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Canonical Empirical Wavelet Transform and Their Applications

Owais Ahmad and Aamir Ayoub Mir∗

Department of Mathematics, National Institute of Technology Srinagar,
Hazratbal, Srinagar 190006, Jammu & Kashmir, India

Abstract

We develop a rigorous convolution–correlation calculus for a fixed-partition realization of
the linear canonical empirical wavelet transform. The construction begins with a consistently
normalized unitary linear canonical transform and a locally finite empirical window system
in canonical frequency. We prove an exact representation theorem connecting the multiplier
formulation with scale–centre canonical empirical wavelet atoms, establish frame bounds and
reconstruction on canonical spectral subspaces, and derive chirp-weighted convolution and
correlation factorizations. The principal results treat two independently generated empirical
window systems. Their product windows form a common refinement whose overlap function
is the product of the two input overlap functions. The corresponding canonical dual is proved
to be the unique pointwise minimum-norm dual, while the synthesized convolution and
correlation identities are invariant under the admissible choice of dual. We further establish
Lipschitz stability of the coefficient map, the product refinement, and canonical duals under
perturbations of empirical windows. Reproducible computations using compactly supported
windows verify the cross-partition identities, dual invariance, and stability estimates, and
illustrate canonical-frequency component separation.

Keywords: linear canonical transform; empirical wavelet transform; convolution theorem;
correlation theorem; common refinement; frame dual; stability; canonical-frequency analysis.
MSC 2020: 42C40; 44A35; 42A38; 94A12.

1 Introduction

Nonstationary and multicomponent signals call for representations that combine localization,
spectral selectivity, and enough algebraic structure to support exact manipulation. Adaptive
decompositions address the mismatch between a fixed frequency tiling and signal-dependent
spectral geometry, while canonical transforms introduce a quadratic-phase geometry that is well
suited to oscillatory content organized along chirped trajectories. Their combination creates a
mathematical difficulty that is absent from either ingredient separately. A convolution changes
the signal before empirical analysis, a correlation conjugates one factor and shifts another, and
independently detected empirical partitions generally produce coefficient families with different
index sets and different overlap regions. Thus a coefficient-domain convolution or correlation
theorem requires more than a chirp modification of the classical Fourier identity. One must
specify the canonical-frequency geometry, identify a common refinement of the input empirical
systems, distinguish intrinsic statements from representations that depend on a chosen frame
dual, and quantify the effect of perturbing empirical boundaries. These issues lead naturally to
a fixed-partition analysis: empirical windows are detected first, then frozen, and the resulting
coefficient map is linear. The adaptive stage and the operator-theoretic stage are thereby
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separated cleanly, allowing the convolution and correlation structure to be studied on a precise
Hilbert-space domain.

Linear canonical transformations arise from the symplectic geometry of quadratic-phase
maps, and the unitary representation of Moshinsky and Quesne provides a foundational mathe-
matical formulation [1]. Convolution structures for the linear canonical transform (LCT) were
subsequently developed to recover useful product rules in the canonical domain [4]. Wei, Ran,
Li, Ma, and Tan obtained an LCT convolution with a direct transform-domain product formula
and used it in multiplicative filtering [5]. A companion convolution–correlation formulation was
later studied by Wei, Ran, and Li [6]. The same phenomenon occurs for the fractional Fourier
transform, where a modified convolution is required away from the ordinary Fourier angle [11].

Wavelet constructions add localization to canonical geometry. Wei and Li introduced a
generalized wavelet transform generated from an LCT-domain convolution and derived inversion
and admissibility properties [7]. Guo and Li studied the linear canonical wavelet transform on
function spaces adapted to the LCT [8]. Prasad and Ansari developed a continuous wavelet
transform involving the LCT and established associated integral identities [9]. Bahri, Amir, and
Ashino obtained structural properties and inequalities for a linear canonical wavelet transform
through its relation with ordinary wavelet analysis [10].

Empirical wavelet analysis introduces adaptivity at the level of the spectral partition. Gilles
constructed the empirical wavelet transform (EWT) by detecting spectral boundaries from the
analyzed signal and building an adaptive filter bank from those boundaries [2]. A subsequent
continuous empirical-wavelet framework gave reconstruction conditions for more general empirical
wavelet systems and clarified the role of empirical spectral coverings [3]. These results suggest
that the mathematically stable object is the window system generated after the empirical
boundaries have been selected.

