 

number being less than 1%. This proves that localized injection is highly cost-effective by 
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reducing nanoparticle consumption significantly while maintaining maximal cooling 

efficiency. 

III. Thermal Dispersion Effect: Elevating the thermal dispersion coefficient notably 

enhances lateral heat transport, which in turn intensifies the convective heat transfer rate 

across the porous matrix. 

IV. Influence of Concentration: Increasing the inlet volume fraction from 0% to 2% for Cu-

water nanofluid leads to a peak enhancement of 16.05% in the average Nusselt number, 

highlighting the strong role of nanoparticle concentration in boosting thermal 

performance. 

V. Asymptotic Behavior: The system exhibits an asymptotic response to the injection 

thickness. Beyond a dimensionless thickness of 0.5S = , further expansion of the 

nanoparticle zone yields negligible improvements in the heat transfer rate. 
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