The unresolved issue addressed here is the interaction of convolution and correlation with
different empirical canonical window systems. A same-partition coefficient expansion can always
be obtained by inserting a frame reconstruction into the LCT product rule, so such an expansion
alone carries limited structural content. The genuinely empirical problem begins when the two
inputs are analyzed through distinct data-derived coverings. We show that the products of
the two input window families form a canonical common refinement, derive its exact frame
bounds, characterize its canonical dual by a pointwise minimum-norm principle, and prove
that the synthesized convolution and correlation identities are invariant under the admissible
choice of refinement dual. This separates the intrinsic common-refinement statement from the
coordinate representation induced by a particular dual. We also prove quantitative stability
under perturbations of the empirical windows, making the dependence on boundary detection
mathematically explicit.

The remainder of the paper is organized as follows. Section 2 fixes the transform conventions,
develops the empirical window framework, proves reconstruction, and connects the multiplier
realization with scale–centre canonical empirical atoms. Section 3 derives canonical convolution
and correlation from chirp conjugation. Section 4 establishes the common-refinement theorem,
the canonical-dual extremal property, dual invariance, and the cross-partition convolution identity.
Section 5 proves the corresponding correlation theorem. Section 6 develops perturbation stability
and exact Fourier and fractional-canonical reductions. Section 7 gives reproducible numerical
checks and a compact-window application. Section 8 summarizes the established results and
remaining questions.

2 Linear Canonical Empirical Wavelet Framework

We use the unitary Fourier transform

(Ff)(ω) =
1√
2π

∫

R

f(t)e−itω dt, f(t) =
1√
2π

∫

R

(Ff)(ω)eitω dω. (1)
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We use the L2 inner product linear in its first argument. With this convention,

F(f ∗ g) =
√

2π (Ff)(Fg) (2)

whenever the ordinary convolution is defined.
Let

M =

(
A B
C D

)
, AD −BC = 1,

and assume throughout that B > 0. Define

(LMf)(u) =
1√

2πB

∫

R

exp

[
i

2B

(
At2 − 2tu+Du2

)]
f(t) dt. (3)

For the Fourier matrix MF =
(

0 1
−1 0

)
, (3) equals (1) exactly.

Lemma 2.1 (Chirp–Fourier factorization). For f ∈ S(R), define (CMf)(t) = eiAt2/(2B)f(t).
Then

(LMf)(u) = B−1/2eiDu2/(2B)(F(CMf)
)
(u/B). (4)

Consequently LM extends uniquely to a unitary operator on L2(R).

Proof. Separating the factor that depends only on u in (3) gives

(LMf)(u) =
eiDu2/(2B)

√
2πB

∫

R

eiAt2/(2B)f(t)e−itu/B dt

= B−1/2eiDu2/(2B)
[

1√
2π

∫

R

(CMf)(t)e−it(u/B) dt

]
,

which is (4). Multiplication by eiAt2/(2B) is unitary on L2, the Fourier transform is unitary, and
the map H(ω) 7→ B−1/2H(u/B) is unitary because u = Bω. Multiplication by eiDu2/(2B) is also
unitary. Their composition is therefore an isometry on S(R) and extends by density to a unitary
operator on L2(R).

Let E ⊆ R be measurable. Define the canonical spectral subspace

HM
E = {f ∈ L2(R) : (LMf)(u) = 0 for a.e. u /∈ E}. (5)

Taking E = R gives the full L2 space.

Definition 2.2 (Admissible empirical canonical window system). Let J be countable. A family
M = {mj}j∈J is an admissible empirical canonical window system on E if each mj ∈ L∞(R)
has compact essential support contained in E, the support family is locally finite in E, and

SM(u) =
∑

j∈J

|mj(u)|2 (6)

satisfies
0 < sM ≤ SM(u) ≤ S∗

M < ∞ for a.e. u ∈ E. (7)

The empirical boundary detector is not part of the linear analysis operator: it produces the
windows, after which the family is frozen. For f ∈ HM

E , define

(WM,M
j f)(b) = F−1

b [(LMf)mj ] (b). (8)

Then
Fb(WM,M

j f)(u) = (LMf)(u)mj(u) (9)

in L2.
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Proposition 2.3 (Analyzing atoms). For j ∈ J and b ∈ R, define

ΦM,M
j,b = L−1

M

[
1√
2π
mj(·)e−ib(·)

]
. (10)

Then ΦM,M
j,b ∈ L2(R) and, for every f ∈ HM

E ,

(WM,M
j f)(b) = ⟨f,ΦM,M

j,b ⟩ (11)

for almost every b. Moreover

∥ΦM,M
j,b ∥2 =

1√
2π

∥mj∥2. (12)

Proof. Compact essential support and boundedness imply mj ∈ L2. Unitarity of LM gives (12).
Furthermore,

⟨f,ΦM,M
j,b ⟩ =

〈
LMf,

1√
2π
mj(·)e−ib(·)

〉

=
1√
2π

∫

E
(LMf)(u)mj(u)eibu du.

The integrand is in L1 because (LMf)mj ∈ L2 and has support of finite measure. The last
integral is the inverse Fourier transform in (8), proving (11).

Theorem 2.4 (Frame bounds and reconstruction). For every f ∈ HM
E ,

sM∥f∥2
2 ≤

∑

j∈J

∥WM,M
j f∥2

2 ≤ S∗

M∥f∥2
2. (13)

If J1 ⊂ J2 ⊂ · · · are finite and
⋃

N JN = J , then

LMf = lim
N→∞

∑

j∈JN

mj

SM
Fb(WM,M

j f) in L2(E), (14)

and applying L−1
M gives reconstruction of f in L2(R).

Proof. By Plancherel in b, (9), and Tonelli’s theorem,

∑

j∈J

∥WM,M
j f∥2

2 =
∑

j

∫

E
|(LMf)(u)|2|mj(u)|2 du

=

∫

E
|(LMf)(u)|2SM(u) du.

The bounds (7) and unitarity of LM give (13). For reconstruction let SN =
∑

j∈JN
|mj |2. The

partial sum on the right of (14) equals (LMf)SN/SM. Local finiteness gives SN → SM almost
everywhere and 0 ≤ SN/SM ≤ 1. Hence

∣∣∣∣(LMf)

(
1 − SN

SM

)∣∣∣∣
2

≤ |LMf |2,

and dominated convergence proves (14). Unitarity of L−1
M completes the proof.

The next proposition relates the filter-bank formulation to the scale–centre canonical empirical
atom used in wavelet-style constructions.
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Proposition 2.5 (Exact scale–centre realization). Let aj > 0, νj ∈ R, and let ψ ∈ L2(R) satisfy

hM (z) = eiAz2/(2B)ψ(z) ∈ L1(R) ∩ L2(R).

Write HM = FhM and define

ΨM
j,b(t) = a

−1/2
j ψ

(
t− b

aj

)
eiνj(t−b) (15)

× exp


− iA

2B


t2 − b2 −

(
t− b

aj

)2



 .

Define

mj(u) =

√
2πaj

B
e−iDu2/(2B)HM

(
aj

(
u

B
− νj

))
. (16)

Then, for every β ∈ R,

ΦM,M
j,β = e−iABβ2/2ΨM

j,Bβ . (17)

Consequently

WM,M
j f(β) = eiABβ2/2⟨f,ΨM

j,Bβ⟩. (18)

If HM is bounded and compactly supported, then the windows (16) satisfy the boundedness and

compact-support requirements of theorem 2.2; the remaining frame condition is precisely the

overlap bound (7).

Proof. Set b = Bβ and substitute t = Bβ + ajz in the Fourier factor from theorem 2.1.
Multiplication of (15) by the input chirp gives

(CM ΨM
j,Bβ)(Bβ + ajz) = a

−1/2
j ψ(z)eiνjajzeiABβ2/2eiAz2/(2B).

Therefore

F(CM ΨM
j,Bβ)(u/B) =

√
aj e

iABβ2/2e−iβu

×HM

(
aj

(
u

B
− νj

))
.

Using (4),

LM ΨM
j,Bβ(u) =

√
aj

B
eiDu2/(2B)eiABβ2/2e−iβu

×HM

(
aj

(
u

B
− νj

))
.

By (16), the factor on the right that is independent of β equals (2π)−1/2mj(u). Hence

LM ΨM
j,Bβ = eiABβ2/2 1√

2π
mje

−iβ(·).

Applying L−1
M proves (17). Since the L2 inner product is linear in its first entry, (17) gives

(18).
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3 Generalized Linear Canonical Convolution and Correlation

The canonical signal-domain operators are derived from chirp conjugation, so their phases are
fixed by the LCT convention rather than chosen independently.

Definition 3.1 (Canonical convolution). For functions for which the ordinary convolution exists,
define

(f ⋆M g)(t) = e−iAt2/(2B)[(CMf) ∗ (CMg)
]
(t). (19)

Equivalently,

(f ⋆M g)(t) =

∫

R

f(τ)g(t− τ) exp

[
− iA

B
τ(t− τ)

]
dτ. (20)

Indeed, the total chirp exponent in (19) is

iA

2B
{τ2 + (t− τ)2 − t2} = − iA

B
τ(t− τ).

Theorem 3.2 (Boundedness and LCT convolution factorization). Let 1 ≤ p, q, r ≤ ∞ satisfy

1 + 1/r = 1/p+ 1/q. Then

∥f ⋆M g∥r ≤ ∥f∥p∥g∥q (21)

whenever ordinary Young’s inequality applies to CMf and CMg. If f, g ∈ S(R), then

LM (f ⋆M g)(u) =
√

2πB e−iDu2/(2B)(LMf)(u)(LMg)(u). (22)

Proof. All chirp multipliers have modulus one. Hence

∥f ⋆M g∥r = ∥(CMf) ∗ (CMg)∥r ≤ ∥CMf∥p∥CMg∥q = ∥f∥p∥g∥q.

For f, g ∈ S, (2) and theorem 2.1 give

LM (f ⋆M g)(u) = B−1/2eiDu2/(2B)F [(CMf) ∗ (CMg)](u/B)

= B−1/2eiDu2/(2B)
√

2πF(CMf)(u/B)F(CMg)(u/B).

Solving (4) for the two Fourier factors yields

F(CMf)(u/B) =
√
B e−iDu2/(2B)LMf(u),

and the same formula for g. Substitution gives (22).

Definition 3.3 (Canonical correlation). For functions for which the integral exists, define

(f ⋄M g)(t) = e−iAt2/(2B)
∫

R

(CMf)(τ)(CMg)(τ + t) dτ. (23)

Equivalently,

(f ⋄M g)(t) =

∫

R

f(τ)g(τ + t)eiAτt/B dτ. (24)

Theorem 3.4 (Correlation factorization). If f, g ∈ S(R), then

LM (f ⋄M g)(u) =
√

2πB eiDu2/(2B)LMf(u) LMg(u), (25)

and

|(f ⋄M g)(t)| ≤ ∥f∥2∥g∥2 (t ∈ R). (26)
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Proof. Let x = CMf and y = CMg. Their ordinary cross-correlation is

Rx,y(t) =

∫

R

x(τ)y(τ + t) dτ.

For Schwartz functions, Fubini’s theorem applies. With s = τ + t,

FRx,y(ω) =
1√
2π

∫ ∫
x(τ)y(τ + t)e−iωt dτ dt

=
√

2πFx(ω) Fy(ω).

Since CM (f ⋄M g) = Rx,y, theorem 2.1 gives

LM (f ⋄M g)(u) = B−1/2eiDu2/(2B)
√

2πFx(u/B) Fy(u/B).

Using (4) for f and g, the opposite input phases cancel and (25) follows. Finally, (24) and
Cauchy–Schwarz give

|(f ⋄M g)(t)| ≤
∫

|f(τ)||g(τ + t)| dτ ≤ ∥f∥2∥g∥2.

4 Cross-Partition Refinement and the LCEWT Convolution

Theorem

Let M = {mj}j∈J and N = {nk}k∈K be two admissible empirical canonical window systems
on the same spectral set E, with overlap functions SM and SN. They may arise from different
empirical partitions. Let P = {pℓ}ℓ∈L be an output window system on E.

Theorem 4.1 (Product-refinement frame). Define

rjk(u) = mj(u)nk(u), (j, k) ∈ J ×K. (27)

Then R = {rjk}J×K is locally finite, each rjk has compact essential support, and its overlap

function is

SR(u) =
∑

j,k

|rjk(u)|2 = SM(u)SN(u). (28)

Consequently

sMsN ≤ SR(u) ≤ S∗

MS
∗

N (29)

for almost every u ∈ E. Thus the product family is an admissible empirical refinement of the

two input systems.

Proof. The support relation

ess supp rjk ⊆ ess suppmj ∩ ess suppnk

shows compactness. Let K0 ⊂ E be compact. Local finiteness of the two input systems implies
that only finitely many supports of mj and finitely many supports of nk meet K0. Hence only
finitely many intersections can meet K0, proving local finiteness of R. At a fixed u, all sums are
finite, so

SR(u) =
∑

j

∑

k

|mj(u)|2|nk(u)|2

=


∑

j

|mj(u)|2


(
∑

k

|nk(u)|2
)

= SM(u)SN(u).

The bounds (29) follow immediately.
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A measurable family d = {djk} is called a dual multiplier family for R if

∑

j,k

djk(u)rjk(u) = 1 for a.e. u ∈ E. (30)

The canonical dual is

q−

jk(u) =
mj(u)nk(u)

SM(u)SN(u)
. (31)

Theorem 4.2 (Pointwise minimum-norm characterization of the canonical dual). Fix u ∈ E
outside a null set and regard r(u) = {rjk(u)} as a finite nonzero vector. Among all vectors d(u)
satisfying (30), the canonical dual (31) is the unique minimizer of the pointwise ℓ2(J ×K) norm.

Its norm is

∥q−(u)∥ℓ2 =
1√
SR(u)

. (32)

Proof. For any dual d(u), Cauchy–Schwarz gives

1 =

∣∣∣∣∣∣

∑

j,k

djk(u)rjk(u)

∣∣∣∣∣∣
≤ ∥d(u)∥ℓ2∥r(u)∥ℓ2 .

Since ∥r(u)∥2
ℓ2 = SR(u),

∥d(u)∥ℓ2 ≥ SR(u)−1/2.

For (31),

∥q−(u)∥2
ℓ2 =

∑
j,k |rjk(u)|2
SR(u)2

=
1

SR(u)
,

so equality is attained. Equality in Cauchy–Schwarz requires d(u) to be proportional to r(u).
The constraint (30) fixes the proportionality constant to SR(u)−1, proving uniqueness.

Theorem 4.3 (Cross-partition LCEWT convolution theorem). Let f, g ∈ S(R) ∩ HM
E . For

every output index ℓ ∈ L,

Fb

[
WM,P

ℓ (f ⋆M g)
]

=
√

2πB e−iDu2/(2B)pℓ(u) (33)

×
∑

j∈J

∑

k∈K

q−

jk(u)Fb(WM,M
j f)(u)Fb(WM,N

k g)(u).

For fixed ℓ, only pairs satisfying

ess supp pℓ ∩ ess suppmj ∩ ess suppnk (34)

of positive measure can contribute, and there are only finitely many such pairs.

Proof. Write FM = LMf and GM = LMg. By (9) and theorem 3.2,

Fb[WM,P
ℓ (f ⋆M g)] =

√
2πB e−iDu2/(2B)pℓFMGM . (35)

The input coefficient spectra are

Cj = Fb(WM,M
j f) = FMmj , Dk = Fb(WM,N

k g) = GMnk.

Hence, using (31) and (28),

∑

j,k

q−

jkCjDk = FMGM

∑

j,k

mjnk

SMSN
mjnk

= FMGM
SR

SMSN
= FMGM

8



almost everywhere on E. Substitution in (35) proves (33).
It remains to justify the active-set statement. The support of CjDk is contained in

ess suppmj ∩ ess suppnk. Multiplication by pℓ removes every pair for which (34) has mea-
sure zero. Since ess supp pℓ is compact and each input support family is locally finite, it meets
only finitely many supports from each input system, leaving finitely many pairs. Each product
CjDk lies in L1 by Cauchy–Schwarz, so the finite sum is well defined in L1.

The individual coefficients in (33) depend on the chosen dual of the product refinement. The
synthesized result does not.

Theorem 4.4 (Dual invariance of the synthesized convolution identity). Let d = {djk} satisfy

(30). Assume that, for a fixed ℓ, every product pℓdjk associated with an active pair is essentially

bounded. Then (33) remains valid with q−

jk replaced by djk.

Proof. With Cj = FMmj and Dk = GMnk,

∑

j,k

djkCjDk = FMGM

∑

j,k

djkmjnk = FMGM

almost everywhere on E by (30). The active sum is finite on ess supp pℓ, so no unconditional-
convergence issue occurs there. Substituting this identity into (35) proves the claim.

Remark 4.5 (Intrinsic and coordinate-dependent content). The common refinement {mjnk},
its overlap SMSN, and the active triple intersections (34) are determined by the two empirical
window systems. The individual coupling weights depend on a dual choice. The canonical
dual is distinguished by theorem 4.2; the synthesized identity is independent of that choice by
theorem 4.4.

5 Cross-Partition LCEWT Correlation Theorem

For correlation the first spectral factor is conjugated, so the appropriate common refinement is

ρjk(u) = mj(u)nk(u). (36)

Its squared overlap is again ∑

j,k

|ρjk(u)|2 = SM(u)SN(u). (37)

Hence its canonical dual is

q+
jk(u) =

mj(u)nk(u)

SM(u)SN(u)
. (38)

The same Cauchy–Schwarz proof as in theorem 4.2 shows that (38) is the unique pointwise
minimum-ℓ2 dual of (36).

Theorem 5.1 (Cross-partition LCEWT correlation theorem). Let f, g ∈ S(R) ∩ HM
E . For every

ℓ ∈ L,

Fb

[
WM,P

ℓ (f ⋄M g)
]

=
√

2πB eiDu2/(2B)pℓ(u) (39)

×
∑

j,k

q+
jk(u)Fb(WM,M

j f)(u)Fb(WM,N
k g)(u).

Only triples with

ess supp pℓ ∩ ess suppmj ∩ ess suppnk

9



of positive measure contribute. The synthesized identity remains unchanged if q+
jk is replaced by

any dual ejk satisfying ∑

j,k

ejk(u)mj(u)nk(u) = 1 (40)

with the same local boundedness condition as in theorem 4.4.

Proof. Let FM = LMf and GM = LMg. From theorem 3.4 and (9),

Fb[WM,P
ℓ (f ⋄M g)] =

√
2πB eiDu2/(2B)pℓFMGM . (41)

Set
Cj = FMmj , Dk = GMnk.

Then
CjDk = FMGM mjnk.

Using (38),

∑

j,k

q+
jkCjDk = FMGM

∑

j,k

mjnk

SMSN
mjnk

= FMGM .

Substitution into (41) proves (39). The active-set and finiteness arguments are identical to those
in the proof of theorem 4.3. Finally, if ejk satisfies (40), then

∑

j,k

ejkCjDk = FMGM

∑

j,k

ejkmjnk = FMGM ,

which proves dual invariance.

Corollary 5.2 (Autocorrelation). For f ∈ S(R) ∩ HM
E , theorem 5.1 with g = f gives an exact

cross-partition coefficient representation of f ⋄M f . If the same empirical system is used for both

inputs, the correlation refinement is {mjmk}j,k.

Proof. Set g = f in (39). All hypotheses remain unchanged, so the stated specialization follows
directly.

6 Stability and Reduction Principles

The empirical content of the construction is meaningful only if small perturbations of the detected
windows produce controlled changes in the coefficient geometry. The next results give such
estimates directly in the natural mixed norm.

Theorem 6.1 (Lipschitz stability of the LCEWT analysis map). Let M = {mj}j∈J and

M̃ = {m̃j}j∈J be two admissible window systems on the same E. Define

δM = ess sup
u∈E


∑

j∈J

|mj(u) − m̃j(u)|2



1/2

. (42)

Then for every f ∈ HM
E ,


∑

j

∥WM,M
j f − WM,M̃

j f∥2
2




1/2

≤ δM∥f∥2. (43)
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Proof. By Plancherel and Tonelli,

∑

j

∥WM,M
j f − WM,M̃

j f∥2
2 =

∫

E
|LMf(u)|2

∑

j

|mj(u) − m̃j(u)|2 du

≤ δ2
M∥LMf∥2

2 = δ2
M∥f∥2

2.

Taking square roots proves (43).

Theorem 6.2 (Stability of the common refinement). Let M, M̃ and N, Ñ be pairs of admissible

systems on E. Let

rjk = mjnk, r̃jk = m̃jñk,

and define δM and δN as in (42). If

SN(u) ≤ S∗

N, S
M̃

(u) ≤ S∗

M̃
,

then

ess sup
u∈E


∑

j,k

|rjk(u) − r̃jk(u)|2



1/2

(44)

≤ δM
√
S∗

N +
√
S∗

M̃
δN.

Proof. At a fixed u, regard m(u) and m̃(u) as vectors in ℓ2(J) and n(u) and ñ(u) as vectors in
ℓ2(K). The refinement vector is the tensor product r(u) = m(u) ⊗ n(u). Thus

r − r̃ = (m− m̃) ⊗ n+ m̃⊗ (n− ñ).

The Hilbert tensor norm satisfies ∥a⊗ b∥2 = ∥a∥2∥b∥2, so

∥r(u) − r̃(u)∥2 ≤ ∥m(u) − m̃(u)∥2∥n(u)∥2

+ ∥m̃(u)∥2∥n(u) − ñ(u)∥2.

Now ∥n(u)∥2
2 = SN(u) and ∥m̃(u)∥2

2 = S
M̃

(u). Taking essential suprema yields (44).

Theorem 6.3 (Stability of canonical dual windows). Let M = {mj} and M̃ = {m̃j} be

admissible systems on E with lower bounds sM, sM̃ > 0 and upper bounds S∗

M, S
∗

M̃
. Define their

canonical dual multipliers

dj =
mj

SM
, d̃j =

m̃j

S
M̃

.

Then

ess sup
u∈E


∑

j

|dj(u) − d̃j(u)|2



1/2

≤ C
M,M̃

δM, (45)

where

C
M,M̃

=
1

sM
+

√
S∗

M̃

(√
S∗

M +
√
S∗

M̃

)

sMsM̃
. (46)

Proof. At a fixed u, write S = SM(u) and S̃ = S
M̃

(u). Then

d− d̃ =
m− m̃

S
+ m̃

(
1

S
− 1

S̃

)
.
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Hence

∥d− d̃∥2 ≤ ∥m− m̃∥2

S
+ ∥m̃∥2

|S − S̃|
SS̃

. (47)

Moreover,

|S − S̃| =
∣∣∥m∥2

2 − ∥m̃∥2
2

∣∣

≤ (∥m∥2 + ∥m̃∥2)∥m− m̃∥2.

Using S ≥ sM, S̃ ≥ s
M̃

, ∥m∥2 ≤ √
S∗

M, and ∥m̃∥2 ≤
√
S∗

M̃
in (47) gives the pointwise bound

with the constant (46). Taking the essential supremum proves (45).

Proposition 6.4 (Fourier reduction). For MF =
(

0 1
−1 0

)
,

LMF
= F , f ⋆MF

g = f ∗ g, f ⋄MF
g = Rf,g,

where Rf,g(t) =
∫
f(τ)g(τ + t) dτ . The factorization formulas become

F(f ∗ g) =
√

2πFf Fg, FRf,g =
√

2πFf Fg.

The cross-partition refinement theorems reduce to the corresponding empirical Fourier-filter-bank

identities.

Proof. For MF , A = D = 0 and B = 1. Substitution in (3), (20), (24), (22), and (25) gives the
stated formulas. The refinement windows and their duals contain no additional LCT phase, so
theorems 4.3 and 5.1 reduce directly to the empirical Fourier-filter-bank case.

Proposition 6.5 (Fractional-canonical specialization). Let

Mθ =

(
cos θ sin θ

− sin θ cos θ

)
, 0 < θ < π.

Then

(f ⋆Mθ
g)(t) =

∫
f(τ)g(t− τ)e−i cot θ τ(t−τ) dτ, (48)

and

LMθ
(f ⋆Mθ

g)(u) =
√

2π sin θ e−i(cot θ)u2/2LMθ
f(u)LMθ

g(u). (49)

At θ = π/2 the Fourier formulas of theorem 6.4 are recovered.

Proof. For Mθ, A/B = D/B = cot θ and B = sin θ. Substitution into (20) and (22) gives (48)
and (49). The value θ = π/2 gives A = D = 0 and B = 1.

Remark 6.6 (Same-band formulas). If both inputs use the same disjoint indicator partition
mj = 1Ωj

, then the product refinement contains only diagonal active pairs on each output band.
The spectral coefficient identity therefore reduces to a single same-band product. For D ≠ 0 the
LCT output chirp e−iDu2/(2B) remains, so an ordinary convolution in the translation variable
requires an additional phase-compensating formulation. This identifies the precise obstruction
without assuming same-bank closure.
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7 Numerical Validation and a Compact-Window Application

All calculations in this section are generated by the accompanying script validate.py; the script
also writes verification_metrics.csv and the three figures used below. The numerical tests
instantiate the theory on the finite canonical-frequency interval E = [−10, 10] using compact
cosine bumps. Two distinct input systems are normalized pointwise on their common coverage,
so their overlap functions equal one there. The first system has centers −7,−3.5, 0, 3.5, 7, while
the second has centers −6.2,−2, 2.2, 6.4. The output system is different again. This deliberately
tests the cross-partition rather than same-partition formulas.

For the convolution and correlation checks we prescribe smooth compact canonical spectra
FM and GM inside the common coverage and evaluate the two sides of theorems 4.3 and 5.1
directly on a 4097-point grid. We use B = 1.3 and D = 1.1; the value of A does not enter the
coefficient-domain product once the LCT spectra have been specified. The canonical-refinement
dual is also perturbed by a pointwise null-space component to produce a different admissible
dual. The residual in its reconstruction constraint and the resulting convolution residual test
theorem 4.4 independently of the minimum-norm choice.

Table 1: Reproducible checks of the cross-partition identities and dual invariance.

quantity value

cross-partition convolution residual 1.97 × 10−16

cross-partition correlation residual 1.98 × 10−16

alternative-dual constraint residual 5.57 × 10−16

alternative-dual convolution residual 1.99 × 10−16

minimum sampled excess norm of alternative dual 1.61 × 10−1
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Two distinct compact empirical window systems

Figure 1: Two distinct compact empirical canonical window systems used in the cross-partition
validation. Solid and dashed curves belong to different input coverings.

We next shift every center of the first empirical system by 0.15 while retaining the same
compact window profile. The computed window distance (42) is

δM = 8.36 × 10−2.

For the test spectrum used by the script, the observed mixed-norm coefficient change divided by
the signal norm is

6.50 × 10−2,
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which is below the theorem bound. Perturbing both input systems produces a product-refinement
distance 1.19 × 10−1, while the right side of (44) equals 1.81 × 10−1.

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
canonical frequency u

0.00

0.02

0.04

0.06

0.08
2  w

in
do

w 
di

st
an

ce

Perturbation of the empirical window system

Figure 2: Pointwise ℓ2 distance between an empirical window system and the system obtained
by a small center perturbation. The horizontal dashed line is the essential-supremum value used
in theorem 6.1.

For a compact-window application, two canonical spectra are generated with peaks near
−3.30 and 3.80. The midpoint u∗ = 0.249 is obtained from the two detected maxima and is
used as an empirical boundary. A compact two-window partition of unity is constructed on
[−8, 8], with a smooth interior transition across the detected boundary. Define Xj = (LMx)mj

and xj = L−1
M Xj . By unitarity, spectral and time-domain relative L2 errors coincide. The two

reconstructed components have relative errors

4.02 × 10−3, 5.11 × 10−3, (50)

while the relative total reconstruction error is 1.53 × 10−18. The component errors quantify
leakage through the deliberately smooth transition region; the total error is at roundoff because
the two compact windows form a partition of unity on the support of the synthetic spectrum.

The numerical section is intentionally limited to consistency checks and one controlled
application. It does not use external denoising benchmarks and therefore makes no comparative
performance claim.
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Figure 3: Compact empirical partition generated from two detected canonical-frequency peaks.
The windows have compact support on the computational spectral interval and a smooth interior
transition, so the application satisfies the support assumptions of the analytical framework.

8 Conclusion and Perspectives

We have developed a fixed-partition LCEWT framework in which empirical canonical windows are
selected first and then treated as a locally finite frame of spectral multipliers. The construction
is compatible with a unitary LCT normalization and admits genuine L2 analyzing atoms. An
exact bridge theorem shows how the multiplier atoms are related, after a rescaling of translation
and a known quadratic phase, to scale–centre canonical empirical wavelet atoms. Frame bounds
and reconstruction follow from the window-overlap function on the relevant canonical spectral
subspace.

The convolution and correlation operators were derived by chirp conjugation of their ordinary
counterparts, which fixes all phase factors and yields exact LCT product identities. The principal
structural contribution concerns different empirical partitions. Products of the two input window
systems form a locally finite common refinement whose overlap is the product of the input
overlaps. The canonical dual of this refinement is the unique pointwise minimum-norm dual.
Cross-partition convolution and correlation formulas then follow from this refinement, while a
separate dual-invariance theorem shows that the synthesized result is independent of the chosen
admissible dual. This distinction identifies which parts of the coefficient representation are
intrinsic and which are coordinate dependent.

The empirical dependence is further quantified through Lipschitz stability of the analysis
map, the product refinement, and the canonical dual under perturbations of the windows. These
estimates address boundary sensitivity directly and are absent from a purely algebraic same-
partition expansion. The numerical calculations use compactly supported windows throughout
and verify the cross-partition identities, dual invariance, and stability bounds with reproducible
data.

Several questions remain. Sharper perturbation bounds in terms of boundary locations
rather than window distances would connect the theory more directly to a specific empirical
boundary detector. A second problem is unconditional cross-partition synthesis when an output
window can interact with infinitely many input windows. A third is to characterize regularity
classes for which the refinement multipliers admit integrable translation-domain kernels. These
questions concern the interaction of empirical geometry, frame duality, and canonical convolution
independently of application-specific benchmarking.
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